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ABSTRACT. In a generalized topological space T3 = (2, .7;), generalized in-
terior and generalized closure operators g-Intg, g-Cly : & (Q) — £ (Q),
respectively, are merely two of a number of generalized primitive operators
which may be employed to topologize the underlying set Q in the general-
ized sense. Generalized exterior and generalized frontier operators g-Extg,
gfry : Q) — 2 (2), respectively, are other generalized primitive op-
erators by means of which characterizations of generalized operations under
g-Inty, g-Cl; : P () — Z(Q) can be given without even realizing gen-
eralized interior and generalized closure operations first in order to topolo-
gize  in the generalized sense. In a recent work, the present authors have
defined novel types of generalized interior and generalized closure operators
g-Inty, g-Cly : P () — (), respectively, in Ty and studied their essen-
tial properties and commutativity. In this work, they propose to present novel
definitions of generalized exterior and generalized frontier operators g-Ext,
g-Fry : 7 (Q) — Z (), respectively, a set of consistent, independent axioms
after studying their essential properties, and established further characteriza-
tions of generalized operations under g-Inty, g-Cly : & () — £ (Q) in Tg.
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1. INTRODUCTION

Any T-set! in a T -space or Tg-set in a %—space generates a natural parti-
tion of points in its J-space or J-space into three pairwise disjoint classes whose
union is the underlying set of the 7-space or J-space. In the J-space, an or-
dinary partition is realized by the T-operators int, ext, fr : & (Q) — £ (Q)
(ordinary interior, ordinary exterior and ordinary frontier operators in ordinary
topological spaces) [Dix84, Gab64, Kur22, Lev61, Rad80, Wil70] and a generalized
partition by the g-T-operators g-Int, g-Ext, g-Fr : &2 () — 22 () (generalized
interior, generalized exterior and generalized frontier operators in ordinary topo-
logical spaces) [CJK04, Cs8, Cs7, JN19, LZ19]. In the J;-space, an ordinary par-
tition is realized by the Tg-operators intgy, exty, fry : & () — 22 (Q) (ordinary
interior, ordinary exterior and ordinary frontier operators in generalized topologi-
cal spaces) [Cs5, TC16] and a generalized partition by the g-T -operators g-Int,
g-Exty, g-Fry : & () — £ (Q) (generalized interior, generalized exterior and gen-
eralized frontier operators in generalized topological spaces) [Cs6, Mod17, SKK15].
Thus, int () Uext (L) Ufr () = g-Int (L) Ug-Ext (#)Ug-Fr () for any .# in the
T -space and likewise, intgy () Uexty (F) Ufrg (F) = g-Int (F5)Ug-Ext (S)U
g-Frg (S,) for any .7 in the Fy-space. From the first set-theoretic U-relation, it fol-
lows that g-Ext, g-Fr : &2 (2) — & (Q) are also essential primitive g-T-operators
in the study of T-sets in J-spaces, and from the second, it follows that g-Extg,
g-fry : 7 (Q) — Z(Q) are also essential primitive g-T -operators in the study of
Tg-sets in Jy-spaces.

Intuitively, the images of any T-set in a J-space under the ¥, g-T-exterior
operators ext, g-Ext : & (Q) — &2 (), respectively, are the complements corre-
sponding to the images of the T-set under the ¥, g-T-closure operators cl, g-Cl :
Z () — £ (Q) [Gab64, LZ19]. The images of the T-set in the J-space under
the T, g-T-frontier operators fr, g-Fr : & (Q) — 2 (Q), respectively, are the inter-
sections of its image under cl : &2 () — &2 () with the image of its complement
under cl : £ () — Z(Q) and, its image under g-Cl : & (Q) — () with
the image of its complement under g-Cl : & (Q) — 2 () [Gab64, LZ19]. When
(7,%,0-%) — (%,Tg,g—‘fg), the intuitive descriptions as to the images of any
Tg-set in a Tg-space under the T, g-Tj-exterior operators ext, g-Ext : & Q) —
2 (Q2) and the Ty, g-T -frontier operators fr, g-Fr : & (Q) — & (12), respectively,
follow.

Hence, in a 7 -space, the ordinary topologization of a set can be characterized by
specifying a Z-exterior operator ext : & () — & () or a T-frontier operator fr :
Z () — Z (), and the generalized topologization of a set can be characterized
by specifying a g-Z-exterior operator g-Ext : & () — Z(Q) or a g-T-frontier
operator g-Fr : & (Q) — £ (Q) [Gab64]. Similarly, in a Z;-space, the ordinary

INotes to the reader: The structures T = (©,7) and T3 = (Q, Jy), respectively, are called
ordinary and generalized topological spaces (briefly, .7-space and Jy-space). The symbols 7
and 7, respectively, are called ordinary topology and generalized topology (briefly, topology and
g-topology). Subsets of T and Ty, respectively, are called T-sets and T4-sets; subsets of J and
Ty, respectively, are called 7-open and Jg-open sets, and their complements are called 7 -closed
and Jy-closed sets. Generalizations of T-sets, .7-open and 7-closed sets in .7, respectively, are
called g-T-sets, g-7-open and g-7-closed sets; generalizations of Tg-sets, Jy-open and Jy-closed
sets in Jy, respectively, are called g-Tg4-sets, g-Ty-open and g-Z-closed sets. By a A-operator
is meant an operator using A-sets to characterize its argument, where A € {,%,9-7,9-T} U
{%,Tg,g-ng-fg}.
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topologization of a set can be characterized by specifying a T4-exterior operator
exty 1 & (Q) — P (Q) or a Ty-frontier operator fry : & () — £ (), and the
generalized topologization of a set can be characterized by specifying a g-% j-exterior
operator g-Ext, : & (Q) — £ (Q) or a g-T-frontier operator g-Fr, : & (Q2) —
2 () [LZ19]. Of all such primitive operators ext, fr, g-Ext, g-Fr : & (Q) —
Z () in T -spaces and exty, frg, g-Exty, g-Fry : #(Q) — Z(Q) in Jy-spaces,
ext, fr : & (Q) — & (Q) are the oldest, and g-Ext,, g-Fr, : & (Q) — & () are
the newest. Thus, the studies of primitive operators of these kinds have evolved
from the studies of ordinary exterior and ordinary frontier operators in ordinary
topological spaces to the studies of generalized exterior and generalized frontier
operators in generalized topological spaces.

In the literature of J-spaces on g-Tg-exterior and g-Ty-frontier operators, few
Mathematicians have introduced some new types of one-valued maps g-Ext g, g-Frg :
Z(Q) — Z(Q), studied and related to one another some g-Tg-exterior and g-Tg-
frontier operators properties in Jg-spaces similar in descriptions to g-%-exterior and
g-T-frontier operators properties in 7 -spaces [Kle77, Mod17].

In studying the properties of fi-open sets in Jg-spaces, [SKK15] have also used
these g-Ty-sets to define new g-Ty-exterior and g-Ty-frontier operators called fi-
exterior and fi-frontier operators and characterized by exty, bd; : £ (Q) —
Z (), respectively, and studied some of their properties. In studying the proper-
ties of A.-closed sets in F-spaces, [JJV14] have also used these g-Tg-sets to define
new g-%4-exterior and g-T4-frontier operators called A.-exterior and \,-frontier op-
erators and characterized by Ey_, F_ : & (Q) — & (Q), respectively, and studied
some of their properties. In a paper on base for J;-spaces, [KM11] have defined
a new g-Ty-frontier operator which may be called J-operator and characterized by
0: () — Z(Q) and studied some of its properties. In the paper of [Bool§],
the author gave the definition of g-T4-frontier operator called (, d (1))-frontier op-
erator and characterized by Fr¢ 5, : & (2) — £ () and utilized it to study
the properties of (5(,,) and (¢, d (u))-closed sets in strong Zg-spaces.

In view of the above few references, it follows that the subject-matter was given
little attention. In this paper titled Theory of g-T4-Esterior and g-T4-Frontier
Operators and subtitled Definitions, Essential Properties and, Consistent, Inde-
pendent Axioms, the authors attempt to add, in as unique and unified a way as
possible so as to offer a unified approach to many g-Ty-exterior and g-Ty-frontier
operators properties, a further contribution to the field with these two research
objectives in mind:

e 1. To present the definitions and the essential properties of a new class of
g-Tg-exterior and g-T4-frontier operators in Jg-spaces.

e 11. To discuss the consistency, independency of some sets of axioms for the
g-%4-exterior and g-Ty-frontier operators in J;-spaces.

These two research objectives form properly two separate sections and the rest
of this paper is structured in this manner: In SECT. 2, preliminary notions are
described in SUBSECT. 2.1 (ApPPX. A contains pre-preliminary notions extracted
from the pre-preliminary and preliminary sections of our sixth work titled Theory
of g-%4-Interior and g-Ty4-Closure Operators) and the main results of the theory
of g-T4-exterior and g-T4-frontier operators in Jy-spaces are reported in SECT. 3:
results associated with essential properties are given in SUBSECT. 3.1 and those
associated with the notions of consistent, independent axioms are given in SUBSECT.
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3.2. In SECT. 4, the establishment of the various relationships between these g-%-
operators are discussed in SECTS 4.1. To support the work, a nice application of the
g-T4-exterior and g-Ty-frontier operators in a J-space is presented in SUBSECT.
4.2. Finally, SUBSECT. 4.3 provides concluding remarks and future directions of
the theory of g-Tj-exterior and g-T,-frontier operators in J;-spaces.

2. THEORY

2.1. PRELIMINARIES. Foreign terms employed below are extracted from the pre-
liminary section of our sixth work titled Theory of g-%4-Interior and g-%4-Closure
Operators and are presented in APPX. A.

The discussion starts by introducing the definitions of the notions of g-% j-exterior
and g-Ty-frontier operators of category v in J-spaces. Taking g-Int , : Z(Q) —
& (1) as the primitive g-v-Tg-operator, they may be defined as thus.

