Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 April 2020 d0i:10.20944/preprints202004.0277.v1

Stability analysis of nontrivial stationary solution and constant equilibrium point
of reaction-diffusion neural networks with time delays
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Abstract

Firstly, the existence of asymptotically stable nontrivial stationary solution is derived by the comprehensive applica-
tions of Lyapunov-Razumikhin technique, design of state-dependent switching laws, a fixed point theorem, variation-
al methods, and construction of compact operators on a convex set. This new theorem shows that the diffusion is a
double-edged sword to the stability, refuting the views in previous literature that the greater the diffusion effect, the
more stable the system will be. Next, a series of new theorems are presented one by one, which illustrates that the
globally asymptotical stability of ordinary differential equations model for delayed neural networks may be locally
stable in actual operation due to the inevitable diffusion. Besides, the non-zero constant equilibrium point is pointed
out to be not the solution of delayed reaction diffusion system so that the stability of the non-zero constant equilibri-
um point of reaction diffusion system must lead to a contradiction. That is, non-zero constant equilibrium points are
not in the phase plane of dynamic system. In addition, new theorems are further presented to prove that the small
diffusion effect will cause the essential change of the phase plane structure of the dynamic behavior of the delayed
neural networks, and thereby one equilibrium solution may become several stationary solutions, even infinitely many
positive stationary solutions. Finally, a numerical example illustrates the feasibility of the proposed methods.
Keywords: reaction-diffusion; cellular neural networks; exponential stability; stationary solutions ; Saddle point

theorem

1. Introduction

Firstly, we recalled the reason why we need to study the stability of reaction-diffusion neural networks system.
In 1988, inspired by cellular automata, Chua and Yang proposed a new neural network based on Hopfield net-
work, i.e. cellular neural network (CNN), which is formed by a number of cells with the same structure after a
well-organized combination ([22,23]). Each neuron in the network will automatically choose to connect with the

nearest neuron. Because of its local connectivity, CNN is especially suitable for ultra large scale integrated circuit
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implementation. The characteristics of the above cellular neural network make it widely used in pattern recognition,
image processing, signal processing and other fields. The main function of cellular neural network is to transform
an input image into a corresponding output image. For example, the existing target motion direction detection, edge
detection, and connected slice detection all use this function. In order to achieve these functions, the cellular neural
network must be completely stable, that is, all output trajectories must converge to a stable equilibrium point. So the
stability of cellular neural network has become a hot topic ([24-26]). As we all know, time delay may destroy the sta-
bility of the system and lead to oscillation, bifurcation, chaos and other phenomena, thus changing the characteristics
of the system. In cellular neural networks, time delay is inevitable. For example, there are cell delay, transmission
delay and synapse delay in biological neural network ([27]). As pointed out in [28] that many pattern formation
and wave propagation phenomena that appear in nature can be described by systems of coupled nonlinear dif-
ferential equations, generally known as reaction-diffusion equations. These wave propagation phenomena are
exhibited by systems belonging to very different scientific disciplines. Besides, the interactions arising from the
space-distributed structure of the multilayer cellular neural networks can be seen as diffusion phenomenon([3,
29]). Thereby, the reaction-diffusion effects cannot be neglected in both biological and man-made neural networks,
especially when electrons are moving in non-even electromagnetic field. Moreover, although the diffusion coeffi-
cients may be very small, the topological structure of the phase plane of the dynamic behavior of the following
reaction-diffusion system (1.1) is likely to change substantially from a constant equilibrium point of the follow-
ing system (1.3) to multiple stationary solutions of the reaction-diffusion system (1.1). Therefore, many global
stability results of delayed neural networks in the form of ordinary differential equations may only be locally
asymptotical stability criteria in real engineering (see Remark 13). So, in this paper, we have to investigate the
stability of reaction-diffusion cellular neural networks (delayed partial differential equation model), rather than that of
ordinary differential equations model with time delays.

Next, we shall point out the fact that the stability results in previous literature involved to delayed reaction-
diffusion neural networks make it unnecessary to study the reaction-diffusion system (partial differential equa-
tions model), but only its corresponding ordinary differential equations model. What’s the problem?

For a long time, the stability of the reaction diffusion neural networks was investigated in many literatures[1-10],
in which the stability of the constant equilibrium point was studied. For example, in [1], the following cellular neural
networks with time-varying delays and reaction-diffusion terms was considered,

oy(t, x)
D
ax, Py ax,

) 0 ) = Cy(t,x) + Ag(y(1, )

ot (1.1)

g=1

+ Bg(y(t — (1), x)) + J, (t,x) e R, X Q,

Next, the authors of [1] defined the equilibrium point of the time-delayed reaction-diffusion system (1.1) as the

constant vector y* satisfying
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Cy" = Ag(y") + Bg(y") + J. (1.2)
Here, we have to say, the equilibrium point y* is also the equilibrium point of the following ordinary differential
equations corresponding to the time-delayed partial differential equations (1.1),

% = — Cx(t) + Ag(x(1)) + Bg(x(t = (1)) + J, 1 € R, (1.3

Due to the Poincare inequality, we see, the diffusion items actually promote the stability of the reaction diffusion
system (1.1). That is, we only need to study the ordinary differential equations (1.3) because the stability criteria
of the ordinary differential equations (1.3) must make the system (1.1) stable. In other words, the stability of the
reaction-diffusion model does not need to be studied because it is included in the stability of its corresponding
ordinary differential equations model.

So we need to ask where the problem is? The answer lies in the choice of the equilibrium point.

In fact, the diffusions are inevitable in actual engineering. Thereby, whether the system (1.1) is close to stability
or reaches stability, the diffusion phenomenon still exists, and hence the equilibrium point with with practical engi-
neering significance of the system (1.1) should be related to the variable x € €, which reflects the characteristics
of the diffusion system, rather than the constant equilibrium solution y* satisfying the condition (1.2). The constant
equilibrium solution y* is actually independent of x € Q, and is called the trivial equilibrium solution of the system
(1.1). So, in this paper, we should select the nontrivial equilibrium point, that is, we should study the nontrivial sta-
tionary solution y*(x) with practical engineering significance. In fact, not only in neural networks, but also some
equilibrium points in other dynamical systems, such as the constant equilibrium points with zero values in the
financial mathematical model of option pricing, are obviously trivial, because option prices cannot be zero in
the real financial market. For another example, in the financial system, the equilibrium point with the negative
interest rate is usually trivial, because most countries, such as China, have a positive interest rate when their
economies reach stable ([11,12,30]). So we should pay more attention to the stability of the nontrivial stationary
solutions of reaction-diffusion neural networks with time delays.

Usually, a positive solution y(x)(x € Q) of the system (1.1) is not the solution of the constant equations (1.2).
Generally speaking, the positive solution accords with many practical engineering meanings. As far as we are
concerned, the stability of the nontrivial stationary solution has never been investigated, which inspires us to
write this paper.

Motivated by some methods of [1-31], we investigate the stability of the nontrivial stationary solution of switched
reaction-diffusion neural networks with time delays. This paper has the following innovations:

% Itis the first paper to study the stability of the nontrivial stationary solution of reaction-diffusion neural networks
with time delays;

% It is the first time that the existence of asymptotically stable nontrivial stationary solution is derived by the
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comprehensive applications of Lyapunov-Razumikhin technique, design of state-dependent switching laws, a fixed
point theorem, variational methods, and construction of compact operators on a convex set.

% For the first time, the stability criterion obtained in this paper shows the two sides of the diffusion phenomena
in practical engineering. On the one hand, diffusion promotes the stability of the reaction-diffusion neural networks
due to the Poincare inequility. On the other hand, diffusion causes the complexity of the dynamic behavior of the
reaction-diffusion neural networks, which makes it more difficult to judge the stability, because the stability criterion
of the nontrivial stationary solution is completely different from the stability criteria of the constant equilibrium point,
which is more rigorous.

% It is the first time to give the theorems and remarks to point out that we should study the reaction diffusion
model for neural networks, rather than ordinary differential equation model.

% It is the first time to give the theorems and remarks to point out that we should pay more attention to stability
analysis of the nontrivial stationary solution of reaction diffusion neural networks in the future, rather than the stability
of the constant equilibrium point.

% It is the first time to study how the tiny diffusion causes the essential change of the phase plane structure of the

dynamic behavior of the delayed neural networks.

2. System descriptions

Consider the following switched neural networks with time-varying delays and reaction-diffusion terms

Byg; x) =D, Ay(t, x) — Coy(t, x) + Ay g(¥(t, X)) + Bog(y(t — 1), X)) + J», (t,x) € R, X Q,,
.1

yi(tax) :07120, xeag(}', = 172a"' » N,

where Q, C R" is a bounded domain with smooth boundary 9, the state variable y(t,x) = (y(t, x), y2(%, x),
-+, ya(t,x))T with y; representing state variable related to a neuron. J, = (Jo1,---,Jpn)] € R” is the constant
external input vector, and both D, and C,; are positive definite diagonal matrices, in which D, represents the diffusion
coefficient matrix, and C,, represents the connection weight matrix of neural network. Besides, A, and B, both are the
connection weight matrices of neural network. For each x € Q, g(y(t, x)) = (g1 (1 (#, X)), - -+ , € (Vn(t, 0N’ represents
a time-dependent signal function vector. 7(¢) represents the time delay required for signal transmission from neuron j
to neuron i, satisfying 0 < 7(f) < 7. Assumed that y7(x) = (f (x),-- -, yjf(x))T is a nontrivial stationary solution of

reaction-diffusion switched system (2.1), then y? (x) satisfies two equations of the system (2.1), in addition,
—Coy7(x) + Agg(y7 (%)) + Bog(y7 (1)) + Jo £0,  x € Q. (2.2)

Of course, the sufficient condition should be given to ensure the existence of such nontrivial stationary solution.

