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1. Introduction

There are so many studies in the literature that concern about special second order recurrence sequences such

as Fibonacci and Lucas. The sequence of Fibonacci numbers {F,,} is defined by
Fo=F,14+F,2, n>2, F=0 F1=1
and the sequence of Lucas numbers {L,} is defined by
Ly=Lpn1+Ln2, n>2, Lo=2, L1 =1

The Fibonacci numbers, Lucas numbers and their generalizations have many interesting properties and appli-
cations to almost every field. Horadam [8] defined a generalization of Fibonacci sequence, that is, he defined a

second-order linear recurrence sequence {W,, (Wo, W1;r,s)}, or simply {W,}, as follows:
Wn =1Who1 + sWhoo; Wo=a, Wi =b, (n>2) (1.1)

where Wy, W1 are arbitrary complex numbers and r, s are real numbers, see also Horadam [7], [9] and [10]. Now

these generalized Fibonacci numbers {Wy(a,b;r, s)} are also called Horadam numbers. The sequence {Wp,},>0 can
be extended to negative subscripts by defining

T 1
W_, = _7W—(n—1) + *W_(n_g)
S S

for n =1,2,3,... when s # 0. Therefore, recurrence (1.1) holds for all integer n.
1
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For some specific values of a,b,r and s, it is worth presenting these special Horadam numbers in a table as a
specific name. In literature, for example, the following names and notations (see Table 1) are used for the special
cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences.

Name of sequence Notation: Wy (a,b;r,s) OEIS: [17]

Fibonacci F, =W,(0,1;1,1) A000045
Lucas L, =Wn(2,1;1,1) A000032

Pell P, =W,(0,1;2,1) A000129
Pell-Lucas Qn =Wn(2,2;2,1) A002203
Jacobsthal Jn = Wi(0,1;1,2) A001045
Jacobsthal-Lucas Jn = Wa(2,1;1,2) A014551

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples are

n

1 n
SODRFE = S(—1)" (Fiya + Fipy = 3F2 1 Faya) +1)

k=0 2
and
n 1 N
S (=nFLd, = 7((=1) (L% i1+ L2, —3L% , L_pi1) + 3).
k=1

In this work, we derive expressions for sums of second powers of generalized Fibonacci numbers. We present some
works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence sums of second powers sums of third powers sums of powers
Generalized Fibonacci [1,2,6,11,12,18] [5,19,21] 3,4,13]
Generalized Tribonacci [15,20]

Generalized Tetranacci [14,16]

2. Sum Formulas of Generalized Fibonacci Numbers with Positive Subscripts
The following theorem presents some summing formulas of generalized Fibonacci numbers with positive sub-
scripts.
THEOREM 2.1. Let & be a complex number. Forn > 0 we have the following formulas: If (—s*x* +rsec+1)(r*z +
s32% + 3rsx — 1) # 0 then

(a):

n
A
Z T = 3,2 31 3,2
prd (=322 + rsx 4+ 1)(r3z 4 s322 + 3rsz — 1)
where
A = —2"PP(Pa? 4 2rse — D)WL, — 2" T (PPr 4 P2 + 3r25% 0 — rPsPa® 4 rtsa® + 2rse — D)WL,

+3rsz™ 3 (r + $2a) W2 oWt — 3rs*z" 3 (rse — 1)W2 L Wiae + 2(s°2” + 2rsz — 1) W7
+(rPz + s°2° + 31?572 — r®s°2® + rtsa® + 2rs — WS

—3rsa”(r + s2) Wi Wo + 3rs’a” (rsz — 1) Wi W
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(b):

n A
kypr2 2
E WiWgi1 =
k:Ox kY k1 (=322 + rsx 4+ 1)(r3z 4 322 + 3rsz — 1)
where
Ae = —rx" P (rse — 1) Wiy — 1" (rsz — 1) Wiy +s2™ P2 (2r%c — s°2® + )W oW

—z" T (e + 20 4 rtsa® — 2rsta® 4 2rse — D)WE  Wayo + 12 (rsz — 1) Wi
+rs’a® (rsz — 1) W3 — sz(2r’z — s°2° + 1)WiWo

+(rz + $°2® + rtsa® — 2rs'a® + 2rse — 1)WEW,

(c):

S A
2. W 3
=
kzzox RRTR T (C$302 4 rsa + 1) (13 + %22 + 3rsw — 1)
where
Az = r2"PPr+S2e)WE L +rsPa" TP+ Sa)yWEL — 2T (P + 52 4 3r7s% et — D)W oW

+822" (288 — %2+ )W Wase — ra(r 4 S22) W3 — r8°2” (r + s°2) W3

+(Px 4 §°2° + 3r°s°2® — DWW — s°z(2r°z — s°2° + 1)Ws Wh

Proof. Using the recurrence relation

Wito = Wiyt + sW,

i.e.
sWn = Whyo — Wi
we obtain
SWE=W2 o = 3rW2 oW1 + 3 We  Wage — 7P Wiy
and so

S"WE = a"Wii, = 3ra" W oW1 + 3722 " Wi Wago — 722" Wi,

1 —1 —11172 2 n—1yy,2 -1
S TIWEL = 2" TIWE L = 3ra" T W W + 37 T WA W — e T W
3 —2 3 —2 3 -2 2 2 —2 2 3 -2 3
ST TIWe_y = x"TTW = 3ra" T T W Wt + 3r7x" T W W, — e W,