DEFINITION 2.1 (g-v-Tg-Exterior, g-v-T,-Frontier Operators). Let T, = (Q, %)
be a J;-space. Then:
e 1. The one-valued map g-Ext,, : & (Q) — & (Q) on & () ranging in
Z () is called a ”g-Ty-exterior operator of category v” if and only if

(2.1) (V% € 2(Q)) [9-Exty, : S5 — g-Inty , 0g-Op, (F)].

e 1. The one-valued map g-Fr, , : & () — Z(Q2) on & () ranging in
2 (Q) is called a "g-T4-frontier operator of category v” if and only if

(VI e 2() ok, , « Sy — g—Opg< U g-Int , (%g)ﬂ
%gzygvg‘Opg (yg)

(2.2)

def def

The classes g-E [T {o- Extg, v € I} and g-F [T, {o- Frg, : v eIy}
are called, respectlvely, the class of all g-T4-exterior operators and the class of all
g-%4-frontier operators in T.

The g-T -operators g-Ext, ,, g-Fr,, : £ (Q) — 2 () may be chosen, evi-
dently, as primitive g-% -operators of category v in T.

REMARK 2.2. Observing that, for every v € I3, the g-v-Tj-exterior and g-v-T4-
frontier operators g-Ext ,, g-Fr,, : #(Q) — Z(Q) are based on the g-v-T;-
interior and g-v-T-closure operators g-Int, ,,, g-Cl; , : & (Q) — & (Q), it follows
that:

o1 (g-Extgﬂ,,g—Frgw) def (extg7frg) if based on the Tj-operators intg, clg

e II. (g Exty ,,,g Frg’l,) <of (g Ext,, g-Fr ) if based on the g-T-operators

g-Int,, g-Cl, : & (Q) — 7 (Q);

o III (g—Extg,V,g—Fr V) def (ext, fr) if based on the T-operators int, cl :
In this way, (extg, frg) is called a pair of ‘Tg-exterior and T4-frontier operators in a
Ty-space Ty = (2, Ty); (g—Extu, g-Flrl,)7 a pair of g-T-exterior and g-T-frontier op-
erators of category v in a 7 -space T = (2,.7) and (ext fr) a pair of f—exterior and

%-frontier operators in a J-space T = (2, 7). Accordingly, g-E [@] { g-Ext,,

g,
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v e I} and g-F [T] o {g-Fr, : v € I}. Then, g-E[T] and g-F [T], respectively,
denote the classes of all g-T-exterior operators and g-%-frontier operators in the

T -space T = (Q, 7).

3. MAIN RESULTS

Using the foregoing definitions, some essential properties as well as the consis-
tency, independency of some sets of axioms for the g-T4-exterior and g-Ty-frontier
operators in J;-spaces are presented below.

3.1. ESSENTIAL PROPERTIES. The discussion begins by giving some of the basic
consequences resulting from the foregoing definition.

In a Jy-space, the g-Tj-closure operator may also be used to define the g-% -
exterior and g-T-frontier operators as proved in the following proposition.

PROPOSITION 3.1. If (g-Exty, g-Fr;) € g-E[T4] x g-F [T4] be a pair of g-T,-exterior
and g-T ;-frontier operators g-Ext, g-Fry : & (Q) — & (), respectively, in a Ty-
space Ty = (R, Ty), then

(V.7 € 2(Q))[(9-Exty () +— g-Op, 0 g-Cl, (S))
(3.1) A(g-Frg (S) «— ﬂ%g:yg,g-Opg(yg) g-Cl, (%,))]-
PROOF. Let (g-Exty, g-Fry) € g-E[T,] x g-F[T4] be a pair of g-T -exterior and
g-T-frontier operators g-Extg, g-Fry : &#(Q) — & (Q), respectively, in a -
space Ty = (,.7,) and, let .75 € & () be arbitrary. Then, by virtue of the

definition of g-Ext, : & (Q) — £ (Q) together with the relation g-Int;, <—
g-Opg 0 g-Cl; 0 g-Opy, it results that

g-Exty: 7 ——  g-Int;0og-Op, (F)
+— g-Op,0g-Cl;0g-Op, 0g-Op, (F)
+— g-Op,0g-Cl, (S).

Hence, g-Ext, (#5) <— g-Op, 0 g-Cl,, (). Likewise, by virtue of the definition of
g-Fry : 7 (Q) — Z(Q) together with g-Int; <+— g-Op, o g-Cl; 0 g-Op, it results

that
g-Fr, . Sy — g—Opg( U g-Int, (%g)>

Ry=3,8-Opy(F)

+— g-Op, ( U g-Op, 0g-Cl; 0g-Op, (%’g)>
ﬁgzygwg‘opg(yg)

— N g-Opg 0 g-Opy ©g-Cly 0 g-Opg (%)

Ry=S4,8-Opy (Fy)
— ﬂ 9-Cly (%) -

%g:ygag‘Opg(yg)
Hence, g-Fry (%5) <— (g, =g-0p, (#,),7, Clg (Zg). The proof of the proposition
o(Fe);
is complete. Q.E.D.

That the g-T-frontier operator may be considered to establish the g-%  -interior
and g-T ;-closure operators follows from the following theorem.
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THEOREM 3.2. If g-Fry € g-F [Ty] be a g-T;-frontier operator g-Fry : ¥ (Q) —
P (Q) in a Ty-space T4 = (Q, Fy), then:

o 1. ;N g-Op,og-Try () «— g-Int, (F) VS e Z(Q),

o 1. Sy Ug-Tr () «— g-Cly () VI e Z2(Q).

ProOF. Let g-Fr, € g-F [T4] be a g-T-frontier operator g-Fr, : & (Q2) — £ (Q)
in a Jg-space Ty = (Q, F;) and, let 7 € & () be arbitrary. Then, since #; D
g-Int, and .75 N g-Int, 0 g-Op, (-#;) = 0, it follows that

S5 Ng-Opgog-bry (7)) +— SN < U g-Int, (%’g))
Rg=S4.8-0p 4 (L)

— U (S Ng-Int, (%))
'%g:ygag‘ol)g(yg)

—  SgNg-Inty (S) < g-Inty ().

Thus, .73Ng-Op, 0 g-Fry () +— g-Int, (#;). On the other hand, since g-Int; <—
g-Op, 0g-Cl; 0 g-Opy, it follows that

FeUeFry (%) «— FU g—Opg( U g-Int, (%’g))
Ky=4,8-Opy(F)

— SyU < ﬂ g-Op, o g-Int, (%g))
'%g:yg’g'opg(yg)

— N (S5 Ug-Cl (%))
Hy=4,8-Opy(F)

— Sy Ug-Cl, () «— g-Cly (S) -
Thus, 7, U g-Fr, () «— ¢-Cl; (#;). The proof of the theorem is complete.
Q.E.D.
Observing that, for any ./, € & (), it holds that
Sy Ng-Opyog-Fr, () +— g-Inty (F)
—  (FNng-Inty () N (L Ng-Intg0g-Op, (F))
SN (g-Int, (5) U g-Intg 0 g-Op, (S)),
and, for any Z,; € &7 (Q2), it also holds that
Gy Ug-Fry (%,) = 9-Cl (%)
> (%, Ug-Inty (%)) Ug-Fr, (%Zy) = Ry U g-Cl (%)
— Ry U (g-Int, (Z4) U g-Fry (%#,)) = %y U g-Cl (%) ,
an immediate consequence of the above theorem is the following corollary.

COROLLARY 3.3. If g-Fr, € g-F [Ty] be a g-T-frontier operator g-Fry : & (Q) —
P (Q) in a Ty-space Ty = (Q, Fy), then:
e 1. g-Opyog-Fry () «— g-Int, (F4)Ug-Int; 0 g-Op, (F) VI € Z(Q),
e 1. g-Inty () Ug-Fry () «— ¢-Cly (F) VIS e Z(Q).
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For any Ty-set in a Jj-space, its image under g-Ext, : & (Q2) — () is a
super-image of its image under exty : & () — & (Q) whereas, its image under
g-Fr, : Z(Q) — 2 (Q) is a sub-image of its image under fry : & (Q) — 2 (Q).
These are embodied in the theorem that follows.

THEOREM 3.4. If (extg,g—Extg) € E[%,] x g-E[Z4] be a pair of T4, g-T-exterior
operators exty, g-Exty : & () — & (), respectively, and (frg,g—Frg) e F[%,] x
g-F[Z,] be a pair of Ty, g-T,-frontier operators fr, g-Fr : & (Q) — Z(Q), re-
spectively, in a Ty-space Ty = (Q, Ty), then:

o 1. g-BExty () Dexty (Fy) VIQhe Z(Q),

o 1. g-Ir, () Cfrg () VI e Z(Q).

PROOF. Let (extq, g-Exty) € E[Ty] x g-E[T,] and (frg, g-Fr) € F[Ty] x g-F [T]
be pairs of T, g-T -exterior operators and Ty, g-T -frontier operators, respec-
tively, in a Jy-space T4 = (2, F) and, let Sy € 2 (Q) be arbitrary. Then, since
g-Int, () 2 inty (), it results that

g-Exty: 7 —— g-Int;og-Opy () 2 intg 0 g-Op, (F) ¢ exty (F) -

Thus, g-Ext, () 2 exty (7). On the other hand, since g-Int, (75) 2 inty (75)
implies g-Op, o g-Int, (75) C g-Op, ointy (), it follows that

g-fry Sy — g—Opg< U g-Int, (%g)>
%g:ygvg‘Opg(yg)

C g—Opg< U g-Int, (%’g)> — frg (Sy) -
'%Bzyg79‘OPg(yg)

Hence, g-Fr, (#4) C fry (7). The proof of the theorem is complete. Q.E.D.

REMARK 3.5. If the relation "g-Ext 7 exty” stands for "g-Ext, () 2 exty (S)”
and "g-Fry 3 fry,” for "g-Fry () C frg (F),” then the outstanding facts are:
g-Ext, : Z(Q) — Z(Q) is finer (or, larger, stronger) than exty : & (Q) —
P (Q) or, exty : P (Q) — P () is coarser (or, smaller, weaker) than g-Ext, :
Z(Q) — Z(Q); g-Fry : Z(Q) — P (Q) is coarser (or, smaller, weaker) than
frg : Z2(Q) — Z(Q) or, frg : Z(Q) — P (Q) is finer (or, larger, stronger) than
g-Fr,: 2 () — 2(Q).

