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Abstract:

Rapidly spreading disease, COVID-19 is classified as the human-to-human transmission-
able disease and currently is a pandemic in the Globe. In this paper, we propose conceptual
mathematical models for COVID-19 outbreak and it’s control measurement; quarantine,
hospitalization and the effect of panic and anxiety. In this situation, mathematical models
are a important tool to employ an effective strategy in order to fight against this pandemic.
We establish the positivity and boundedness of solutions, local and global stability analysis
of equilibria to examine its epidemiological relevance. To validate the model and estimating
the important model parameters and prediction about the disease, we consider the real
cases of Italy from 15" Feb to 13" April 2020. In a series of graphical map, we have
presented the comparative study to estimate the current scenarios and to predict the
control measurement time boundary of the outbreak.
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1 Introduction

Throughout human history, several times pandemics and epidemics have ravaged human-
ity, oftentimes resulting in massive change in the course of history and end of civilizations.
But for the current coronavirus pandemic, the Glove is now facing with a dangerous and
destructive phenomenon which crucially threatening the mankind [1, 2]. First it was iden-
tified in Wuhan city, Hubei Province of China on December 31, 2019. The World Health
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Organization (WHO) declared the disease as a pandemic and was named SARS-CoV-2
virus (March 11, 2020) [2]. Scientifically it is proven that COVID-19 is an infectious dis-
ease which causes respiratory syndrome and transmissible from human-to-human [2]. At
this stage, more than 210 countries and territories have reported to have coronavirus pa-
tients and increasing the infections exponentially [2, 3]. The coronavirus is a zoonotic
disease, where the primary host was animals and transmitted to humans [4]. The patients
faces more critical illness, primarily who has other diseases like diabetes, heart disease,
asthma etc. [2].

Till April 20, 2020, according to WHO COVID-19 infected more than 2.3 million peo-
ple and the total death crosses 0.16 million due to the infection [1, 2]. Geometrically the
number of new reported cases is growing and the dynamics of growth is satisfied several
mathematical growth curves which are meaningful to predict the situation of such an out-
break [3, 5, 6]. Due to the severity, as a protection highly infected counties and territories
has lockdown and their administrations including WHO are encouraging, advising and
even enforcing (some territories) people to stay at home to protect their citizens. The
coronavirus pandemic has already started showing immense negative impact on world pol-
itics, socio-economics, education and other important global aspects [7, 8]. Moreover, the
state of medical emergency is becoming more and more gruesome by every passing day.
Therefore, it is an emergency to formulate a mathematical model that effectively describes
the development and transmission of the disease to help policymakers make important
decisions based on the effective assumptions given by the model. Lack of early measures
and ineffective decisions have already been attributed to the massive scale destruction that
the pandemic is causing, so we cannot afford to be any more ignorant in this matter. In
mathematical modelling, some recent studies provided different guidelines introducing ba-
sic reproduction number, Education and Socio-Economic Index and Lockdown strategies,
(see [9, 10, 12, 13] and references therein).

In epidemiology, mathematical modelling is widely used to predict the results of an epi-
demic successfully. Most commonly used epidemic models are SIS, SIR and SEIR models.
The Kermack-Mckendric SIR model is a very well established model and used widely for
various epidemics [9]. In many cases, there are no visible symptoms infected individuals
such as chicken pox, tuberculosis etc. and in that cases an SEIR model is mostly used [10].
Therefore, the model with multiple compartments is the useful tool to predict the nature
of recent most dangerous disease, COVID-19.

The main findings in this study are outlined in the following lists:

1. We analyze the stability of the equilibria of the model using the basic reproduction
number to understand the severity.

2. Theoretical results are established using local and global analysis of the model.

3. During these periods of Quarantine, we have studied the human behaviors like panic,
anxiety and tensions which is increasing the death rate of individuals.

4. Numerical illustration ensures the theoretical results to control the spread of COVID-
19.
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Figure 1: The schematic Diagram of the proposed model

The paper is organized as follows: Mathematical Model is elaborately discussed in sec-
tion 2. Positivity and boundedness of solution including auxiliary results are described in
subsection 2.1. Local-global stability analysis and bifurcation analysis are prescribed in
section 3. Section 4 is accomplished the data analysis in comparison with model solution
with further prediction to control the epidemic, as a case study in Italy. Finally, section 5
outlines the summary and discussion of the results.

