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Abstract

Computation of rotation tensor is essential in the analysis of deformable bodies.
This paper propose an explicit expression for rotation tensor R of deforma-
tion gradient F', and successfully establishes an intrinsic relation between the
exponential mapping @ = exp A and the deformation F. As an application,
Truesdell’s simple shear deformation is revisited. For easy use of our formula-
tion, we provide a Maple code for a general 2D problem.
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1. Introduction

In continuum physics, the representations and computations of SO(3) rota-
tion tensor are vital in all aspects of theoretical study and practical application-
s. For deformable bodies, the deformation gradient is defined by F = x ® V,
where V is the del operator with respect to X and x (X, ¢) is a mapping from a
point X in the reference configuration to a point « in the current configuration
through time ¢, namely x : X — x. The deformation gradient F' can be split
into stretch and rotation components by the polar multiplication decomposition
[,2]: F=R-U =YV -R, where “” denotes the dot product and U, V, and R

are the right stretch, left stretch, and rotation tensors, respectively. The rotation
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tensor satisfies the orthogonality condition R-RT = RT-R = I and det(R) = 1.
From the polar decomposition and orthogonality condition, the right and left
Cauchy-Green stretch tensors can be defined as C = FT . F = U -U = U?
and B=F -FT =V .V = V2, respectively. The algorithm for computing the

rotation tensor is
R=F U '=F-(C):=V '.F=(B) ¢ .F. (1)

As [3] pointed out, such a direct analysis requires to perform square root
and inverse operations on symmetric tensors, and this may bring computational
difficulties for both (C)'/? and (C)~'/2. Although there were some attempts
to find an explicit representation of the rotation tensor [3, 4, [5l 6] [7], however,
all proposed algorithms are rather complicated for application. It is highly
demanded to have a simple and practical representation of rotation tensor R
that is explicitly expressed in the deformation gradient tensor F'.

Another issue is that, in mathematics, an arbitrary SO(3) rotation tensor Q

is given by
sin w 1—cosw
Q=1+ A+ —— A% (2)
w w
where A is an arbitrary order-2 skew-symmetric tensor, namely AT = —A,

which has an axial vector w =€ : A = —2(A30G* + A13G? + A51G?) = w1 G +
wWaG? +w3G3. Hence, w; = —2A39, wy = —2A13, wg = —2A49;, and w = /w - w.
Because € : e = 2I, we have that e -w =¢-(e : A) =e-e- A=2I- A =2A,
therefore, A = %e - w.

Note that the rotation tensor expression in Eq. is not derived from the
deformation gradient F' = R - U, and so the rotation tensor @ is not equal to
the rotation tensor R, namely @ # R, which means that @ is nothing to do
with R.

Although the rotation tensor in Eq. (2) is widely used in the formulation of
continuum physics, no expression has yet been obtained for A in terms of the
right Cauchy-Green tensor C' and deformation gradient F'. The relationship

between A and tensors such as the deformation gradient tensor F' and the right
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Cauchy—Green tensor C remains one of the fundamental unsolved problems in
continuum physics.

In this Letter, we will focus on the above-mentioned open problems, and
propose alternative way to find explicit formulas for the rotation tensor R, and
find an intrinsic relation between the exponential mapping Q = exp A and the

deformation gradient tensor F'.

2. Rotation tensor expressed in the deformation gradient

Given a deformation gradient F', we can easily get the right Cauchy—Green
stretch tensor C = F7T.F and its eigenvalues A from the characteristics det(C —
M) =0.

To find the explicit expression of rotation tensor R, it is clear that we must
find the expression of (C)2 and/or its inverse (C)~'/2 that can be expressed in
the deformation gradient tensor F' explicitly.