Set u(t, x) = y(t, x) — y7(x), then the system (2.1) is translated into the following system:

) Dy Mt ) = Ctt, ) + A (1, 0) + B fut = 70, ). (1) € B x
ot (2.3)

ui(tax) :O,Z>Oa xeaQa’a i= 1,2,"' >N,

4



https://doi.org/10.20944/preprints202004.0277.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 April 2020 d0i:10.20944/preprints202004.0277.v1

where f(u(t, x)) = g(y(t, x)) — g7 (x)), f(u(t — 7(t), x)) = g(y(t — 7(¢), x)) — g(»” (x)). Here, the nontrivial stationary
solution y?(x) of the system (2.1) corresponds to the null solution of the system (2.3).

Besides, we may equip the system (2.3) with the initial value:

ui(s,x) = ¢i(s,x), -1 <5 <0, x€Qp, 2.4)

where (¢, (s, X), $2(s, X), -+ , da(s, X))T = ¢(s, x), and each ¢;(s, x) is bounded on [, 0] X Q.
Throughout this paper, we make the assumptions as follows,

(A1) There is a positive definite diagonal matrix G = diag(Gy, G», - ,G,) such that
lgi(s) — gDl < Gils -1, VYs,teR;
(A2) There are three positive real numbers A € (0, 4,1), ¢ > 0 and @ € (0, 1) with (@ + 1)A < A, such that
0< [ - (C(,- +(1+ a)/U)v +Arg(v) + BogW) + Jy | < cE, YveR”"

where 4,1 > 0 is the first positive eigenvalue of the Laplace operator —A on the Sobolev space WOI’Z(QU), I is the
identity matrix, and E = (1,1,--- , )T € R".
Define the switching law as follows,

switching law §: At each switching we determine the next mode according to the following minimum law :

o(f) = argmin(y — y”)T[( ~ 251Dy —2C, + A;AT + B,BT + G + equGZ) + ‘I’](y —y%). (2.5)

($1) Choose the initial mode o () = ip, if (y(tp, x) — y7(x)) € T},.
(&2) Foreach t > 1y, if o(t7) = i and (y —y7) € Y}, keep o(¢) = i. On the other hand, if (") =i but (y —y”) ¢ Y;.
i.e., hitting a switching surface, choose the next mode by applying (2.5) and begin to switch.

Here, ¥ is a positive definite symmetric matrix with AW > 0, and Y, is defined as follows,

r, = {y e R"|(y - y‘T)T( — 201Dy — 2Cy + AyAT + ByBL + G? + €7qG + lP)(y ) < o},
where Ay, P represents the minimum of all the eigenvalues of the symmetric matrix ¥ > 0.
Definition 1.([42]) Let  be a real C! functional defined on a Banach space X. If any sequence {u,} in X with

Y(u,) — a and ||’ (u,)|| — O has a convergent subsequence, and this holds for every a € R, one says that i satisfies

the (PS) condition.

Lemma 2.1.([32]) Let 3 be a Banach space, and R is a closed convex set. If ¥ : & — K is a compact mapping such
that for any ¢ € R with ||¢|| = M, the inequality ¢ # rZ(¢) holds for each r € [0, 1], where M is any given positive

constant, then there exits at least a fixed point of T, say, ¢ € K with ||¢|| < M.
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Lemma 2.2. ([42]) Let H = H; ® H, be a Banach space, and H; is a finite dimension subspace. If ¢ € C '(H,R),
satisfying ¥(0) = 0, the (PS) condition. Besides, for some ¢ > 0, the following conditions hold,

P y(u) < O0ifu e Hy with |lul| < 6;

P2) ¥(u) > 0if u € H, with |ju|| < 5;

(P3) ¢ is bounded below, satisfying infy ¢ < 0,

then y owns at least non-zero critical points.

3. Main results

Theorem 3.1. Suppose that the conditions (A1) and (A2) hold, then the system (2.1) possesses a positive bounded
stationary solution y”(x) for x € Q, with )]s, = 0. In addition, there is a sequence of nonnegative constants
N
Bo(oc=1,2,--- ,N)with ) B, =1and 0 < B, < 1 and positive constants y € (0, A,;n ¥¥) and g > 1 such that
o=1
N

Z ﬁg( — 251Dy — 2C, + A,AT + 35,35) +G*+7gG* + ¥ <0, 3.1

o=1
then the null solution of the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is

exponentially stable.

n
Proof. Firstly, we denote ||u;|| = ./ fQ |Vu;|2dx, and |lul] = Y |lu;||l. Besides, denote by I the identity matrix. If the
” i=1

stationary solution of the system (2.1) exists, we may denote y7(x).

Define the operator 901 : [C(Q_(,)]" — [C(Q_J)]” as follows,

“A-1 0 0 0
0 -A-210 0

Mm=| o o (3.2)
0 0 0 ~A-2

Due to 0 < A < A4, the operator 91 has the inverse operator M~ as follows,

(—A—/l)_l 0 o --- 0
0 (=A=' 0 - 0
=] o | (33)
0 0 0 o (=A=a)!

where ! : [C(Q_U)]" - [C(Q_U)]” is a linear compact positive operator ([13]). It is obvious that [ - (C(T +(1+

a)/ll)y’f(x) + Ayg(y7 () + Byg(y7 (x)) + J,-| is continuous for all the variables x, y{,-- -,y . Define

R = {p(x) € [CQN": ¢(x) =0, x € Q; ¢(x) = 0, x € IO,
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then R is a positive cone, which must be a closed convex subset of [C (Q_g)]”. Define an operator T : & — R such that
T =M atp + M} [ - (cg +(1+ a/)/ll)go + Arg(@) + Bog(p) + Jr

Because 0! is the linear positive compact operator([13]), we can conclude from (A1) and (A2) that T : & — Risa
positive compact operator.

Next, we claim that ¥ satisfies all the assumption conditions of Lemma 2.1, which implies that ¥ has at least a
fixed point in R .

Indeed, if it is not true, there must be {r,,} C [0, 1] and {¢,} C K with

n = 1T () = 1M g, + rnsm-l[ - (ca T+ aw)son + Arg(n) + Bugln) + I (.4)

and

llopll = My, — +00, 1 — +oo.

The compactness of bounded closed sets in a finite dimensional space yields that there is a subsequence of {r,},
SaY7 {rn} SuCh that lim ry = rop.

Let
_ %
llall”
then it is easy to conclude from (3.4) and (A2) that if r,, — r¢ € [0, 1],

n

L= Lo eR Ll =1 (3.5)
In fact, (A2) yields

[ - (C(, +(1+ a')/ll)(p + Apg(@) + Bog(e) + J,

llell

—-0eR", n—-o o

Besides, since 9t~'a Al is a linear positive compact operator, and {£, } is a bounded set, we know that { a9 e,

is a sequential compact set. By means of the suitable choice of subsequence, we can get
I alg, = Lo,
which together with (3.4) implies

-1| _
o s, O (Cok (1 e+ Avgian) + Boglon + s

Clieall el llnll

n

—£o,

hence || £, = 1 = ||£o]| and
Lo(x) =0, xeQ,. (3.6)
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In fact, Wé’z(Qg) is a Banach space, and hence £, — £ yields £o(x)lsq, = 0. Besides, MLy(x) = rpelLo(x), x €
Q..

Denote £4(x) = (lp;(x), - - - , lon(x))T. Poincare inequality and Dirichlet boundary value yields

f [Vioi(x)dx =(road + 1) f (x)dx
Q, Qy

al+ A4
/l(rl

(3.7)
<

f Vin(0Pdx, Vi,
Q;

which together with £y(x) € W,?(Q,) yields (3.6).
This contradicts ||£o|| = 1, which means that there exists y” € 8 such that y7 = Ty with |[y7|| < M, and y“ is a
bounded positive solution of the system (2.1).

Next, we consider the following Lyapunov functional :

V= f (t, x) = y7 1T [y(t, x) — Y7 (x)]dx = f ul (¢, X)u(t, x)dx. (3.8)
QU- Qo‘

Set

e"/’f ul (¢, Out, x)dx, >0,
Ut u(t, x)) = e
f ul (¢, X, x)dx, te[-1,0],

o

It is obvious that U is continuous for r > —7. Fort > 0 and y > 0,

Now we claim that there is a positive constants Cy > 1 and K € R with K > 1 such that
U(t,u(t,x)) < KCollgll;, V1= 0, (3.9)

where lgll; = sup [, ¢7(s, (s, vdx.
SE[—T,

Indeed, suppose this claim is not true, then there must be a ¢ > 0 such that U(z, u(t, x)) > KCol|¢||>. Obviously,

(3.9) holds for ¢ € [—7, 0], and hence there must exist t* > 0 such that
U, u(t*, x)) = KCollgll; and  U(t,u(t,x)) < KCollgll2, Y1 € [0,77],
and hence
U, u(t*,x) = KCollgll}  and  U(t,u(t,x)) < KCollpliz, ¥t € [-7,1]. (3.10)

Let ¢ > 1, and due to U(0, u(0, x)) < KC0||¢||$ = U(*, u(t*, x)), there is t** € [0, £*] such that

1
U™, u(t™) = =KCollgllz < KCollgll? = U(t*, u(t*));
q (3.11)
U@, u(t™) < Ut u(t, x)) < UE,ut)) = KCollgll2, Ve[, 1].

It follows from (3.10), (3.11) and the definition of U(t, u(t, x)) that for s € [—7,0] and ¢ € [£**, ¢"],
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f e [uT (1 + s)u(t + s)]dx
Qs

eMU@+ s,u(t+s), t+s=0
Ut + s,u(t+5s), t+s<0 (3.12)

Le VUt + s,u(t + )

gqf [u” (¢, X)u(t, x))dx,
o)

o

which yields that for any s € [, 0],

f ! (t — T()u(t — (1)dx < e7q f ul (¢, Ou(t, x)dx, tel[f™, 1] (3.13)

- Q,

On the other hand, the condition (A1) yields

u" Ao f@) + T WAL =(AZw) fu) + £ (u)(Alu)

<u’ (AyAD)u + u” G?u,

and

u” By f(u(t — t(x), x)) + fT (u(t — 7(x), ) BLu <u” (BoBDyu + u” (t — 7(x), ©)G*u(t — 7(x), x).