3 2 3 2 3 2 2 2 2 2 3 2 3

sTxWy = "Wy = 3reWiWs + 3r°a"WiWy — r a” Wy

SWE = W3 = 3rat WiWs + 3r2 ' WiWs — PPzt Wi

533601/1/'03 = xOW23 — 3r:cOW22W1 + 3r2:c0W12W2 - r3x0W13
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If we add the above equations by side by, we get
n n
Y WP = @"Wia 2T W — T WE -G 2 Y TR (2.1)
k=0 k=0

=3r(@" Wi oaWasa — 2  WiWo + =1 > 2" Wi, Wi)
k=0

+3r2 (@ " Wi Wags — 2 ' WoWL 271 ) 2" WilWiya)
k=0

n
—r3(x"Ws+1 —zT W4zt Z mkW,?)
k=0

Next we calculate >°}_, P W2 1 Wi. Again, using the recurrence relation

Wn+2 = TWn+1 + SWn

i.e.
sWn = Whyo —Whipa
we obtain
SWi i W = Wi i Wags — Wiy
and so
st"WE AW, = a"W2 Wi —ra"Wii,
s T WiWs1 = 2" Wi Wag — T W
stV TEWE  Wyo = 2"TWE W, —ra" T WE
sm2W32W2 = m2W32W4 - Ta:ZW;f’
slengl = x1W22W3 — rm’les
sxOWfWo = $0W12W2 — msOWf'

If we add the above equations by side by, we get

s TWEAWE = (@"Wa i Waps — 2 "WoWL + 271 2" WilWii1) (2.2)
k=0 k=0

_r(:n"WSH B A A Zka,?)
k=0

Next we calculate > 7_, 2"W2Wyy1. Again, using the recurrence relation
Wn+2 = TWn+l + sWh,
ie.
— 20172 _ 1172 20172
sWp =Whio —7Whi1 = W, =Whio +7" Wi —2rWei o Wit
we obtain
27172 _ 2 27173 2
s Wan+1 - Wn+2Wn+1 +r Wn+1 - 2TWn+1Wn+2

and so
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S WiWop = m"W3+2Wn+1 + rzz"Wn‘Q’H - 2rx"W3+1Wn+2
S TTWE W, = 2 T WE W + 2" W — 2ra™ T WA W
S TWE L Wa = 2" TPWIWL 072" W = 2ra W W,
STWEIWs = 2 WiWs +r°a® W3 — 2ra® Wiw,
82$1W12W2 = m1W32W2 + r2m1W23 — 2rx1W22W3
sszWng = xOW22W1 + T2:E0W13 — 2rx0W12W2

If we add the above equations by side by, we get

S WiWen = @"Wa oW — 2 TWEWo + 270y 2 Wi W) (2.3)
k=0 k=0

n
+r2 (" Wi — T W 42! kaW;?)
k=0

=27 (&" Wi 1 Whgo — 2 " WoWs + 271> 2" Wi W)

k=0

Solving the system (2.1)-(2.2)-(2.3), the required results of (a),(b) and (c) follow.
2.1. The case z = 1. See [19] for the case z = 1.

2.2. The case z = —1. In this subsection we consider the special case x = —1.

Taking © = —1,7 = s = 1 in Theorem 2.1 (a),(b) and (c), we obtain the following proposition.

PRrOPOSITION 2.2. If x = —1,r = s =1 then for n > 0 we have the following formulas:
(@): Sp_o(=1)FWE = (=) (W2ia + W2 — 3W2  Wigo) + WP + W§ — 3W5W1).
(b): 7o () WEWigr = 2((—1)" (Wi3io — Wiy — W2 oaWoia) + Wi — W§ — WEWG).
(€): S p_o(—D)*WR Wi = 2((—1)" (W2 oWag1 — W21 Wago) + WEWo — WEWh).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci numbers

(take W, = F,, with Fy =0, F} = 1).

COROLLARY 2.3. For n > 0, Fibonacci numbers have the following properties:
(@) Sp_o(~D)EP = L(=1)" (B35 + Fiyy — 3F21 Fuva) + 1).
(b): b (1) FFirr = 5((=1)" (Fiy2 — Fipr — FiyaFaga) +1).
(©): Yo~V FE B = J(—1)" (B2 3 Fugs — 241 Foa)).

Taking W,, = L,, with Lo = 2, L1 = 1 in the last proposition, we have the following corollary which presents sum

formulas of Lucas numbers.

COROLLARY 2.4. For n > 0, Lucas numbers have the following properties:
(8): Ypo(=1"LE = 3((=1)" (L2 + Liyr = 3L% 11 Lnt2) — 3).
(0): Yho(=D)PLiLitr = 5((=1)" (L2 — L1 — Lo Lnsr) — 9).
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s (DL L = 2((-1)" (L2 9Lnt1 — L2 1 Lngo) — 2
(€): 2po(=D) Lyl = 5((=1)" (LasaLlntr — Loy1Lng2) — 2).
Taking x = —1,7 = 2,5 = 1 in Theorem 2.1 (a),(b) and (c), we obtain the following proposition.