According to the Cayley—Hamilton theorem and the Cauchy tensor repre-
sentation theory [1, 2,8, [, [I0], the explicit expression of (C)'/? can be set in
the following form:

C1/2 :OéQI+Oé1C+OéQC2, (3)

in which the coefficients «q, a1, and as can be determined by simply replacing
the C with the eigenvalues A1, A2 and A3 in Eq. |3] in this way, we can get three

equations as follows:

VA LA (W)? o
\/E - 1 )\2 ()\2)2 (651 B (4)
Vs 1 A3 (A3)? 6%

(67} 1 )\1 ()\1)2 \/x
aq - 1 )\2 ()\2)2 \/E . (5)
(65) 1 )\3 (/\3)2 \/E

The coefficients a1, as, and a3 are given in the appendix.
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If two of the eigenvalues is repeated A\; = A;, ¢ # 7, then Eq. Ewill yield two
identical equations, and therefore will not be a set of 3 independent equations.
If Ay = Ay = A, we can reformulate the first equation in Eq. 4 as follows:
LINY2 — (apg+ a1 A +a2A?)]x2x = 0, namely 2712 — (a; +2as)) = 0. Hence,

Eq.4 becomes

% 0 1 2\ g
Vs 1 A3 (N3)? as

Therefore, we can get the coefficients «g, a; and as as follows

-1

ao 0 1 2x ﬁ
o =1 X 2 Vi |- (7)
(65) ]. )\3 ()\3)2 AV Ag
In the same way, we can formulate C ~7 as
(C)72 = Bol + B1C + 5:C?, (8)

in which By, 81, and 3, are again determined by the eigenvalues A\i, (k =1,2,3)

of C,
-1

Bo LA (\)? \/171
B | =1 A (A\)? \/172 9)
B2 1 A3 (A3)? \/173

their expressions can also be found in the appendix.
If A\ = A2 = A, from Eq[] we have L[A"/2 — (By + B1A + B22%)]r=r = 0,
namely —%)\*3/2 — (B1 4+ 282A) = 0. Hence, Eq@l becomes

-1

Bo 0 1 2\ —Ix3/2
N IOV 5| (10)
Bo LA (A)? 7

If all eigenvalues are identical, namely Ay = Ao = A3, in this case, the

deformation has no rotation but pure stretching.
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Using C = FT - F, we obtain explicit expressions for U and U~':
U=ool +a1(FT - F)+ay(FT - F)?, (11)
and
U™ =B + B1(FT - F) + By(FT - F)*. (12)
With these formulas, we can write the rotation tensor R as follows:

R=F -U'=F- (I +p.C + 3,C? (13)
=F [l + Bi(F" - F) + Bo(F" - F)?].

The explicit expressions in Egs. (II)-(13) have not previously been seen in the
literature.
From Eq.13, and notice the definition U? = C = FT . F and V? = B =
F - F7 hence the rotation tensor in Eq.13 can be rewritten as follows
R=F.U"
=ByF-I+pF-F' - F+pF - (F'-F)-(F'.F)
=poF+/V -F+3V -F.-C (14)
=fBoF + 1B F + ,B>- F
= (BoI + 1B + 2 B?) - F.

Since R = V1. F, comparing with the above relation, hence we have

V! =ByI + 1B + 3. B?

(15)
= Bol + B F - FT + By(F - FT)2.
3. 2D deformation
For the 2D deformation, the eigenvalues of C are
Cn +C 1

Al = S > T 5\/(011 — Cp9)? +4C12°% (16)

We can easily write the tensors U, U !, and R as follows:
U — (A2vVAL = VAT + (VA2 = VA)C (17)

A2 — A
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and its inverse

o1 NI (- e a8
(A2 = A1)V AL A2 ’
and rotation tensor
3/2 3/2 1/2 1/2
R F- {()‘2/ - )‘1/ )+ ()\1/ - )‘2/ )C}
B Ao — A )VAIA
(A2 VAL A2 (19)

F (037 = X1+ (2 = N (FT )
(A2 = A)VAL A

This 2D deformation rotation tensor expression has not previously been seen in

the literature.
For the easy use of our formulation, we have written a Maple code for a
general 2D problem as follows:
with(LinearAlgebra):
R := proc (F)
local C, Eigen, lambdal, lambda2, alpha0, alphal, beta0O, betal, U, Uinverse;
C := Multiply(Transpose(F), F);
Eigen := Eigenvalues(C);
lambdal := Eigen(1);
lambda2 := Eigen(2);
alpha0 := simplify((lambda2*sqrt(lambdal)-lambdal*sqrt(lambda2))/(lambda2-lambdal));
alphal := simplify((sqrt(lambda2)-sqrt(lambdal))/(lambda2-lambdal));
beta0 := simplify((lambda2/sqrt(lambdal)-lambdal/sqrt(lambda2))/(lambda2-lambdal));
betal := simplify((1/sqrt(lambda2)-1/sqrt(lambdal))/(lambda2-lambdal));
U := simplify(alpha0*Matrix([[1, 0], [0, 1]])+alphal*C);
Uinverse := simplify(beta0*Matrix([[1, 0], [0, 1]])+betal*C);
simplify(Multiply(F, Uinverse))
end proc