Now, we calculate the derivative ‘il—‘t/ alongside with the trajectories of the system (2.1) or (2.3) as follows,

6;—‘; =2f uT(t, x)[DUAu(t, x) — Cou(t, x) + Ag f(u(t, x)) + By f(u(t — 7(2), x))|dx
Q,

< f ul (1, x)( — 24Dy —2Cy + A;AT + B, BT + Gz)u(t, x)dx
Q(r

+ f ul (1 = 7(x), x)G?u(t — 7(x), x)dx,
Q

o

which together with (3.13) implies that

dv
= < f ul (t, x)( —24,D, —2C, + A;AT + B,BT + G + quGZ)u(t, x)dx, t € [t7,1]. (3.14)
Qs

For any given t > ty, according to the switching law §, when o(+7) = i and u(t, x) € Y;, then keep o(¢) = i, and
we can conclude that

av

< f W1, x)( — 20Dy —2C, + A, AT + B,BL + G + equGz)u(t, X)dx

(3.15)
< = Amin PV, u(t, x)), t €[, 1].

When o(+7) = i and u(t, x) ¢ (;, which means that the trajectory hits a switching surface. On the other hand, it is not

N
difficult to deduce from (3.1) that | Y; = R" \ {0}, which together with the minimum law (2.5) yields (3.15), too.
i=1
Thereby, it follows from the definition of U(t, u(t, x)) that
dU
E = (Y - /lmin‘P)U([’ u(t’ -x) < 0’ te [t**,t*],
9
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which derives that U(¢*, u(¢*)) < U(#**,u(t**)). This contradicts (3.11). So we have prove the claim (3.9), which
means

e f u® (1, Yyu(t, x)dx < KCollgll>, V>0,

o

or

2 2 -
lully2q,, < KColldllre Y. V=0,

which implies that the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is expo-

nentially stable. O

Remark 1. Under the assumption conditions of Theorem 3.1, the positive bounded stationary solution of the switched
delayed reaction-diffusion system (2.1) is exponentially stable, too. Particularly, in the case of o(f) = iy or N = 1,
the system (2.1) is the common delayed reaction-diffusion system without any switches. Theorem 3.1 includes the
exponential stability in the classical sense for the positive bounded stationary solution of the following common

delayed reaction-diffusion system:

6yg; x) =DAy(t, x) — Cy(t,x) + Ag(y(t, x)) + Bgy(t — (1), x)) + J, (t,x) e R, X Q,

vi(t,x) =0,t >0, x€0Q, i=1,2,--- ,n.

(3.16)

Remark 2. Generally speaking, the positive bounded solution is the nontrivial stationary solution in the practical
engineering sense. Besides, the following system of algebraic equations is composed of n equations about n unknown

variables Y1, Y5,--- .Y, :
—CoY+A;g(Y)+B,gY)+J,=0, Y, eR,i=12---,n, (3.17)

where Y = (Y}, Y, -+, Y,)T. In most cases, J, # 0 means that the zero solution is not the solution of the equations
(3.16). Moreover, we have to point out the fact that except the zero solution, other constant equilibrium points are
not the solutions of the system (2.1), even in the Sobolev space W(}’Z(QU). Thus, in Theorem 3.1, we select a positive

bounded stationary solution as the reasonable nontrivial equilibrium solution to be investigated.

Remark 3. For the first time, Theorem 3.1 shows the two sides of the diffusion phenomena in practical engineering.
In fact, the item —21,1 D, in the condition (3.1) illuminates that the poincare inequality makes diffusion promote the
stability of the reaction-diffusion neural networks (2.1). On the other hand, the condition (A2) explains why diffusion
makes it more difficult to judge the stability. Indeed, the condition (A2) is rather harsh, and if this condition is not
satisfied, we can not judge the stability of the positive bounded stationary solution y*(x) for the reaction-diffusion
cellular neural networks (2.1) with time delays. Moreover, if y(¢, x) = y(¢) in the reaction-diffusion system (2.1), then
the corresponding ordinary differential equations model of the system (2.1) is follows as,

i)

- () + Ae8(V(D)) + Bog(y(t = 7)) + J5, 12 0. (3.18)

10
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It is obvious that the constant equilibrium point y* of the system (3.18) satisfies the algebraic equations (3.17). And
obviously the stability of he constant equilibrium point y* of the system (3.18) do not need the harsh condition (A2) at
all. This illuminates that there are big differences between the stability criterion of the nontrivial stationary solution
¥*(x) and that of the constant equilibrium point y* . However, in previous related literature [1,2,15,16], for example, in
[1], due to the poincare inequality or its other forms, there is completely similar between the stability criterion of the
system (1.1) and that of its corresponding ordinary differential equations model (1.3) because the equilibrium point
satisfying (1.2) is just the constant equilibrium point. That is, [1, Theorem 1] only shows one side of the diffusion
phenomena which promotes the stability of reaction-diffusion neural networks. So are those of previous related
literature [2-10] and the references therein (or, see, e.g. Theorem 3.2, Remark 7-8). Here, the constant equilibrium
point includes the case of the null solution in previous literature (see, e.g., [3, 8-10]). For example, in [8, theorem
4.1], the null solution of reaction-diffusion neural networks is only the transformation of constant equilibrium point

of its corresponding reaction-diffusion neural networks.

Remark 4. Particularly in the case of o(f) = iy or N = 1, the switched reaction-diffusion system is the common re-
action diffusion neural networks (3.16) without any switches. Theorem 3.1 includes the classical exponential stability
criterion in this case. In Theorem 3.1, the inevitable diffusions in real engineering are conducive to the stability of
the system, but also makes the dynamic behavior of the system more complex and difficult to judge its stability. This

explains the reason why we need to study the stability of reaction-diffusion neural networks system.

Remark 5. To show the fact that the constant equilibrium point of the delayed reaction-diffusion models for all neural
networks (not only the cellular neural networks) is trivial, which implies that there are completely similar stability
criteria between the constant equilibrium point of reaction-diffusion neural networks (partial differential equations)
and that of its corresponding ordinary differential equations, we may consider the stability of the constant equilibrium
point of the following delayed reaction-diffusion Cohen-Grossberg neural networks which is the partial differential

equations model studied in [2]:

Ou;(t, x “ -
gt ! i, ) - aitut, | Bit 0) = Y i it 0) = Y dgyuse w0, + L 120,121,
j=1 j=1
(e, ) =m0, ) + ) mshi( =70, %), 1=, 0 <10 <15, ¥,
j=1

(3.19)

ui(t,x)=0, t>0,x€0Q,i=1,2,---,n,

u;i(s, x) =¢i(s,x), -7<s<0, 7= max 7,
1<j<n

where all the variables, coefficients and functions are defined in [2], which are different from those of our Theorem
3.1. We always assume u;(}, x) = u;(t, x). Below, we will give two completely similar criteria for the stability of the

constant equilibrium point of the system (3.19) and its corresponding ordinary differential equations:

11
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d ; n n
U0 = D[ 0) = Y i) = Y dug e =T B 10,020,
j=1 j=1
w(t) =m0 + ) migh (e = T0), 1= 1, (3.20)
j=1
u;(s) =gi(s), -T<s<0, 7= 1r22_1<x T, i=12,--,n
/RN

For the convenience of readers, we may copy the assumption conditions in the document [2] as follows,
(H1) Each function a;(#) is bounded, positive and continuous, i.e., there exist two positive diagonal matrices

A =diag(A,A,, -+ ,A)and A = diag(Zl,Zz, e ,Zn) such that

0<A <aiu) <A, YueR, Vi

=i

(H2) Each function b;() is monotone increasing, i.e., there exist a positive diagonal matrix B = diag(B,, B2, - , By,)

such that
bi(u) — b;(v)

u-—-v

> B;, Yuviu+v)eR, Vi

(H3) There exist three positive diagonal matrices F' = diag(Fy, F»,--- , F,), G = diag(G1,G3,--- ,G,) and H =
diag(H, Hy,- - , H,) such that

i) — fi i) — gi hi(u) — h; .
0 WSV p g 8WZs0) o g LMW ZRV) Vi, v #v) €R, Vi.
u—v u—v u—v
It is obvious that the system (3.19) and its corresponding ordinary differential equations (3.20) own the same
constant equilibrium point u* = (u}, -+ ,u;)” € R*if u* = (uf,--- ,u};)" satisfies

biu;) - Zl ciifi(u) Zl dijg () +1; = 0,
& . Vi, j=1,2,-,n. (3.21)

(m; = Dui(t") + Z nijhi(u}) =0,
=

Theorem 3.2. Under assumptions (H1)-(H3), if the following conditions hold:

(C1) there exists a positive diagonal matrix P > 0 such that

—2PAB + F> PA|C| PA|D|
¥=| |cTap i 0 |<o,
IDT|AP 0 -1
where R = diag(r, 12, ,74), |Cl = (I¢ijDuxn> ID| = (Idij)nxn, I = diag(1,1, -+, 1);

A9y g = Amn® o AnnG®
(C2) a= AP > AP b > 0, where

® = 2PAB - PA|C||CT|AP - PAID|D"|AP - F> > 0;

12
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(C3) there exists a constant ¢ such that § > In(pe'")/t, where A > 0 is the unique solution of the equation A = a —

.
be', and p = max{l, 21'“3;(:;,‘“3) + u"‘“‘ﬁli\:PPNH)eM}, M = diag(my,ma, - ,my), N = (n;j)nsn, H = diag(Hy,--- , Hy);

then we have the conclusions:

(1) the constant equilibrium point u* of system (3.20) is globally exponentially stable with convergence rate
q p y g y exp y 4
n AT
L - ey,
(2) the globally exponential stability of the equilibrium point u* of system (3.20) directly yields that the equilibrium
point u* of system (3.19) is also globally exponentially stable with the same convergence rate %(/l - %) , which

implies that the diffusion promotes the stability, or the diffusion is not harmful to the stability.