The images of § € & (Q) under g-Ext, g-Fry : & (Q) — & (Q) in a Fy-space
are, respectively, the underlying set and itself as proved in the following proposition.
PROPOSITION 3.6. If (g-Exty, g-Fr;) € g-E[T4] x g-F [T4] be a pair of g-T,-exterior
and g-%4-frontier operators g-Exty, g-Fry : & (Q) — Z (), respectively, in a
strong Jy-space Ty = (2, Ty), then:

o 1. (g-Exty:0+— g-Op, (1)) A (g-Fry : 0 —0),
e 1. (g-Exty og-Op,: 0+ 0) A (g-Fry0g-Opg : 0 — 0).
PROOF. Let (g—Extg,g—Frg) € g-E[T,] x g-F [Ty be a pair of g-T-exterior and
g-T-frontier operators g-Exty, g-Fry : & () — Z(Q), respectively, in a strong
Tg-space Ty = (2, T). Then:
1. Since Ty is a strong Jy-space, implying g-Int, () = g-Op, (1), it follows that
g-Exty : ) — g-Int; 0 g-Op, (0) +— g-Int, (©2) = g-Op, (V).


https://doi.org/10.20944/preprints202003.0342.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 March 2020 d0i:10.20944/preprints202003.0342.v1

8 KHODABOCUS M. I. AND SOOKIA N. U. H.

Therefore, g-Ext, : § — g-Op, (#). On the other hand, since Ty is a strong J-
space, implying g-Cl; (0) = 0, by the relations g-Cl; +— g-Op, o g-Int, 0 g-Op,
and U%g:&g_opg(@) g-Int, (%) = g-Int, 0 g-Op, (1), it follows that

g-Fr .0 — g—Opg( U g-Int, (%@)
#q=0,g-Op, (0)

«— g-Op,og-Int, 0g-Op, (§) «— g-Cl, (1) = 0.
Hence, g-Fry : 0 — 0.
1. Since g-Int, () = 0 in T,
g-Extg 0g-Op, : ) — g-Int, 0 g-Op, 0 g-Op, () <— g-Int (9) = 0.
Thus, g-Ext,0g-Op, : ) = 0. On the other hand,

g-Fryog-Op,: 0+~ g-Op, U g-Int (%g)>
#3=9-Opy(0),0
> g-Fry (0) =0.
Hence, g-Fryog-Op, : () — (. The proof of the proposition is complete. Q.E.D.
For any T-set in a Jg-space, its image under g-Ext; : & (Q) — £ () is the
image of the complement of this image under g-Ext, : & (Q) — & (12) whereas,

its image under g-Fry : & (Q) — (1) is the image of its complement under
g-Fr, : 2 () — Z(Q). In the following theorem are proved these facts.

THEOREM 3.7. If (g—Extg,g—Frg) € g-E[T,] x g-F [Ty] be a pair of g-T-exterior
and g-% -frontier operators g-Exty, g-Fr, : & (Q) — Z (), respectively, in a
Tg-space T4 = (Q, Ty), then:

o 1. g-Exty () +— g-Ext;0g-Opyog-Exty () VS e Z(Q),

o 1. g-Fr () «— g-Try0g-Op, (F) VI e Z(Q).
PROOF. Let (g—Extg,g—Frg) € g-E[T,] x g-F [T,] be a pair of g-T -exterior and
g-% -frontier operators g-Extg, g-Fry : &2 (Q) — 2 (Q), respectively, in a -
space Ty = (2, 7) and, let .y € & (Q) be arbitrary. Then, the g-T -exterior
operation on g-Op,og-Ext, (/) € & (Q) under g-Ext € g-E[%,], taking into
account the definition of g-Ext; : & (Q) — & (Q), gives

g-Ext : g-Op, o g-Ext, () +— g-Int;og-Op,og-Op,og-Ext, (A)

«—  g-Intg o g-Exty ()
< g-Int, o g-Int, 0g-Op, ()
+— g-Int 0 g-Op, (S) +— g-Exty () -
Thus, g-Ext, () +— g-Extg 0 g-Op, 0 g-Ext (-75). In a similar fashion, the g-% -
frontier operation on g-Op, () € & () under g-Fr € g-F [T,] gives

g-Frgog-Opy (#) <— g-Opq ( U g-Int (%))
Z3=9-Op,y(F),8-Opy 0 g-Op,(Fy)

— g—Opg< U g-Int, (%g)) > g-Try ().
'%9:5”5;9‘0?3(5”13)
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Hence, g-Fr, (/) — g-Fr  0g-Op, (7). The proof of the theorem is complete.
Q.E.D.

For an arbitrary .; € &7 () containing another arbitrary 2, C .7, the state-
ments given in the following theorem holds.

THEOREM 3.8. If (g—Extg,g—Frg) € g-E[T,] x g-F [Ty] be a pair of g-T-exterior
and g-%4-frontier operators g-Exty, g-Fry : & (Q) — Z (), respectively, in a
Ty-space Ty = (2, Ty) then:

o 1. By C Sy € P(Q) — g-Exty (%) 2 g-Exty (F4),
o I By C .Sy € P(Q) — g-Fry (%) C S UgFr, ().

PROOF. Let (g—Extg,g—Frg) € g-E[T,] x g-F [Ty be a pair of g-T -exterior and
g-T-frontier operators g-Extg, g-Fry : #(Q) — & (Q), respectively, in a -
space Ty = (,.7) and, let (%4, %) € Z () x & (Q) such that Z; C 7 be
arbitrary. Then, since condition %, C .7 implies g-Int, (%,) C g-Int, (/) and
0-Op, (%) 2 9-Op, (), it follows that

g-Exty 1 Zy — g-Int; 0g-Opy (#,) 2 g-Int, 0g-Op, () +— g-Exty ().

Therefore, g-Ext, (%) 2 g-Ext, (-75). On the other hand, since Z; C . implies
g-Cly (F) 2 g-Cly (%) and S5 U g-Fry () «— g-Cly (F) 2 g-Fr, (F), it
results that

Sy Ug-Fry (Sg) «— g-Cl, (S) 2 g-Cl, (%y) — HyU g-Fry (Zq)
S gy (%)

Thus, g-Fr, (%) C S3Ug-Fry (7). The proof of the theorem is complete. Q.E.D.

For any T4-set in a J-space, the union of its images under g-Exty g-Frg, g-Intg :
2 () — 22 () is the underlying set itself as proved in the following proposition.

PROPOSITION 3.9. If (g-Ext, g-Fr, g-Int) € g-E [T;] x g-F [T4] x g-1[T,] be a triple
of g-%4-eaterior, g-T-frontier and g-T -interior operators g-Exty, g-Fry, g-Int, :
P (Q) — Z(Q), respectively, in a Ty-space Ty = (2, Ty), then:

(32) (VS € 2(Q))[g-Exty (F) Ug-Fr, (F) Ug-Int, () = Q.

PROOF. Let (g-Ext, g-Ir, g-Int) € g-E [T,] x g-F [T,] x g-1[T,] be a triple of g-T -
exterior, g-%;-frontier and g-T -interior operators g-Ext,, g-Frg, g-Int, : & (Q) —
Z (1), respectively, in a Jy-space Ty = (2, F;) and, let .7 € & (Q) be arbitrary.
Then, since the relation g-Cl; «— g-Op, o g-Int, o g-Op, implies g-Cl; 0 g-Op, —
9-Opy o g-Inty and g-Op, 0 g-Cl; +— g-Int; 0 g-Opy, it follows that

N oo —eon( U o)

.%g:yg,g—Opg(yg) ‘%E:yﬂlg_opg(yﬂ)
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and consequently,

Q = g-Op,og-Cl () Ug-Cly (F)
«— glntyog-Op, (S5 U (< N g-Cl, (%g)) U g-Int, (yg))
%g:ygvg‘OPg(yg)
+— g-Ext, (S) Ug-Op, ( U g-Int, (@@) Ug-Int, ()

@E=5ﬂg,g—0pg(yg)
——  g-Exty (S) Ug-Fry (F) Ug-Int, (7).

Hence, g-Ext, (#5) Ug-Fry (&) Ug-Int, () = . The proof of the proposition is
complete. Q.E.D.

For a Tg-set in a Fy-space to be a g-T4-set, it is necessary and sufficient that
its image under g-Fry : & () — £ () be contained either in itself or in its
complement. The proof of this statement is contained in the following lemma,
which will be helpful in the proof of the next theorem.

LeEmMMA 3.10. Let g-Fr, : Z(Q) — Z(Q) be a g-Tq-frontier operator and let
Sy € P (Q) be arbitrary in a Ty-space Ty = (2, Ty). Then:

o 1. /5€0g0[T,] «— g-Fry () C g-Op, (Z8)s

o 1I. S € g-K[T,] «— g-Fry (F) C 7.

Proor. Let g-Fr;, : & (Q) — £(Q) be a g-Ty-frontier operator and suppose
Sy € Z(Q) be arbitrary in a Jy-space Ty = (2, T). Then:

1. The supposition .#; € g-O [T,] implies g-Op, () € g-K[Ty]. Consequently,
0-Op, (F) = g-BExty (F) U g-Fry (F) 2 g-Fr, () and hence, g-Op, () 2
g-Fr, (7). Conversely, suppose the relation g-Fr, (/;) C g-Op, (-#5) hold. Then,
s € g-Op, (g-Exty (S) U g-Fry () 2 g-Fr (#)). By virtue of the rela-
tions g-Ext, () U g-Fry (F) U g-Int, () = Q and g-Op,, () C g-Ext, () U
g-Fr, (7)), it follows, obviously, that .7 C g-Int, (#;). Hence, 7 = g-Int, (-7})
and .7y = g-Op, (g-Ext, () U g-Fry (7)) € g-O [T,].

1. The supposition #; € g-K[%,] implies g-Op, (#5) € ¢-O[Ty]. Conse-
quently, g-Op, () = g-Exty(F). But, g-Ext, () = g-Op, (g—Intg (S5) U
g-Fr, (7)) € g-Opgog-Fr, (). Therefore, g-Op, (%) C g-Opgog-Fry ()
and hence, /3 2 g-Fry (7). Conversely, suppose g-Fry(7;) C ;. Then,
g-Fry () C 7 is equivalent to g-Inty () U g-Fry (F) € 7. By virtue
of the relations g-Ext, (75) U g-Fry () U g-Int, (F) = Q and g-Ext, () C
9-Op, (F), it follows, consequently, that 7y C g-Fry (#;) U g-Int (7). Thus,
Sy = g-Fry (S) U g-Int, () and 7 = g-Op,og-Ext, () € g-K[T,]. The
proof of the lemma is complete. Q.E.D.