The code is general and can be easily upgraded to the 3D problem.
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4. Relations between SO(3) rotation tensor and deformation gradient

We now find the skew-symmetric tensor A expressed in terms of the de-
formation gradient tensor F'. Mathematically speaking, the rotation tensor in
Eq. (2) is an exponential mapping of a second-order skew-symmetric tensor A,
that is, Q = e?. As AT = —A and trA = 0 for the skew-symmetric tensorA,
we have that det A = ™ = ¢0 = 1, and s0 QT - Q = A" - A = ¢~ A+A =
eozI:eA_A:eA-eATzQ-QT:I.

One approach is to set @ = e = R = F-U~!, such that A = In(F-U™1).
However, this is not an explicit expression owing to the logarithm operation.
Another method is to use the rotation tensor in Eq. (13) and let Q@ = R, that
is,

I+ Slz"’A +1 _(;OS‘*’A2 = F - (BoI + B.C + B:C?), (20)

Transposing both sides of this equation gives

L g LT e (BoI 4 B1C 4 5,02 FT (21)

I
w w?

Equation minus Eq. gives an explicit expression of the skew-symmetric

tensor A. For the 3D case, we have

_ W g pryy YO pooc.FT
2sinw 2sinw
(22)
wfa

(F-C*-cC?-F7),

2sinw

and for the 2D deformation case, we have

A [<A§/2 “NPE-FT) W) (F-C-C FT)
2sinw (A2 = A1)V AL A2 ()\2—)\1)\/@

Equations is the intrinsic linkages between the rotation tensor @ and the

] (23)

deformation gradient tensor F', as well as the Cauchy—Green tensor C. These
relations reveal that the skew-symmetric tensor A is not only related to the
antisymmetric tensor F — FT | but also to other two antisymmetric tensors as
well: F-C —C-FT and F-C? — C?- FT. If the deformation gradient F is
symmetric, i.e., F = FT then A =0 and Q = I.


https://doi.org/10.20944/preprints202004.0440.v1
https://doi.org/10.1016/j.aml.2020.106606

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 April 2020 d0i:10.20944/preprints202004.0440.v1

5. Approximation of rotation tensor

In co-moving coordinates, the deformation gradient is defined by F = g; ®
G*; thus, FT = G*¥ @ gi, C = ¢;;G' ® G’ and C? = g;;gG'*G' ® G*.
Substituting these formulas into Eq. (13) leads to another form of the rotation
tensor.

If we introduce the displacement vector u from the reference to the current
configuration, the deformation mapping becomes x(X) = X +wu and the defor-
mation gradient tensor is F' = I +u® V. Hence, its transpose F7 = I+V Qu,
C=F''"F=I+u®V+V@u+(Veu) (uV),and C* = I+2(u@V+V®
u)+(udV)-(Veu)+3(Vaou) (udV)+(udV)*+(Vou)*+(u@+Veu) (Ve
u) (uRV)+(Veu) (uaV) (u@V+Veu)+[(Veu) (u@ V)2 Substituting
these expressions into Eq. (13), we have the rotation tensor R expressed in terms
of the displacement vector u, namely R = (I +u® V) - (8ol + $1C + 32C?).

With this displacement form of the rotation tensor, we propose two consis-
tent approximations of the rotation tensor based on the order of u ® V., for

instance, the first order rotation tensor

Ris = (Bo+ P14+ B2)I + (Bo+ 2681 +452)u @V

+(B1+26)V@u+O[(ue V)%, (24)
and the second order rotation tensor

Rong = (Bo + b1+ B2)I + (Bo + 261 + 462)u @ V
+(B1+262)Veu+ (f1+1062)(u®@ V) (Veu)
+ Ba[(u® V)? + (V@ u)? + Of(ue V)3 (25)

Those two approximations of the rotation tensor have not been reported in the
literature. The rotation tensor approximation here can be used to the formu-
lations of thin-shells modelling, it is anticipated that the order estimation of
rotation of shell middle surface can be rigorously investigated.

