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Abstract

In this paper, Lyapunov-Razumikhin technique, design of state-dependent switching laws, a fixed point theorem and

variational methods are employed to derive the existence and the unique existence of positive stationary solution of

delayed reaction-diffusion cell neural networks under Dirichlet zero boundary value. Next, sufficient conditions are

proposed to guarantee the global stability invariance of ordinary differential systems under the influence of diffusions.

New theorems show that the diffusion is a double-edged sword in judging the stability of diffusion systems. Besides,

an example is constructed to illuminate that any non-zero constant equilibrium point must be not in the phase plane

of dynamic system under Dirichlet zero boundary value, or it must lead to a contradiction. Next, under Lipschitz

assumptions on active function, another example is designed to prove that the small diffusion effect will cause the

essential change of the phase plane structure of the dynamic behavior of the delayed neural networks via a Saddle

point theorem. Finally, a numerical example illustrates the feasibility of the proposed methods.

Keywords: reaction-diffusion; cellular neural networks; exponential stability; stationary solutions ; Saddle point

theorem

1. Introduction

Firstly, we recalled the reason why we need to study the stability of reaction-diffusion neural networks system.

In 1988, inspired by cellular automata, Chua and Yang proposed a new neural network based on Hopfield network,

i.e. cellular neural network (CNN), which is formed by a number of cells with the same structure after a well-organized

combination ([22,23]). Each neuron in the network will automatically choose to connect with the nearest neuron.

Because of its local connectivity, CNN is especially suitable for ultra large scale integrated circuit implementation.

The characteristics of the above cellular neural network make it widely used in pattern recognition, image processing,

signal processing and other fields. The main function of cellular neural network is to transform an input image

into a corresponding output image. For example, the existing target motion direction detection, edge detection, and
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connected slice detection all use this function. In order to achieve these functions, the cellular neural network must be

completely stable, that is, all output trajectories must converge to a stable equilibrium point. So the stability of cellular

neural network has become a hot topic ([24-26]). As we all know, time delay may destroy the stability of the system

and lead to oscillation, bifurcation, chaos and other phenomena, thus changing the characteristics of the system. In

cellular neural networks, time delay is inevitable. For example, there are cell delay, transmission delay and synapse

delay in biological neural network ([27]). As pointed out in [28] that many pattern formation and wave propagation

phenomena that appear in nature can be described by systems of coupled nonlinear differential equations, generally

known as reaction-diffusion equations. These wave propagation phenomena are exhibited by systems belonging

to very different scientific disciplines. Besides, the interactions arising from the space-distributed structure of the

multilayer cellular neural networks can be seen as diffusion phenomenon([3, 29]). Thereby, the reaction-diffusion

effects cannot be neglected in both biological and man-made neural networks, especially when electrons are moving

in non-even electromagnetic field. Moreover, although the diffusion coefficients may be very small, the topological

structure of the phase plane of the dynamic behavior of the following reaction-diffusion system (1.1) is likely to change

substantially from a constant equilibrium point of the following system (1.3) to multiple stationary solutions of the

reaction-diffusion system (1.1). Therefore, many global stability results of delayed neural networks in the form of

ordinary differential equations may only be locally asymptotical stability criteria in real engineering. Unfortunately,

such an example has not been constructed for the time being. But that doesn’t mean there are no such examples,

which may become an open problem hereafter. On the other hand, fortunately, this paper has proposed the

conditions guaranteeing the global stability invariance of ordinary differential systems under the influence of

diffusions in the meaning of Definition 1 (see Corollary 3.4).

Next, we shall point out the fact that the stability results in previous literature involved to delayed reaction-

diffusion neural networks make it unnecessary to study the reaction-diffusion system (partial differential equa-

tions model), but only its corresponding ordinary differential equations model. What’s the problem?

For a long time, the stability of the reaction diffusion neural networks was investigated in many literatures[1-10],

in which the stability of the constant equilibrium point was studied. For example, in [1], the following cellular neural

networks with time-varying delays and reaction-diffusion terms was considered,

∂y(t, x)
∂t

=

m∑
q=1

∂y(t, x)
∂xq

(Dq
∂y(t, x)
∂xq

) −Cy(t, x) + Ag(y(t, x))

+ Bg(y(t − τ(t), x)) + J, (t, x) ∈ R+ ×Ω,

(1.1)

Next, the authors of [1] defined the equilibrium point of the time-delayed reaction-diffusion system (1.1) as the

constant vector y∗ satisfying

Cy∗ = Ag(y∗) + Bg(y∗) + J. (1.2)

Here, we have to say, the equilibrium point y∗ is also the equilibrium point of the following ordinary differential
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equations corresponding to the time-delayed partial differential equations (1.1),

dx(t)
dt
= −Cx(t) + Ag(x(t)) + Bg(x(t − τ(t))) + J, t ∈ R+, (1.3)

Due to the Poincare inequality, we see, the diffusion items actually promote the stability of the reaction diffusion

system (1.1). That is, we only need to study the ordinary differential equations (1.3) because the stability criteria

of the ordinary differential equations (1.3) must make the system (1.1) stable. In other words, the stability of the

reaction-diffusion model does not need to be studied because it is included in the stability of its corresponding

ordinary differential equations model.

So we need to ask where the problem is? The answer lies in the fact pointed out in this paper. In Theorem 3.3

and Corollary 3.4, the constant equilibrium point u∗ may become another u∗(x), where u∗(x) , u∗ in common

cases under Dirichlet zero boundary value. Only the zero solution u∗ = 0 might become one of the stationary

solutions of reaction-diffusion system. And so the uniqueness existence conditions of the stationary solution

u∗(x) (see Corollary 3.4) illuminate the inconvenient and difficulties due to the inevitable diffusions in practical

engineering, which make it more difficult to judge the stability than ordinary differential system. Usually, the

positive stationary solution u∗(x) > 0 implies more realistic meanings in in neural networks and other systems, such as

the financial systems ([11,12,30]). And so Theorem 3.1 and Theorem 3.2 have proposed the existence and the unique

existence of the (globally) exponentially stable positive stationary solution in this paper.

Motivated by some methods of [1-31], we investigate the stability of the nontrivial stationary solution of switched

reaction-diffusion neural networks with time delays. This paper has the following innovations:

⋆ It is the first paper to study and obtain the existence theorem and unique existence theorem (see Theorem 3.1 and

Theorem 3.2) of (globally) asymptotically stable nontrivial stationary solution of reaction-diffusion neural networks

with time delays under Dirichlet zero boundary value via the comprehensive applications of Lyapunov-Razumikhin

technique, design of state-dependent switching laws, a fixed point theorem, variational methods, and construction of

compact operators on a convex set. Moreover, such new theorems illuminate originally that the diffusion phenomena

is the double-edged sword in judging the stability of delayed reaction-diffusion systems.

⋆ It is the first paper to propose the conditions guaranteeing the global stability invariance of delayed ordinary

differential systems under the influence of diffusions in the meaning of Definition 1 (see Theorem 3.3 and Corollary

3.4).

⋆ It is the first paper to design the contradiction results to show that any non-zero constant function must not be

a solution of any reaction diffusion neural networks under Dirichlet zero boundary value.

⋆ It is also the first time to study how the tiny diffusion causes the essential change of the phase plane structure

of the dynamic behavior of the delayed neural networks under Lipschitz assumptions on activate functions or signal

functions.

Notations :
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Throughout this paper, we denote by I the identity matrix with an appropriate dimension, and assume that Dσ is

a positive definite diagonal matrix for any given σ ∈ {1, 2, · · · ,N}. Besides, diag(· · · ) stands for a diagonal matrix.

A > 0 (A > 0) means thatA is a real symmetric positive (semi-positive) definite matrix. And denote |A| = (|ai j|)n×n

for any matrix A = (ai j)n×n. In addition, for any v = (v1, v2, · · · , vn)T , u = (u1, u2, · · · , un)T ∈ Rn, we denote

|v| = (|v1|, |v2|, · · · , |vn|)T , and v 6 u means that vi 6 ui for all i = 1, 2, · · · , n. Denote by Ωσ an open bounded domain

in Rn with the smooth boundary ∂Ωσ for any given σ ∈ {1, 2, · · · ,N}. For convenience, we denote by λσ1 > 0 the first

positive eigenvalue of the Laplace operator −∆ on the Sobolev space W1,2
0 (Ωσ).

2. System descriptions

Consider the following switched neural networks with time-varying delays and reaction-diffusion terms
∂y(t, x)
∂t

=Dσ∆y(t, x) −Cσy(t, x) + Aσg(y(t, x)) + Bσg(y(t − τ(t), x)) + Jσ, (t, x) ∈ R+ ×Ωσ,

yi(t, x) =0, t > 0, x ∈ ∂Ωσ, i = 1, 2, · · · , n,
(2.1)

where Ωσ ⊂ Rn is a bounded domain with smooth boundary ∂Ωσ, the state variable y(t, x) = (y1(t, x), y2(t, x),

· · · , yn(t, x))T with yi representing state variable related to a neuron. Jσ = (Jσ1, · · · , Jσn)T ∈ Rn is the constant

external input vector, and both Dσ and Cσ are positive definite diagonal matrices, in which Dσ represents the diffusion

coefficient matrix, and Cσ represents the connection weight matrix of neural network. Besides, Aσ and Bσ both are the

connection weight matrices of neural network. For each x ∈ Ωσ, g(y(t, x)) = (g1(y1(t, x)), · · · , gn(yn(t, x)))T represents

a time-dependent signal function vector. τ(t) represents the time delay required for signal transmission from neuron j

to neuron i, satisfying 0 6 τ(t) 6 τ. Assumed that yσ(x) = (yσ1 (x), · · · , yσn (x))T is a nontrivial stationary solution of

reaction-diffusion switched system (2.1), then yσ(x) satisfies two equations of the system (2.1), in addition,

−Cσyσ(x) + Aσg(yσ(x)) + Bσg(yσ(x)) + Jσ . 0, x ∈ Ωσ. (2.2)

Of course, the sufficient condition should be given to ensure the existence of such nontrivial stationary solution.

