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ABSTRACT
Italy suffered heavily with the new pandemic crisis caused by the novel coronavirus SARS-CoV-2. Given the low number of
tests performed on the early stages of the outbreak, Italy lost track of most of infections. We use a modified SEIR model
to reconstruct the most realistic infection curve using the hospitalization curve of the registered data. Using this method we
estimated that, by the end of the first infection wave, about 3-4% of the population will have been infected by the virus. Following
the same process, the number of deaths is projected to be between 100000 to 115000. We also find a significant correlation
between the number of tests performed, the fraction of undocumented infections and the rate of change dI/dt of the real
infection curve. We conclude that herd immunity is not enough to contain further spread of the disease inside the country.
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Introduction
Since the outbreak of the novel coronavirus SARS-CoV-2, on Wuhan, the world has suffered the biggest pandemic crisis of
the century. The virus, which causes the disease named COVID-19 (Coronavirus Disease - 2019), presents an R0 between
2-3, meaning that each infected person causes from 2 to 3 secondary infections1 ,2 . The novel coronavirus, presents a lot of
similarities with the SARS-CoV virus, which caused the SARS epidemic crisis back on 20033 , belonging to the coronaviridae
family, the orthocoronavirinae subfamily and the betacoronavirus genus, having mutated from bats to human4 . The first cases
of the novel virus date back to December 2019 at the Food Market of Wuhan, China5 , where bats are sold among other exotic
animals, since then the virus has been spreading throughout China, later Asia, Europe, Africa and America, causing a global
scale economic crisis and being notified by the World Health Organization as a pandemic on March 11th, with human-to-human
sustained transmission confirmed6 .
As an individual is exposed to the virus, the incubation period begins, with no symptoms and a small chance of contaminating
others. When the symptoms onset, the infected individual show symptoms in a varied range of intensities and may develop
severe acute respiratory syndrome. COVID-19 has a general case fatality rate (CFR) bellow 5%7 , with an average of 2.3%. The
behavior of the disease is age dependent, with the higher risk group being older populations, that present a CFR rate of 8% for
individuals between 70-79 years and 14.8% for people older than 80 years8 . However, even with a low CFR, the number of case
hospitalizations rate (CHR) is quite high, with 5% of the cases being critical and 14% being severe9 , presenting a challenge to
health care systems of some countries.
Italy suffered heavily with the pandemic, having registered the first case at January 31th with two Chinese tourists on Rome,
and having declared a lock-down at March 11th10 in order to prevent further spread of the virus. With a low testing rate on the
early stages of the local outbreak, Italy lost track of the infections and experienced a collapse on the health system, without
hospital beds to attend the population needing it. The region of Lombardy quickly became the local epicenter of the pandemic,
accounting for more than one third of the total cases registered. With a case fatality rate (CFR) around 14%, much higher than
the world average and the infection fatality rate (IFR) of 0.7%11 , Italy suffers from a huge undernotification of infections.
Mathematical models predicted the potential for an international outbreak early on12 and described how Wuhan became the
center of an epidemic crisis on China. The outbreak quickly spread throughout mainland China and other countries. Although
the pandemic crisis began on Wuhan, the United States of America is nowadays the epicenter of the pandemic with the biggest
number of reported cases of COVID-19.
With such a critical situation in the world, it is crucial to determine the shape and the peak of the infected population during
the outbreak, several models have already been developed, one particular model that had a great impact on intervention politics
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during the pandemic was developed by the Imperial College London13 . We then, use a modified SEIR model to reconstruct the
more realistic infection curve on Italy, finding the date of the infection peak, the real number of infections and deaths. Aiming
to investigate the possibility of herd immunity in Italy, knowing the percentage of the population already infected is crucial for
decision making by local authorities on the subject.

Model
As a novel strain of the coronaviridae family and the betacoronavirus genus, it is not expected that any individual posses
antibodies against it, which causes the entire population to be susceptible to infection.
We make use of a modified SEIR mathematical, in which we consider the population N of a given region as divided in
5 groups. At time t, there are those who are susceptible to get infected S(t), the ones who have already been exposed to the
virus but does not present symptoms yet E(t), people who are already infected and present the symptoms I(t), the ones that
have already recovered from the disease R(t) and those who are dead due to the infection D(t). We also take into account
the hospitalizations due to COVID-19 by proposing the hospitalized population H(t), suggesting the name SEIHRD for the
model. This model is a good approximation to a short epidemic, so the population of a region is roughly constant throughout
the epidemic period. Also, since this is a deterministic model, we assume N to be a big number compared to the number of
people associated with the infection of a single person. The final consideration is that we also assume that people that are
recovered from the disease acquire immunity and does not become susceptible to become infected again for some years. The
last is justified by the behavior of immunity on the SARS epidemic crisis of 2003, where infected patients acquire antibodies
against the SARS-CoV virus for a period of 2-3 years14 . The SARS-CoV presents large number of similarities with the new
SARS-CoV-2 virus, belonging even to the same genus betacoronavirus. We also have evidence that 44% of secondary infections
happens due to contact with an individual on presyntomatic stage (i. e. during the incubation period)15 .
The rate of infection λ is proportional to the number of people infected and the number of exposed, λ (t) = (1 − Pexp )β I(t) +
Pexp β E(t), where the constant β represents the effectiveness of the infection and Pexp is the percentage of total infections due to
contact with exposed individuals and not infected ones. The rate of cure γ = (1 − PIFR )τr−1 , where PIFR is the infection fatality
rate and τr is the average time taken for an infected person to recover. Similarly the rate of death is µ = PIFR τd−1 , where τd is
the average time taken for an infected person to die. Once the symptoms start, there is a probability of being hospitalized given
by the infection hospitalization rate (IHC) Ph , inside the hospital, the patient now posses a different value of γ and µ given as γh
and µh . Figure 1 carries a visual representation of the SEIHRD model.