In summary, all of the explicit expressions for U,its inverse U~! and ro-

tation tensor R derived in this letter have been formulated without using the
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eigenvectors of C, it is an essential feature of our formulation that is different

from traditional ones.

6. Generalization to order-n tensor

Although our focus is 3D deformation, the algorithm of computing the ro-
tation tensor and relevant tensor is universal for any order tensor and even can
be used to differential operators such as in quantum mechanics. It is worth to
give a general formulation.

For instance, if F' is order-n tensor, we still have a polar decomposition F =

R U, and tensor C = FT . F. We can compute the eigenvalues \;(k = 1,..,n)

of C by the characteristic equation det(C = AI) = 0. Once we have the eigen-

values A, we can compute C~1/2,

Set C~1/2 = Z;l;ol ¢;C7, according to the Cayley-Hamilton theory, the eigen-
/2

values satisfy the polynomial corresponding equation, namely A, '~ = E;:OI cj )\i.

This operation will produce n-equations as follows

D VD Vi co /v

TP U Vo o /v

1 = (26)
1

/D VD Voo Cno1 1/vVAn

We can solve the equation and find the coefficient vector

—1

o D R Vo /v
e TP D Vo 1/vV e
=11 (27)
1
Cn_1 1 A . oAt /v,
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From the obtained ¢, k = 0,....,n — 1, we have C~1/2 = Z;L;Ol chj, and
rotation tensor
n—1
R=F-C'?=F-) ¢C
j=0 (28)
=F (col +¢1C+cC? + ... +¢,_1C™7Y).
If there were repeated eigenvalues, similar aprroaches in the previous section

can be adopted.

7. Applications

To verify our new formulations, we present the following two examples.
(1) A 2D deformation:
Consider the deformation given by the mapping (see Example 3.7.1 in [11])

1 1
X(X) = -[4X; — (9 —-3X; — 5Xs — X1 Xo)t]G* + 1[4X2 + (16 + 8X,)t)G>.

4
(29)

For X = (0,0), t = 1, determine the symmetric stretch tensor U and rotation

tensor R.
From the deformation mapping in Eq. , we have the deformation gradient
1H(G'® G' - 5G' ® G* + 8G? @ G' + 4G* ® G?) or in matrix [F] =

!
[

5

4

1
Applying the Maple code to the this problem, and just input R((1/4) *

[N

Matriz([[1,—5],[8,4]])) in Maple command line, we can get following results.
The right Cauchy—Green tensor C = 15(65G' @ G' +27G' ® G* + 27G* ®
65 27
27 41
From the eigenvalue equation |C' — A\I| = 0, we obtain two eigenvalues of C
as follows: \; = % + %\/97 and Ay = % — % 97.
Hence, the coefficients are oy = % 194, oy = 9—27\/ 194 and 5y = % 194,
81 27

B = —%\/194. Therefore, we have [U] = % _— its inverse

G' 4+ 41G* ® G?), or in matrix [C] = [F]T[F] = &%

10
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1 194 8 27 i . o
U]t = o , and the rotation tensor [R] = —— ’
—27 109 135

5 13

-13 5
The correctness of the above results can be easily validated, since R - RT =

RT -R=1T1 and det R = 1.

and its transpose [R]T = ﬁ

(2) A 3D deformation: Given a deformation gradient matrix [F] =

, by a Maple code of our formulation, we can find the correspond-

w W =
=N
=W W

ing rotation [R] = 75 5 . The interesting fea-

3 1 /69 V59 | 3
2t 5 s

ot
|
w

ture of this rotation is that it is symmetric. We can show that it is a rotation, be-
cause it satisfy the rotation definition det[R] = 1, and [R]T[R] = [R][R]T = [I].

(3) Simple shear deformation:

X, (X) x
/X 2
: Jt I—
ATATETAY,
I &5 55N

Figure 1: Simple shear deformation.