PRrROPOSITION 2.5. Ifx = —1,7r = 2,5 =1 then for n > 0 we have the following formulas:

(@): Ypo(=1) W = L((—1)" @W2E o+ 12W3 1 —3W2 oWag —OW2 i Wigo) +2W7F +12W5 — 3WE W, —

OWEWH).

(b): S p_ o (—) WEWig1 = 4 ((—1)" (3W; 1 0—3We 41 —8W,2 oW +AW2 i Wi p2)+3WF —3W5 —8W T Wo+
AWEWL).

(€): S p_o(—D)FWR Wi = L((—1)" (Wiio — Wi +2W2 o Wag1 — 8W2 W) + WE — WG+ 2W7Wo —
SWEW1).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers (take

Wn:PnWithP():O,Plzl).

COROLLARY 2.6. For n > 0, Pell numbers have the following properties:
(a): Y o(-1)F P} = H((=1)" 2Pz +12P} 11 — 3P2 5 Puy1 — 9P 11 Paya) +2).
(b): S p_o(—1)fPPey1 = H((—1)" (3P, 5 — 3P2 1 — 8P2 5 Put1 + 4P 1 Pri2) + 3).
(©): Ypo(=D*PiiPe = (1) (P2 — Pliy + 2P2 5 Pay1 — 8P 11 Paya) + 1).

Taking W,, = @, with Qo = 2,Q1 = 2 in the last proposition, we have the following corollary which presents

sum formulas of Pell-Lucas numbers.

COROLLARY 2.7. For n > 0, Pell-Lucas numbers have the following properties:
(@) Yp_o(-1)"QF = 5 ((=1)" (2Q7 42 + 12Q7 11 — 3Q712Qn+1 — 9Q7 41 Qn2) + 16).
(b): Yr o (—D*Q7Qk+1 = 5 ((—1)" BQ342 — 3Q511 — 8Q742Qn11 + 4Q7+1Qny2) — 32).
(c): ZZ;O(*l)inHQk = %1(( 1" (Qn+2 Qn+1 + 2@%+2Qn+1 - 8@%+1Qn+2) —48).

Ifrx=—1,7r=1,5 =2 then (—s*z® + rsz + 1)(r®z + 532 + 3rsz — 1) = 0 so we can’t use Theorem 2.1 directly.
But we can give another method to find S°7_ (—1)"Wg, Sor_ (= 1)*WiWii1 and 37_,(—=1)*W2, Wi by using
Theorem 2.1.

THEOREM 2.8. Ifx = —1,r = 1,5 = 2 then for n > 0 we have the following formulas:
(@) Zpoo(=D W = g1 ((=1)" ((Bn + 18) Wl 5 —(24n + 8T) Wl 11 —6 (3n + 13) Wi s Wa1 +12 3n + 11) Wi,
Wii2) + 15W5 — 63W35 — 60W2W, + 96WEW)).
(b): S o (=D WEWigr = 5 (=)™ (— Bn +8) W, 5+8 (3n + 11) Wiy 142 (9n + 36) Wi oW1 —(36n + 147) W2,
Wite) — 5WE 4 64W§ + 54WEW, — 111WEW,).
(€): S o(=D*W2 Wi = & ((=1)" ((3n 4 10) Wl 5—8 (3n + 13) W21 —(18n + 57) W2 s Wai1+4 (9 + 36)
W21 Waga) + TWE — 80WE — 39WEW, + 108WEW1).

Proof.

(a): We use Theorem 2.1 (a). If we set r =1, s = 2 in Theorem 2.1 (a) then we have

e fi(z)
Zm M ST P - )
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where
fi(x) = —a"T?8z% +4x — 1)W2,, + 2" (8% — 2207 — B+ )W,
62" 3 (4x + V)W L oWigr — 122772 (22 — DYW2 1 Wise + 2(82° + 4z — 1)WF
—(82° — 22a% — 5z + 1)W§ — 62> (4 + 1)WiWo + 122° (22 — 1) WG W1
For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we can use

L’Hospital rule. Then we get

n d
4z (f1(2))
CDPWREW _ = (
kZ:O( VWieWets (822 + 20+ 1)(B22 +Tw —1))|
1 n
= 87((—1) (Bn 4 18) Wi, o — (24n 4+ 8T) W2, 1 — 6 (3n + 13) W2 o Wit
+12 (3n + 11) Wi 1 Wyio) + 15WF — 63W5 — 60W7 Wy + 96WGW1).