In connection with the lemma just proved, the theorem follows.
THEOREM 3.11. Let g-Fry : & (Q) — P (Q) be a g-Ty4-frontier operator and let
Sy € P (Q) be arbitrary in a Ty-space Ty = (2, Ty). Then:

o 1. /5 €g-0[%,] — g-Fry (F) =9-Cly (F) Ng-Opy (S),
o 1. Sy €g-K[T] — g-Fry () =5 Ng-Op,yog-Inty (F).
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Proor. Let g-Fr, : & (Q) — Z(Q) be a g-Ty-frontier operator and suppose
Sy € P (Q) be arbitrary in a J-space T4 = (2, F;). Then:

1. The supposition .7 € g-O [T,] is equivalent to g-Fr, (#;) C g-Op, (7). But
since g-Op, o g-Int (75) 2 g-Op, (F4), it follows that

g-Fry (F) <= g-Frg () Ng-Opy (F4)
«— (g-Op,y o g-Inty (F) N g-Cly () Ng-Op, (F)
= g-Cly (S) Ng-Op, (S)-

Thus, g-Fr, () +— g-Cl; (#5) N g-Op, (F)-

1. The supposition .7 € g-K[%,] is equivalent to g-Fr, (7) C ;. But since
Sy 2 ¢-Cl, (F), it follows that

g-Fry () «— gFr (S) NS
«—  (g-Op, o g-Inty () N g-Cly (S)) N4
= 3 Ng-Opgog-Int, (L) -

Thus, g-Fry () «— 5 N g-Op, o g-Int, (7). The proof of the theorem is com-
plete. Q.E.D.

In connection with the theorem just proved, notice that the statement given

below holds:

o-Fry () «— by (F) NgFrg (F)

— (g—Clg (“4) N g-Op, (fg)) N (Yg N g-Op, o g-Int, (Yg)) = 0.

Accordingly, an immediate consequence of the above theorem is the following corol-
lary.
COROLLARY 3.12. If g-Fry : 2 () — Z(Q) be a g-T4-frontier operator in a
Tg-space Ty = (Q, Ty), then:
(33) (VFYe Z(0)[F € a0[T Ng-K[T,] — g-Fr, (F) =0].

For any Tg-set in a Jy-space, the images of its g-Tg-interior and g-T4-closure
points under g-Fr, : & (Q) — () are both contained in its image under
g-Fry : () — £ (Q). Such statement is proved in the theorem that follows.
THEOREM 3.13. If g-Fr € g-F [T4] be a g-T-frontier operator g-Fry : #(Q) —
P (Q) in a Ty-space Ty = (Q, Fy), then:

o 1. g-Fr, (F) 2 g-Fryog-Int, () VS e Z(Q),

o 1. g-Fr () 2 g-Fryog-Cly () VS e Z(Q).
ProoF. Let g-Fr € g-F [T4] be a g-T -frontier operator g-Fr, : & (Q) — £ (Q)
in a Jy-space Ty = (Q, F) and, let 75 € & () be arbitrary. Then, the following
proofs follow.

1. Since 7y 2 g-Int, () implies g-Int, () <— g-Int,og-Int, () and
g-Int 0 g-Op, (#4) C g-Int, 0 g-Op, o g-Int (), it follows that

g-Fry @ g-Int, () — g—Opg< U g-Int, (%g)>
Rg=g-Int ; (L ),8-Op, 0 g-Int; (F)

cowon( U et ) = ety (%),

Rq=4,8-Op4 (Z%)
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Thus, g-Fr, () 2 g-Fry o g-Int, () for every 7 € & ().
. Since &; C g-Cly () implies g-Int, () «— g-Int; 0g-Cl, () and
g-Int; 0 g-Op, (-#4) C g-Int, 0 g-Op, 0 g-Cl (-75), it results that

g-Fr, : g-Cl, () +— g-Opg( U g-Int, (%@)
Z3=g-Clg(#4),8-Opg 0 g-Cl (Fy)

c Q'Opg( U g'Intg (‘%9)> = g'Frg (yg) .
R3=S4,8-0p4(F5)

Hence, g-Fry () 2 g-Fryog-Cl; () for every 75 € &2 (Q). The proof of the
theorem is complete. Q.E.D.

THEOREM 3.14. If g-Fry : Z () — P2 (Q) be a g-Ty-frontier operator in a Ty-
space Ty = (R, Ty), then:

o I g-Fr (%N C U (5-Cl, (%) Ng-Fry (7)),
(%gf//g):(«%gvyg)’(yuv%g)

oL gFr (Z,U7)C | oFr, (%),
Uyg=R g,

for any (%4, %) € £ () x £ (Q).

Proor. Let g-Fr;, : & (Q) — Z(Q) be a g-Ty-frontier operator and suppose
(Zy, Sy) € P (Q) x & (Q) be arbitrary in a Jy-space Ty = (2, 7). Then,

gty Z;NSy — g-Opy ( U g-Int, (”Z/g)>
Uy=TyNFy,8-0p4 (BgNFy)

A ﬂ g'Clg (%g)

Uy=R NS 5,8-0py (ZgNFy)

(N ecn@)n( U soom0m,00)

Uy=R g,y Vo=Rg,s

Y ((% N 0l (%)) NeClyo-Op, (%))

Vo=%4:5 =Rg,%s

N

> U (0-Cly (%) N g-Frg (7).
(%, V3)=(R5,53) (Lo, %)

Thus,

g-Fry (%5 N.%) C U (5-Cly (%) N g-Fr, (1))
(%gvni/g):(%gvyg)v(ym‘%g)
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On the other hand,
Fry: By U Sy — g—Opg< U g-Int, (%)>
Uy=R VS ,8-Opy (%3UFy)
— ﬂ 9-Cly (%)

Uyg=R VS 4,8-0py (Z3UFy)

— (U so,@)nec,( N s0n00)

Us=R g, Vo=Ry,Fs

C ( U ecl (%))m( (1 9-Clyeg-Op, (%))
Uy=R g, s Vo=Ry,%s

- U ( m g'Clg (%g)>

Vo=Rg,Sg Us="s ,8-Opy (73)

— U 9-Op, < U g-Int, (%g)>

Va=%q,5q %g:”’/gvg'o?g("’/g)

— U g'Frg (7/9) .
Vo=R9,7y
Hence, g-Fry (%3 U %) € Uy, -2, 7, 9Frg (%;). The proof of the theorem is
complete. Q.E.D.

If Z4 N g-Cly () = 0 = 5 N g-Cly (%) be taken as additional condition,
then g- Cl (%4 05”) g-Frg (.% )N g- Frg (S) instead of g-Cly (%, N 7;) C
g-Frg (%g) N g-Fry (). Accordingly, the following corollary is an immediate con-
sequence of the above theorem.

COROLLARY 3.15. If g-Fry : Z(Q2) — Z(Q) be g Tg-frontier operator in a

)
0

Ty-space Ty = (2, Ty) and Xy N g-Cly (S) s N g-Cly (%) holds for any
(Zy, 75) € Z () x Z(Q), then
o I gy (%N ) = U (5-Cly (%) N g-Fry (7)),
(%g,79)=(Rg,75):(FLg, %)
o 1. g-Fr (%, U.7) = U o-Fry (%),

Uy =R g s
for any (%4, %) € P () x £ (Q).

THEOREM 3.16. If g-Exty : 2 (Q) — P () be a g-Ty-exterior operator in a
Ty-space Ty = (2, Ty), then:
o L gExty (Z,N.7) 2 (| oExty (%) V(%) € P (Qx 2 (),
Uy=Ry, Sy
o 1L gBxty (Z,US) C ) oBxty (%) V(% ) € P (Qx 2 ().
Vo=Ra,7s

Proor. Let g-Ext, : & (Q2) — £ (Q) be a g-Ty-exterior operator and suppose
(%q, ) € P (Q) x Z(Q) be arbitrary in a Jy-space Ty = (2, 7). Then:
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1. Since %, C ¥4 implies g-Ext, (%) 2 g-Ext, (¥5) for any (%4, 7)) € & (Q) x
2 (12), it follows, consequently, that g-Ext, (%, N-7;) 2 g-Exty (#;) and the re-
lation g-Ext, (%Z) N g-Exty () = g-Ext, () hold. Hence, g-Ext, (%5 N -7;) 2
Nay—, .7, 3-Exty (%)

1. Since %, C ¥4 implies g-Ext (%) 2 g-Ext, (¥) for any (%, 75) € & (Q) x
2 (2), it follows that Zy C %y U Sy and Sy C %y U S, imply g-Exty (%) 2
g-Ext, (#Zy U.7) and g-Ext, () 2 g-Ext, (#Z3 U.7;), respectively. Thus, it fol-
lows that g-Ext, (%, U.%) C UA,/g —,,7, TEXtg (74)- The proof of the theorem is
complete. Q.E.D.

PROPOSITION 3.17. If g-Exty : 2 (Q) — & (Q) be a g-Ty-exterior operator in a
Ty-space Ty = (R, Ty), then:

(3.4) gExty (ZyU.7) «— () oBxty (%).
Uy =Rg s
for any (%4, %) € P () x £ (Q).
ProOOF. Let g-Ext, : & (2) — £ (Q) be a g-Ty-exterior operator and suppose
(Zy, Sy) € P (Q) x & (Q) be arbitrary in a Jy-space Ty = (2, F;). Then:

g-Exty : #Z; U, —— g-Int;og-Op, ( U %g>

Ug=R g,y
— g—Intg( ﬂ g-Op, (%g)>
Uy=R g,y
— m g-Int,; 0 g-Op, (%) = ﬂ g-Exty (%) -
Ug=Rg,T s Ug=R g, s

Hence, g-Ext (%, U 7;) «— ﬂ% —a,,7, TEXt, (#4). The proof of the proposition
is complete. Q.E.D.