Proof. Firstly, we may prove the first conclusion of Theorem 3.1 involved in the system (3.20).
Next, for any given i, let y;(¢) = u;(¢) — u;, where u* is the constant equilibrium point of the system (3.20). Then

the system (3.20) can be transformed into

d ; . . n " n _
yd—f’) =- al-(yl-(n)[b,-(y,-(t)) = D eifi i) = Y Ayt =), 20,1 %1,
j=1 J=1
Yit") =miy; (7)) + Z nhi it —T,(0), =t (3.22)
Jj=1
Yi(s) =¢i(s) —u;(s), -T<s<0, 7= max 7, i=1,2,---,n

where @,(yi(1) = a;(yi(t) + u}), bi(yi(0)) = biy(t) + u}) — bwl), f;0;1) = fily;(®) + uy) = fiw?), g;(v;(0) =
100 + 1) = g, hy(yj(0) = hj(y;(0) + u?) — () for all i, j = 1,2, ,n.

Similarly as the proof of [2, Theorem 3.1], we may set up the Lyapunov function as follows,
V(o)=Y OPY() = YT 0)IPIY ()],

where Y(1) = (yi(2), - -, yu(D)', P = diag(p1, pa,-++ , Pn)-
For the case of ¢ # f;, we compute the Dini derivative of 17(t) alongside with the trajectories of (3.22),
D*V(t) = = 2YT()PA(Y(D)B(Y () + 2YT () PA(Y (1)) CE(Y(9)) + 2YT ()PA(Y())DG(Y(t — (1))
<= YT OIOIY 0+ YT (1 — 7(1)GPY (t - 7(1))
<=av( + bV,
where A(Y (1)) = diag(ai(y1()), -+, an(ya(0)), BY(®) = Bi(y10)), -+ . bau@NT, FX () = (fi1(®), -, i)
G(Y(®) = G1(1(D), -+, 8T, G (t = T(1)) = (G131 (7 = T1(D))s s Bt = Ta(ON) .

When ¢ = #;, using the similar methods in the proof of [2, Theorem 3.1] results in that

— Amax(PMP) — Amax(HNTPNH) —
Vi) = Y (1)PY ) < 220 PMPVG oy o Ao N PNH) -y
/lminP /lminP
Now it follows from (C1), (C2), (C3) and [2, Lemma 2.2] that
— — —(1- ln(pfh) )
V() < p[V(0)]ce w120,

13


https://doi.org/10.20944/preprints202004.0277.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 April 2020 d0i:10.20944/preprints202004.0277.v1

or
n(peT
V@ =y @ —w) = NTOYm < 222l O, e -, 1>,
/lmmP
which has proved that the equilibrium point u* of system (3.20) is globally exponentially stable with convergence rate
% (- ln(pe 0y,

Finally, we shall prove the second conclusion of Theorem 3.2.
Indeed, let Y(z,x) = u(t,x) — u*, where the constant equilibrium point u* = (uj,--- ,u;j)T is a constant vector

satisfying (3.21) for all x € Q with u*|sq = 0, then the system (3.19) can be transformed into

dyi(t, x)

2 e, 3) = @it D) Biitr, 1) - Zcijﬁ(yj<t, D)= D A= T, 0)|, 1> 0,1 %1,
j=1 j=1

W2 =m0+ ) gl =0, 0), 1= 1, 0 <70 < 75 Y,

J=1

yit,x) =0, t>20,x€0Q,i=1,2,---,n,

(3.23)

yi(s,x) =¢i(s,x) —u;, -1<s5<0, 7= max 7,
1<j<n

where y;, &, b;, fj, gjand h; all are defined as those of [2].

f IVu(t, )2 dx > 4, f ul(t, x)dx
Q Q

On the other hand, the Poincare inequality and the Dirichlet zero boundary value yields

Y7 (1, X)PRAY(, x)dx = — f piri ) (7=)%d
-1 f p,-r,-y?(t, x)dx <0
A Z}]

where A; is the smallest positive eigenvalue of the following eigenvalue problem:

(3.24)

—Ap(x) =Ap(x), xe€QcR™,
e(x) =0, x€0Q.

Constructing the Lyapunov functional as follows,

V(t) = fQ Y7 (1, x)PY(t, x)dx = fg [Y7 (¢, )|P|Y(t, x)|dx
For the case of ¢ # f;, we compute the Dini derivative of V(¢) alongside with the trajectories of (3.23),
D* V(1) = fg [ —2YT (1, ))PA(Y (1, X)) B(Y (1, x)) + 2Y " (1, ) PA(Y (1, x))CF(Y (1, X)) + 2Y" (1, ) PA(Y (1, X)) DG (Y (t — 7(t), x)) |dx
< fg [ — YT, 0IOY(E, )| + YT (t — 7(8), )G Y (t — 7(£), x) |dx

< f [ —aV(t,x) + bV, )], |dx,
Q

14
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where X, E, F. s G all are defined as those of [2]. Completely similar as the proof of the first conclusion of Theorem

3.2, we can also obtain

PMP HNTPNH
V) = f VG, 0PY g, 0dx < 222 P ey A FNEND)
Q min min
and
n e,ir
V@) < pIVO)re 5, 1> 0,
or

/lm XP _ 1y Inett)
f Wt ) = u) (ult, ) — u)dx < [ P2ml |y f YT(0, 0¥ (0, dx], e 0D >0,
Q Amin P Q

which has proved that the equilibrium point #* of system (3.20) is globally exponentially stable with convergence rate
| In(pe'™)
2= =5

In fact, due to (3.24), the globally exponential stability of the equilibrium point u* of system (3.20) directly yields
that the equilibrium point u* of system (3.19) is also globally exponentially stable with the same convergence rate

%(/1 - %) , which implies that the diffusion promotes the stability. The proof is completed.
O

Remark 6. Due to (3.24), we can know from two conclusions of Theorem 3.2 that the stability criterion of the
constant equilibrium point of delayed reaction-diffusion neural networks (3.19) is same as that of its corresponding
ordinary differential equations (3.20). So we only need to study the ordinary differential equations model if we only
study the stability of the constant equilibrium point. In the other word, if if we only study the stability of the constant
equilibrium point, the reaction-diffusion partial differential equations model is unnecessary. What’s the problem? So,
in this paper, we should investigate stability of the nontrivial stationary solution of neural networks, rather than that
of the constant equilibrium point. Moreover, under Dirichlet zero boundary value, we have to point out that except
the zero solution, other constant equilibrium points are not the solutions of reaction diffusion neural networks, even

in the Sobolev space WS’Z(Q).

Remark 7. Obviously, [2, Theorem 3.1] is the direct corollary of our Theorem 3.2 due to the Poincare inequality. In

fact, the condition (C1) of [2, Theorem 3.1] is as follows,

~2IPR 0 0
Y=¥+| 0 0 0[<O (3.25)
0 00

and the condition (C2) of [2, Theorem 3.1] is as follows,

2
=b=>0, (3.26)
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where

® =2IPR+® > 0. (3.27)

Therefore, our Theorem 3.2 yields that all the conditions of [2, Theorem 3.1] are satisfied, which implies that [2,

Theorem 3.1] is the direct corollary of our Theorem 3.2.

Remark 8. [2, Lemma 2.1] is an approximation of the Poincare inequality. In (3.25)-(3.27), the Poincare inequality
play the key role, which illuminates the fact that the diffusion promotes stability. However, [2, Theorem 3.1] and our
Theorem 3.2 only point out that diffusion contributes to stability, and Theorem 3.2 does not reflect that diffusion makes
the dynamic behavior of the system more complex and it is more difficult to judge the stability of the system. So we
have reason to believe that the constant equilibrium point is indeed trivial, and only our Theorem 3.1 involved in the
stability of the nontrivial stationary solution points out the two sides of the diffusion phenomena in reality engineering
(see Remark 3 for details). So we should pay more attention to stability analysis of the nontrivial stationary solution

of reaction diffusion neural networks in the future, rather than the stability of the constant equilibrium point.

Remark 9. Particularly let a;(1;) = 1 and b;(u;) = b;u; with b; € R in the delayed reaction-diffusion Cohen-Grossberg
neural networks (3.19), then the Cohen-Grossberg neural networks (3.19) is reduced to the following cellular neural

networks

Ouy(t, x)

o =rA () = b6, 0) + ) cufy () + 3 dig it =70, 0) = L 1> 0,1% 1,

J=1 J=1

w(t*, x) =mau (e, x) + Z nihjui(t™ = 7;(®),x), t=4,0<1() <7}, V]
=

(3.28)

ui(t,x) =0, t>0,x€0Q,i=1,2,---,n,

ui(s, x) =¢;(s,x), —-T<s<0, 7= max 7,.
1<j<n

So the conclusions of Theorem 3.2 include the case of cellular neural networks.