1

(b): We use Theorem 2.1 (b). If we set r = 1,s = 2 in Theorem 2.1 (b) then we have

= T
kZ:OIkWEWkH - (—8z2 + 2z —{21()(23:102 + 7z —1)
where
fo@) = —a" TP Qe —1)Wi, -8 (22— 1) Wi, + 22" (=82% 4+ 22+ )W s Wi
—2" (=322 +102® + 52 — 1)W2 1 Wi po + (22 — )W + 82° (22 — 1)W§
+(—322° +102° + 52 — YWEWy — 22(—82" + 2z + 1) Wi Wo.
For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we can use

L’Hospital rule. Then we get

- s (f2(x))

kzzo(—l) WiWk1 = (=822 + 2z + 1)(822 + Tz — 1))

d
dx rz=-—1

1 n

g (D" (= Bn+8) Witia +8(3n +11) Wiy + 2(9n + 36) Wi s Wnia

— (36n + 147) W2 1 Wi y2) — BWY 4 64W5 + 5AWLWo — 111WEWh).

(c): We use Theorem 2.1 (c). If we set r = 1,s = 2 in Theorem 2.1 (c) then we have

- x
kZ:OkaEHWk B (—8z2 + 2z —{31()()8332 + 7z —1)
where
fa(x) = a"PPx+ OWE L + 82" P4 + )WEL, — 2" (202 + 2 — D)W oWy
+4x" T2 (=82 4 20 + 1)W72 Whge — z(da + D)WY — 82% (4 + 1)W
+(202% + 2 — 1)WiWo — 4a(—82” + 2z + 1) WG Wh.
For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we can use

L’Hospital rule. Then we get
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2= (f3())
=0 L ((—82% + 2z +1)(822 + T — 1))
1

r=—1

5 (D" ((Bn+10) W2, —8Bn+13) Wi,y — (18n 4 57) Wi s Wi

+4 (9 4 36) W2y Wip2) + TWT — 80W5 — 39WT Wo + 108W; Wh).

From the last theorem we have the following corollary which gives sum formulas of Jacobsthal numbers (take

W, = J, with Jo = 0,.J; = 1).

COROLLARY 2.9. For n > 0, Jacobsthal numbers have the following properties:

(@): Sp_o(=1)FIR = L((—1)" ((3n+18) J3 1o — (24n + 87) J5 11 — 6 (3n + 13) Jo o Jni1 + 12 (3n 4+ 11) J2 44
Jnt2) + 15).

(b): S o (=DF TR Thg1 = g ((=1)" (= Bn +8) J312+8 (3n 4+ 11) J3 1142 (9n + 36) J2 0 Tnr1— (360 + 147) J2 4y
Jny2) —5).

(c): Ezzo(_l)kjlg-ujk =

= ((=D)" ((3n +10) Jn 4o — 8(3n+13) Ji 1 — (18n+57) JioJnt1 + 4(9n + 36)
Tri1dni2) + 7).

Taking W,, = j, with jo = 2,51 = 1 in the last theorem, we have the following corollary which presents sum
formulas of Jacobsthal-Lucas numbers.

COROLLARY 2.10. For n > 0, Jacobsthal-Lucas numbers have the following properties:
(@) Yho(=1)" = g ((=1)" ((3n +18) juts — (240 +87) juja
jnsa) — 225).

(b): 3oh_o (1) GRrs1 = g1 ((=1)" (= (31 +8) jir2+8 (3n + 11) i1 +2 (9n + 36) ji2jnr1—(36n + 147) ji 41
jn+2) + 171)'

— 630+ 13) 12 pajass + 12 (30 +11) 52,

(©): Yp o(=D stk = s (=D" ((3n+10) jiyo — 8(3n+13) joy — (18n+ 57) jiriajnt1 + 4(9n + 36)
Jnaiint2) — 279).

2.3. The case z =1+ i. In this subsection we consider the special case £ = 1 + 1.

Taking x =14 4,7 = s =1 in Theorem 2.1 (a), (b) and (c), we obtain the following proposition.

ProposiTION 2.11. Ifx =141i,r = s =1 then for n > 0 we have the following formulas:
(a): Yop_o(L+0)*Wi = i (L+0)" (T = 15) Wiy + (6 4 60) Wiy Wasa + (=18 4 6) Wi Wi + (8 —
20)W2,10) — (3 —58) WP 4+ (4 4 114) W + (6 — 120) WEW, — 6WEW,).

(0): Ypo(L+0) " WiWii1 = g (1 +0)" (2+20) W1 — B4 90) Wi Wago + 6iWo 1 Wi 5 +2W,55) —
(1 —d) Wi — 2W§ — (34 3i) W2Wo + (6 + 3i) WEW?).

(©): Yo+ )" Wi Wi = g (L+D)" (=6 + 20) Wiy + 6iW, . Waga + (9 = 9) Wt Wi ys + (=2 +
ANW3,0) — (1 + 30) W + (2 — 4i) W§ + %iWEW, — (3 + 3i) WEWL).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci numbers
(take Wn = Fn with Fo = O7 F1 = 1)

COROLLARY 2.12. For n > 0, Fibonacci numbers have the following properties:
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() hoo(LH)"F = 135 (14 )" ((T=150) F} 1+ (64-60) 13 Fupa+(—18460) Fog1 i 5 +(8—20) F ) —
3+ 5i).

(0): Ypo(1+ 1) FEFir1 = 555 (149" (2420) FY 1 — 3+ 90) Fi g Fryo +6iFn1 Frn +2F3 5) — 141).