In the following section, we will discuss our mathematical model and formulation of the
model elaborately.

2 Model formulation

Our aim is to develop an epidemic model which is simple but relevant enough to produce
effective results upon analysis. The spread of the infection starts with the introduction of
a small group of infected individuals to a large population. The population (N) is then
divided into four classes; the susceptible (S), the exposed and asymptotic (F), the infected
(I) and the recovered (R) at any time ¢ > 0. Since as per advisory of WHO [2] the infected
persons who shows symptom will be isolated in the hospital and hence they will infect only
the medical persons but the exposed & asymptotic class is interacting with the common
people and will spread disease. Unlike the classical SIR model, there is an extra class in our
model namely the exposed & asymptotic (E) because in case who are also spreading the
diaseas [14]. To include the above defined facts we consider the rate of infection the form
B1ES + (5o1S. The flow diagram of proposed COVID-19 disease dynamics model is shown
in Figure 1 and corresponding proposed model formulated as given in equation (2.1):


https://doi.org/10.20944/preprints202004.0378.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2020 d0i:10.20944/preprints202004.0378.v1

Table 1: Model parameters and their descriptions

Notation Interpretations Notation Interpretations

T Recruitment rate of S class k Infected rate of E class

1 Natural death rate ~y Panic/tension/anxiety of E class
o) Panic/tension/anxiety of S class ) Recovery rate of I class

51 Transmission rate of infection from E class Death rate due to infection

B Transmission rate of infection from I class 7 Panic/tension/anxiety of I class

%: T—(u+a)S—(61E+ p1)S
G = (BE+BDS— (k+p+y)E
U= kB —(u+pm+6+n)1
Rk — 5] — uR

(2.1)

with the initial conditions S(0) > 0, £(0) > 0, I(0) > 0, R(0) > 0, where the interpretation
of parameters is presented in Table 1.

2.1 Positivity and boundedness of solutions

An important feature of an epidemiological relevant model is the positivity and bound-
edness of the solutions. Therefore, it is important to prove that all the variables are
nonnegative for all time ¢ > 0 which implies that any solution that has positive initial
values will remain positive for all time ¢ > 0.

Theorem 1. The closed region §) = {(S, E,I,R)eR* :0< N < i} 18 positively invari-
ant set for the system (2.1).
Proof. Let N(t) = S(t) + E(t) + Q(t) + R(t) then
dN_dS+dE+dQ+dR
dt — dt dt = dt = dt
So, from model (2.1):

dN
—r ST=HN = (m+nl —aS—9E (22)

which yields

AN
Y N 2.3
T STH (2.3)
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It implies that %% < 0 whenever N(t) >

implies that %[ is bounded by 7 — p.

Integrating the inequality (2.3), using initial condition, we obtain

~- Thus, the right-hand side of equation (2.2)

N(t) < N(0)e " + 5 [1—e ],

Letting ¢ tends to infinity, asymptotically we get N(¢) < . ]

o

Therefore, 2 is positively invariant of the model (2.1) so that no solution path leaves
through any boundary of €). This proves that the formulated model is relevant both
mathematically and epidemiologically.

The model is considered in the biologically feasible region. We need to show that any
phase trajectory that started anywhere in the non-negative region R*, of the phase space
eventually enters the feasible region ) and remains in {2 thereafter. It can be done by
proving that €2 is a positively invariant set and global attractor of the system.

2.2 Basic reproduction number, DFE and EEP

The basic reproduction number is an important threshold condition in the analysis of an
infectious disease. It determines whether the disease will die out or persist in the population
as time increases. It is defined to be the number of secondary infections produced by one
primary infection in a population where everyone is susceptible and is denoted by Ry. If
Ry > 1, one primary infection can produce more than one secondary infection. This implies
that the disease-free equilibrium (DFE) is unstable. As a result, an epidemic breaks out.
If Ry < 1, the situation is thought to be under control. In this case, the disease-free
equilibrium (DFE) will be locally asymptotically stable and the disease cannot persist in
the population. So, when a pandemic breaks out, an effective strategy should be developed
so that the reproduction number reduces to less than 1 as soon as possible [12, 14, 15].