Susceptible S(t)

(1 − Pexp )β I(t)S(t) + Pexp β E(t)S(t)

Exposed E(t)

cE(t)

Recovered R(t)

(1 − Ph )γI(t)

Infected I(t)

σh I(t)

(1 − Ph )µI(t)

γh H(t)

Hospitalized H(t)

µh H(t)

Dead D(t)
Figure 1. Representation of a SEIRD model, a susceptible person gets exposed to the virus, being infected afterwards and
either dies or recovers from the disease.

The differential equations representing the evolution of the populations are given by
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(1 − Pexp )β
Pexp β
dS
=−
I(t)S(t) −
E(t)S(t),
dt
N
N
(1 − Pexp )β
Pexp β
dE
=
I(t)S(t) +
E(t)S(t) − cE(t),
dt
N
N
dI
= cE(t) − (1 − Ph )γI(t) − (1 − Ph )µI(t) − Ph I(t),
dt
dH
= Ph I(t) − (γh + µh )H(t),
dt
dR
= γI(t) + γh H(t),
dt
dD
= µI(t) + µh H(t),
dt
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where the rates γ, γh , µ and µh are expressed in terms of the infection fatality rate (IFR), the infection hospitalization rate (IHR),
the average time from symptoms onset to hospitalization, from symptoms onset to recovery and death and from hospitalization
to recovery and death:
Ph
,
τh
1 − PIFR
γ=
,
τr
PIFR
µ=
,
τd
1 − Pdh
γh =
,
τrh
Pdh
µh =
.
τdh

σh =

(7)
(8)
(9)
(10)
(11)

Equations (1) to (6) are solvable numerically given the initial conditions S(0), E(0), I(0), H(0), R(0), D(0). We assume
R(0) = D(0) = H(0) = 0 at the beginning of the outbreak and S(0) ≈ N since N >> I(0) or E(0). Therefore, N here plays
the role of an effective population which has become susceptible to the spread of the virus during this first wave. Since the
population is not homogeneously distributed, N cannot be understood as the total population; therefore we choose to leave it as
a free parameter for the data adjustment. N also plays a vital role on finding the population of infected after the first wave of the
outbreak. Other than N, I(0) and E(0) were left free for the adjustment as well.
The lockdown acts on the β parameters, decreasing it to a new value β f which is a small fraction of the initial value βi . We
propose a logistic function to model the decrease of β with time upon the declaration of lockdown.

β (t) =

Rβi
+ (1 − R)βi ,
1 + τe(t − tc )

(12)

where tc is the day the lockdown is imposed, τ is a constant for adjusting the start of the lockdown to tc and R is the reduction
of β due to lockdown effect.
We did not consider the proportion of asymptomatic infections, on the argument that it would add many more parameters to
the adjustment which are not measured and could increase the probability of finding a local minimum by the fitting algorithm,
making the success of the model highly dependent on the initial conditions. We do not know yet the mechanism governing
asymptomatic infections and several studies find different proportions of asymptomatic carriers; on the diamond princess ship
about 18% of infections were asymptomatic16 , on an Italian village, about 50 to 75% of infections were asymptomatic17 , on the
previous MERS-CoV outbreak, provoked by a coronavirus belonging to the same betacoronavirus genus of the SARS-CoV-2
virus, 12.5% of infections were estimated to be asymptomatic18 . On another study with citizens of an airplane flight, 11.2% of
them were considered asymptomatic19 . Even thought most studies conclude an asymptomatic fraction between 10-20%, we do
not know clearly how the parameters τr,d behave for these populations or the percentage of infections they are responsible for.
For that reason, the curve of infection obtained here contains both symptomatic and asymptomatic cases.
The values for the parameters used for the adjustment and construction of the infection curve are shown on Table 1.
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Methods
For the adjustment of data, we choose each parameter related to the spread of the disease according to various clinical studies
and international averages shown on Table 1. On total, four parameters were left free for the fitting, N, I(0), E(0) and β .
Parameter
c
τr
τd
Pexp
β
Ph
PIFR
Pdh
τrh
τdh
τh
N
R