Set u(t, x) = y(t, x) − yσ(x), then the system (2.1) is translated into the following system:


∂u(t, x)
∂t

=Dσ∆u(t, x) −Cσu(t, x) + Aσ f (u(t, x)) + Bσ f (u(t − τ(t), x)), (t, x) ∈ R+ ×Ωσ,

ui(t, x) =0, t > 0, x ∈ ∂Ωσ, i = 1, 2, · · · , n,
(2.3)

where f (u(t, x)) = g(y(t, x)) − g(yσ(x)), f (u(t − τ(t), x)) = g(y(t − τ(t), x)) − g(yσ(x)). Here, the nontrivial stationary

solution yσ(x) of the system (2.1) corresponds to the null solution of the system (2.3).

Besides, we may equip the system (2.3) with the initial value:

ui(s, x) = ϕi(s, x), −τ 6 s 6 0, x ∈ Ωσ, (2.4)

where (ϕ1(s, x), ϕ2(s, x), · · · , ϕn(s, x))T = ϕ(s, x), and each ϕi(s, x) is bounded on [−τ, 0] ×Ωσ.
In some cases, the following assumptions may be considered:
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(A1) There is a positive definite diagonal matrix G = diag(G1,G2, · · · ,Gn) such that

|gi(s) − gi(t)| 6 Gi|s − t|, ∀ s, t ∈ R ;

(A2) There is a positive real number c > 0 such that

0 6
[
−Cσv + Aσg(v) + Bσg(v) + Jσ

]
6 cDσE, ∀ v ∈ Rn

where Dσ > 0 is a positive definite diagonal matrix, and E = (1, 1, · · · , 1)T ∈ Rn.

Define the switching law as follows,

Switching Law F: At each switching we determine the next mode according to the following minimum law :

σ(t) = arg min(y − yσ)T
[(
− 2λσ1Dσ − 2Cσ + AσAT

σ + BσBT
σ +G2 + eγτqG2

)
+ Ψ

]
(y − yσ). (2.5)

(F1) Choose the initial mode σ(t) = i0, if (y(t0, x) − yσ(x)) ∈ Υi0 .

(F2) For each t > t0, if σ(t−) = i and (y − yσ) ∈ Υi, keep σ(t) = i. On the other hand, if σ(t−) = i but (y − yσ) < Υi.

i.e., hitting a switching surface, choose the next mode by applying (2.5) and begin to switch.

Here, Ψ is a positive definite symmetric matrix with λminΨ > 0, and Υσ is defined as follows,

Υσ =

{
y ∈ Rn

∣∣∣(y − yσ)T
(
− 2λσ1Dσ − 2Cσ + AσAT

σ + BσBT
σ +G2 + eγτqG2 + Ψ

)
(y − yσ) < 0

}
,

where λminΨ represents the minimum of all the eigenvalues of the symmetric matrix Ψ > 0.

Definition 1. A system is said to be globally asymptotically stable if it owns an equilibrium point which is globally

asymptotically stable. Particularly, the globally asymptotical stability of an ordinary differential system is said to

be invariant under the influence of diffusions if a constant equilibrium point u∗ of the ordinary differential system is

globally asymptotically stable, and u∗(x) is a globally asymptotically stable stationary solution of its corresponding

reaction-diffusion system, where u∗(x) is not necessarily equal to u∗.

Definition 2.([42]) Let ψ be a real C1 functional defined on a Banach space X. If any sequence {un} in X with

ψ(un)→ a and ∥ψ′(un)∥X∗ → 0 has a convergent subsequence, and this holds for every a ∈ R, one says that ψ satisfies

the (PS) condition.

Lemma 2.1.([32]) Let Z be a Banach space, and K is a closed convex set. If T : K → K is a compact mapping such

that for any φ ∈ K with ∥φ∥ = M, the inequality φ , rT(φ) holds for each r ∈ [0, 1], where M is any given positive

constant, then there exits at least a fixed point of T, say, φ ∈ K with ∥φ∥ 6 M.

Lemma 2.2. ([42]) Let H = H1 ⊕ H2 be a Banach space, and H1 is a finite dimension subspace. If ψ ∈ C1(H,R),

satisfying ψ(0) = 0, the (PS) condition. Besides, for some δ > 0, the following conditions hold,

(P1) ψ(u) 6 0 if u ∈ H1 with ∥u∥ 6 δ;

(P2) ψ(u) > 0 if u ∈ H2 with ∥u∥ 6 δ;
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(P3) ψ is bounded below, satisfying infH ψ < 0,

then ψ owns at least two non-zero critical points.

Lemma 2.3 ([48]). For the given matrices E, F, and G with FT F 6 I and scalar ε > 0, the following inequality holds:

GFE + ET FT GT 6 εGGT + εET E

3. Main results

Theorem 3.1. Suppose that the conditions (A1) and (A2) hold, then the system (2.1) possesses a positive bounded

stationary solution yσ(x) for x ∈ Ωσ with yσ|∂Ωσ = 0. In addition, there is a sequence of nonnegative constants

βσ (σ = 1, 2, · · · ,N) with
N∑
σ=1

βσ = 1 and 0 6 βσ 6 1 and positive constants γ ∈ (0, λminΨ) and q > 1 such that

N∑
σ=1

βσ

(
− 2λσ1Dσ − 2Cσ + AσAT

σ + BσBT
σ

)
+G2 + eγτqG2 + Ψ < 0, (3.1)

then the null solution of the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is

exponentially stable with the convergence rate γ
2 .

Proof. Firstly, we denote ∥ui∥ =
√∫
Ωσ
|∇ui|2dx, and ∥u∥ =

n∑
i=1
∥ui∥. Besides, denote by I the identity matrix. If the

stationary solution of the system (2.1) exists, we may denote yσ(x).

Define the operator M : [C(Ωσ)]n → [C(Ωσ)]n as follows,

M =



−∆ 0 0 · · · 0

0 −∆ 0 · · · 0
...

...
... · · ·

...

0 0 0 · · · −∆


.

The operator M has the inverse operator M−1 as follows,

M−1 =



(−∆)−1 0 0 · · · 0

0 (−∆)−1 0 · · · 0
...

...
... · · ·

...

0 0 0 · · · (−∆)−1


,

where M−1 : [C(Ωσ)]n → [C(Ωσ)]n is a linear compact positive operator ([13]), and
Myσ(x) = −D−1

σ Cσyσ(x) + D−1
σ Aσg(yσ(x)) + D−1

σ Bσg(yσ(x)) + D−1
σ Jσ, x ∈ Ωσ,

yσi (x) = 0, x ∈ ∂Ωσ, i = 1, 2, · · · , n,
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It is obvious that
(
− D−1

σ Cσyσ(x) + D−1
σ Aσg(yσ(x)) + D−1

σ Bσg(yσ(x)) + D−1
σ Jσ
)

is continuous for all the variables

x, yσ1 , · · · , yσn . Define

K = {φ(x) ∈ [C(Ωσ)]n : φ(x) > 0, x ∈ Ω; φ(x) = 0, x ∈ ∂Ω},

then K is a positive cone, which must be a closed convex subset of [C(Ωσ)]n. Define an operator T : K→ K such that

Tφ =M−1
(
− D−1

σ Cσφ + D−1
σ Aσg(φ) + D−1

σ Bσg(φ) + D−1
σ Jσ
)
, φ ∈ K.

Because M−1 is the linear positive compact operator([13]), and
(
− D−1

σ Cσyσ(x) + D−1
σ Aσg(yσ(x)) + D−1

σ Bσg(yσ(x)) +

D−1
σ Jσ
)

is positive continuous, we can conclude that T : K→ K is a positive compact operator.

Next, we claim that T satisfies all the assumption conditions of Lemma 2.1, which implies that T has at least a

fixed point in K .

Indeed, if it is not true, there must be {rn} ⊂ [0, 1] and {φn} ⊂ K with

φn = rnT(φn) = rnM
−1
(
− D−1

σ Cσφn + D−1
σ Aσg(φn) + D−1

σ Bσg(φn) + D−1
σ Jσ
)

(3.4)

and

∥φn∥ = Mn → +∞, n→ +∞.

The compactness of bounded closed sets in a finite dimensional space yields that there is a subsequence of {rn},

say, {rn} such that lim
n→∞

rn = r0.

Let

Ln =
φn

∥φn∥
,

then it is easy to conclude from (3.4) and (H2) that if rn → r0 ∈ [0, 1],

Ln → L0 ∈ K, ∥L0∥ = 1. (3.5)

In fact, combining (H2) and the property of the operator M−1 yields

Ln = rnM
−1
(−D−1

σ Cσφn + D−1
σ Aσg(φn) + D−1

σ Bσg(φn) + D−1
σ Jσ

∥φn∥

)
→ 0 ∈ Rn, n→ ∞.