This shear deformation is defined to be a set of line elements whose lengths
and orientations are unchanged, as shown in[I} The deformation mapping in this
case is x(X) = (X1 +7X2)G! + X2G? + X3G3. We find that the deformation
gradient tensor is F = I+7G'®G? = G'G'+7G' 9 G?* +G?* 2 G* +G3® G?
and its transpose is F7 = I +7/G? @ G' =G' @ G' +1G?* 2 G' + G* ® G* +
G?®G?. The Cauchy-Green tensor is written as C = FT-F = I +7G' @ G+
VG2 RG++42G? ® G?, and its square is C? = (1+9?)G' @ G + (2v+7*)G' ®
G*+ (27 +)G?2 G + (74 + 372+ 1)G? ® G? + G ® G®. The eigenvalues of

11
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Care My =1, Ay =372+ 1+ 371 +492 and A3 = 392 + 1 — 3\/4* + 472

Applying our new formulation or using the Maple code, the right stretch
tensor is obtained as U ™! = 50T +51C+5,C% = (U™1)11G'@G +(U~1)12G'®
G?+ (U 1H21G? @ G + (U 1)92G? ® G? + G @ G* and the rotation tensor
is R=R1G'®G' + RoG' @ G? + Ry1G? @ G + RyoG? @ G? + G° @ G2,
where the coefficients sg, s1, s2, and other elements are given in the appendix.

The right stretch tensor U, its inverse C~!, and the rotation tensor R
obtained here for the shear deformation have no geometrical constraints. From
Fig[2] it is clear to see that the coefficients sp and sy vary dramatically, with
sp being positive and s; being negative; sy is positive and smooth, and has a

maximum value of approximately 0.37498.

Coeffcients vs. y

v ,_._.—'—'—'_'_'_'_‘_‘—'——_.__S—D
L ——:1
— s
14
T
-2 < \\
4 ~
4 N
-34 / N
7 N
e AN
-1 i

Figure 2: Coefficient comparisons: sg, s1, and sa.

For small shear deformations, Truesdell’s both eigenvalues and rotation ten-
sor can be obtained from our formulation after omitting orders higher than

O(~?) terms. The reduced eigenvalues of C are \; = 1, Ay = 1+ 14, and

12
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Ao =1-— %'y; and rotation tensor is

1 0d
\/1+'72/4 \/4—0—72
1

R ruesdell = — L
T dell \/4+’y2 \/1+’Y2/4
0 0 1

(30)

The components of this rotation tensor are plotted in Fig[3|below. The drawing
show that both components R;; and Rgy are vary slowly vs the -y, but the Ris
and Ry vary with ~.

Figure 3: Rotation tensor component vs. shear deformation ~.

Through numerical comparisons, we found that Truesdell’s results are ex-
treme accurate at around of errors margin of O(10713). Therefore, the second-

order or nonlinear effects of the simple shear deformation can be omitted.

8. Conclusions

In conclusion, our algorithm successfully produces explicit formulas for C'*/2,
C~'/2 and the rotation tensor R as well. The key feature of the new algorithm
is that there is no need to find the eigenvector of C', and even more remarkable
is that, for the first time, we have established the intrinsic relation between the
rotation tensor (ie., an exponential mapping) @ = exp A and the deformation

gradient tensor F'. For higher order tensor, we have given some formulations

13
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for any order tensor. Finally, as an application, we have evaluated Truesdell’s

approximate results for simple shear deformation using our exact solution, and

have confirmed that Truesdell’s results are extremely accurate.
Acknowledgement: The author appreciates the financial supports from

Xi’an University of Architecture and Technology.

References

[1] C. Truesdell and W. Noll, The Non-Linear Field Theories of Mechan-
ics. Handbuch der Physik, Editor: S. Fliigge, Vol. 3, Springer-Verlag
Berlin,1969.

[2] C. Truesdell and R. Toupin, Principles of Classical Mechanics and Field
Theory. Handbuch der Physik, Editor: S. Fliigge, Vol. 2, Springer-Verlag
Berlin, 1960.

[3] C. Bouby, D. Fortuné, W. Pietraszkiewicz, C. Vallée, Direct determina-
tion of the rotation in polar decomposition of the deformation gradient by

maximizing a Rayleigh quotient, ZAMM 85(3) (2005) 155-162.

[4] A. Hoger and D.E. Carlson, Determination of the stretch and rotation in
the polar decomposition of the deformation gradient. Quart. Appl. Math.
42 (1984) 113-117.

[5] T.C.T. Ting, Determination of C'/2, C~1'/2 and more general isotropic
tensor functions of C. J. Elasticity. 15 (1985) 319-385.

[6] J. Lu, P. Papadopoulos, On the direct determination of the rotation tensor

from the deformation gradient, Math. Mech. Solids 2 (1997) 17-26.