(©): Yo o(1+0)* F Fr = 1555 (1 +0)" ((—6420) Fy 1 +6i Fy 1 Frpo+(9—90) Frg1 Frn+(—2+40) Fjlp) —
1 — 3i).

Taking W,, = L,, with Lo = 2, L1 = 1 in the last proposition, we have the following corollary which presents sum

formulas of Lucas numbers.

COROLLARY 2.13. For n > 0, Lucas numbers have the following properties:
(a): Yp_o(l+ )L} = 55 (1 + )" (T — 150) Ly + (6 4 6i) Loy L2 + (=18 + 6i) L1 Liyn + (8 —
20)L3 1 2) + 17 + 69i).
(b): > 0(1—|—z’)kL2Lk+1 12+91 (4D ((24+2) L2 11 — (34+9) L2 {1 L2 +6iLn1 L2 5203 o) +1+76).
(€): S o(140)*Li 1 L = 1515; (1 +4)" ((—=6+24) L 11 +6iL5 1 Lo+ (9—=9i) L1 L7 o+ (—2+40) Ly o)+
3 —29q).

Corresponding sums of the other second order linear sequences can be calculated similarly when z =1 + 4.

3. Sum Formulas of Generalized Fibonacci Numbers with Negative Subscripts

The following theorem presents some summing formulas of generalized Fibonacci numbers with negative sub-

scripts.

THEOREM 3.1. Let & be a complex number. For n > 1 we have the following formulas:If (—s® + 2 4 rsz)(rz +

53 — 2% + 3rsx) # 0 then
(a):

n
A
S atwd, = :
(=83 + 22 4+ rsz)(r3z + 3 — 22 4+ 3rsz)
where
Ay = 2" =2 4 2rs) WP + 2" (P — rPs® e — 2 4 2rsa® 4 rtsx + 3772,

—3rsz" (ro 4 S)W2,  Wen + 3rs*z" (x4 rs) W2, We i — 2(s® — 2 + 2rsz) W7
ta(=s’z + s> — 0?4 2 — 2rsa® — rsx — 32 )W

+3rsz(re + s )Y WiWo — 3rsz(—z + rs)WEWh

(b):

Y A
kyr 2 5
W2 A W_i =
;CL’ k+1 k (_83 + 72 + rsm)(?"3x + 3 — g2 ¥ 37“53:)
where
As = —ra"PPra+ W2, —ra" T e + )W,

+2" P (PP + 3r°s° + 55 — 2 )W2 W + 822" (=27 + 5° — 2P )WE W
+ra’(re + sS)WE + rsw(ra + SSYWE — 22 (rPe + 3r°s® + ° — ) Wi W,

+5°x2(2r°z — §° + 2*)WEWh


https://doi.org/10.20944/preprints202004.0437.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 April 2020 d0i:10.20944/preprints202004.0437.v1

A STUDY ON SUMS OF CUBES OF GENERALIZED FIBONACCI NUMBERS: CLOSED FORMULAS OF Y.7'_ z*W2 AND S7_; zFwiy

(c):

n
A
krps2 o
W— W7 =
2 W = T e 1 o — 2 1 o)
A = ra"t? (—x +rs) WETLH +rgdpntt (—z +rs) Wi+ sw"+1(—2r3x . $2)W3n+1W_n

+a"t (=2rs® + Pz + rP0® — 2 4 2rsa® 4t sa) WL Wi 4 ra (x — rs) WY
+rs’z(z — rs)W§ + se(2ris — s° + 2> )WiWo
ta(2rs* — %z — 22?4 2% — 2rsa® — rs2)WiWL

Proof. Using the recurrence relation

1
W—n+2 = rW—n+1 +sW_p=>W_, = _gw—n+1 + EW—n+2

i.e.
SW_n = W_n+2 — TW_n+1
we obtain
W2, = W2 0 = 3rW2 oW1 + 37 W2 Wi — W2,
and so

2 2 2
"W, = 2"W2, 0 —3ra" W2, oW1 + 377" W W e — PP W
3 n—1y/3 13 12 DY g 3 n—1ry/3
2" T WE L = a" T WE s = 3ra" T W W + 3072 T W oWy — T W
3,,n—2yy3 n—2q/3 n=2p2 2 n=2p2 3,,n—2y;3
s T —-nt2 = T —n+4 — 3rx —n+4VV —n+3 +3rx —nt3W-ntsa =T T —n+3

53m3W33 = xBWfl — 37":53W31W,2 + 3r2x3W32W,1 — TSZC3WEQ
s3x2W32 = xQWg' — 3m’2W02W_1 + 3r2x2W31Wo — 7’3952W31
33931WE1 = :EIWf’ — 3rm1W12Wo + 3r2x1W02W1 — r?’leg’