On one hand, L0 = 0 implies ∥L0∥ = 0. On the other hand, it follows by Ln → L0 and ∥Ln∥ = 1 that ∥L0∥ = 1, which

contradicts ∥L0∥ = 0, and hence all the conditions of Lemma 2.1 are satisfied. Thereby, there exists yσ ∈ K such that

yσ = Tyσ with ∥yσ∥ 6 M, and yσ is a bounded positive solution of the system (2.1).

Next, we consider the following Lyapunov functional :

V =
∫
Ωσ

[y(t, x) − yσ(x)]T [y(t, x) − yσ(x)]dx =
∫
Ωσ

uT (t, x)u(t, x)dx. (3.8)

Set
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U(t, u(t, x)) =


eγt
∫
Ωσ

uT (t, x)u(t, x)dx, t > 0,∫
Ωσ

uT (t, x)u(t, x)dx, t ∈ [−τ, 0],

It is obvious that U is continuous for t > −τ. For t > 0 and γ > 0,

Now we claim that there is a positive constants C0 > 1 and K ∈ R with K > 1 such that

U(t, u(t, x)) 6 KC0∥ϕ∥2τ, ∀ t > 0, (3.9)

where ∥ϕ∥2τ = sup
s∈[−τ,0]

∫
Ωσ
ϕT (s, x)ϕ(s, x)dx.

Indeed, suppose this claim is not true, then there must be a t > 0 such that U(t, u(t, x)) > KC0∥ϕ∥2τ. Obviously,

(3.9) holds for t ∈ [−τ, 0], and hence there must exist t∗ > 0 such that

U(t∗, u(t∗, x)) = KC0∥ϕ∥2τ and U(t, u(t, x)) 6 KC0∥ϕ∥2τ, ∀ t ∈ [0, t∗],

and hence

U(t∗, u(t∗, x)) = KC0∥ϕ∥2τ and U(t, u(t, x)) 6 KC0∥ϕ∥2τ, ∀ t ∈ [−τ, t∗]. (3.10)

Let q > 1, and due to U(0, u(0, x)) < KC0∥ϕ∥2τ = U(t∗, u(t∗, x)), there is t∗∗ ∈ [0, t∗] such that
U(t∗∗, u(t∗∗)) =

1
q

KC0∥ϕ∥2τ < KC0∥ϕ∥2τ = U(t∗, u(t∗)) ;

U(t∗∗, u(t∗∗)) 6 U(t, u(t, x)) 6 U(t∗, u(t∗)) = KC0∥ϕ∥2τ, ∀ t ∈ [t∗∗, t∗].
(3.11)

It follows from (3.10), (3.11) and the definition of U(t, u(t, x)) that for s ∈ [−τ, 0] and t ∈ [t∗∗, t∗],

∫
Ωσ

eγs[uT (t + s)u(t + s)]dx

=


e−γtU(t + s, u(t + s)), t + s > 0

eγsU(t + s, u(t + s)), t + s 6 0

6e−γtU(t + s, u(t + s))

6q
∫
Ωσ

[uT (t, x)u(t, x)]dx,

(3.12)

which yields that for any s ∈ [−τ, 0],∫
Ωσ

[uT (t − τ(t))u(t − τ(t))]dx 6 eγτq
∫
Ωσ

uT (t, x)u(t, x)dx, t ∈ [t∗∗, t∗]. (3.13)

On the other hand, the condition (A1) yields

uT Aσ f (u) + f T (u)AT
σu =(AT

σu)T f (u) + f T (u)(AT
σu)

6uT (AσAT
σ)u + uT G2u,
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and

uT Bσ f (u(t − τ(x), x)) + f T (u(t − τ(x), x))BT
σu 6uT (BσBT

σ)u + uT (t − τ(x), x)G2u(t − τ(x), x).

Now, we calculate the derivative dV
dt alongside with the trajectories of the system (2.1) or (2.3) as follows,

dV
dt
=2
∫
Ωσ

uT (t, x)
[
Dσ∆u(t, x) −Cσu(t, x) + Aσ f (u(t, x)) + Bσ f (u(t − τ(t), x))

]
dx

6
∫
Ωσ

uT (t, x)
(
− 2λ1Dσ − 2Cσ + AσAT

σ + BσBT
σ +G2

)
u(t, x)dx

+

∫
Ωσ

uT (t − τ(x), x)G2u(t − τ(x), x)dx,

which together with (3.13) implies that

dV
dt

6
∫
Ωσ

uT (t, x)
(
− 2λ1Dσ − 2Cσ + AσAT

σ + BσBT
σ +G2 + eγτqG2

)
u(t, x)dx, t ∈ [t∗∗, t∗]. (3.14)

For any given t > t0, according to the switching law F, when σ(t−) = i and u(t, x) ∈ Υi, then keep σ(t) = i, and

we can conclude that
dV
dt

6
∫
Ωσ

uT (t, x)
(
− 2λ1Dσ − 2Cσ + AσAT

σ + BσBT
σ +G2 + eγτqG2

)
u(t, x)dx

6 − λminΨV(t, u(t, x)), t ∈ [t∗∗, t∗].
(3.15)

When σ(t−) = i and u(t, x) < Υi, which means that the trajectory hits a switching surface. On the other hand, it is not

difficult to deduce from (3.1) that
N∪

i=1
Υi = Rn \ {0}, which together with the minimum law (2.5) yields (3.15), too.

Thereby, it follows from the definition of U(t, u(t, x)) that

dU
dt
= (γ − λminΨ)U(t, u(t, x) 6 0, t ∈ [t∗∗, t∗],

which derives that U(t∗, u(t∗)) 6 U(t∗∗, u(t∗∗)). This contradicts (3.11). So we have prove the claim (3.9), which

means

eγt
∫
Ωσ

uT (t, x)u(t, x)dx 6 KC0∥ϕ∥2τ, ∀ t > 0,

or

∥u∥2L2(Ωσ) 6 KC0∥ϕ∥2τe−γt, ∀ t > 0,

which implies that the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is expo-

nentially stable with the convergence rate γ
2 .

Remark 1. Particularly, in the case of σ(t) ≡ i0 or N = 1, the system (2.1) is the common delayed reaction-diffusion

system without any switches. Theorem 3.1 includes the exponential stability in the classical sense for the positive

bounded stationary solution of the following common delayed reaction-diffusion system:
∂y(t, x)
∂t

=D∆y(t, x) −Cy(t, x) + Ag(y(t, x)) + Bg(y(t − τ(t), x)) + J, (t, x) ∈ R+ ×Ω,

yi(t, x) =0, t > 0, x ∈ ∂Ω, i = 1, 2, · · · , n.
(3.16)
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Remark 2. For the first time, Theorem 3.1 shows the two sides of the diffusion phenomena in practical engineering

(see Remark 5 for details). But [1, Theorem 1] only shows one side of the diffusion phenomena which promotes the

stability of reaction-diffusion neural networks. So do those of previous related literature [2-10] and the references

therein.

Next, the uniqueness of the positive stationary solution of Theorem 3.1 will be presented by adding a condition to

Theorem 3.1 so that the exponential stability of the positive stationary solution is global.

Theorem 3.2. If all the assumptions of Theorem 3.1 hold, and if, in addition, the following condition is satisfied,

(A3) for each σ, there exists a scalar ε > 0 such that

−Cσ +
pσ
2

(ε−1I + εG2) < λσ1Dσ, (3.17)

where the constant pσ > 0 satisfying p2
σI > (Aσ + Bσ)T (Aσ + Bσ), then the system (2.1) possesses a unique positive

bounded stationary solution yσ(x) for x ∈ Ωσ with yσ|∂Ωσ = 0. And the null solution of the switched delayed reaction-

diffusion system (2.3) equipped with the initial value (2.4) is globally exponentially stable with the convergence rate
γ
2 .

Proof. Assume both y(x) and v(x) are the stationary solutions of the system (2.1). Then we claim y(x) = v(x).

In fact, Lemma 2.3 yields

(y(x) − v(x))T (Aσ + Bσ)
(
g(y(x)) − g(v(x))

)
=

1
2

[
(y(x) − v(x))T (Aσ + Bσ)

(
g(y(x)) − g(v(x))

)
+

(
g(y(x)) − g(v(x))

)T
(Aσ + Bσ)T (y(x) − v(x))

]
6 pσ

2
(y(x) − v(x))T

[
ε−1I + εG2

]
(y(x) − v(x)).

(3.18)

Since both y(x) and v(x) are the stationary solutions of the system (2.1), we can see it from (3.18), variational method

and the Poincare inequality that

λσ1

∫
Ωσ

|y(x) − v(x)|T Dσ|y(x) − v(x)|dx 6
∫
Ωσ

|∇(y(x) − v(x))|T Dσ|∇(y(x) − v(x))|dx

6 −
∫
Ωσ

|y(x) − v(x)|T Cσ|y(x) − v(x)|dx +
∫
Ωσ

pσ
2

(y(x) − v(x))T
[
ε−1I + εG2

]
(y(x) − v(x))dx

6
∫
Ωσ

|y(x) − v(x)|T
[
−Cσ +

pσ
2

(
ε−1I + εG2

)]
|y(x) − v(x)|dx.

Now the condition (A3) yields the claim via the proof by contradiction. And so the system (2.1) possesses a unique

positive bounded stationary solution yσ(x) for x ∈ Ωσ with yσ|∂Ωσ = 0. Moreover, according to the proof of Theorem

3.1, the unique positive bounded stationary solution yσ(x) is globally exponentially stable, i.e., the null solution of the

switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is globally exponentially stable

with the convergence rate γ
2 .
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Remark 3. (A2) and (A3) are the sufficient conditions, guaranteeing the global stability invariance of ordinary

differential systems under the influence of diffusions in the meaning of Definition 1 (see Corollary 3.4).