Since the considered model has DEF Ey = ( — 0,0, O), hence the basic can be found

prta?
analytically. Using next generation matrix method [15], the reproduction number for the
COVID-19 model given by (2.1) can be calculated from the relation Ry = p(FV '), that

is the spectral radius of FV ! [15] where

BiT Bat
F = |pta pta
Gl

and
v — k+p+y 0
—k A +90+n

Therefore, the spectral radius of FV 1 is

T (4 6+ p1 +1n) + 76k
(w+a)k+p+y) (404 m+n)

Ry = p(FV™') = (2.4)

bt
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To find the endemic equilibrium state of the model we set

ds dE dl dR
P A

Solving the above system, we get the epidemic equilibrium (EEF) state

E* - (Sla Elalla Rl)

where
g _ T(h+6+p+n) ;o kE,
YTkBE A (nta+BE) w0+t pn+0+m
(At dtmEnpta)(Ro—1) , OkE
El_ 7R1_

(Bi(p+ 6 + pu +n) + kfa) plp+m+0+ m)
It is obvious from the expressions of the E; the EEF will exists only when Ry, > 1.

For further analysis, the Jacobian matrix of the system (2.1) at any equilibrium point
(S,E,I,R) is given by

—p— B E = Bl — —p1S — 25 0
0 k —(up+d+m+n 0
0 0 o —p

3 Stability and bifurcation of the equilibrium states

In this section we shall establish the stability and bifurcation condition if the equilibrium
points. In theorem 2, we shall establish nature of the £y and in theorem 3 nature of E*.

3.1 Stability of disease-free equilibrium state (FE))

Theorem 2. The disease free equilibrium point is locally as well as globally asymptotically
stable if Ry < 1 and unstable if Ry > 1.

Proof. The Jacobian of the system at the disease free equilibrium point is

- — — T 0
JEy=| O e Grat) = 0
0 k —(u+0+pm+n 0
0 0 ) — I

The characteristic roots of the Jacobian matrix at J(FEy) are —u—a, —p, —(n+0+n+m
and (p+ k + ) (Rp — 1). Since first three roots are negative and other will be negative if
Ry < 1 and positive if Ry > 1. Therefore, the disease-free equilibrium state (Ep) is locally
asymptotically stable if Ry < 1 and unstable if Ry > 1.
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To prove the global stability of the equilibrium point we construct the Lyapunov func-

tion as
L=I+E
dL dI dE
=g Ty =OBEABI) — (p+ NE — (ptpa+ 6+ )l
<(l€+u+7)(u1+u+5+n)]< BokT _1)
- k (nt+a)k+p+y)(+p+d+n)

G (k+ p+7)
+E((u+a)(k+u+7)
<MRy—1)—(np+v)E

)—w+wE

where M = Max { (H“ﬂ)(mwﬂﬂ)f (k+p+ ’Y)E}

Hence if Ry < 1 then ¢ < 0 hence by Lassela-Lyapunov [16, 17] the disease free equilibrium
points is globally asymptotlcally stable. ]

Since when Ry = 1 ie. [y = 6TC] = ((“+O‘)(k+“+7)_761)(“+6+“1+’7) then one of the
eigenvalue vanishes and classical eigen method analysis falls Then we have to use the
Sotomayer theorem [17, 18, 21] to investigate the nature of the disease free equilibrium
points. Let V and W be the eigenvector corresponding to the zero eigenvalue of J(Ey) and
[J(Eo)]T respectively then

—(OAntptp) (v+k+p) 0
k(p+a)
pto+p1+n 2
V= If and W= [ (a4 (y+h+pm—pr
k(p+a)
s 0
nw

T—(p+a)S—(BE+ (I)S
(BLE + Bo1)S = (k+ p+7)E

Let F = th
¢ KE — (u+ 0+ +n)l o
ol — uR
WTF52|E()752:@TC] = 07
T(+ 0+ +1)
WP DFs, |, gy—pyiralV = — Ty £0,
—2(p+ 64 g +0)* (v + k4 p) By
T N2 _
WID?Fy,| 0 grer(V.V) = B0t a) £ 0.