If we add the above equations by side by, we get

53(2 kaEk) = (—x"HWEnH — " PPWE W+ 2PWE + 22 ZkaEk) (3.1)
k=1 k=1

=3r(—a" W2 W 2 WEWe 4 2t YW W)
k=1

+3r2 (=" T W2 W1 + W W + 2! Z W2 W _ky1)
k=1

—r3(—x"+1WEn + ot WE + &t Z mkWEk)
k=1

Next we calculate >-7_, z*W?2, 11 W_k. Again using the recurrence relation

T 1
W—n+2 = rW—n+1 +sW_p=>W_, = _;W—n-kl + EW—n+2
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ie.
SW_p = Wengo —W_pni1
we obtain
W2, W, =W2 W w3
SW_nt1tW-n=W_np1W-nt2 —=TW_pn4t1
and so
n 2 _ n 2 n 3
st WZ, W = o WZ,  aW_ o —ra" W2, 14
n—1 2 n—1 2 n—1 3
s T TWZ oW npr = o W oW gz —ra W, 40
—2 2 —2 2 -2 3
st TIWI sWeonge = 2" TWI W pga — 2" 5
2 2
sTW2,W_g = 2BW2,W_1 —ra® W3,
sTEWAEW_y = 22W2 Wo —ra®W3,
1 2 1 2 1
sEWEW_1 = 2'WeWwh —ra'We

If we add the above equations by side by, we get

s FW2 W = (=2 TWEWo i 2 WEW 42t ) 2 W W) (3.2)

k=1 k=1

_r(—x”'HWEn +2'wd + ot Z kaEk)

k=1

Next we calculate Y ;_; kaEkHW_k. Again using the recurrence relation
W—n+2 = TW—n+1 + SW—n

ie.
SW_p =W_pio —rW_p1

we obtain

2 2 2 2 2
sWZ, = W, o—2rW_poW_ i +r"WZ, 14

2 2 2 2 2 3
= S W_nW7n+1 = W_n+2W7n+1 — QT'W_n+1W7n+2 +r W—n+1

and so
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ST"W2 Wonyr = "W oW1 — 202" W2 W pyo + 72" W2,y
S TIWE L W = 2T IWR s W — 272" T W oWy + 2 T W
S TWE L oW ongs = 2 TIWEL L Woys — 202" W W + 72 TP
STPW2Woo = W2, Woo — 2r2® W2, Wy + 722 W3,
stzWEZW_l = xQWoQW_l — 2rx2W31Wo + r2x2W31
s2x1W31W0 = lefWo — 2rx1W02W1 + rlewg

If we add the above equations by side by, we get

Y WEW g = ("W W+ 2 WEWo + 2t > e W W) (3.3)

k=1 k=1

n
—2r(—a" W2 W+ 2 WEWh 2t Y W)

k=1

+r2 (=" TWE, + WS+ 2t ZkaEk)
k=1

Then, solving the system (3.1)-(3.2)-(3.3), the required results of (a),(b) and (c) follow.
3.1. The case z = 1. See [19] for the case z = 1.

3.2. The case x = —1. In this subsection we consider the special case x = —1.

Taking © = —1,7 = s = 1 in Theorem 3.1 (a),(b) and (c), we obtain the following proposition.

PRrOPOSITION 3.2. If x = —1,r = s =1 then for n > 1 we have the following formulas:
(@) Sp (=)W = 2((-1)" (W2, + W2, = 3W2, W_np1) — Wi — WG + 3WEWA).
(b): S p (W2 W = L(—-1)" (W2, (W — W2, W_pg1) — WEWo + W5 Wh).
(©): Sp (=D W2 W1 = ()" (W2, — W2, = W2, W_y) — W+ WE + WiWG).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci numbers

(take W, = F,, with Fy =0, F} = 1).

COROLLARY 3.3. For n > 1, Fibonacci numbers have the following properties.
(@): Y p  (—D)FF? = ()" (F2 1+ F3, —3F2,F_ny1) — 1).
(b): S (—DFF?  Fo = 2(-)" (F? 1 Fon — F2, Fpni1)).
(€): Ypo (VPR Fo iy = (1) (F2 oy — F2, — F2,  Fon) = 1).

Taking W,, = L,, with Lo = 2, L1 = 1 in the last proposition, we have the following corollary which presents sum

formulas of Lucas numbers.

COROLLARY 3.4. Forn > 1, Lucas numbers have the following properties.

(a): Sp (-1 L = L((-1)" (L2 ,41 + L%, —3L%, L_ns1) + 3).
(b): Sp_ (—DFL* Lk = 3((-1)" (L% 1 L—n — L2, L_ny1) + 2).
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pl—k+1 = %((_1)" (L?in-s-l —L%, - L2—n+1L*") +9).

(c): 22:1 (_1)kL2—

Taking x = —1,7 = 2,5 =1 in Theorem 3.1 (a),(b) and (c), we obtain the following proposition

PROPOSITION 3.5. Ifx = —1,7r =2,5s =1 then for n > 1 we have the following formulas

(@): Y p (D) W3 = L ((-1)" @W2, 1 +12W2, —3W2, W —9W 2, W 1) —2WF —12W5 +3WT Wo+
OWEW1).

(b): S p (—D)*W2 Wey = (-
SWEW1).