To show the idea of Remark 2, we may consider the stability of the constant equilibrium point of the following

delayed reaction-diffusion Cohen-Grossberg neural networks which is the partial differential equations model studied

in [2]:

∂ui(t, x)
∂t

=ri∆ui(t, x) − ai(ui(t, x))
[
bi(ui(t, x)) −

n∑
j=1

ci j f j(u j(t, x)) −
n∑

j=1

di jg j(u j(t − τ j(t), x)) + Ii

]
, t > 0, t , tk, x ∈ Ω,

ui(t+, x) =miui(t−, x) +
n∑

j=1

ni jh j(u j(t− − τ j(t), x)), t = tk, 0 6 τ j(t) 6 τ j, ∀ j,

ui(t, x) =0, t > 0, x ∈ ∂Ω, i = 1, 2, · · · , n,

ui(s, x) =ϕi(s, x), −τ 6 s 6 0, τ = max
16 j6n

τ j,

(3.19)

where ui(t+k , x) = ui(tk, x), all the variables, coefficients and functions are defined in [2], and are different from those of

our Theorem 3.1 and Theorem 3.2. Below, we will give a stability criterion of its corresponding ordinary differential

equations as follows, which will be completely similar as [2, Theorem 3.1]:



dui(t)
dt
= − ai(ui(t))

[
bi(ui(t)) −

n∑
j=1

ci j f j(u j(t)) −
n∑

j=1

di jg j(u j(t − τ j(t))) + Ii

]
, t > 0, t , tk,

ui(t+) =miui(t−) +
n∑

j=1

ni jh j(u j(t− − τ j(t))), t = tk,

ui(s) =ϕi(s), −τ 6 s 6 0, τ = max
16 j6n

τ j, i = 1, 2, · · · , n.

(3.20)

For the convenience of readers, we may copy the assumption conditions in the document [2] as follows,

(H1) Each function ai(u) is bounded, positive and continuous, i.e., there exist two positive diagonal matrices

A = diag(A1, A2, · · · , An) and A = diag(A1, A2, · · · , An) such that

0 < Ai 6 ai(u) 6 Ai, ∀ u ∈ R, ∀ i.

(H2) Each function bi(u) is monotone increasing, i.e., there exist a positive diagonal matrix B = diag(B1, B2, · · · , Bn)

such that
bi(u) − bi(v)

u − v
> Bi, ∀ u, v(u , v) ∈ R, ∀ i.

(H3) There exist three positive diagonal matrices F = diag(F1, F2, · · · , Fn), G = diag(G1,G2, · · · ,Gn) and H =

diag(H1,H2, · · · ,Hn) such that

0 6 fi(u) − fi(v)
u − v

6 Fi, 0 6 gi(u) − gi(v)
u − v

6 Gi, 0 6 hi(u) − hi(v)
u − v

6 Hi, ∀ u, v(u , v) ∈ R, ∀ i.

It is obvious that the system (3.19) and its corresponding ordinary differential equations (3.20) own the same
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constant equilibrium point u∗ = (u∗1, · · · , u∗n)T ∈ Rn if u∗ = (u∗1, · · · , u∗n)T satisfies
bi(u∗i ) −

n∑
j=1

ci j f j(u∗j)
n∑

j=1

di jg j(u∗j) + Ii = 0,

(mi − 1)u∗i +
n∑

j=1

ni jh j(u∗j) = 0,

∀ i, j = 1, 2, · · · , n. (3.21)

Theorem 3.3. Under assumptions (H1)-(H3), if the following conditions hold:

(C̃1) there exists a positive diagonal matrix P > 0 such that

Ψ̃ =


−2PAB + F2 PA|C| PA|D|
|CT |AP −I 0

|DT |AP 0 −I

 < 0,

where R = diag(r1, r2, · · · , rn), |C| = (|ci j|)n×n, |D| = (|di j|)n×n, I = diag(1, 1, · · · , 1);

(C̃2) ã = λminΦ̃

λmaxP > λmaxG2

λminP = b > 0, where

Φ̃ = 2PAB − PA|C||CT |AP − PA|D||DT |AP − F2 > 0 ;

(C3) there exists a constant δ such that δ > ln(ρeλτ)/δτ, where λ > 0 is the unique solution of the equation λ = a−
beλτ, and ρ = max{1, 2λmax(PMP)

λminP +
2λmax(HNT PNH)

λminP eλτ}, M = diag(m1,m2, · · · ,mn), N = (ni j)n×n, H = diag(H1, · · · ,Hn);

then we have the conclusions:

Conclusion (1) the constant equilibrium point u∗ of the ordinary differential system (3.20) is globally exponen-

tially stable with convergence rate 1
2 (λ − ln(ρeλτ)

δτ
) ;

Conclusion (2) If there exits a solution u∗(x)(, u∗ in common cases) of the following equations:

0 =ri∆ui(x) − ai(ui(x))
[
bi(ui(x)) −

n∑
j=1

ci j f j(u j(x)) −
n∑

j=1

di jg j(u j(x)) + Ii

]
, x ∈ Ω

ui(x) =miui(x) +
n∑

j=1

ni jh j(u j(x)), ∀ j,

ui(x) =0, x ∈ ∂Ω, i = 1, 2, · · · , n,

(3.22)

then the globally exponential stability of the equilibrium point u∗ of the reaction-diffusion system (3.20) directly

yields that the stationary solution u∗(x) of the system (3.19) is also globally exponentially stable with the same con-

vergence rate 1
2 (λ − ln(ρeλτ)

δτ
) , which implies that the diffusion promotes the stability, or the diffusion is not harmful to

the stability.

Proof. Firstly, we may prove the first conclusion of Theorem 3.1 involved in the system (3.20).
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Next, for any given i, let yi(t) = ui(t) − u∗i , where u∗ is the constant equilibrium point of the system (3.20). Then

the system (3.20) can be transformed into

dyi(t)
dt
= − ãi(yi(t))

[
b̃i(yi(t)) −

n∑
j=1

ci j f̃ j(y j(t)) −
n∑

j=1

di jg̃ j(y j(t − τ j(t)))
]
, t > 0, t , tk,

yi(t+) =miyi(t−) +
n∑

j=1

ni jh̃ j(y j(t− − τ j(t))), t = tk,

yi(s) =ϕi(s) − u∗i (s), −τ 6 s 6 0, τ = max
16 j6n

τ j, i = 1, 2, · · · , n.

(3.23)

where ãi(yi(t)) = ai(yi(t) + u∗i ), b̃i(yi(t)) = bi(yi(t) + u∗i ) − bi(u∗i ), f̃ j(y j(t)) = f j(y j(t) + u∗j) − f j(u∗j), g̃ j(y j(t)) =

g j(y j(t) + u∗j) − g j(u∗j), h̃ j(y j(t)) = h j(y j(t) + u∗j) − h j(u∗j) for all i, j = 1, 2, · · · , n.

Similarly as the proof of [2, Theorem 3.1], we may set up the Lyapunov function as follows,

Ṽ(t) = YT (t)PY(t) = |YT (t)|P|Y(t)|,

where Y(t) = (y1(t), · · · , yn(t))T , P = diag(p1, p2, · · · , pn).

For the case of t , tk, we compute the Dini derivative of Ṽ(t) alongside with the trajectories of (3.23),

D+Ṽ(t) = − 2YT (t)PÃ(Y(t))B̃(Y(t)) + 2YT (t)PÃ(Y(t))CF̃(Y(t)) + 2YT (t)PÃ(Y(t))DG̃(Y(t − τ(t)))

6 − |YT (t)|Φ̃|Y(t)| + YT (t − τ(t))G2Y(t − τ(t))

6 − ãṼ(t) + b[Ṽ(t)]τ,

where Ã(Y(t)) = diag(ã1(y1(t)), · · · , ãn(yn(t))), B̃(Y(t)) = (b̃1(y1(t)), · · · , b̃n(yn(t)))T , F̃(Y(t)) = ( f̃1(y1(t)), · · · , f̃n(yn(t)))T ,

G̃(Y(t)) = (g̃1(y1(t)), · · · , g̃n(yn(t)))T , G̃(Y(t − τ(t))) = (g̃1(y1(t − τ1(t))), · · · , g̃n(yn(t − τn(t))))T .

When t = tk, using the similar methods in the proof of [2, Theorem 3.1] results in that

Ṽ(tk) = YT (tk)PY(tk) 6 2
λmax(PMP)
λminP

Ṽ(t−k ) + 2
λmax(HNT PNH)

λminP
[Ṽ(t−k )]τ .

Now it follows from (C̃1), (C̃2), (C3) and [2, Lemma 2.2] that

Ṽ(t) 6 ρ[Ṽ(0)]τe−(λ− ln(ρeλτ )
δτ )t, t > 0,

or √
(u(t) − u∗)T (u(t) − u∗) =

√
YT (t)Y(t) 6

√
ρλmaxP
λminP

√
[YT (0)Y(0)]τ e−

1
2 (λ− ln(ρeλτ )

δτ )t, t > 0,

which has proved that the equilibrium point u∗ of system (3.20) is globally exponentially stable with convergence rate
1
2 (λ − ln(ρeλτ)

δτ
).

Finally, we shall prove the second conclusion of Theorem 3.3.