Hence the system experiences transcritical bifurcation when the rate of infection by the
E— class( 33 ) crosses the critical value 3y = [TC] Thus to spreading the disease the rate
of transmission plays important role. There is crltlcal values of the rate of infection by the
E— class below of which the disease easy to control but above of which the society will
experience endemic disease spreading.
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Figure 2: Transcritical bifurcation analysis using the dynamics of Ry: The blue
line corresponds the stable equilibrium point and the red line corresponds to
unstable.

It is clear from the Figure 2 that for the basic reproduction number, Ry < 1, the system
(2.1) stable and there is no endemic; disease free equilibrium is stable. While By > 1 a
stable endemic equilibrium point arises and the DEF become unstable i.e. here exchange
of stability of the equilibrium points occurs.

3.2 Stability of endemic equilibrium state
Theorem 3. The endemic equilibrium state E*(Sy, Ey, I, Ry) is stable if Ry > 1.
Proof. Recall the Jacobian of the system (2.1) at any equilibrium point (S, E, I, R) and

we have
—p =P E =Bl -« —B1S —328 0
J— PLE + fo P18 —(k+p+7) PaS 0
0 k —(u+0+pu+n 0
0 0 o — 1

At the endemic equilibrium point E*, calculating the Jacobian matrix J and then solving
det(J — AI), the characteristic equation is

(= =A) (= + 0+ +n) =) N —ar+5] =0

where

B251k
o0+ +n

a=05—k—2u—a—~vy+

PaSik )
pt+o4+m+n)
Since roots of the characteristic equations corresponding to J(E*) are \y = —p < 0,

Ay = —(u+ 3+ p1 +n) <0 and other two satisfies the following quadratic equation
M —a\+b=0 (3.1)

h4#+&E+%D%+M+7H(a+m<&&—k—ﬂ—a—v+

It is noted that two roots of (3.1) will be negative if a < 0 and b > 0. Hence the proof. O
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In the following section, we will estimate the parametric values to illustrate the numer-
ical results for further applications.

4 Parameter estimation, model validation and predic-
tion
The nonlinear system in (2.1) can be solved using the numerical methods and we can

observe the dynamics of the model. To numerically solve the data we estimated the pa-
rameters first [1, 19, 20].

4.1 Case study: Italy

Using Matlab minimization technique and fmincon software package, we have estimated
the important model parameters using the Italy infection cases from15** Feburary to 13"
April 2020 which are given in Table 2. To execute the Matlab package, we have considered
the initial population size as

S(0) = 60461826, E(0) = 150, I(0) = 3, and R(0) =0

where E(0) is estimated and rest of them are collected from [1]. The fitness of the model
with the real can be verified computing the residual. The residuals are defined as

residuals = {Y; — I(¢;)|7 = 1,2,3...,n}

where Y;— is the j* day cumulative infection data and I(¢;)— model predicted cumulative
infected data of same day. If the residuals are randomly distributed then we can say that
the fitness is reasonably good [20].

Table 2: Parameters estimation for Italy.

Parameter Value References
T 0.05812 Estimated
51 6.955360551762161 x e~  Estimated
B 1.411447332674123 x e~  Estimated
I 0.05 Estimated
k 1/14 Estimated
v 0.12-0.25 [1]

1 0.0001 Estimated
) 0.0037 Estimated
o 0.12-0.25 [1]

n 0.15-0.30 [1]
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Figure 3: (a) Fitting model to cumulative cases in Italy, (b) Residuals of the
fit, (c¢) BAR diagram for 59 days.

The estimated model parameters and their sensitivity indices are given in Table 2.
To validate the model we consider the real case of COVID-19 infection of Italy from 15
February to 13 April 2020 i.e. the real cases for 59 days. In Figure 3(a-c) respectively
we have presented the best fitted cumulative infected cases and the same of real cases,
residuals of the best fitted data and the Bar diagram of the per day new infection of real
cases and the model predictions. The randomness of the residual shows that the fitness is
best.