(€): Sp (=)W 2 W_ppr = L ((=1)" (BW3, 41 — 3W2, +4AW2, W_p 1 — 8W2, \W_p,) — 3W + 3§

VP W2 W2 422, W, —8W2 W yi1) = WEHWE —2WEWo+

SWEWo — AWGWh).
From the last proposition, we have the following corollary which gives sum formulas of Pell numbers (take

Wn: nWlthP():O,Plzl)
COROLLARY 3.6. For n > 1, Pell numbers have the following properties
(=)™ (2P3 41 +12P%, —3P2% 1P, —9P2 P 1) —2)

1
P2, +2P%, P, —8P2, P 1) 1).

(a): Yroy (-DFPY = &
(b): Y py ()PP = (1) (P24 —
(=) (3P2, 41 —3P%, +4P%, P_, 41 —8P%, 1 P_,) — 3)

(c): Zk (= ) k;P—k+1

Taking P, = @, with Qo = 2, Q1 = 2 in the last proposition, we have the following corollary which presents sum

formulas of Pell-Lucas numbers.
COROLLARY 3.7. For n > 1, Pell-Lucas numbers have the following properties
(a): Zzzl(fl)ink = ﬁ (71)’” (QQin-&-l + 12Qin - 3Q2—n+1Q*n - ng—nQ*nJﬁl) - 16)
(b): Yp (1) Q%1 Q—k = £ ()" (Q% 41 — Q% +2Q% 11 Q- — 8Q%,Q—nt1) + 48)
(C): ZZ=1(*1)kQ3kQ—k+1 = %1(( ) (3Qin+1 - 3Q3—n + 4Q2—nQ*n+1 - 8Q3n+lQ*n) + 32)'
Ifz=—1,r=1,s =2 then (—s*+ 22 +rs2)(r®z + s> — 2% + 3rsz) = 0 so we can’t use Theorem 3.1 directly. But
D)W SR (D)W Wy and Sop_ (—1)*W2, W_i41 by using

we can give another method to find Y 7_,(

Theorem 3.1.
THEOREM 3.8. Ifx = —1,r = 1,5 = 2 then for n > 1 we have the following formulas
(a): Sp (D)W = ()" (= (n—=1) W2, 1 +@n+ 1) W2, +2(Bn+2) W2, \W_,—4 Bn + 4) W2, W_p11)—
WP — 11W¢ — AWEWo + 16WEW1).
V' (= Bn+5) W3, 1 +8Bn+2)W3, +3(6n+11) W2, W_

(b): Ezzl(_l)szkﬂwfk = s%((—
36 (n+ 1) W2, W_ri1) +5WP — 16WE — 33WEW, + 36WEWH)
Y (Br+T)W3,1—-8Bn+4) W3, -18(n+ 1) W2, W, +3 (120 + 11) W2, W_,,41)

(€): poy (CD)P W2 Wy = g (=
TWE + 32W¢§ — 33WEW, + 18WEWo).

Proof.
(a): We use Theorem 3.1 (a). If we set r =1,s = 2 in Theorem 3.1 (a) then we have

C s fa(x)
Z.’L’ W, = (—22 + 7z + 8)(22 + 22 — 8)
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where
fa(z) = 2" (—2® 4z +8)W2, 2T (=2 +52? + 220 —8)W 3, —62" T (e + W2, L W, — 12271
(z—2)W2, W_pi1—z(—2° + 42+ 8)W7? — 2(—23 + 522 + 222 — 8)W§ + 6x(z +4) W Wo + 122(x — 2) WEW?).
For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we can use

L’Hospital rule. Then we get

n — L (fa(x))
D (DIWE = ((—a2 +70l3c+8)(962 + 2z — 8))

d
k=1 dx rz=—1
1

= 27((71)" (—(n=DW2, 1 +Bn+1) W2, +2@n+2) W2, W_,
—4(Bn+A) W2, W) — WP — 11Wg — AWT W + 16W5 Wh).

(b): We use Theorem 3.1 (b). If we set r = 1,s = 2 in Theorem 3.1 (b) then we have

fs(x)
—22 + Tz + 8)(22 + 2z — 8)

S AW Wy = (

k=1
where
fs(x) = —2" (2 + W3, 11 — 82" T @+ W3, + 2" T2 (—2® + 2+ 20) W2, W, — 4" (22 + 22 —
W2, W_pni1+ 22(x + W + 8zx(x + H)WE — 2%(—2? + = + 20)WEWo + 4a(a® 4 22 — 8)WEW1.
For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we can use

L’Hospital rule. Then we get

n L (fs(x))
—)PWR W, = -
;( )W We (a2 + Tz +8)(22 + 22— 8)) | _ |
_ é ()" (= Bn+5) W2, +8Bn+2) W2, +3(6n+11) W2, W,

=36 (n+ 1) W2, W_p41) + 5W; — 16W5 — 33W7Wo + 36W5 W)

(c): We use Theorem 3.1 (c). If we set r =1,s = 2 in Theorem 3.1 (c) then we have

fo(x)
(=22 + Tz + 8) (22 + 2z — 8)

n
2 : kyrs2

X W_kwfiﬁq =
k=1

where
fo(x) = (—a" T2 (x —2)W3,, 1 — 8" (z —2)W3, — 22" (2® + 20 —8)W2, y W, + 2" T (—2® +- 52 +
102 —32)W2, W_,i1 +2% (2 —2) Wi +8x(x — 2) W + 22 (2% 4+ 22 — 8) WEWo — 2(— > +52% +10x — 32) WE W1 ).
For x = —1, the right hand side of the above sum formulas is an indeterminate form. Now, we can use

L’Hospital rule. Then we get

n d
s - i (fo(@))
;( DWW W_pp1 = %((—$2+7x+8)($2+2$_8)) o
- % (D" (Bn+7N W2, —8Bn+4) W2, —18(n+ 1) W2, W,

+3(12n + 1) W2, W_ 1) — TWS + 32W5 — 33W5 W1 + 18W W)

From the last theorem, we have the following corollary which gives sum formula of Jacobsthal numbers (take

W, = Jp with Jo =0,J1 = 1).