Indeed, let Y(t, x) = u(t, x) − u∗(x), where the stationary solution u∗(x) = (u∗1(x), · · · , u∗n(x))T , then the system

(3.19) can be transformed into
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

∂yi(t, x)
∂t

=ri∆yi(t, x) − ãi(yi(t, x))
[
b̃i(yi(t, x)) −

n∑
j=1

ci j f̃ j(y j(t, x)) −
n∑

j=1

di jg̃ j(y j(t − τ j(t), x))
]
, t > 0, t , tk,

yi(t+, x) =miyi(t−, x) +
n∑

j=1

ni jh̃ j(y j(t− − τ j(t), x)), t = tk, 0 6 τ j(t) 6 τ j, ∀ j,

yi(t, x) =0, t > 0, x ∈ ∂Ω, i = 1, 2, · · · , n,

yi(s, x) =ϕi(s, x) − u∗i (x), −τ 6 s 6 0, τ = max
16 j6n

τ j,

(3.24)

where yi, ãi, b̃i, f̃ j, g̃ j and h̃i all are defined as those of [2].

∫
Ω

|∇ui(t, x)|2dx > λ1

∫
Ω

u2
i (t, x)dx

On the other hand, the Poincare inequality and the Dirichlet zero boundary value yields

∫
Ω

YT (t, x)PR∆Y(t, x)dx = −
∫
Ω

n∑
i=1

piri

m∑
j=1

(
∂yi

∂x j
)2dx

6 − λ1

∫
Ω

n∑
i=1

piriy2
i (t, x)dx 6 0,

(3.25)

where λ1 is the smallest positive eigenvalue of the following eigenvalue problem:
−∆φ(x) =λφ(x), x ∈ Ω ⊂ Rm,

φ(x) =0, x ∈ ∂Ω.

Constructing the Lyapunov functional as follows,

V(t) =
∫
Ω

YT (t, x)PY(t, x)dx =
∫
Ω

|YT (t, x)|P|Y(t, x)|dx

For the case of t , tk, we compute the Dini derivative ofV(t) alongside with the trajectories of (3.24),

D+V(t) =
∫
Ω

[
− 2YT (t, x)PÃ(Y(t, x))B̃(Y(t, x)) + 2YT (t, x)PÃ(Y(t, x))CF̃(Y(t, x)) + 2YT (t, x)PÃ(Y(t, x))DG̃(Y(t − τ(t), x))

]
dx

6
∫
Ω

[
− |YT (t, x)|Φ̃|Y(t, x)| + YT (t − τ(t), x)G2Y(t − τ(t), x)

]
dx

6
∫
Ω

[
− ãV(t, x) + b[V(t, x)]τ

]
dx,

where Ã, B̃, F̃, G̃ all are defined as those of [2]. Completely similar as the proof of the first conclusion of Theorem

3.3, we can also obtain

V(tk) =
∫
Ω

YT (tk, x)PY(tk, x)dx 6 2
λmax(PMP)
λminP

V(t−k ) + 2
λmax(HNT PNH)

λminP
[V(t−k )]τ ,

and

V(t) 6 ρ[V(0)]τe−(λ− ln(ρeλτ )
δτ )t, t > 0,
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or √∫
Ω

(u(t, x) − u∗)T (u(t, x) − u∗)dx 6
√
ρλmaxP
λminP

√
[
∫
Ω

YT (0, x)Y(0, x)dx]τ e−
1
2 (λ− ln(ρeλτ )

δτ )t, t > 0,

which has proved that the equilibrium point u∗ of system (3.20) is globally exponentially stable with convergence rate
1
2 (λ − ln(ρeλτ)

δτ
).

In fact, due to (3.25), the globally exponential stability of the equilibrium point u∗ of system (3.20) directly yields

that the equilibrium point u∗(x) of system (3.19) is also globally exponentially stable with the same convergence rate
1
2 (λ − ln(ρeλτ)

δτ
) , which implies that the diffusion promotes the stability. The proof is completed.

Remark 4. Obviously, [2, Theorem 3.1] is the direct corollary of the conclusion (1) of Theorem 3.3 due to the

Poincare inequality. In fact, the condition (C1) of [2, Theorem 3.1] is as follows,

Ψ = Ψ̃ +


−2lPR 0 0

0 0 0

0 0 0

 < 0 (3.26)

and the condition (C2) of [2, Theorem 3.1] is as follows,

a =
λminΦ

λmaxP
> ã =

λminΦ̃

λmaxP
>
λmaxG2

λminP
= b > 0, (3.27)

where

Φ = 2lPR + Φ̃ > 0. (3.28)

Remark 5. Conclusion (1) of Theorem 3.3 involved in the ordinary differential system (3.20) is completely similar

as [2, Theorem 3.1] of the reaction-diffusion system (3.19). Due to Poincare inequality, [2, Theorem 3.1] becomes

actually a corollary of the Conclusion (1) of Theorem 3.3, which implies that diffusions only promote the stability of

the reaction-diffusion system. Actually, [2, Theorem 3.1] does not illuminate any negative effects on the stability of the

reaction-diffusion system, compared with the conclusion (1) of Theorem 3.3. However, Conclusion (2) of Theorem

3.3 can show the two sides of the influence of diffusion on judging the stability of the diffusion system (3.19), for

the existence of the solution u∗(x) of the equations (3.22) may place more restrictions on the system, which may be

similar as the condition (A2) of Theorem 3.1.

Remark 6. Particularly let ai(ui) ≡ 1 and bi(ui) = biui with bi ∈ R in the delayed reaction-diffusion Cohen-Grossberg

neural networks (3.19), then the Cohen-Grossberg neural networks (3.19) is reduced to the following cellular neural

networks
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

∂ui(t, x)
∂t

=ri∆ui(t, x) − biui(t, x) +
n∑

j=1

ci j f j(u j(t, x)) +
n∑

j=1

di jg j(u j(t − τ j(t), x)) − Ii, t > 0, t , tk,

ui(t+, x) =miui(t−, x) +
n∑

j=1

ni jh j(u j(t− − τ j(t), x)), t = tk, 0 6 τ j(t) 6 τ j, ∀ j,

ui(t, x) =0, t > 0, x ∈ ∂Ω, i = 1, 2, · · · , n,

ui(s, x) =ϕi(s, x), −τ 6 s 6 0, τ = max
16 j6n

τ j.

So the conclusions of Theorem 3.3 include the case of cellular neural networks. But if there is not impulse control in

Theorem 3.3, the unique existence of the stationary solution of reaction-diffusion system should be given so that

the global stability can be guaranteed for the reaction-diffusion system.

The following corollary can be derived by our Theorem 3.2 and Theorem 3.3.

Corollary 3.4 (Global Stability Invariance). Suppose the conditions (H1)-(H3), (C̃1) and (C̃2) are satisfied, and

ai(ui) ≡ 1, bi(ui) = biui, fi(ui) = gi(ui) as said in Remark 6. Besides, Hi ≡ 0,mi ≡ 1, ni j ≡ 0, A = A = I.

then we have the conclusions:

Conclusion (1) the constant equilibrium point u∗ of the following system is globally exponentially stable:


dui(t)

dt
= − biui(t) +

n∑
j=1

ci jg j(u j(t)) +
n∑

j=1

di jg j(u j(t − τ j(t))) − Ii, t > 0,

ui(s) =ϕi(s), −τ 6 s 6 0, τ = max
16 j6n

τ j, i = 1, 2, · · · , n.
(3.29)

Conclusion (2) If there exits a solution u∗(x)(, u∗ in common cases) of the following equations:
0 =ri∆ui(x) − biui(x) +

n∑
j=1

ci jg j(u j(x)) +
n∑

j=1

di jg j(u j(x)) − Ii, x ∈ Ω

ui(x) =0, x ∈ ∂Ω, i = 1, 2, · · · , n,

(3.30)

and if, in addition, there exists a scalar ε > 0 such that

−C +
p
2

(ε−1I + εG2) < λ1D, (3.31)

where the constant p > 0 satisfying p2I > (A+B)T (A+B), and D = diag(r1, r2, · · · , rn), then the globally exponential

stability of the equilibrium point u∗ of the system (3.29) directly yields that the equilibrium point u∗(x) of the following

reaction-diffusion system is also globally exponentially stable:



∂ui(t, x)
∂t

=ri∆ui(t, x) − biui(t, x) +
n∑

j=1

ci jg j(u j(t, x)) +
n∑

j=1

di jg j(u j(t − τ j(t), x)) − Ii, t > 0, x ∈ Ω,

ui(t, x) =0, t > 0, x ∈ ∂Ω, i = 1, 2, · · · , n,

ui(s, x) =ϕi(s, x), −τ 6 s 6 0, τ = max
16 j6n

τ j.
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Remark 7. Corollary 3.4 illuminates the invariance of global stability in the meaning of Definition 1. Without the

impulse control, the unique existence of the stationary solution must be considered for the reaction-diffusion system.

In the conclusion (2) of Corollary 3.4, the condition (3.31) is the condition (A3). Besides, the existence of the

stationary solution u∗(x) of the equations (3.30) might be guaranteed by some condition similarly as (A2). In common

cases, u∗(x) is not necessarily equal to u∗. In fact, if the constant vector u∗ , 0, u∗ is not any stationary solutions of

reaction-diffusion system under Dirichlet zero boundary value. Below, an example will be designed to show it (see

Statement 1).

Statement 1. Let u∗ be a non-zero constant equilibrium point of an ordinary differential system. Then u∗ is not any

stationary solutions of its corresponding reaction-diffusion system under Dirichlet zero boundary value, or it must

lead to a contradiction.