PROPOSITION 3.18. If g-Exty : Z(Q) — & (Q) be a g-Ty-exterior operator in a
Ty-space Ty = (Q, Ty), then:

(3.5) (V.S € 2 () [ S5 Ng-Exty (F) «— 0].

PrOOF. Let g-Ext; : & (Q2) — £ (Q) be a g-Ty-exterior operator and suppose
Sy € Z(Q) be arbitrary in a Jg-space Ty = (2, 7). Then, g-Ext, () «—
g-Int; 0 g-Op, (#;) C g-Op, (7). Thus 73 Ng-Ext,y () «— 0. The proof of the
proposition is complete. Q.E.D.

In a J;-space, g-topologies can be constructed by means of the g-Ty-exterior and

g-T4-frontier operators g-Extg, g-Fr, : & (Q2) — £ (Q), respectively as demon-
strated in the following theorem.
THEOREM 3.19. If (g—Extg,g—Frg) € g-E[Ty] x g-F [Ty] be a pair of g-T;-exterior
and g-%y-frontier operators g-Exty, g-Fry : & (Q) — Z (), respectively, in a
Ty-space Ty = (2, ), then the one-valued maps Tyr, Tgr : P () — Z (Q)
on Z(Q) ranging in P () defined as

o 1. Ty (Q) ¥ {0, € Z(Q): g-Extyog-Op, (0y) = O},
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def

o 1. Zur ()= {0y 2(Q): g-Fryog-Op, (Jy) C g-Op, (Ty)},

respectively, form g-topologies on § in the Jy-space T.

PROOF. Let (g—Extg,g—Frg) € g-E[T,] x g-F [T,] be a pair of g-T -exterior and
g-%-frontier operators g-Extg, g-Fry : &2 (Q) — 22 (Q), respectively, in a -
space Ty = (2, J,), and suppose Ty g, Ty r : £ () — & (Q) known. Then, for
TaB, Tgr 1 P () — £ (Q) to be g-topologies on 2, both must satisfy the axioms
for a g-topology on Q: Fya (0) = 0, Fya (0,) C O and Fya(U,ere Car) =
Uvers Zaa (Og) for every A € {E,F}; evidently, {0y, : v € I%} € #(2). The
corregcponding proofs follow.

I. Since g-Exty <— g-Int; 0g-Op, and, g-Int, (04) C Oy for any 0y € & (1),
it follows that

g-Extg 0g-Op, (05) < g-Int, 0 g-Op, 0 g-Op, (0y) = g-Int, () C O,

implying g-Ext,0g-Op, (0y) = Oy holds when &, = 0. Thus, Fy(0) = 0.
Since Zyu () C {0y € 2(Q) : g-Extyog-Op,(y) = Oy}, it results that,
for every (Oy, 45 (Oy)) € P () X T35 (Q), the relation F g (0y) C Oy holds.
Suppose {0, : v € I%} € () such that, for every v € I, the relation
g-Ext; 0g-Op, (0y,,) = Oy, holds. Then, since UVEI;o g-Exty0g-Op, (O4.) =
Uvers o-Inty (0g,) = g-Int, (Uuelgo O4,v), it results that

Uuel;ﬁgﬂ’ = U g'EthOg'Opg (ﬁg,l’)
velz,
= g—Intg( U ﬁg,,,) = g—Intgog—Opgog—Opg( U ﬁg,,,>
velz, velr,
= g-Ext, og—Opg( U ﬁg,,,>.

velz,

Hence, ‘%JE(UVEI;C Ogv) = Uuelgo Z4E(Ogy) and Fyp : Z(Q) — Z(Q) is a
g-topology on 2 in the J;-space Ty.

1. Since g-Fry +— g-Fr; 0g-Op, and, g-Int, (0,) C Oy for any 0y € & (), it
follows that

g-Fry 0g-Op, (0y) «— 9-0p9< U g-Int, (%)) C g-Op, (Gy),
Ky=04,8-Opy(0Ty)

implying 04 U g-Op, (0y) 2 U%g:ﬁg,g-opg(ﬁg)g‘lmg (#Z4) 2 O4. Consequently,
04 U g-Op, (04) 2 Oy and this relation holds when &y = (. Hence, 7 r (0) = 0.
On the other hand, because Zyr () € {0y € Z(Q) : g-Fry0g-Op, (0,) C
9-Op, (Og)}, it follows that, for every (O, Zyr (Og)) € Z(Q) x Ty (), the
relation Jyp (0y) C Oy holds. Suppose {0, : v € IZ} C 2 () such that,
for every v € I3, the relation g-Fr;0g-Op,(0y,) C g-Op, (0;,) holds. Then,
since g-Fry +— g-Fry 0 g-Opg and (,¢;- 8-Opg (Gy,) +— g-Opy (UDGI;C Ogv), it
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results that
g_Opg (UDGI;O ﬁgﬂ’) 2 m g'Frg °© g'Opg (ﬁgﬂj)

velz

— ﬂ g-Fr, (0,
vels

— ﬂ g—Opg( U g-Int, (%’w))
velr, Rg,0=04,,,8-004(04,)

s g-Opg U Q‘Intg(%g,V)>

(v, g,0) €15 % {0g.1,8-Op4 (O4.0) }
— g-Opg< U g-Int, (%g)>

‘%B:Uuel& ﬁD,Vig_Opg(UyeI;c ﬁg,V)
—> g—Frg< U ﬁg,u) — g—Frgog—Opg( U @’g,,,>
IJEI;O vels,
Hence, 9 (UyeI; Og) = Uuelgo Tgr (Ogy) and Typ : () — Z(Q) is a
g-topology on € in the ;-space T,. The proof of the theorem is complete. Q.E.D.

PROPOSITION 3.20. If g-Ext, : 2 (Q) — £ (Q) be a g-Ty-exterior operator
in a Jy-space Ty = (2, Ty), then the following logical implications hold for any
(Zy, Sy) € P () x P (Q):
(g-Extg 0 g-Op, o g-Ext, (%) 2 g-Ext (%))
/\(g—Extg (% N S) 2 g-Exty (Z4) N g-Exty ()

l

(3.6) g-Ext (%5 N g-Op, 0 g-Exty () 2 g-Exty ()

!

g-Exty (73 N g-Op, o g-Exty (7)) 2 g-Op, (7)) Ng-Exty ().

g

(
PrOOF. Let g-Ext; : & (Q) — & (Q) be a g-Tg-exterior operator in a Fy-space
Ty = (Q, F) and, for any (%4,.-75) € & (Q) x ( ), suppose the followmg logical
conjunction holds:

(g—Extg 0g-Op, 0 g-Ext, (%y) 2 g-Exty (%))
A(g-Ext, (Zy N Fy) 2 g-Exty (%Z4) N g-Exty (S)).

Set #y = g-Op, 0 g-Ext, (7). Then, by virtue of the logical statement following
A, it results that
g-Exty (73 N g-Op, o g-Exty (7)) 2 g-Exty () N g-Exty 0 g-Op, o g-Exty (S) .

But, g-Exty () N g-Exty0g-Opg o g-Ext, () 2 g-Exty () by virtue of that
preceding A. Thus, g-Ext, (75 Ng-Op, o g-Ext, () 2 g-Exty (). On the
other hand, since g-Ext, (/) 2 g-Op, (#4) N g-Ext, (#) for any 75 € & (), it
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follows that
g-Ext, (% N g-Op, o g-Bxty (7)) 2 g-Bxty () 2 g-Op, () Ng-Ext, (F).

Hence, g-Ext, (/5 N g-Op, o g-Ext, () 2 g-Op, () N g-Ext, (#). The proof
of the proposition is complete. Q.E.D.

ProprosITION 3.21. If g-Exty : & (Q) — £ (Q) be a g-Ty4-exterior operator
in a Jy-space Ty = (Q,.T), then the following logical implication holds for any
(Fo 7)€ 2 () x 2 (Q):

(g-Ext, (#4) C g-Ext, 0 g-Op, o g-Ext, (%))
A(g-Exty (%3 U 7y) = g-Exty (%Z4) N g-Exty ()

l

(3.7) g-Op, o g-Ext, (%) N g-Ext, (%4 U g-Opg o g-Exty (%)) =0

R4 U g-Opg o g-Exty (%)) N g-Exty (%4 U g-Op, o g-Ext, =0.
9 o) g

Proor. Let g-Ext, : &#(Q) — & (Q) be a g-Tg-exterior operator in a %—spaee
Ty = (Q, F) and, for any (Zy,-73) € & (Q) x & (Q), suppose the following logical
conjunction holds:

(g-Exty (%4) C g-Exty 0 g-Op, 0 g-Ext (%))
A(g-Extg (24 U 7y) = g-Exty (Z4) N g-Exty (S)).

Set .7y = g-Opg o0 g-Ext, (Zg). Then, by virtue of the logical statements follow-
ing and preceding the logical connective A, g-Extg (,9?9 U g-Op, 0 g-Ext, (,@g)) =
g-Exty (#Zy) N g-Exty 0 g-Op, o g-Ext (#y) = g-Exty (#y). Therefore,

g-Op, o0 g-Ext, (Z4) N g-Ext, (%g U g-Op, o g-Ext, (,@g))
= g-Op, o g-Ext (#Z,) N g-Exty (%) -
But, g-Op, o g-Ext, (%) N g-Exty (%) = 0. Thus,
g-Op, 0 g-Exty (%) N g-Ext, (9?9 U g-Op, o g-Ext (%g)) = 0.

Since %4 Ng-Exty (%4 U g-Op, 0 g-Ext (%)) «— Z4Ng-Ext, (#4) = 0 obviously,
9-Op, 0 g-Exty (%) N g-Ext, (%4 U g-Op, o g-Exty (%, )) = 0 implies

(%4 U g-Op, 0 g-Exty (%)) N g-Ext, (%4 U g-Op, o g-Ext (%)) = 0.
The proof of the proposition is complete. Q.E.D.