COROLLARY 3.9. Forn > 1, Jacobsthal numbers have the following properties:
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(@): Sp  (—1)F = (D" (= (n—1) I+ B+ 11) I3, +2(Bn +2) J2,, 11 Jon—4 (3n 4+ 4) J2 . J_pi1)—

1).

(b): S (=D k= ()" (= Bn+5) I, 148 (Bn +2) J2 43 (6n + 11) J2,, 1 Jn—36 (n+ 1) J2,, J_pi1)+
5).

(€): Sp (DI k= (D" (Bn+7) I3, 11 —8(Bn+4) J2,—18 (n+ 1) J2 .11 J_n+3 (120 + 11) J2,, J_pj1)—
7).

Taking J,, = jn with jo = 2,71 = 1 in the last theorem, we have the following corollary which presents sum

formulas of Jacobsthal-Lucas numbers.

COROLLARY 3.10. Forn > 1, Jacobsthal-Lucas numbers have the following properties:

(2): X (=DM = (D)™ (= (0= 1) 5200+ B+ 11) 52,42 (Bn + 2) j2 11 -n—4 (31 + 4) 52 1 —nt1) —

33).

() Yy (1% kai—k = g1 (D)™ (= Bn+5) 1211 +8 Bn +2) j2, 43 (6n + 11) j2,, 110 —36 (n + 1) 52, j—nt1) -
45).

(©): Yoy (=1)* 20w = g1 (D" (Br+7) 3201 —8Bn+4) 2, =18 (n + 1) 21 1j-n+3 (120 + 11) 12 jps1)+
153).

3.3. The case x =1+ 4. In this subsection we consider the special case x = 1 + 3.

Taking © =1+ 4,7 = s = 1 in Theorem 3.1 (a),(b) and (c), we obtain the following proposition.

ProprosiTION 3.11. Ifz =1+i,7r=s =1 then for n > 1 we have the following formulas:
(a): S (14 F2 ) = s (1 49)" (B (1 +14) F2 0 +(=3+150) F2,,— (34 9) F2,, (1 F_n4+(3=30) F2,, F_pn11)—
(34 34) F + (3 — 15i) Fy + (3 +9i) F£Fy — (3 — 3i) F3 F1).
(b): Spo (L) F2 Foy = = (A 40)" (2 = 40) F2 0 — (1+30) F2, + 2+ 100) F2, 1 Fn + (3 —
51)F2, F_pi1) — (2 — 44) F{ 4 (1 + 34) F§ — (2 4+ 10i) F2Fy — (3 — 5i) F3 F1).
(©): Ypoy (1) P2 F s = =g (L 40)" F2 1+ (1=0) F2, +(3=50) F2 1 Fon - (—4480) F2, F_ 1) —
2FF — (1 — i) F3 — (3—=5i) FfFo + (4 — &) F3 Fy).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci numbers

(take Wy, = F,, with Fo =0, F1 = 1).

COROLLARY 3.12. Forn > 1, Fibonacci numbers have the following properties.
(a): S (1) F2 = s (49" B (1 +14) F2 0 +(=3+150) F2,,—(3 4 94) F2, (1 F+(3=30) F2, F_ 1) —
3 — 3i).
(b): Sp U+ )" F2p o = =g (L4 (2 = 40)F2 0 — (L4 30) F2, + (2 + 100)F2, ( Fop + (3 —
5()F2,F ny1) — 2+ 40).
(€05 Sy (i) F2 F o = =i (14 8)" (2F% 1+ (1) P (B 50) P2 1 o+ (—A+80) F2, P 1) —
2).

Taking W,, = L,, with Lo = 2, L1 = 1 in the last proposition, we have the following corollary which presents sum

formulas of Lucas numbers.
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COROLLARY 3.13. For n > 1, Lucas numbers have the following properties.
(a): Yop_ (4L ) = =5 (L +0)" (B (1 414) L2y +(=34+150) L2, —(3 + 94) L2 11 Lon+(3—3i) L2 L—pi1)+
15 — 93i).
(b): Sh L+ )" L2 Loy = =5 (L + )" (2= 4) L2 — (1+3i) L2, + 2+ 104) L2 1 Ly + (3 —
5i) L2, L_nt1) — 10 + 28i).
(©): Yho ()" L2y L1 = = (L4 9)" (L2 1 +(1=40) L2 +(3—50) L2y L +(—4+80) L2 L 1) —
144).

Corresponding sums of the other second order linear sequences can be calculated similarly when x =1 + 3.
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