Proof. Consider the following cellular neural networks in the case of n = 1:
dx(t)

dt
= −Cx(t) + A f (x(t)) + B f (x(t − τ(t))) + J, t > 0,

x(s) =ξ(s) is bounded in [−τ, 0].
(3.32)

and its corresponding reaction-diffusion system:

∂u(t, x)
∂t

=D∆u(t, x) −Cu(t, x) + A f (u(t, x)) + B f (u(t − τ(t), x)) + J, (t, x) ∈ R+ ×Ω, Ω = (0, 1) ⊂ R,

u(t, x) =0, t > 0, x ∈ ∂Ω,

u(s, x) =ξ(s, x) is bounded in [−τ, 0] × (0, 1).

(3.33)

where D = 0.001, C = 1.8, A = 0.2, B = 0.1, J = 1.09, and f (s) = 0.05(s − 6) for s ∈ R1.

Direct computation derives that x = 1000
1785 =

200
357 is the constant equilibrium point of the system (3.32). Obviously,

f is Lipschitz continuous function with Lipschitz constant l̄ = 0.05 . In [31, Theorem 1], let p = 1 and N = 1, then

−µ1(−NCN−1) − l̄∥NA∥1∥N−1∥1 = 1.8 − 0.05 × 0.2 > 0.05 × 0.1 = l̄∥NB∥1∥N−1∥1 > 0,

and hence [31, Theorem 1] results in that there is the unique constant equilibrium point x∗ = 1000
1785 =

200
357 of the ordinary

differential system (3.32) is globally exponentially stable.

Next, direct computation illuminates that the stationary solutions of the system (3.33) satisfies the following

equation: 
d2u(x)

dx2 =1785u(x) − 1000, x ∈ Ω = (0, 1),

u(0) =u(1) = 0.
(3.34)

Now it is easy to verify that

u∗(x) =
200(e−

√
1785 − 1)

357(e
√

1785 − e−
√

1785)
e
√

1785x − 200(e
√

1785 − 1)

357(e
√

1785 − e−
√

1785)
e−
√

1785x +
200
357

, ∀ x ∈ [0, 1]. (3.35)

is a solution of the equation (3.34), and it is also a nontrivial stationary solution of the reaction-diffusion (3.33).
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Below, by the proof by contradiction, we shall prove that u∗ is not the equilibrium point of the reaction-diffusion

(3.33), where u∗ = u∗(x) ≡ 1000
1785 =

200
357 for all x ∈ (0, 1) with u∗(0) = u∗(1) = 0.

Firstly, by direct computation, the system (3.33) becomes the following system:

∂u(t, x)
∂t

=0.001∆u(t, x) − 1.8u(t, x) + 0.01u(t, x) + 0.005u(t − τ(t), x) + 1, t > 0, x ∈ Ω = (0, 1),

u(t, 0) =u(t, 1) = 0,

u(s, x) =ξ(s, x) is bounded in [−τ, 0] × (0, 1),

which is equivalent to the following system via the transformation y(t, x) = u(t, x) − u∗:

∂y(t, x)
∂t

=0.001∆y(t, x) − 1.8y(t, x) + 0.01y(t, x) + 0.005y(t − τ(t), x), t > 0, x ∈ Ω = (0, 1),

y(t, 0) =y(t, 1) = 0,

y(s, x) =η(s, x) is bounded in [−τ, 0] × (0, 1),

(3.36)

Consider the Lyapunov functional: V(t, y(t, x)) =
∫
Ω

y2(t, x)dx, then the derivative dV
dt alongside with the trajecto-

ries of the system (3.36) yields

dV(t, y(t, x))
dt

=

∫
Ω

2y(t, x)
(
0.001∆y(t, x) − 1.8y(t, x) + 0.01y(t, x) + 0.005y(t − τ(t), x)

)
dx

6 − (0.002π2 + 3.575)
∫
Ω

y2(t, x)dx + 0.005
∫
Ω

y2(t − τ(t), x)dx

= − aV(t, y(t, x)) + bV(t, y(t − τ(t), x)),

where a = 0.002π2 + 3.575, b = 0.005, satisfying a > b > 0. By employing [46, Lemma 3] or the methods in the

proof of [40, Theorem 3], we can derive that the zero solution of the system (3.43) is globally exponentially stable

with the convergence rate 1
2 , where λ > 0 is the unique solution of the equation λ = a − beλτ. That is, the constant

equilibrium point u∗ of the reaction diffusion system (3.33) is globally exponentially stable, and so u∗ is the unique

equilibrium point of the reaction-diffusion system. However, u∗(x) defined as (3.33) is its another equilibrium point.

This contradiction shows that u∗ can not be the stationary solution of the reaction-diffusion system.

Remark 8. In [2, Theorem 3.1], u∗ is a non-zero constant vector in common cases. But [2, Theorem 3.1] told us that

u∗ is a stable equilibrium point of a reaction-diffusion system under Dirichlet zero boundary value. Now Statement 1

illuminates that it must lead to a contradiction. On the other hand, the conclusion of Theorem 3.3 points out that u∗(x)

a stable equilibrium point of the reaction-diffusion system under Dirichlet zero boundary value, but u∗(x) is not equal

to the non-zero constant vector u∗. Such errors also occur in many previous literature (see, e.g. [2,17, 37,38] and the

related references therein).

Remark 9. Of course, some suitable non-zero constant vectors can be the equilibrium points or stationary solutions

of delayed reaction-diffusion systems under Neumann boundary value (see, e.g. [15, 16, 34-36, 39, 47]) though they
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can not be the equilibrium points or stationary solutions of delayed reaction-diffusion systems under Dirichlet zero

boundary value.

In the proof of Statement 1, u∗ is the unique equilibrium point of ordinary differential system with Lipschitz

assumption on active function f . Now we want to know whether the number of equilibrium points changes under the

influence of inevitable diffusions.

Consider the following cellular neural networks in the case of n = 1,

dx(t)
dt
= −Cx(t) + A f (x(t)) + B f (x(t − τ(t))) + J, and x ∈ R1, (3.37)

and its corresponding reaction-diffusion cellular neural networks
∂u(t, x)
∂t

=D∆u(t, x) −Cu(t, x) + A f (u(t, x)) + B f (u(t − τ(t), x)) + J, and t > 0, x ∈ Ω,

u(t, x) =0, x ∈ ∂Ω,
(3.38)

where Ω is an open bounded domain in R3 with smooth boundary ∂Ω, D ∈ R1 is the diffusion coefficient with D > 0,

and C, A both are positive real numbers, J = 0, B = 0, the function f is defined as follow,

f (u) =



3D
A
µ1u

1
3 +

2D
A
µ1, u 6 −1;

D
A
µ1u, u ∈ [−1, 1];

3D
A
µ1u

1
3 − 2D

A
µ1, u > 1.

(3.39)

Here, we denote by µi the ith positive eigenvalue of the following eigenvalue problem :
−∆u(x) +

C
D

u(x) =µu(x), x ∈ Ω,

u(x) =0, u ∈ ∂Ω,
(3.40)

then µ1 =
C
D + λ1, and µ2 > µ1 ([33]).

Statement 2. If zero solution is the global stable unique equilibrium point of ordinary differential system (3.37), then

its corresponding reaction-diffusion system (3.38) owns zero solution and other stationary solutions which are at least

two non-zero functions or infinitely many positive functions and negative functions.

Proof. Firstly, it is easy to see from f (0) = 0 and J = 0 that zero solution is also an equilibrium point of the system

(3.38).

Besides, we claim that the system (3.38) owns other stationary solutions which are at least two non-zero functions

or infinitely many positive functions and negative functions.
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In fact, we know from (3.39) that | d f (u)
du | 6

D
Aµ1 for all u ∈ R1, because

d f (u)
du

=



D
A
µ1u−

2
3 , u 6 −1;

D
A
µ1, u ∈ [−1, 1];

D
A
µ1u−

2
3 , u > 1.

(3.41)

And hence, f is Lipschitz continuous as follow,

| f (u) − f (v)| 6 D
A
µ1|u − v|, ∀ u, v ∈ R1. (3.42)

And the definition of f yields

F(u) =
∫ u

0
f (s)ds =



9
4

D
A
µ1u

4
3 +

2D
A
µ1u +

1
4

D
A
µ1, u 6 −1;

1
2

D
A
µ1u2, u ∈ [−1, 1];

9
4

D
A
µ1u

4
3 − 2D

A
µ1u +

1
4

D
A
µ1, u > 1.

(3.43)

Besides, if u(x) is the stationary solution of the system (3.38), u(x) is a solution of the following equation:


0 =D∆u(x) −Cu(x) + A f (u(x)), x ∈ Ω,

u(x) =0, x ∈ ∂Ω,

whose solution is corresponding to the critical point of the following function:

J(u) =
1
2

∫
Ω

|∇u|2dx +
C

2D

∫
Ω

u2dx − A
D

∫
Ω

F(u)dx,

where F(u) is given by (3.43).

Denote H = {u ∈ W1,2
0 (Ω),

∫
Ω
|∇u|2dx + C

D

∫
Ω

u2dx < ∞}, in which the inner product is presented as follows,

⟨u, v⟩ =
∫
Ω

∇u∇vdx +
C
D

∫
Ω

uvdx,

and its induced norm is denote by ∥ · ∥H . Obviously, J ∈ C1(H,R1).