PrROPOSITION 3.22. If g-Ext, : & (Q) — £ (Q) be a g-Ty4-exterior operator
in a Jy-space Ty = (Q,.T), then the following logical implication holds for any
(Zg,7) € Z () x Z(Q):

(%4 N g-Exty (%) = 0) A (g-Exty (%) C g-Ext, 0 g-Op, o g-Ext,, (%))
A(g-Exty (#y U 7) = g-Ext, (%Z4) N g-Ext, (S))
(3.8) |
g-Op, o g-Ext, (Z4) N g-Ext, (%g U g-Op, o g-Ext, (%g)) = 0.
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PrOOF. Let g-Ext, : & (Q) — £ (Q) be a g T g-exterior operator in a J;-space
Ty = (Q, F) and, for any (%4, ) € & () x (Q) suppose the followmg logical
conjunction holds:

(%4 N g-Exty (%) = 0) A (g-Exty (%) C g-Extg 0 g-Op, 0 g-Ext, (%))
A(g-Extg (Z4 U 7y) = g-Exty (Z4) N g-Exty (S)).

Then, by virtue of the logical statement preceding the first logical connective A,
g-Op, 0 g-Ext (%) N g-Exty 0 g-Op, 0 g-Ext, (#,) = (). Taking into account the
setting 75 = g-Opy 0 g-Ext, (#,) in the logical statement following the second
logical connective A yields

g-Ext, (%4 U g-Op, o g-Ext, (%y)) = g-Exty (#,) N g-Exty 0 g-Op, 0 g-Exty (%) -
Consequently,
g-Op, 0 g-Ext (Z4) N g-Exty (%4 U g-Op, o g-Ext, (%))
= g-Op, o g-Ext (%) N g-Exty (%)
Ng-Ext, 0 g-Op, 0 g-Exty (%) = 0.
Hence, g-Op, o g-Ext (%) N g-Ext, (%4 U g-Op, 0 g-Ext (%)) = 0. The proof of
the proposition is complete. Q.E.D.

ProPOSITION 3.23. If g-Exty : & (Q) — Z(Q) be a g-Ty4-exterior operator
in a Jy-space Ty = (Q,.Ty), then the following logical implication holds for any
(Zq, ) € P (Q) x Z(Q):

(g—Opg o g-Ext, (#y) N g-Ext, (%4 U g- Op, o g-Ext (% ) = (Z))

A(g-Exty (%4) € g-Exty0g-Op, o g-Exty (%))
/\(g—Extg (Zy U Sy) = g-Exty (%) N g-Ext (YB))
(3.9) l

Ry N g-Exty (%Zg) = 0.

PrOOF. Let g-Ext, : & (Q) — £ () be a g-Tg-exterior operator in a Fy-space
Ty = (Q, F) and, for any (#Zy,%5) € Z () x 9( ), suppose the followmg logical
conjunction holds:

(9-Opg 0 g-Ext (#,) N g-Ext, (Z4 U g-Op, o g-Exty (%)) = 0)
/\(g—Extg (%4) C g-Exty0g-Op, o g-Ext, (%y))
A(g-Exty (Z4 U 7) = g-Exty (%Z4) N g-Ext, (S)).

Then, by virtue of the logical statements preceding the first and following the last
logical connective A, it follows that

9-Op, o g-Exty (%) N (g—Extg (%4) N g-Ext 0 g-Opg o g-Ext (%, )) = (.
By virtue of the logical statement following the first logical connective A, it results
that %y 2 g-Op, 0 g-Ext, (%) and g-Ext, (%) N g-Exty 0 g-Op, o g-Exty (%) =
g-Ext, (#,). Consequently,
Ry N g-Exty (%y) C (g—EX‘cg (%4) N g-Ext, 0 g-Op, o g-Ext, (%))
N g-Opg o g-Exty (%) = 0.
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Hence, #Z3 N g-Exty (%) = 0. The proof of the proposition is complete.  Q.E.D.

THEOREM 3.24. If (g—Extg,g—Frg) € g-E[Ty] x g-F [Ty] be a pair of g-T;-exterior
and g-%y-frontier operators g-Exty, g-Fry : & (Q) — Z (), respectively, in a
Tg-space T4 = (Q, Ty), then:

o 1. g-Extjog-Exty (%) C g-Opy g-Ext, (%) V%, € Z (),

o 1. g-Frjog-Tr () Cg-Fry () VI e Z(Q).
PROOF. Let (g—Extg,g—Frg) € g-E[T,] x g-F [Ty be a pair of g-T -exterior and
g-% -frontier operators g-Ext, g-Fr, : & (2) — &£ (Q), respectively, and suppose
Sy € Z () be arbitrary in a J-space Ty = (2, 7). Then, since %, 2 g-Int (%)
for any %, € 2 (Q), by virtue of the definition of g-Ext, : & (Q2) — £ (Q) it
results that

g-Exty : g-Ext, () ~— g-Int; 0g-Op,og-Ext, (F)
C  g-Opyog-Exty (S).

Thus, g-Extg o g-Ext, (#5) C g-Op, o g-Exty (7). On the other hand, by virtue
of the definition of g-Fr, : &2 (Q) — & () it follows that

g-Fry: g-Fry () g—Opg< U g-Int, (OZZQ))
Uy :g_Frg(‘yg)’g_Opg OB-Frg(yg)

— ﬂ 0-Cl, (%)
Uy :g_Frg(yg)’g_Opg og-Fry (Za)
C  gClyjog-Fry (S) «— g-Iry ().

Hence, g-Frjog-Fry C g-Frg (-75)- The proof of the theorem is complete. Q.E.D.

ProrosITION 3.25. If (g—Extg, g—Frg) € g-E [Ty x g-F [T,] be a pair of g-T ;-exterior
and g-% ;-frontier operators g-Exty, g-Fry : & (Q) — & (), respectively, in a Ty-
space Ty = (R, Ty), then:

o 1. g-Int, () C g-Ext,og-Ext, () C g-Cl, (S) VI € Z(Q),

o 1. g-Int, () C Sy Ug-Fryog-Fry () C g-Cl, () VI e Z(Q).

PROOF. Let (g—Extg,g—Frg) € g-E[T,] x g-F [T,] be a pair of g-T -exterior and
g-% ,-frontier operators g-Ext, g-Fr, : & () — & (Q), respectively, and suppose
Sy € P (Q) be arbitrary in a J-space Ty = (€2, J;). Then,

g-Ext o g-Ext, (%) = g-Int; 0 g-Op, o g-Int, 0 g-Op, (%) = g-Int, 0 g-Cl, (%) .
Therefore, g-Extg o g-Ext, (%) = g-Inty0g-Cl; (%,). But, for any %, € & (Q),
it holds that g-Int, (%) C g-Int, 0 g-Cl, (%) C ¢-Cl; (%,). Thus, g-Int, () C
g-Ext, o g-Ext, () C g-Cl; (). On the other hand, the following relation holds:
g-Inty (%) C By C Ry U g-Fryog-Fry (#,) C ZyUg-Fry (%y) C g-Cly (%) -

Hence, g-Int, (%) C Z3Ug-Fryog-Fry (%) C ¢-Cl; (#;). The proof of the propo-
sition is complete. Q.E.D.
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PROPOSITION 3.26. Ifg-Fr, : & (Q) — () be a g-T4-frontier operator in a Ty-
space Ty = (2, Fy), then the following logical implications hold for any (Zg, %) €

(g-Frg o g-Fry (%) C g-Fry (%)) N (9-Fry (%4 U.S) C o-Fry (%) U g-Fry ()

!

(3.10) g-Fr, (S Ug-Fry (7)) C g-Fr, (F)

l

g-Fr, (S5 Ug-Fry (7)) C 7 Ug-Fr, ().

9
ProOOF. Let g-Fr, : 2 (Q) — Z(Q) be a g-Ty-frontier operator in a Fy-space
Ty = (Q, F) and, for any (%, 5) € & (Q) x (Q) suppose the followmg logical
conjunction holds:

(g-Fryog-Fry (%y) C g-Fry (Z,)) A (9-Fry (%5 U.S,) C g-Fry (%4) U g-Fr, (7).
Then, by virtue of the logical statement following A, it follows that
g-Fr, (%, Ug-Fr, (%,)) C g-Fr, (%y) Ug-FryogFr, (%,).
By virtue of that preceding A, if follows that g-Fry (%) U g-Frgog-Fry (%Z,) C
U

g
g-Fry (%#,). Thus, g-Fr, (S5 Ug-Fry () C g-Fr, (7). Since g- Fr (%y) C %y
g-Fr, (%) for any Z, € & (1), it follows that

)
g-Fr, (Zy Ug-Fry (%)) C (%3Ug- Frg (% )) Ug-Fry (%, U g-Fry (%))
c

Hence, g-Fr; (%, U g-Fr (%,)) C %4 U g-Fry (%4). The proof of the proposition is
complete. Q.E.D.

PROPOSITION 3.27. Ifg-Fr, : & (Q) — P (Q) be a g-T4-frontier operator in a Ty-
space Ty = (R, Ty), then the following logical implication holds for any (Zg, %) €
P (Q)x 2(Q

)
(9-Fry (#4) = g-Fry0g-Op, (%)) A (g-Fry (%4 U g-Fry (%)) C g-Fry (%))
N#y C Sy — gFry (%) C Sy UgFr, (S))

(3.11) l
g-Fryog-Fry (%) C g-Fry (%) -
Proor. Let g-Fry : 2 (Q) — Z(Q) be a g-Ty-frontier operator in a Jy-space

(
Ty = (Q, F) and, for any (%, Sy) € P () x Z (), suppose the following logical
conjunction holds:

(g-Fry (#3) = g-Fry0g-Op, (%)) A (g-Fry (%4 U g-Fry (%4)) C g-Fr, (%))
NRy C Sy — gFry (%y) C Sy UgFry (S)).