Remark 10. Below, we shall employ a simple example to show that although the diffusion coefficients may be very
small, the topological structure of the phase plane of the dynamic behavior of the following reaction-diffusion system
is likely to change substantially from a constant equilibrium point of the following system (1.3) to multiple stationary
solutions of the reaction-diffusion system. Therefore, many global stability results of delayed neural networks in the
form of ordinary differential equations may only be locally asymptotical stability criteria in real engineering. So, in

this paper, we have to investigate the stability of reaction-diffusion neural networks with time delays.

[31, Theorem 1]. Suppose that there exists a positive constant i; such that

lfiw) = fFON < Llu—vl, wveR, i=12--,n, (3.29)
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then the constant equilibrium point of the following system (cellular neural networks):

d l n n )
d—’; = —cixi() + ; ai; fi(x;(0) + ; biifi(xft =T, + Jiy  i=1,2,---,n. (3.30)

is globally exponentially stable if there exists a nonsingular matrix N such that

~pp(=NCN™") = TINAIIINYI, > DINBI,IN7"I, > 0, (3.31)
where [ = max [; and p = 1,2, co.
1<i<n

Remark 11. To give a simple proof of the idea of Remark 10, we may consider the following cellular neural networks

in the case of n = 2,

d
0 = e @)+ an AO) + @) + bifital = Ta0) + bz Aol - Ta0) +
(3.32)
d
xjf” =~ ea(d) + @ fix1(0) + am fo(ea(D) + barfi (1t = T1(D)) + baa foralt = T2(0)) + I,

where J; = 0.6, J, = 0.3, fi(x;) = j(0.05x; - %) for j = 1,2, and l_j = 0.05/, then I = 0.1, and hence the condition
(3.29) holds. Besides, let N = diag(1, 1), and

C1 0 1 0 ayn  an 02 02 b]] b12 0.05 0.05
C= = , A= = , B= = , (3.33)
0 (&) 0 1.8 azy d» 04 04 b21 b22 0.1 0.1
% = —x; +0.2(0.05x; — k) + 0.2(0.1x, — k) + 0.05(0.05x,(t — 71) — k) + 0.05(0.1x2(t — 72) — k) + J, k =0.5J,
=
% = — 1.8x; + 0.4(0.05x; — k) + 0.4(0.1x5 — k) + 0.1(0.05x,(t = 71) = k) + 0.1(0.1x2(t — T2) — k) + J», k=J,

(3.32%)

d
k=057, Ji=06 | =t =—x +020.05x) +0.2(0.1x,) + 0.05(0.05x,(t — 71)) + 0.05(0.1x5(t — 72))

= =1 &
k=J,=03 =2 = 1.8x3 + 0.4(0.05x) + 0.4(0.1x3) + 0.1(0.05x,(t — 71)) + 0.1(0.1x,(t — 72)),

dt
(3.32 % %)
Let p=1and N = I = diag(1, 1), then

—ui(-NCN™") = INAILIIN"'l; = 1.8 = 0.1 X 0.6 = 1.74 > 0.1 x 0.15 = [|NB||;IN""|I; > 0,

and hence the condition (3.31) holds. Therefore, according to [Theorem 3.1], the constant equilibrium point x* =
(x7, x;)T of the cellular neural networks (3.32) is globally exponentially stable, where the constant vector x* = (x7, xZ)T

is the unique of the following equations

0 =—crxi +an filx1) + appfo(x2) + b1 fi(x1) + biafo(x2) + Jy
(3.34)

0 =—cxp + az fi(x1) + an fo(x2) + ba1 f1(x1) + ba fo(x2) + J>.
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Direct computation on the equations (3.34) results in the fact that the constant vector x* = (x7j, x;)T =(0,0)". So we

have concluded the following true proposition due to [31, Theorem 1]:

Proposition 1. In the delayed reaction diffusion cellular neural networks (3.32), let J; = 0.6, J, = 0.3, fi(u;) =
J(0.05u; - 073) for j = 1,2, and other data are defined in (3.33), then there is the unique constant equilibrium point
x* = (x,x5)" = (0,0)" is globally exponentially stable.

Below, we shall prove that although diffusion coefficients (D; = 0.003, D, = 0.006) both are very small, the

following reaction diffusion cellular neural networks

a
% = D Auy(t, x) — cru (8, x) + apy fi(u, (¢, x)) + ap fr(us(t, X)) + byy fi(u (¢ — 71(2), X)) + bpfo(ua(t — 12(2), X)) + J1, t = 0, x € Q,
a
% = D) Aus(t, x) — coua(t, x) + azy fi(u (¢, x)) + axn fr(us(t, X)) + byy fi(u1(t — 71(2), X)) + b fo(ua(t — 72(2), X)) + Jo, t = 0, x € Q,

ui(t,x)=0, x€dQ, i=1,2,
(3.35)

owns at least two equilibrium points, where the corresponding ordinary differential equations model of the system
(3.35) is the system (3.32) under the same data in Remark 11. This will illuminate that the globally asymptotical
stability of the ordinary differential equations model (3.32) in Proposition 1 or [31, Theorem 1] may be the locally

asymptotical stability as best possible in reality engineering because diffusion is inevitable in practice.

Theorem 3.3. In the delayed reaction diffusion cellular neural networks (3.35), let D; = 0.003, D, = 0.006, J; =
0.6, J, = 0.3, fi(u;) = j(0.05u; - %) for j=1,2,7=0.5 Q= (0,1) x (0, 1), and other data are defined in (3.33),
then there are at least two equilibrium solutions (a constant zero solution (0, 0)” and another stable positive stationary

solution u(x), x € Q with ulsg = 0) for the delayed reaction diffusion system (3.35).

Proof. By means of direct calculations, we know the system (3.35) is just the following system

Ouy(t, x)
ot
Ouy(t, x)

=0.003Au; (¢, x) — 0.99u; + 0.02u,(, x) + 0.0025u; (t — 71(5), x) + 0.005u,(¢ — 72(¢), x)), t = 0, x € Q,

=0.006Auy(t, x) + 0.02u;(z, x) — 1.76us(t, x) + 0.005u,(t — 71(¢), x)) + 0.01u(t — 72(2), x), t > 0, x € Q,

ui(t,x) =0, xe€dQ, i=1,2,
(3.36)

or
Oul(t, x) =DAu(t, x) — Cu(t, x) + Af(u(t,x)) + Bf (u(t — 7(1), x)) + J,  (,x) € R, x Q,
” (3.37)
u(t,x)=0,t>0,x€0Q, i=1,2,--- ,n,

where J; = 0.6, J, = 0.3, fj(x;) = j(0.05x; - %) for j = 1,2, and matrices C, A, B all are defined in (3.33). Besides,

(Dl 0
D=

0 0.006

0003 0 ]
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and the stationary solution u(x) of the system (3.36) or (3.37) must satisfy

0.003Au; — 0.99u; + 0.02u, + 0.0025u;(x) + 0.005u,(x) = 0, x € Q,
0.006Au; + 0.02u; — 1.76u> + 0.005u;(x) + 0.01ur(x) = 0, x € Q,
ui(x) =0, xe€dQ, i=1,2,

It is obvious from (3.36) that the zero solution is a constant equilibrium point of the system (3.36) or (3.37).
On the other hand, each f; is a Lipschitz continuous, and hence the condition (A1) of Theorem 3.1 is satisfied.
From Q = (0, 1) X (0, 1) and Remark 18, we can compute that 4; = 19.7392. Set 4 = 0.0001 € (0, 4;), ¢ = 10000 > 0

and @ = 0.0001 € (0, 1) with (e + 1)A < 4;. Now direct computation results in
0< [— (C+(1 +a/)/ll)v+Ag(v) +Bgv)+J|<cE, Vve R?,

where I = diag(1,1) and E = (1, 1) € R%. And hence the condition (A2) holds. In addition, let ¢ = 1.0001 > 1,
¥ = 0.000117, y = 0.00005, and L = diag(l_l, ) = (0.05,0.1), we can employ Matlab software to compute, verifying

the following inequality:

(— 24,D - 2C + AAT + BBT) +L2+7gG* +¥ <0,

which implies that the condition (3.1) holds. Now, according to our Theorem 3.1, there is a stable positive stationary

solution u(x), x € Q with u|so = 0) for the delayed reaction diffusion system (3.35). And the proof is completed.

Remark 12. There has always been a problem (see,e.g. Remark 8): whether is it the case in the literature([1-
10]) that the greater the diffusion, the more stable the system will be ? Now, our Theorem 3.3 illuminates that the
globally asymptotical stability of the ordinary differential equations model (3.32) in Proposition 1 or [31, Theorem
1] may be the locally asymptotical stability at best possible in reality engineering because diffusion is inevitable in
practice, and our Theorem 3.3 has verified that the positive stationary solution is stable due to our Theorem
3.1, which implies that the constant equilibrium point (zero solution) must be not globally stability in reaction
diffusion system (3.35). That is, the diffusion is a double-edged sword for the stability of delayed neural networks in
reality engineering, which is reflected in our Theorem 3.1.

In our Theorem 3.3, we have verified the idea of Remark 10 via the cellular neural networks in the case of n = 2.
Next, we shall verified it via the cellular neural networks in the case of n = 1.