Besides, we claim that the functional J is bounded below. In fact, if it is not true, there must exist a sequence {un}
in H such that J(un) → −∞ as ∥un∥H → ∞. So there must exist a scalar P > 0 such that J(un) 6 P for all n. Set

Wn = un/∥un∥H , then ∥Wn∥H ≡ 1 for all n. Moreover, Sobolev embedding theorem tells us that there exists W ∈ H

such that Wn ⇀ W in H, Wn → W in Lq(Ω) with 2 6 q < 2∗, and Wn(x) → W(x), a.e. x ∈ Ω, where 2∗ is the

critical sobolev exponent. Here and below, a subsequence of {un} is still denoted by {un} for convenience.

By employing the similar methods used in the proof of [49, Lemma 2.1], we claim that ∥W∥2H = µ1∥W∥2L2(Ω).
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In fact, on one hand, it follows by (3.43) that there is such a constant M > 1 big enough that

P

∥un∥2H
> J(un)
∥un∥2H

=
1
2

[∥Wn∥2H − µ1∥Wn∥2L2(Ω)] +
1
2µ1
∫
Ω

u2
ndx − A

D

∫
Ω

F(un)dx

∥un∥2H

=
1
2

[∥Wn∥2H − µ1∥Wn∥2L2(Ω)] +

∫
|un |61[ 1

2µ1u2
n − A

D F(un)]dx

∥un∥2H
+

∫
|un |>1[ 1

2µ1u2
n − A

D F(un)]dx

∥un∥2H

=
1
2

[∥Wn∥2H −
1
2
µ1∥Wn∥2L2(Ω)] + 0 +

∫
|un |>1[ 1

2µ1u2
n − A

D F(un)]dx

∥un∥2H

>1
2

[∥Wn∥2H −
1
2
µ1∥Wn∥2L2(Ω)] + 0 +

∫
16|un |6M kMdx

∥un∥2H
+ 0.

On the other hand, ∣∣∣∣∣
∫

16|un |6M kMdx

∥un∥2H

∣∣∣∣∣ 6 |kM | · mesΩ
∥un∥2H

→ 0, n→ ∞.

Hence,

lim sup
n→∞

∥Wn∥2H − µ1∥W∥2L2(Ω) 6 0⇒ lim sup
n→∞

∥Wn∥2H 6 µ1∥W∥2L2(Ω) 6 ∥W∥
2
H ,

which together with the weak lower semi-continuity of the norm yields

lim sup
n→∞

∥Wn∥2H 6 µ1∥W∥2L2(Ω) 6 ∥W∥
2
H 6 lim inf

n→∞
∥Wn∥2H .

This implies the strong convergence of {Wn} in Hilbert space H, and hence ∥W∥H = 1, and ∥W∥2H = µ1∥W∥2L2(Ω),

which means that W is the eigenfunction of the least positive eigenvalue µ1. Let φ1 be the positive eigenfunction in

the one-dimensional eigenfunction space of the least positive eigenvalue µ1 such that ∥φ1∥H = 1, and φ1(x) > 0 for all

x ∈ Ω, then W = ±φ1. Since Wn(x)→W(x), a.e. x ∈ Ω, there exits Ω∗ ⊂ Ω such that mes(Ω/Ω∗) = 0 and

|Wn(x)| = |un(x)|
∥un∥H

→ φ1(x), ∀ x ∈ Ω∗,

which implies |un(x)| → +∞, ∀ x ∈ Ω∗. Now, it follows by (3.43) that

P >J(un) =
1
2

∫
Ω

|∇un|2dx +
1
2

C
D

∫
Ω

u2
ndx − A

D

∫
Ω

F(un)dx

>
∫
Ω

[
1
2
µ1u2

n − F(u)]dx =
∫
Ω/Ω∗

[
1
2
µ1u2

n − F(u)]dx +
∫
Ω∗

[
1
2
µ1u2

n − F(u)]dx

=

∫
Ω∗

[
1
2
µ1u2

n − F(u)]dx→ +∞, n→ ∞,

which means that J is bounded below.

By employing the similar methods used in [50], we shall prove that J satisfies the (PS) condition.

In fact, if {un} satisfies J(un)→ a , ∥J′(un)∥H∗ → 0 , and n is big enough, we see

a + o(1) = J(un) =
1
2

∫
Ω

|∇un|2dx +
1
2

C
D

∫
Ω

u2
ndx − A

D

∫
Ω

F(un)dx
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and

⟨J(un), un⟩ =
∫
Ω

|∇un|2dx +
C
D

∫
Ω

u2
ndx − A

D

∫
Ω

f (un)undx.

And hence,
1
6
∥un∥2H +

A
D

∫
Ω

[
1
3

f (un)un − F(un)]dx 6 a + o(1) +
1
3
∥J′(un)∥H∗∥un∥H ,

or
1
6
∥un∥2H 6 a + o(1) +

1
3
∥J′(un)∥H∗∥un∥H +

A
D

∫
Ω

|1
3

f (un)un − F(un)|dx. (3.44)

On the other hand, (3.43) and (3.39) yield that there exists a constant c∗ > 0 big enough, satisfying
|1
3

f (u)u − F(u)| 6 c∗u
4
3 + c∗, |u| > 1;

|1
3

f (u)u − F(u)| = | − 1
6

D
A
µ1u2| 6 c∗, u ∈ [−1, 1],

or

|1
3

f (u)u − F(u)| 6 c∗u
4
3 + c∗, ∀ u ∈ R1,

which together with (3.44), Holder inequality and Poincare inequality implies

1
6
∥un∥2H 6 a + o(1) + c∗∥un∥H +

c∗A
D

mes(Ω) +
A
D

c2
∗∥un∥

4
3
H . (3.45)

And then {un} is bounded in H due to (3.45).

Due to the fact ∥u∥2 6 ∥u∥2E 6 c∗∥u∥, we see, ∥ · ∥ and ∥ · ∥H are a pair of equivalent norms. Moreover, we know

from (3.39) that f (u) satisfies the Caratheodory condition, and

| f (u)| 6 c∗ + c∗|u|
1
3 , and 0 <

1
3
< 2∗ − 1,

which means that the bounded set {un} with the condition ∥J′(un)∥H∗ → 0 is a compact set in the Hilbert space H. This

have verified that J satisfies the (PS) condition.

On the one hand, if infH J > 0, we claim that there are infinitely many positive stationary solutions and infinitely

many negative stationary solutions for the reaction diffusion system (3.43) .

Indeed, since ∥ · ∥ and ∥ · ∥H are a pair of equivalent norms, Sobolev space H ([43-45]) has the orthogonal decom-

position H = E(µ1)⊕E(µ1)⊥, where E(µk) represents the eigenfunction space of µk, and E(µ1)⊥ = E(µ2)⊕E(µ3)⊕· · · .
Obviously, J satisfies (P1). In fact, if u ∈ E(µ1) with ∥u∥H 6 δ, the equivalence of norms in each finite dimensional

space yields

∥u∥H 6 δ⇒
∫
Ω

|u(x)|dx < δ1 ⇒ |u(x)| < 1, a.e. x ∈ Ω.

where the positive number δ is small enough, and so is δ1. And then

J(u) =
1
2
∥u∥2H −

A
D

∫
Ω

F(u)dx

=
1
2
∥u∥2H − µ1

∫
Ω

u2

2
dx = 0 6 0, u ∈ E(µ1), ∥u∥H 6 δ.

(3.46)
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which together with infH J > 0 implies that all u ∈ E(µ1) with ∥u∥H 6 δ are the stationary solutions of the reaction

diffusion system (3.38). Moreover, E(µ1) implies that there are infinitely many positive stationary solutions and

infinitely many negative stationary solutions for the reaction diffusion system (3.38).

On the other hand, if infH J < 0, we see, the condition (P3) holds. Then we claim that there are at least three

equilibrium solutions including two non-zero stationary solutions, for the reaction diffusion system (3.38) if infH J <

0.

In fact, (3.46) implies that (P1) holds. In order to apply Lemma 2.2, we only need to verify the condition (P2) of

Lemma 2.2. Next, for u ∈ E(µ1)⊥, let u = v + z, where v ∈ E(µ2), z ∈ E(µ3) ⊕ E(µ4) ⊕ · · · . Then we get

J(u) >1
2

(µ2

∫
Ω

v2dx + µ2

∫
Ω

z2dx) +
1
2

[∥z∥2H − µ2

∫
Ω

z2dx] − A
D

∫
Ω

F(u)dx

>µ2

2
(
∫
Ω

v2dx +
∫
Ω

z2dx) +
1
2

(1 − µ2

µ3
)∥z∥2H −

A
D

∫
Ω

F(u)dx

=[
1
2
µ2

∫
Ω

u2dx − A
D

∫
Ω

F(u)dx] +
1
2

(1 − µ2

µ3
)∥z∥2H , ∀ u ∈ E(µ1)⊥.

(3.47)

Due to (3.43), there exists δ ∈ (0, 1) such that

2A
D

F(u) = µ1u2 6 µ2u2, if |u| 6 δ < 1, u ∈ E(µ1)⊥. (3.48)

Moreover, for this δ, there exists correspondingly δ2 > 0 such that for u ∈ E(µ2) with ∥u∥H 6 δ2, we get

|u(x)| 6 δ
2 , a.e. x ∈ Ω in view of the equivalence of norms in finite dimensional space.

Define

Ω1 = {x ∈ Ω : |u(x)| 6 δ}, Ω2 = {x ∈ Ω : |u(x)| > δ}.

Due to the orthogonal decomposition of the Sobolev space H and u = v + z, we see, ∥u∥H 6 δ2 ⇒ ∥v∥H 6 δ2,

which implies

|v(x)| 6 δ

2
6 1

2
|u(x)|, |z(x)| > |u(x)| − |v(x)| > 1

2
|u(x)|, a.e. x ∈ Ω2.