Then, by virtue of the logical statements preceding the first and following the
last logical connective A, it results that g-Fr, (%#,) C %, U g-Fry (%,) for any
Ky € P (). Because g-Fr (%) C 73Ug-Fr, (75) holds for any (%, V) € & (Q) x
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2 () such that %, C 74, setting %, = g-Fry (%) and V5 = Zy U g-Fry (%) in
g-Fry (%) C 74 U g-Fry (¥;) yields

g-Fry o g-Fry (%Zy) C (%y U g-Fry (%,)) U g-Fr (%5 U g-Fry (%)) -

But g-Fr, (%, Ug-Fr, (%,)) C g-Fry (%,). Therefore, g-Fr og-Fr (%) C %4 U
g-Fry (%y). Since Zy € & (1) is arbitrary, it holds, in particular, for its comple-
ment. Thus, g-Frg o g-Fr;0g-Op, (%) C ¢-Op, (%) U g-Fry 0 g-Op, (%) which,
by virtue of g-Fryog-Op, (%) +— ¢-Fry (#,) reduces to g-Fryog-Fr, (#,) C
9-Opy (#4) U g-Fry (%y). Consequently,

g-Fryog-Fry (#;) <— g-Fryog-Fry (%) Ng-Fryog-Fr, (%)
C (%, Ug-Fry (%)) N (g-Opy (%y) U g-Fry (%))
«— (%3N g-Op, (%)) Ug-Fry (%) = g-Fry (%) .

Hence, g-Frg o g-Fry (%) C g-Fry (7). The proof of the proposition is complete.
Q.E.D.

Our first research objective concerning the definitions and the essential properties
of a new class of g-T -exterior and g-%-frontier operators in Jy-spaces is now
complete. We conclude the present section with two corollaries which will be useful
in the section following it.

In view of CORr. 3.15, ProOPS 3.6, 3.17, 3.18, and THMS 3.7, 3.24, it follows at
once that the g-Ty-exterior and g-Ty-frontier operators g-Extg, g-Fry: P(Q) —
P (), respectively, also possess similar properties analogous to the Kuratowski
closure Axioms which can be grouped and stated in the form of a corollary.

COROLLARY 3.28. Let g-Exty, g-Fry : & (Q) — Z(Q) be a g-Ty-exterior and a
g-Tg4-frontier operators in a Fy-space Ty = (Q, Ty). Then:
o For every (%y,-73) € Z (Q) x Z (),
— 1. g-Ext, (%) C g-Ext, 0g-Op, o g-Ext, (%),
— 1L g-Exty (%, U.7) = g-Exty (%) Ng-Ext, (),
ur. g-Ext, (0) = g-Op, (0),
— V. %N g-Exty (%) = 0.
o For every (%y,-73) € Z (Q) x Z (),
V. g-Frjog-Fr (%) C %y U g-Fry (%),
VI (% U S,) Ug-Fry (%, U.7;) = (U U g-Fr, (%)),
Uy=R g,

- vi.. g-Fr  (0) =0,
viil. g-Fry (%) = g-Fry 0g-Op, (%y).

For each of ITEMS 1.-1v. of COR. 3.28, it may be well to give a concrete
interpretation whenever it is satisfied by g-Ext, : & (2) — & (Q); likewise for a
concrete interpretation whenever each of ITEMS v.—vIilL. of COR. 3.28 is satisfied by
g-Fry : 2 (Q) — £ (Q). Accordingly, the following nice Mathematical vocabulary
presents itself: The g-Tg-exterior operator g-Ext, : & (Q2) — & (Q) is said to
be contracting, U-destroyed, Q-grounded relative to ) and disjointed relative to its
argument if and only if it satisfies ITEMS 1., 1I., 1II. and IV., respectively, of COR.
3.28; the g-T4-frontier operator g-Fr, : & (Q) — & (Q) is said to be contracting,
U-preserved, O-grounded and complement-invariant if and only if it satisfies ITEMS
V, V1., VII. and VIIL., respectively, of COR. 3.28.
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Because ITEMS 1.—vIil. of COR. 3.28 also hold when the role of (%Z,,.%;) €
P () x Z(Q) is given to (g-Op, (%) ,9-Op, (L)) € P () x P (), another
corollary equivalent to COR. 3.28 is the following.

COROLLARY 3.29. Let g-Exty, g-Fry : 2 (Q) — 2 (Q) be a g-Ty4-exterior and a
g-%q4-frontier operators in a f space Ty =(Q,7). Then:

o For every (%y, %) € P () x Z (Q),
— 1. g-Extg0g-Opy (%) C g-Exty 0g-Op, o g-Exty 0g-Opg (%),
— 1. g-Ext;0g-Op, (%, N S5) = ﬂ g-Ext, 0 g-Op, (%),
Uy=R 4,5y
— 1L g-Exty0g-Op, (0) =0,
— IV. %N g-Exty (%) = 0.
o For every (%y, %) € P () x £ (Q),
— V. g-Op, o g-Fry0g-Op, 0 g-Fry (%) 2 %4 N g-Op, 0 g-Fr (%),
— VI. #3Ng-Opyog-Fry (¥;) = ﬂ (%N g-Op, o g-Tr (%)),
Uy=R g,
— VL. g-Frg 0 g-Op, (0) =0,
— VL. g-Fry (%) = g-Fr; 0g-Op, (%),
where Wy = Xg N .

Hence, in a Jg-space, a g-Tg-exterior operator is a one-valued map g-Ext,
Z(Q) — Z(Q) on Z () ranging in & (Q) satisfying a list of derived set g-T ;-
exterior operator conditions (ITEMS I.—1v. of CoOR. 3.28 or COR. 3.29), and a
g-%4-frontier operator is a one-valued map g-Ext, : & () — £ (Q2) on & (Q)
ranging in & ((2) satisfying a list of derived set g-T;-frontier operator conditions
(ITems v.—viiL. of COR. 3.28 or 3.29). For the derived set g-Tj-exterior operator
conditions to stand as fundamental g-%-exterior operator azioms and the derived
set g-T -frontier operator conditions to stand as fundamental g-% ;-frontier operator
axioms, they must not, of course, be inconsistent nor be free from redundancies.

What is presented below concerns the study related to the consistency, indepen-
dency of the two lists of conditions.

3.2. CONSISTENT, INDEPENDENT AXIOMS. In this section, the focus is on the con-
struction of some sets of axioms for the g-T j-exterior and g-% -frontier operators in
Ty-spaces. Proofs related to the consistency, independency of those sets of axioms
are given.

The discussion will be facilitated by the following definition in which is intro-
duced a list of g-% -exterior operator axioms.

DEFINITION 3.30. Let g-Ext, : & (Q) — £ () be a g-T,-frontier operator and
let (#Zy7) € P () x & () be an arbitrary pair in a Jy-space Ty = (2, Fp).
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] def

Then, Axg, : ¢-E[%,] — B = {0,1}, v € I, defined as

Axpa (g—Extg) g-Exty () C g-Exty 0 g-Op, 0 g-Exty (),

AXE,Q g—Eth

g'Eth ((Z)) = g'opg ((Z)) )

“—

—  g-BExty (ZyUS) = g-Exty (%) N g-Exty (S),

—

+— g-Extog-Op, (#;) C g-Ext o g-Op, o g-Ext 0 g-Op, (%),

Axg 4 (g-Ext

g
ef
ef
ef
ef

g
e

d
d
d
d
ety g-Ext o g-Op, (#4) N g-Ext 0 g-Op,, (F)

= g_EXt © g_Opg (‘%g n yg) ’

def
—

(

Axg 3 (g—Ext
(
(

)
o)
)
)

Axg 5 g-Extg

Axp ¢ (g—Extg) g-Exty 0g-Op, (0) =0,

and belonging to AX[g-E [Ty]; B] def {Axg, (g—Extg) . v € I}, are called "g-Ty-
exterior operator axioms.”

Thus, in a Jg-space, AX [g—E [Z4) ;IB%] forms a class of derived set g-T -exterior
operator axioms.

LeEMMA 3.31. Let g-Exty : &Z(Q) — & () be a g-T4-exterior operator in a Ty-
space Ty = (Q, T) such that, for any (%y, S5) € & (Q) x P (Q), the following
statements hold:

(3.12) (W € I3) [Axg,, (g-Exty) = 1].

Then, g—Clg 1 Sy — 8-Op, og-Ext () is a g-Ty-closure operator and the asso-
ciated g-topology is 9501 () Lef {ﬁg e Z(Q): g—ClE 0g-Op, (04) = g-Op, (ﬁg)},
ProoF. Let g-Ext; : & (Q) — & (Q) be a g-Tg-exterior operator in a Fy-space
Ty = (Q, F,) such that, for any (%, ;) € & () x & (), the following g-T ;-
exterior operator axioms hold: Axg, (g—Extg) = 1 for every v € Ij. Then, by
virtue of Axg,3 (g-Ext,), it follows that g-Op, 0 g-Ext, (0) = 0. Thus, g—Cl;3 @) =0
and g—Clg : Z(Q) — Z(Q) is D-grounded. From the definition of g-Ext; :
Z(Q) — Z(Q), it follows that g-Opgog-Ext,(7,) «— g-Cl; () 2 .
Hence, g—Clg () 2 S and g—ClE : Z(Q) — Z(Q) is expansive. By virtue
of Axg 1 (g-Extg), it follows that

g—ClE o g—Clg (#s) +— 8-Opyog-Ext,og-Op,og-Exty ()
D g-Opyog-Ext, () «— g-Cl ().

Thus, g-Cl og-Cly (7)) = ¢-Cly () and g-CI; : 2 (Q) — 2 (Q) is idem-
potent. By virtue of Axg o (g-Extg), it follows that g-Op, o g-Ext, (%, U-7y) =
g-Op, 0 g-Ext, (%) Ug-Op, o g-Ext , (.#;). Hence, g-Cl (%3 U.%y) = g-Clj (%) U
g-Cl} () and g-Cl} : 2 (Q) — 2 (Q) is U-additive.

For 9501 1 Z () — Z(Q) to be a g-topology on 2, it must satisfy the axioms
for a g-topology on Q: FF (D) = 0, T (0y) C Oy and 'ZFCI(UVGI;O O4) =
UDGI;‘O y]::(jl(ﬁg,u)§ evidently, {0y, : v € IZ.} € Z(Q). Clearly, the relation

g

g-Cly 0 g-Op, (04) = g-Opg (04) holds when &y = . Thus, F5, () = 0. Since
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Tfa(Q) S {0, € 2(Q): gCgEog Opg( a) = 8-Op, (04)}, it results that, for
every (ﬁ’ ,ﬂg’ (Og)) € P (Q) x TF (Q), the relation ﬂfm (Og) € Oy holds.
Suppose {ﬁg,u v eI } C ?}’( ) such that, for every v € I%, the relation
g—Clgog—Opg (O4.) = 8-Opy (Oy,,) holds. Then, since ﬂvEI;o g-0p, (Oy) <—

g-Opg (U, cr+ Cqv), it results that

g_Opg(UuelgoﬁgvV) = m Q'CIEOQ'OPg (ﬁgﬂ/)
velx,
= g-olg( (] 9-Op, (ﬁw)> = g—ClEog—Opg< U ﬁgw).
vely, vely,

Therefore, %I?Cl(UueI* Og ) = UyeI* 9 1 (Og.,) holds. Hence, g- Cl P Sy
9-Op, o g-Exty (F) is a g-Ty-closure operator and the associated g- topology is
%‘,ECI  P(Q) — Z(Q) in the Fy-space Ty. The proof of the lemma is complete.