Consider the following cellular neural networks (3.37) in the case of n = 1:

Bugt, x) =DAu(t, x) — Cu(t, x) + Af(u(t, x)) + Bf(u(t — (1), x)) +J, (#x)eR, xQ, QCR,
u(t,x) =0, 1t >0, x € 90Q, (3.38)

u(s, x) =&(s, x) is bounded in [-7, 0] X (0, 1).
19


https://doi.org/10.20944/preprints202004.0277.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 April 2020 d0i:10.20944/preprints202004.0277.v1

and its corresponding ordinary differential equation model:
dx(t
ax(t) =—-Cx(t) +Af(x(®) + Bf(x(t —t(@®)))+J, t=0,

dt (3.39)

x(s) =&(s) is bounded in [T, 0].

Similarly, [31, Theorem 1] yields the following proposition:

Proposition 2. In the delayed system (3.39), let f(x) = 0.05(x-6),C =1.8,A =0.2,B =0.1,J = 1.09, then there is

the unique constant equilibrium point x* = % = % is globally exponentially stable.

Proof. Direct computation derives that x = % = % is the constant equilibrium point of the system (3.39). Obvi-

ously, f is Lipschitz continuous function with Lipschitz constant [ = 0.05 , and the condition (3.29) of [31, Theorem
1] holds.
Let p=1and N = 1, then

1 (=NCN™") = [INAILIIN'[l; = 1.8 = 0.05 x 0.2 > 0.05 x 0.1 = [INB|;IN"'|l; > 0,

and hence the condition (3.31) holds. According to [31, Theorem 1], there is the unique constant equilibrium point

Xt = % is globally exponentially stable.

Theorem 3.4. In the system (3.38), set Q = (0,1) c R, D = 0.001,C = 1.8, A = 0.2,B = 0.1,J = 0.09,
f(m) = 0.05(u — 6), then there are at least two equilibrium solution for the system (3.38), including a nontrivial

stationary solution and a constant solution u*(x) = % = % for all x € (0, 1) with u*(0) = u*(1) = 0.

Proof. Firstly, by direct computation, the system (3.38) becomes the following system:

Ou(att, ») =0.001Au(t, x) — 1.8u(t, x) + 0.01u(t, x) + 0.005u(t — (), x)+ 1, >0, xe€Q=(0,1),
u(t,0) =u(t,1) =0, (3.40)
u(s, x) =£(s, x) is bounded in [-7, 0] X (0, 1).

and its stationary solutions satisfy the following equation:

2
a M(zx) =1785u(x) — 1000, xeQ=(0,1),
- (3.41)
u(0) =u(1) = 0.

We may firstly solve the following homogeneous equation

d*u(x)
dx?

= 1785u(x)
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and obtain
u(x) = me V7 4 mye VI my my € R.
It is obvious that u = % is a solution of the first equation of (3.41).

Hence, the general solution of the first equation of (3.41) can be given as follows,

N
u(x) = mye V78 4 mye VI8 4 ﬂ, my,my € R.
357
Moreover, the Dirichlet boundary value yields
200
0 =u0) =my +my + 357°
N vigs | 200
0 =u(1) = mye V' + mye VI 4 357"

which implies that

200(e= V1785 — 1)

i :357(6\/1785 — o~ VIT85)
200(e V1785 — 1)

T 357(e VITS — o~ VITS)

Therefore, besides a constant equilibrium point u*(x) = 1932 = 23 for all x € (0, 1) with u*(0) = u*(1) = 0, the

system (3.38) also has a nontrivial stationary solution

0 = 200(6—\/%_1) Nt 200(€W_1) —\Wx_*_@ Yxel0,1]
Y 357 T _ o V) 357(e VI — VT S

O

Remark 13. From Theorem 3.4, we know, although the diffusion coefficient D = 0.001 is very small, the topological
structure of the phase plane of the dynamic behavior of the reaction-diffusion system is likely to change substantially
from a constant equilibrium point of its corresponding ordinary differential equation model (see Proposition 2 or [31,
Theorem 1] ) to multiple stationary solutions of the reaction-diffusion system. Therefore, many global stability results
of delayed neural networks in the form of ordinary differential equations may only be locally asymptotical stability
criteria in real engineering. This means that we should study the reaction diffusion model for neural networks, rather

than ordinary differential equation model.

Remark 14. Besides [31, Theorem 1], there are many other literature involved in the globally asymptotical stability of
the unique constant equilibrium point of delayed ordinary differential equations models for cellular neural networks,
Cohen-Grossberg neural networks, Bidirectional Associative Memory (BAM) neural networks, and so on. For exam-
ple, [34, Theorem 2.1], [34, Theorem 2.2], [34, Theorem 3.1], [35, Theorem 1], [35, Theorem 2], [36, Lemma 1],
[36, Theorem 1-5], [37, Theorem 3.1], [38, Theorem 3.1], [38, Theorem 3.3], [39, Theorem 1], [39, Theorem 2] and
so on. Generally, under the common Lipschitz condition and some other conditions, the unique existence and global
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asymptotic stability of the constant equilibrium point of ordinary differential equations model for neural networks are
given in many previous related literature ([31,34-39] and the references therein). Limited to the length of the article,

we can’t point out one by one.

Theorem 3.5. Suppose that all the assumptions of Theorem 3.4 holds, then the constant equilibrium point u* of the
reaction diffusion system (3.38) is globally exponentially stable, where u* = u*(x) = 199 = 29 for all x € (0, 1) with

1785 ~ 357
u(0)=u*(1)=0.

Proof. Firstly, by direct computation, the system (3.38) becomes the following system:

Ou(t, x)
ot

u(t,0) =u(t,1) = 0,

=0.001Au(t, x) — 1.8u(t, x) + 0.01u(t, x) + 0.005u(t — (1), x) + 1, >0, xe Q= (0, 1),

u(s, x) =£(s, x) is bounded in [-7, 0] X (0, 1),

which is equivalent to the following system via the transformation y(, x) = u(¢, x) — u*:

a )
ygt 2 =0.001Ay(z, x) — 1.8y(z, x) + 0.01y(z, x) + 0.005y(r — 7(1), x), >0, xeQ=(0,1),

¥(t,0) =y, 1) =0, (3.42)
(s, x) =n(s, x)is bounded in [-7, 0] x (0, 1),

Consider the following Lyapunov functional:

V(t, y(t, x)) = f YA (t, x)dx,
Q

then the derivative ‘fi—‘t/ alongside with the trajectories of the system (3.42) yields

av(t, y(t, x)) _

p f 2y(t, x)(0.00lAy(t, x) — L.8y(t, x) + 0.01y(¢, x) + 0.005y(¢ — (1), x))dx
Q

< f ( ~0.0024; — 3.58)y2(t, X)dx + 0.005 f OA(t, %) + YAt — 7(0), X))dx
Q Q
=—(0.0021; + 3.58 — 0.005) f y2(t, x)dx + 0.005 f y2(t — (1), x)dx
Q Q
= —(0.0027* + 3.575) f y2(t, x)dx + 0.005 f V2 (t — 7(1), x)dx
Q Q

=—aV(t,y(t, x)) + bV(t,y(t — 7(2), x)),

where a = 0.0027% + 3.575, b = 0.005, satisfying a > b > 0. By employing the methods in the proof of [40,
Theorem 3], we can similarly derive that the zero solution of the system (3.43) is globally exponentially stable with the
convergence rate %, where A > 0 is the unique solution of the equation A+a+be'™ = 0. That is, the constant equilibrium
point u* of the reaction diffusion system (3.38) is globally exponentially stable, where u* = u*(x) = % = % for all
x € (0,1) with #*(0) = u*(1) = 0.
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O

Remark 15. Theorem 3.5 fully illustrates that the constant equilibrium point should not be investigated in in practical
engineering because diffusion inevitably exists in the real engineering whether the reaction diffusion system is close to

stability or reaches stable. Theorem 3.5 shows that the constant equilibrium point «* is globally asymptotically stable,

— 1000 _ 200

which implies that the equilibrium point u* must be the unique equilibrium solution, where u* = u*(x) = 755 = 557

for all x € (0, 1) with u*(0) = u*(1) = 0. and hence there should not exist any other equilibrium solutions for
the reaction diffusion system (3.43), which contradicts Theorem 3.4. In Theorem 3.4, we compute another
stationary solution for the system (3.43). So we should study the nontrivial solutions, for the diffusion is a double-
edged sword. That is , it is not the case in the literature([1-10]) that the greater the diffusion, the more stable the
system will be (see Remark 7).

Usually, if the activation function is strictly monotonous, the number the equilibrium points of the ordinary dif-
ferential equation model for cellular neural networks will be not more than three in the case of n = 1. Particularly in
many literature ([31,34-39]), under the Lipschitz conditions on activation functions, the equilibrium point is always
unique (see,e.g. [31, Theorem 1]). Now we consider whether the small diffusion makes the equilibrium point become
infinitely many nontrivial stationary solutions of reaction diffusion system under both strict monotonicity and Lips-
chitz continuity assumptions on the activation function. We thank that it may be possible. To show it conveniently,
we may assume that time delay is very small so that it can be ignored. Now, consider the following reaction diffusion

system,

ou(t, x)
ot

=DAu(t,x) — Cu(t,x) + Af(u(t,x))+J, t=>0,xeQ=(0,1),

2

bis
=0.1Au(t, x) — 2u(t, x) + 2 + E)f(u(t, x))+0, t>20,xeQ=(0,1), (3.43)

u(t,0) =0 = u(t, 1),

u(0,x) =£(0,x), VYxe(0,1).
At first, we recall that the first positive eigenvalue of the following eigenvalue problem is 1; = 7> = 9.8696 (see
Remark 18)
—u” (x) =Au(x),x € Q =(0,1)
u(0) =0 = u(1)
and then the second eigenvalue is A, > 7> (see,e.g. [33]).
Now we denote by uy, o the first positive eigenvalue and the second positive eigenvalue of the following eigen-

value problem :

—u” (%) + 20u(x) =Au(x),x € Q =(0,1)
(3.44)
u(0) =0 = u(1)

then yy =20 + A; = 20 + 7%, and s > 11 ([33]).
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Let

S@W) =1 u, uel[-1,1]; (3.45)

then f(0) = 0, and

usi, wu<-1I;
d
f = arw , uel-1,1]: (3.46)
du
1[%, u>l1

Itis obvious that f(@) is continuous for all @ € R, and f(w) is differentiable for all @ € R. In addition, |f'(@)| < 1

for all w € R. Obviously, f’(w) > 0 and hence f(w) is a strictly monotonic function in R, and
lf(@) = fM=1f O lo-V<|lm-v, YoveR, (3.47)

where 6 € [w,v] or 6 € [v, w].