Value
5.1 days−1
18 days
10 days
0.44
Fitting
0.036
0.007
0.23
13.5
5 days
5 days
Fitting
0.77

Reference
20 |5 |21 |22 |23
24
25
15

-11
11
26
26
25
25

-11

Table 1. The parameters marked as Fitting are the ones left for the adjustment of with the data.
When performing the fitting of data, in order to find the best N values that would represent the situation in the country,
we varied N from 0 to 30% of the total population on steps of 0.1%. At each step, we fix N and fit the simulation with the
data. The best values of N were chosen as being the ones that maximize the χ 2 value of the fit and minimize the error on the
parameters fitted. To take into account the undernotification of hospitalizations as well, we varied N to higher values than the
optimal one and used them to estimate a margin of error for N.

Results
After the adjustment, the values of β , I(0), E(0) and N were used to reconstruct the real infection curve with a full simulation
of the SEIHRD model using the parameters from 1 and 2
χ2
0.991 - 0.995

N
3-4%

β
0.538-0.680

I(0)
34-908

E(0)
16-347

Table 2. Fitting parameters for Italy
The infection curve generated with those parameters was plotted alongside the data reported by Italy as a comparative tool.
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Figure 2. More realistic curve of infections in Italy.
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Figure 3. More realistic curve of deaths in Italy.
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From the reconstruction, we estimate a total of 1.6 to 2 millions of infections by the end of this first pandemic wave,
representing 2.5 to 3.2% of the population. We did also observe the date of the more realistic peak of the outbreak, about 25 to
22 days before the actual registration (i. e. between March 28th and March 31th). That is perfectly reasonable by considering
the increase of tests performed daily by Italy. Although the infection peak passed, there were many more infections than the
registered value, so the increase in testing notified more cases, giving the impression that the peak was later. The peak of
infections is a bit higher than 500000 infected, more than the cumulative number registered until now. The number of deaths
estimated after this first wave is from 100000 to 115000.
After acquiring the more realistic curve of infection, we estimated how the undernotification varied in Italy as days passed.
We also did investigate the correlation of the undernotification with the rate of change of the infection curve and the number of
tests performed daily by Italy.
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Figure 4. Relations between the number of infections, the rate of change of the infection curve and the testing data. 4a
presents a correlation of 0.58, and a hypothesis test eliminated the null hypothesis that the correlation between the data set is
not significant (p < 0.05). 4b represents the variation of undocumented cases with respect to the number of registered infections,
the correlation between data is -0.85 and the F-Test rejected the null hypothesis (p < 0.05) indicating a significant correlation.
4c shows the change in undernotification with respect to the number of tests performed per day per 1000 habitants, presenting a
correlation of -0.92 (p < 0.05), also rejecting the null hypothesis. The final image 4d presents a correlation of -0.99, however
the F-Test did not reject the null hypothesis.
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From the hypothesis test and the correlation between the data, the rate of change dI/dt seems to affect the increase in
undernotification, that is, as dI/dt increases, so does the undernotification, however, the lower correlation of these quantities
when compared to others suggests that the rate of change dI/dt plays a role not as heavy as the testing data. Similarly, the
increase in tests per day decreases the undernotification. The number increase in registered cases also plays a role in decreasing
the amount of undocumented infections, however this quantity is highly correlated with the number of tests (0.94), rejecting the
null hypothesis by the F-Test. The last quantity was the total number of tests, which is highly correlated to the undernotification,
but might not be a significant correlation. The testing rate per day is the main variable when decreasing the fraction of
undocumented infections, although we see that naturally the undernotified cases tend to decrease as dI/dt comes to lower
values, that is, as the pandemic crisis approaches the end.

Conclusion
The model yielded realistic results and allowed a profound analysis on the relation between undocumented infections and
other data. One considerable limitation considerable is the undernotification in hospitalization numbers. We assume here
that hospitalized patients are a priority for testing; therefore, the fraction of undocumented hospitalizations should be lower,
enabling a more precise reconstruction of the infection curve.
Another limitation is the possible variation of international parameters to the specific case of Italy, for example, IFR might
be lower or higher for Italy than for France due to differences in both populations.
Our analysis finds a direct relation between the number of tests performed per day and the tracking of COVID-19 cases.
Increasing the testing rate on the early days of the infection is crucial for maintaining control of the outbreak. Lastly, with 3-4%
of the population infected, a second infection wave is highly probable if social contact levels increase. Other studies already
suggested a great amount of undocumented infections on Italy on the early stages of the outbreak, 72% (61-79) until Februaury
29th27 , our method estimates between 74-90%, considering the margin of error of the infection curve. Social distancing policies
should hold for as long as it is needed until an efficient vaccine is available, since herd immunity is not a considerable reality
after the first wave of infection.
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