[7] G. Dui, Determination of the rotation tensor in the polar decomposition,

J. Elasticity 50 (1998) 197-208.

[8] A. Cayley, A memoir on the theory of matrices, Philos. Trans. R. Soc.
London 148(1858)17-37.

14


https://doi.org/10.20944/preprints202004.0440.v1
https://doi.org/10.1016/j.aml.2020.106606

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 April 2020 d0i:10.20944/preprints202004.0440.v1

[9] W. R. Hamilton, Lectures on Quaternions, Dublin, 1853.
[10] https://en.wikipedia.org/wiki/Cayley-Hamilton theorem

[11] J. N. Reddy, An Introduction to Continuum Mechanics, Cambridge Uni-
versity Press NY, 2007.

Appendix
A2A3vV A
00 = —s 223V 1 (31)
A7 = A1d2 — A A3 + A3
B A AsvAz N A1 d2vAs
AA2 — A1z — A2 + A3 A2 — Aidz — A2ds + Az2’
A A A
O (A2 + A3)vV A1 (32)
A1% = A1 A2 — A1z + A2ds
(A1 +23)vV A2 _ (A1 +A2)vV A3
A2 — A1z — d2? 4+ XAad3  Arde — A1z — A2ds + A3?]
VA
az=— ! (33)
A7 = A1d2 — A1z + A2ds
_ VA2 Vs
A2 — A3 — A2Z F X3 Ad2 — Mg — Aods + Ag?
A2A3
Bo = (34)
VAT(ALZ = Atz — A1d3 + A2)s)
)\1)\3 + >\1)\2
VA2(A1d2 — Adz — 222 + 2223)  VAz(A1de — A1dz — oAz + A3?)’
A2+ A3
B1=— 35
\/x()\12—>\1)\2—)\1)\3+)\2/\3) ( )
" A1+ A3 _ AL+ A2
VA2(Ad2 — A1dz — Ao? 4+ X2d3)  VAz(Ad2 — Ads — Aads + Az?)’
3 : (36)
Y =
\/H()\12 — /\1)\2 - )\1)\3 + )\2)\3)
1 " 1
VA2(A1d2 — A1ds — A2Z + Xod3)  VAs(Aide — Aids — deds + A2
11 N V2492 42
S0 = — — =
27 (R ATV E 1292 £ 1+ 1/2(40 1402 -
,YZ+ /,y4+4,yz+2

(1 = VA A B 1292 +1 = 1/2y/7F 472

15


https://doi.org/10.20944/preprints202004.0440.v1
https://doi.org/10.1016/j.aml.2020.106606

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 April 2020 d0i:10.20944/preprints202004.0440.v1

142 72—/ 42 + 4
51 = — =
P+ VATV T 21297 + 14 1/2/4T + 472 58)
n ,YQ+ /74+4’Y2+4
(72 = VAT F VAT F 21202 + 1 - 1/2/7T + 872
1 2
52:**2+
Y 2 ATFIRRVATF AR/ 22 £ 14 1/2V5T F 2 (39)
2
(72 = VAT F AP F 421202 + 1 - 1/2 /7T + 472
1 1
(U Hn = +
\/2’y2+472'y\/’72+4 \/272+4+27\/72+4 1)
n 2l B v (
\/72+4\/272+4_27\/72+4 \/72+4\/272+4+27\/w2+4
2 2
(U D12 = (U121 = -
\/72+4\/272+4+27\/72+4 \/72+4\/2*y2+4727\/72+4
(41)
(U D22 = ! !
\/272 +4— 27\/T \/2w2 +4+ 27\/T @)
\/7 +4 \/27 +4-27v2+4 VP44 \/27 +4+2yv7? +4
1 1
Ri1 =
\/272 +4_27\/77+ \/27 +4+27/2 + 4 )
v
\/7 +4 \/27 +4+27v2+4 VP +4 \/27 +4-27/7? +4
2 2
Ri2 = Ro1 = - (44)
VP F 22 442y P A2 +4— 27+ 4
1 1
Roo = — -
\/272+4727\/72+4 \/272+4+2%/72+4 (45)
v
+

’y —
V2 + 4\/272 +4—-27/2+4 A2+ 4\/272 +4 42772 +4

16


https://doi.org/10.20944/preprints202004.0440.v1
https://doi.org/10.1016/j.aml.2020.106606