F(u)zf) fdv

—1 U 1
f f(v)dv+f F(W)dv = %u% Fuk g u<-L
& = (3.48)
2

=9 —u, uel[-1,1];

2
! . 9 4 1
ff(v)dv+ff(v)dv=—u§—2u+—, u>l.
0 1 4 4

It is obvious that

fim £ _ o (3.49)

|u]—+0c0 uz

Theorem 3.6 In the reaction diffusion system (3.43), C = 2,A = 1,B = ’27—(2), J = 0, and the diffusion coefficient
D = 0.1, and f is defined in (3.45), which is strictly monotonous and Lipschitz continuous, then there are infinitely
many positive stationary solutions, infinitely many negative stationary solutions and zero solution, or there are at least
three equilibrium solutions including two non-zero stationary solutions and a asymptotically stable zero solution, for

the reaction diffusion system (3.43).

Proof. Firstly, we shall prove that the zero solution u = 0 is the constant equilibrium point of the system (3.43), which
is asymptotically stable.

Indeed, we consider the following Lyapunov functional

V() = f W (1, x)dx,
Q
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and calculate the derivative ’2—‘: along the trajectories of the system (3.43) as follows,

vy _

2
o L 2u(t, x)(O.lAu(t, x) = 2u(t,x) + 2 + %)f(u(t, x)))dx

2

< jg; [( —-24; x0.1 - 4)u2(t, x) + 2u(t, x)(2 + %)f(u(t, X))]dx
2

- f||<1 [( 027 - 4)“20, x) + 2u(t, x)(2 + %)u(t, X)]dx

71'2 1
+ f ( —027 - 4)u2(t, )+ 2u(t, D2 + )b (1,x) + 2)]dx
<- 10
+

dx

|
1
f . ( -0.27% - 4)u2(t, x) + 2u(t, x)(2 + %)(3,4%(;, xX)—2)
w1
—0- (0.2712 + 4) f . (uz(t, X) = 3ut (8, x) — 2ut, x))dx
- (0.2712 ; 4) f (u2(z, ) = 3ud (1, %) + 2u(t, x))dx
w1

<- (0.27r2 + 4) fugl ((—1)2 —3(=1)7 - 2(—1))dx

—(0.27r2+4)f (12—3>< 15 +2x l)dx
uz>l

<0’

which together with the definition of the functional V implies that the zero solution # = 0 is asymptotically stable,
where A; = 72.
Next, we shall prove the other conclusions in Theorem 3.6.

In fact, the stationary solution u(x) of the system (3.43) must satisfy

2
0 =0.1u"(x) — 2u(x) + 2f (u(x)) + 71T—0f(u(x)) +0, 1>20,xeQ=(0,1),

u(0) =0 = u(1),

or

— " (x) + 20u(x) = (20 + P f(u(x)), =0, xeQ=(0,1),
(3.50)
u(0) =0 =u(1),

For any u,v € WS’Z(O, 1), we define the inner product as follows,

(u,v) = f W' () (x) + 20u(x)v(x))ds,
0.1

and then the induced norm ||u|| = \/ f(o 1)(Iu’(x)lz + 20u2(x))dx. For convenience, we denote by H = {u € W(;’Z(O, 1):

|lu]| < +oco} the normed space. Then the corresponding functional of the equation (3.50) is as follows,

1 1
Y(u) = Euun2 - (20 + %) F(u)dx = §||u||2 -1 f F(u)dx.

.1) 0,1)
Obviously, ¢ € C'(H,R). And each critical point of the functional i is a stationary solution of the system (3.47).
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Next, we claim that (u) is bounded below. In fact, if it is not true, there must exist a sequence {u,} -, C H such
that

Y(up) —» —co,  as |luy|l — oo,

which implies that < C, where C > 0 is a constant. Let v, = then {v,} is bounded in the Hilbert space H,

||u I
and hence there is v € H such that v, converges weakly to v in the space H, v, — v in L?(0,1) with p > 2, and
vu(x) = v(x), a.e. in (0, 1).

On the other hand, the condition (3.49) yields that there exists C; > 0 big enough such that 2F(u) < %uz for all

|u] > Cj. So the definition of F yields

2 2 2 2 2 2
C _wtwy Ml ~ Joupy rttndx = fo (201 Fuy) = pyugldx Ml - Jouy rttadx = [, o 2 Fuy) = g )dx

=

> P _
el = a1 2l | 2lluy |
letnll® = [ 1287 x = C
=
2llu, | ’

which together with v, — v in L?(0, 1) and the weak lower semi-continuity of norm implies

lim sup [[v,|* < M1f vidx < |MIP < Timinf [[v, 1%,
(0,1) n—oo

n—oo

which implies v, — vin H, |[v|| = 1 and g f v2dx = |v|]>. This shows that v is the eigenfunction in the eigen-

(0.1)

subspace with one dimension of the eigenvalue y;, and hence [v| > 0 . Besides, v, = ﬁ — v means |u,(x)| —
n

+ooa.e.x € (0,1). In addition,

1 1
€ >yt = 3P = o f(o o = 5 f 2001 Fuy) — 12(0)ldx

©.1)

1
> - - [2F (u,) — uﬁ(x)]dx — +o00,
2" Jon

which implies that ¢ is bounded below.
The poincare inequality derives

20
f ' Pdx < |lull* = (I () +20u*(x)dx < (1 + =) ' [*dx,
©,1) ©,1) A1 Jon

and then
Iu Pdx < llull < /(1 + —) | |?dx, (3.51)
(0 D
which implies the norm || - || is equlvalent to the norm of [41, Theorem 6]. Hence, to prove that the functional

satisfies the (PS) condition (see [41, Definition 3]), we only need to prove the boundedness of ¢ (see the proof of
[41, Theorem 6]). Moreover, owing to the boundedness of {¥(u,)}, it is not difficult to prove by the application of
reduction to absurdity that {u,,} must be bounded in H, similarly as the above-mentioned method in proving that i is
bounded below.

On the one hand, if infy ¢ > 0, we claim that there are infinitely many positive stationary solutions and infinitely
many negative stationary solutions for the reaction diffusion system (3.43) .
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Indeed, Due to the orthogonal decomposition of Sobolev space WS’Z(Q) ([43-45]), we may let H = E(u)®E(u;)™*,
where E(uy) represents the eigenfunction space of uy, and E(u;)* = E(uy) ® E(u3) @ - - - . Obviously, ¢ satisfies (P1).

In fact, if u € E(u;) with ||u|| < §, the equivalence of norms in each finite dimensional space yields
ull <6 = f lu(x)ldx < 61 = lu(x)| < 1, a.e.x € (0, 1).
0,1

where the positive number ¢ is small enough, and so is §;. And then

1
o) =3 llP - o f Fludx
0,1)

(3.52)

1 u?
=l ~ f Cdr=0<0, we Egu), Il <o
0,1)

which together with infy ¢ > 0 implies that all u € E(u;) with [|u|| < ¢ are the stationary solutions of the reaction
diffusion system (3.43). Moreover, E(u;) implies that there are infinitely many positive stationary solutions and
infinitely many negative stationary solutions for the reaction diffusion system (3.43).

On the other hand, if infz ¥ < 0, we see, the condition (P3) holds. Then we claim that at least three equilibri-
um solutions including two non-zero stationary solutions and a asymptotically stable zero solution, for the reaction
diffusion system (3.43) if infz ¢ < 0.

In fact, (3.52) implies that (P1) holds. In order to apply Lemma 2.2, we only need to verify the condition (P2) of
Lemma 2.2. Next, for u € E(u;)*, letu = v+ z, where v € E(u3), z € E(u3) ® E(ug) @ - - - . Then we get

1 1
W) ==l — gy f Fdx > 2 f Vdx + f 2d)+ 2 (1= 2P - f Flupdx
2 o1 2 Jo .1 2 M3 o1

1 1
L f Pdx - i f Fldx] + ~(1 = “2yp.
2 o1 o1 2 H3

Due to (3.48), there exists ¢ € (0, 1) such that 2u; F(u) = ,ulu2 < /le/tz if |u| < 6. Moreover, for this 6, there exists
correspondingly ¢, > 0 such that for u € E(up) with ||| < 62, we get |u(x)| < %, ae.x € (0,1) in view of the
equivalence of norms in finite dimensional space.
Define
Qr={xe0,1):|ux)| <d, Q={xe(0,1):|ux)| >}

Due to the orthogonal decomposition of the Sobolev space W(;’Z(O, 1) and u = v + z, we see, |lul]| < 62 = ||| < 62,
which implies

6 1 1
(x| < > < Elu(x)l, [zCOl = u(x)] = v(x)| = EIM(X)I, ae.x €.
Besides, (3.48) yields that there exists C. > 0 such that
1
IStouldx = Fw)] < Culuf* < 2C.JF, x € Q.