The model is fitted to the cumulative number of infected cases, which has been presented
in Figure 3(a) and the residuals of the fit is presented in Figure 3 (b), which shows that the
residuals are small and random. The daily infected cases have been presented in Figure
3(c). In Figure 3, the plot is presented the time series of infected population for 59 days.
It is clear from the Figure 3 that disease will continue upto 1% week of June, 2020 in Italy
if all the conditions remain same with a controllable number of infections.
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Figure 4: Prediction in Italy for 119 days (a) Cumulative cases, (b) Per day
infection, (c) BAR diagram/day.

In Figure 4(a-c), the diagrams presented the current scenario of infections and we make
a prediction with respect to time for cumulative, daily cases and bar diagrams for 119 days.
From Figure 4(a), it is seen that the cumulative is flatting after 119 days means there is
no additional infection and the disease is under control. It is clear from the Figure 4 that
disease will continue upto 2nd week of June, 2020 in Italy if all the conditions remain same
with a controllable number of infections; when very few number of daily infected cases will
come.

4.2 Case: World

At this stage, broadly we are interested to consider all the countries and territories in the
world for wide applications and study of theour proposed model.

Now using the parameter values as estimated in Table 3 and initial conditions, we can
solve the system by Runge-Kutta 4th order method. Here we have used MATLAB to solve
the system in (2.1) and then we generated a graph to analyze the dynamics of susceptible,
exposed, infected and recovered population.
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For simplicity, we fix total number of population, N = 1 such that N = S+ E+I+ R =
1, so that each population implies the proportion to the total population.

Table 3: Parameters estimation for World.

Parameter Value References
T 5.812 x 107%  [22]

b1 0.3110 Estimated
B 0.1555 Estimated
1 0.0005 [22]

k 0.1818 [1, 8]

ol [0.005-0.05]  Estimated
i 9.7x107*  [1]

) 0.009 Estimated
o [0.1-0.2] [7]

n [0.05-0.1] [7]

100 50 100 150 50 100
time (days) time (days) time (days)

(a) (b) ()

Figure 5: Dynamics of compartments population over time (a) All class careless
(no tension) (b) S class caring (in tension), and (¢) S & E class caring (in
tension).

From Figure 5(a), we observe that the susceptible population is decreasing with time,
which means more and more people are getting exposed. Since infected population is
increasing, therefore they are getting large number of infected individuals over time which
can lead to an outbreak in a very short time. If we analyze the rest of the population
dynamics, we see that the infected population grows at a very high rate initially meanwhile
the recovered population is not growing as much as infected population which results an
outbreak. Using the parameters that are estimated in Table 3, we can determine the value
of the basic reproduction number, Ry which is greater than 1, means if the estimated data
stays this way it will create an outbreak. Comparing with Figure 5(a), it is seen that
infection is decreasing eventually with time in both diagrams of Figure 5(b-c), respectively
due to the effect of parameters v and 7.
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Figure 6: Dynamics of exposed population infection (a) various infection rates
(b) Infection rate while only S class in tension, and (c¢) Infection rate while both
S & E class in tension.

From Figure 6(a), we can say the virus will transmit rapidly over time resulting a vastly
infected population and the situation may even get out of control if no necessary steps are
taken. In this figure, mainly we focus the significance of parameter, k, the infection rate of
E class. If k is increasing then eventually maximum population are being infected. Once
again it is observed that infection rate is slowing step by step (see vertical level values)
due to the effect of caring (tension) parameters a and 7 (see Figure 6(b-c) for details)
although £ is same in all figures. Therefore, it is high time to take precautions to minimize
the damage, reduce the value of k; socially it means to control public mobility. It is
remarked that during numerical illustration, it is found that there is no significant effect
parameter v of I class population; may be the reason is we have death rate estimation.

5 Conclusion

In this study, we have formulated a SEIR epidemic model for pandemic COVID-19. Con-
sidering all major parameters of the progression of the disease, several analytic results
established. Theoretically it is proven that the dynamics depends on the basic repro-
duction number to examine the stability of the system. All the properties necessary for
epidemiological relevance have also been proved. We have estimated the parametric values
for Italy using the existing real discrete data. The acceptable agreement between data
analysis and numerical solutions are established. Finally the inclusion is that to estimate
the situation of global pandemic COVID-19, mathematical modelling is an efficient method
if the parameters can be estimated properly.
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