Besides, (3.43) yields

|1
2
µ2u2dx − A

D
F(u)| 6 c∗|u|3 6 8c∗|z|3, x ∈ Ω2.

So we can see it from the orthogonal decomposition of the Sobolev space H and the Sobolev embedding theorem

that for all u ∈ E(µ1)⊥, if ∥u∥H 6 δ2, we get

J(u) >[
1
2
µ2

∫
Ω1

u2dx − A
D

∫
Ω1

F(u)dx] +
1
2

(1 − µ2

µ3
)∥z∥2H + [

1
2
µ2

∫
Ω2

u2dx − A
D

∫
Ω2

F(u)dx]

>1
2

(1 − µ2

µ3
)∥z∥2H − 8c∗

∫
Ω2

|z|3dx

>1
2

(1 − µ2

µ3
)∥z∥2H − 8c∗2∥z∥3H ,

which implies that the condition (P2) holds. And now all the conditions of Saddle point theorem are satisfied. Ac-

cording to Lemma 2.2, we have proved the claim. And the proof is completed.
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Remark 10. Statement 2 actually illuminates that under Lipschtiz assumption on active function, diffusion may make

an equilibrium point become infinitely many stationary solution. The deeper purpose of Statement 2 may be revealed

in the final section for further considerations.

4. Numerical example

Example 4.1. Consider the following switched financial system with σ ∈ {1, 2, 3},
∂y(t, x)
∂t

=D1∆y(t, x) −C1y(t, x) + A1g(y(t, x)) + B1g(y(t − τ(t), x)) + J1, (t, x) ∈ R+ ×Ω1,

yi(t, x) =0, t > 0, x ∈ ∂Ω1, i = 1, 2,
(4.1a)


∂y(t, x)
∂t

=D2∆y(t, x) −C2y(t, x) + A2g(y(t, x)) + B2g(y(t − τ(t), x)) + J2, (t, x) ∈ R+ ×Ω2,

yi(t, x) =0, t > 0, x ∈ ∂Ω2, i = 1, 2,
(4.1b)

and


∂y(t, x)
∂t

=D3∆y(t, x) −C3y(t, x) + A3g(y(t, x)) + B3g(y(t − τ(t), x)) + J3, (t, x) ∈ R+ ×Ω3,

yi(t, x) =0, t > 0, x ∈ ∂Ω3, i = 1, 2,
(4.1c)

or the following corresponding homogeneous equations:


∂u(t, x)
∂t

=Dσ∆u(t, x) −Cσu(t, x) + Aσ f (u(t, x)) + Bσ f (u(t − τ(t), x)), (t, x) ∈ R+ ×Ωσ,

ui(t, x) =0, t > 0, x ∈ ∂Ωσ, i = 1, 2; σ ∈ {1, 2, 3}
(4.2)

equipped with the initial value:

u j(s, x) = ϕi(s, x) =
3∏

σ=1

sin j[x33
1 (x1 − 5(σ + 1))353x63

2 (x2 − 5(σ + 1))79], j = 1, 2, −τ 6 s 6 0, x ∈ Ωσ, σ ∈ {1, 2, 3},

(4.3)

whereΩ1 = [0, 10]×[0, 10],Ω2 = [0, 15]×[0, 15],Ω3 = [0, 20]×[0, 20], λ11 = 0.1974, λ21 = 0.0877, λ31 = 0.0493(see

Remark 5).

Set c = 100000000, I = diag(1, 1), and

D1 =

0.01 0

0 0.015

 , D2 =

0.015 0

0 0.02

 , D3 =

0.01 0

0 0.015

 , (4.4)

C1 =

0.942 0

0 0.822

 , C2 =

0.902 0

0 0.882

 , C3 =

0.982 0

0 0.902

 ,
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A1 =

0.491 0

0 0.511

 , A2 =

0.491 0

0 0.441

 , A3 =

0.511 0

0 0.481

 ,
B1 =

0.451 0

0 0.311

 , B2 =

0.411 0

0 0.441

 , B3 =

0.471 0

0 0.421

 ,
Let gi(yi) =

39+2yi+0.000001 sin yi
4 , and then G = diag(0.51, 0.51). Set Jσ = (0.2 sinσ,−0.1 cosσ)T , σ = 1, 2, 3, then

the direct calculation can verify that both conditions (A1) and (A2) hold.

Case 1

Let Ψ = 0.00018I and τ = 0.33, then employing computer LMI toolbox to solve the inequality (3.1) derives the

following feasible data:

β1 = 0.2733, β2 = 0.4962, β3 = 0.2305, γ = 0.00012,

then the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is exponentially stable

with the convergence rate 0.00006 due to Theorem 3.1.

Case 2

If replacing the diffusion coefficients (4.4) with the following diffusion coefficients

D1 =

0.1 0

0 0.15

 , D2 =

0.15 0

0 0.2

 , D3 =

0.1 0

0 0.15

 , (4.5)

and other data of Case 1 are not changed, we can use the computer LMI toolbox to solve the inequality (3.1), resulting

in the following feasible data:

β1 = 0.3739, β2 = 0.4367, β3 = 0.1894, γ = 0.00016,

then the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is exponentially stable

with the convergence rate 0.00008 due to Theorem 3.1.

Case 3

If replacing τ = 0.33 with τ = 0.13, and other data of Case 1 are not changed, we can use the computer LMI

toolbox to solve the inequality (3.1), resulting in the following feasible data:

β1 = 0.5333, β2 = 0.2781, β3 = 0.1886, γ = 0.00014,

then the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is exponentially stable

with the convergence rate 0.00007 due to Theorem 3.1.

Moreover, in (3.17), let pσ ≡ 1, then it is easy to verify that pσ > 0 satisfies p2
σI > (Aσ + Bσ)T (Aσ + Bσ) for each

σ. In addition, set ε = 2

−Cσ +
pσ
2

(ε−1I + εG2) < 0 < λσ1Dσ, for all σ = 1, 2, 3.
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Then the condition (A3) holds. According to Theorem 3.2, all the above stabilities should be global exponential

stabilities.

Table 1.Comparisons the influences on the convergence rate λ
2 under different diffusion coefficients with the same other data

Case 1 Case 2

diffusion coefficient (4.4) (smaller) (4.5) (bigger)

Convergence rate γ

2 = 0.00006 γ

2 = 0.00008

Remark 11. Table 1 tells us that the larger the diffusion coefficient, the faster the convergence rate. On the other

hand, Remark 3 illuminates that the diffusion makes it more difficult to judge the stability of the system.

Table 2.Comparisons the influences on the convergence rate λ
2 under different upper limits of delays with the same other data

Case 1 Case 3

diffusion coefficient τ = 0.33 τ = 0.13

Convergence rate γ

2 = 0.00006 γ

2 = 0.00007

Remark 12. Table 2 indicates that the larger the upper bound τ of time delays, the slower the convergence speed γ
2 .

Remark 13. (see,e.g.,[14-16]) The smallest positive eigenvalue of −∆p in W1,p
0 (0,T ) is

λ1 =

( 2
T

∫ (p−1)
1
p

0

dt(
1 − tp

p−1

) 1
p

)p
.

If Ω = {(x1, x2)T : 0 < x1 < α, 0 < x2 < β} ⊂ R2 and W1,p
0 (Ω) with p = 2, the first eigenvalue λ1 = ( π

α
)2 + ( π

β
)2.

Besides, it is well known that there is the following approximate substitution of Poincare inequality lemma :

Remark 14. Let Ω be a cube |xi| < li(i = 1, 2, · · · , n) and let µ(x) be a real-valued function belonging to C1(Ω) which

vanish on the boundary ∂Ω of Ω, i.e., µ(x)|∂Ω = 0, then∫
Ω

µ2(x)dx 6 l2i

∫
Ω

| ∂µ
∂xi
|2dx.

5. Conclusions and further considerations

By constructing a compact operator on a convex set, the author makes up for the loss of compactness in infinite

dimensional space. Using a fixed point theorem, variational methods and Lyapunov functional method results in the

existence positive bounded stationary solution, which is exponentially stable. Moreover, by using the first positive

eigenvalue of Laplace operator −∆ to restrain Lipschitz constants, the author proposes the uniqueness theorem of

the stationary solution of reaction-diffusion system under Dirichlet zero boundary value, and thereby the stability of

Theorem 3.1 becomes global. Not only that, Theorem 3.1 and Theorem 3.2 derive a corollary on the variance of global

stability. Moreover, Statement 1 points out the fact that non-zero constant vector can not be a stationary solution of

the reaction-diffusion system under Dirichlet zero boundary value. Besides, Statement 2 points out that the influence
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of diffusions changes the number of the system under Lipschitz assumptions on active functions. Finally, a numerical

example is presented to illuminate the effectiveness of the proposed methods.

Below, some interesting problems are proposed as follows,

♣ How to improve the example in Statement 2 or add a suitable condition to the example in Statement 2 so that

the constant equilibrium point of the ordinary differential system can be truly proved to be globally asymptotically

stable. At the same time, the corresponding reaction-diffusion system owns multiple stationary solutions. If so, many

global stability results of delayed neural networks in the form of ordinary differential equations may only be locally

asymptotical stability criteria in real engineering due to the inevitable diffusions.

♣ How to replace (A2) with a weaker condition in Theorem 3.1 ?

♣ Is the condition (A3) of Theorem 3.2 necessary for the uniqueness? If not, what’s the weaker condition?
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