So we can see it from the orthogonal decomposition of the Sobolev space Wé’z(O, 1) and the Sobolev embedding
theorem that for all u € E(u;)*, there is Cy > 0 big enough such that
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1 1 1
W) =[2 102 f Wdx - i f Fdx] + ~(1 = P201P + (2 f Wdx - i f Fludx]
2 Q Q 2 "3 2 Q Q,

1
> - B2yp - 2c, f e dx
2 3 foN

1
>0 - B2 01207 = CollalP,
H3

which implies that ¢(«) > 0 for all u € E(u;)* with ||u|| < & by assuming that § > 0 is small enough. Now, according
to Lemma 2.2, we have proved the claim. And the proof is completed.

O

Remark 16. Under strict monotonicity and Lipschitz condition on activation function, there are at most three constant
equilibrium points in the reaction diffusion system of Theorem 3.6, in which only the zero solution is one of the
solutions of the reaction diffusion system, and other constants are not the solutions of the system at all. Even if one
of the conclusions of theorem 3.6 is two stationary solutions and one zero solution, these two station solutions are
not non-zero constant equilibrium points at all. In other works, the number of the equilibrium solutions changes from
three to five. Besides, Theorem 3.6 illuminates, it is possible that the small diffusion makes one equilibrium point

become infinitely many nontrivial stationary solutions of the reaction diffusion system.

4. Numerical example

Example 4.1. Consider the following switched financial system with N = 3,

oy(t, x
ygt ) =D Ay(t, x) = C1y(t, x) + A1g(y(t, X)) + Big(y(t — (8), x)) + J1, (£, x) € Ry xQ, A
(4.1a)
yi(t,x) =0, >0, x € 0Qy, i =1,2,
oy(t, x)
o =Dy Ay(t, x) — Coy(t, x) + Arg(¥(t, X)) + Bog(y(t — 7(1), X)) + J2, (1, x) € Ry X Qy,

P 4.1b)
Yi(t,x) =0, 1 >0, x € 0y, i =1,2,

and

ay(t, x)
yaz =D3Ay(t, x) = C3y(t, x) + Asg(y(t, X)) + B3g(y(t = 7(1), ) + J3, (1, x) € Ry X Q3, .
(4.1¢)
yilt,x) =0, >0, x € 0Q;3, i = 1,2,

or the following corresponding homogeneous equations:

OO D A 2) = €1, ) + At 0) + B flult = 70,30, (1.2) € By X €
5 (4.2)

ui(t,x)=0,t>0,x€dQ,, i=1,2;, oe{l,2,3}
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equipped with the initial value:
ui(ss x) = ¢i(s9 x)’ -7 < s < 0’ X € Qo’» o€ {19293} (43)

where Q; = [0, 10]x[0, 10], ©, = [0, 15]x[0, 15], Q3 = [0, 20]X[0, 20], 2;; = 0.1974, A; = 0.0877, A3; = 0.0493(see
Remark 5).

Set ¢ = 1000, 4 = 0.01, @« = 0.1, I = diag(1,1), D; = diag(0.01,0.015), D, = diag(0.015,0.02), D3 =
diag(0.01,0.015), C; = diag(0.46,0.4), C, = diag(0.44,0.43), C; = diag(0.48,0.44), A; = diag(0.48,0.5) + (1
a)Al, A, = diag(0.47,0.43) + (1 + @)Al, A3 = diag(0.5,0.4) + (1 + @)Al, B = diag(0.44,0.3) + (1 + a)Al, B,
diag(0.41,0.43) + (1 + @)Al, B3 = diag(0.46,0.48) + (1 + @)Al.

Set
0.01 0 0.015 0 0.01 0
Dl = 5 D2 = 5 D3 = >
0 0.015 0 0.02 0 0.015
046 O 0.44 0 0.48 0
Cl = 5 CZ = 5 C3 = >
0 0.4 0 0.43 0 0.44
0.491 0 0.491 0 0.511 0
A] = 5 AZ = 5 A3 = s
0 0.511 0 0.441 0 0.481

0.451 0 0.411 0 0.471 0
, By = , By = ,
0 0.441 0 0.421

0 0311
Let gi(y;) = 2200000 and then G = diag(0.51,0.51). Set |Jy| < 3(1,1)7, o = 1,2,3, then the direct

+

B =

calculation can verify that both conditions (A1) and (A2) hold. Let 7 = 0.5, = 0.0001, then employing computer

LMI toolbox to solve the inequality (3.1) derives the following feasible data:
B1 =0.4179, B, = 0.3315, B3 = 0.25006,

then the switched delayed reaction-diffusion system (2.3) equipped with the initial value (2.4) is exponentially stable
due to Theorem 3.1.

Due to the flexibility of J,-, we can easily select some J, such that there is no positive solutions for the algebraic
equations (3.17), and hence the positive bounded stationary solution of the system (4.1) is its nontrivial stationary

solution, which is exponentially stable.

Remark 17. In Example 4.1, the switched delayed reaction-diffusion system (4.2) equipped with the initial value
(4.3) is exponential stability with the convergence rate % Obviously, the larger the upper bound 7 of time delay, the

slower the convergence speed 7.

Remark 18. (see,e.g.,[14-16]) The smallest positive eigenvalue of —A,, in Wg’p 0,T)is

A (2 f(p—l)
1=\= E—
TR (o)
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IFQ={(x, %) :0<x <a 0<x, <B}cR?>and Wé’p(Q) with p = 2, the first eigenvalue 4; = (£)* + (%)2.

Besides, there is the following approximate substitution of Poincare inequality lemma :

Remark 19. Let Q be a cube |x;| < [;(i = 1,2, --- ,n) and let u(x) be a real-valued function belonging to C'(€2) which
vanish on the boundary dQ of Q, i.e., u(x)|sgo = 0, then

P
f [2(dx < P f |H 2y,
Q o O0x;

5. Conclusions and further considerations

By constructing a compact operator on a convex set, the author makes up for the loss of compactness in infinite
dimensional space. Using a fixed point theorem, variational methods and Lyapunov functional method results in
the existence positive bounded stationary solution, which is exponentially stable. Finally, a numerical example is
presented to illuminate the effectiveness of the proposed methods. It is worth mentioning that the newly-obtained
stability criterion illustrates that the inevitable diffusions in real engineering are conducive to the stability of the
system, but also makes the dynamic behavior of the system more complex and difficult to judge its stability. Of
course, some idea and methods of related literature ([1-51]) inspires our current work. Many innovations make the
stability criterion (Theorem 3.1) and other results of this paper novel and new (see Remark 1-16 and Theorem 3.2-3.5
for details). Now the main theorems and contents are listed as follows,

& For the first time, our Theorem 3.1 gives the existence of asymptotically stable positive stationary solution of
the reaction diffusion cellular neural networks with time delays.

& Our Theorem 3.2 points out that the reaction diffusion Cohen-Grossberg neural networks and its corresponding
ordinary differential equations model have the same unique constant equilibrium point which is globally asymptoti-
cally stable under the same assumptions. This means that it seems unnecessary to study the reaction-diffusion system.

& [31, Theorem 1] or Proposition 1 pointed out that the zero solution is the unique equilibrium point of the ordinary
differential equations model for the cellular neural networks with time delays. However, applying our Theorem
3.1 to prove our Theorem 3.3 results in that its corresponding reaction diffusion cellular neural networks owns two
equilibrium solutions, including the zero solution and the asymptotical stable positive stationary solution, which
implies that the globally asymptotical stability of [31, Theorem 1] or Proposition 1 may be locally asymptotically
stable due to the ineluctable diffusion in actual operation, which implies that the reaction diffusion model should be
studied, rather than the ordinary differential equations model.

& Our Theorem 3.4 points out that there exist two equilibrium solutions, including a constant equilibrium point
— 1000 _ 200

= 775 = 557 and another nontrivial stationary solution, for the reaction diffusion system. However, our Theorem

.
u(x 357

1000 — 2% i5 globally asymptotically stable, which means that

3.5 shows that the constant equilibrium point u*(x) = {7g5 = 55

the constant equilibrium point is the unique equilibrium solution of the reaction diffusion system. This contradicts

the conclusion of theorem 3.4, and this contradiction implies that the constant equilibrium points, except the zero
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solution, should not be investigated. Only the nontrivial stationary solutions should be studied in reaction diffusion
system. In fact, all the non-zero constant equilibrium points are not solutions of reaction diffusion systems, even in the
Sobolev space W(g 2(€Y). That is, non-zero constant equilibrium points are not in the phase plane of dynamic system.

& Under Lipschitz condition on the activation function, Theorem 3.6 illuminates that it is possible that the small
diffusion makes one equilibrium point become infinitely many nontrivial stationary solutions of the reaction diffusion
system (see Remark 16).

Finally, we do not know how to give the sufficient and necessary condition of the stability of the positive bound-
ed stationary solution for reaction-diffusion cellular neural networks though our Theorem 3.1 presents a sufficient
condition on the stability. This is an interesting problem.

Besides, under Lipschitz condition on activation function, Theorem 3.6 illuminates, it is possible that the small
diffusion makes the equilibrium point become infinitely many nontrivial stationary solutions of reaction diffusion
system. But in Theorem 3.6, we have not prove that the small diffusion must make the equilibrium point become
infinitely many positive stationary solutions of reaction diffusion system, because Theorem 3.6 owns another case of
three equilibrium points. How to improve the conclusion of our Theorem 3.6? or how to construct a new example to
directly prove that the small diffusion makes the equilibrium point become infinitely many positive stationary solutions
of reaction diffusion system? This is another interesting problem.
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