Q.E.D.

LEMMA 3.32. Let g-Ext, : Z(Q) — & () be a g-T4-exterior operator in a Ty-
space Ty = (R, Ty) such that, for any (%y,-Sy) € P (Q) x Z(Q), the following
statements hold:

(3.13) (Vv e I3) [Axp 340 (5-Exty) = 1].

Then, g—Intg : Sy > g-Exty0g-Opy (F) is a g-Tg-interior operator and the

associated g-topology is %Elm dEf {0, e 2(D): g—Int]gE (Og) C Oy}

Proor. Let g-Exty : Z(Q) — Z(2) be a g-Ty-exterior operator in a -
space Ty = (Q, Jy) such that, for any (%, 75) € Z () x &£ (Q), the follow-
ing g-T-exterior operator axioms hold: Axg 3, (g—Extg) = 1 for every v €
I5. Then, by virtue of Axgg (g—Extg), g-Extg 0g-Op, (0) = 0 is equivalent to
g-Exty0g-Op, (2) = Q and, g-Ext,0g-Opg () +— g—IntE (Q). Thus, it results
that g—IntE (Q) = Q and g—Int]gE : Z2(Q)) — Z(Q) is Q-grounded. From the
definition of g-Ext, : & () — £ (1), it follows that g-Extg o g-Op, (S) «—
g-Int, (/) € 7. Hence, g—Intg () € S and g—IntE P (Q) — Z(Q) is
non-expansive. By virtue of Axg 4 (g—Extg),
g—IntE (S4) «— g-Extog-Op, (#;) <  g-Extog-Op,og-Extog-Op, (F)
— g—Intg o g—IntE () -

But, g-Int; <— g-Ext,0g-Op, and g-Int, (/;) C ;. Hence, it follows that
g—Intgog—Intg (F) = g—IntE (75) and g—IntE : P () — £ (Q) is idempotent.
By virtue of Axg 5 (g—Extg),
g-Intg (Z4) N g—IntE () — g-Exto g-Op, (Z4) N g-Ext o g-Op, (“%)

= gExtog-Op, (%Z;N.%) «— g-Inty (%, N.75).
Thus, g—Intg (%) ﬂg—Int‘gE (S) = g—Intg (%4 N Sy) and g—Intg P Q) — Z(Q)

is N-additive.

For yg e - 2 () — Z2(Q) to be a g-topology on €, it must satisfy the axioms

)t
for a g-topology on €2: Int ) =90, Ty Int( a) € Oy and 9 JInt (Uyelgo ﬁg,V) =
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Uvers atne (Cgw); evidently, {Og, : v € I} € Z(Q). Clearly, the relation
g—IntE( Oq4) C Oy holds when &y = . Thus, I, (0) = 0. Since T, (2) C
{0y € 2(Q) : gInt] (04) C Oy}, it results that, for every (Og, 75, () €
Z () x ﬁglnt( ), the relation %ﬁm (0g) C Oy holds. Suppose {0, : v €
I*.} € 2 (Q) such that, for every v € I%,, the relation g—IntgE (Og,v) C O, holds.
Then,

g-Intg (Uyere Ga) < U gntf < | Guu-
yeI* VEI*
Consequently, .77, (Uuel; Ogv) = Uvers Tt (Og.v). Hence, g-Int} : Sy —>
g-Ext; 0g-Op, () is a g-Tg-interior operator and the associated g-topology is
% e - P (Q) — & (Q) in the Fy-space T4. The proof of the lemma is complete.
Q.E.D.

THEOREM 3.33. Let g-Ext, : & (Q) — & () be a g-Ty-exterior operator in a Ty-
space Ty = (Q, Ty) and, let Axg 7 : g-E [T4] — B such that, for any Sy € 2 (),

Axp7 (g-Exty) <5 7 0 g-Exty (%) = 0. If Axz (g-Exty) = 1, then
(3.14) (Vu € 13*) [AxE,,, (g—Extg) =1 +— Axgs+ (g—Extg) = 1].

PrOOF. Let g-Ext, : & (Q) — £ () be a g-Tg-exterior operator in a Jg-space
Ty = (Q,7;) and, let Axgr : g-E[T4] — B such that, for any % € & (Q),

Axg 7 (g-Ext et SsNg-Extg = (). Suppose the relation Axg 7 (g- Exty) =1
) g g g 9 )

holds. Then, the statement that, for any %, € & (), Axgs (g-Extg) <d—ef> SN

g-Exty (73) = 0 holds. For v = 1, set Z4 = g-Op,, (-#5). Then,

Axgp, (g-Ext,) &ty g-Exty (%) 2 g-Ext, 0 g-Op, o g-Ext, (%)

«—  g-Exty0g-Op, ()
C  g-Exty0g-Op,og-Ext,o0g-Op, ()

(d—Ef> AXE4 (g Ext )

Thus, Axg: (g—Extg) =1 +— Axpu (g—Extg) = 1. For v = 2, set Z3 =
g-Opg (%) and 75 = g-Opg (7). Then,

AXE,Q (g—Eth) (ﬂ)

g-Ext, (#Zy U .7) = g-Exty (%) N g-Exty (F)
+—  g-Extog-Op, (%, N7g)
= g-Extog-Opy (%) Ng-Extog-Op, (74)

(d—Bf) AXE’5 (g—Eth) .

Thus, Axg 2 (g—Extg) =1+— Axg; (g—Extg) = 1. For v = 3, set () = g-Op, (Q).
Then,
Axps (0-Exty) <% g-Ext, () = 0 +— g-Ext o g-Op, () = Q.

But, the relation g-Extog-Op, (Q2) = Q is equivalent g-Extog-Op, () = 0 and
hence, Axg 3 (g—Extg) =1+ Axggs (g—Extg) = 1. The proof of the theorem is
complete. Q.E.D.
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For every p € I3, set Axg , = Axg (g—Ext ) and, consider I:(l def {1,2,3,7},

«  def def «  def «  def
Loy = {1L,2,6,7), Iy = {1,3,5,7), Iy = {1,5,6,7}, I = {2,3,4,7},

IZ6) e {2,4,6,7}, IZ ;) ef {3,4,5,7}, and I, ef {4,5,6,7}. Furthermore, for

(8
every p € Ig, let I7 ) %ef {a(u),B(1),0 (1), e (w)}. The proposition follows.

PROPOSITION 3.34. Let g-Ext, : Z(Q) — P () be a g-Tq-exterior operator in
a Jy-space Ty = (Q, T) and let {AX, [g-E[T,];B] : p € I3} be a collection of
classes of derived set g-T j-exterior operator axioms:

(315)  (Vpe R)[AX,[0BITeiB] < {Axp, v e I,

Suppose there exist a p € I3 such that g-Exty : & (Q) — P () satisfies the
derived set g-Tj-exterior operator azioms in AX,, [g—E [Z4] ;IB] , then:
o I g—Intg, g—Clg 1 P (Q) — P (Q) are the g-T4-interior and g-Ty-closure
operators and the associated g-topologies are 9 Tnt ,79%1 7 (Q) —
P (), respectively;
o 1. g-Exty,: Z(Q) — Z(Q) is the g-Ty-exterior operator and the associ-
ated g-topology is Ty Ext = %ﬁnt = 99%1 P Q) — Z(Q).
PrOOF. Let g-Ext; : & (Q) — £ (Q) be a g-Tg-exterior operator in a Fy-space
Ty = (2, 7,) and let {AX,[g-E[T,];B] : p € I3} be a collection of classes
ef « ef
AXy [gB[Tg)sB] = {Axp, : v € IZ)}, AXo[g-B [T B] = {Axp, : v e Iy},
., AX3[g-E[Tg];B] = o {Axp, : v € I } of derived set g-T-exterior operator
axioms. Suppose
(Fu e I5) (W e I ) [AX, [0-E [T4] s B] 3 Axp, (g-Exty) =1].

Then:

I Since (¢ - AX 1 [8-E[Tg]:B] = {Axg 7} and Axg 7 (g-Ext,) = 1 implies

(Vv e I3) [Axp, (g-Exty) =1 +— Axpsq, (g-Exty) =1],

it follows that, for each v € I3, the g-T -exterior operator g-Ext, : & (Q2) —
& () satisfies both Axg ,, (g—Extg) =1and Axg 34, (g—Extg) = 1. Hence, g—IntE
Sy — g-Ext; 0g-Op, () and g—ClE : Sy — g-Opy o0 g-Ext, () are the g-Ty-
interior and g—T -closure operators and, 77, ( def {O;€ 7(Q): g—IntE (Og) C
Oy}t and T, () € {0, € 2(9) : 9-01§og-opg( Oy) = 0-Op, (6y)} are the
associated g—topologles respectively.

11. Because g—Intgog—Opg (Ss) «— g-Exty (F4) < g-Opy og—Clg (-7%) holds
for any .75 € 2 (Q), it follows that g-Ext, : & (Q) — &2 (Q) is the g-Tg-exterior
operator. Whenever 0y € & (Q), it follows that

Oy € Ty g-Cly 0g-0pg () = g-Opy ()
— g_opg Og_Eth Og_opg (ﬁg) = g_opg (ﬁg)
+— g-Ext,o0g-Op, (0,) = O,
— g—Intg(ﬁ ) =04 <— Oy € ﬂ Tnt-


https://doi.org/10.20944/preprints202003.0342.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 March 2020 d0i:10.20944/preprints202003.0342.v1

— THEORY OF g-T4-EXTERIOR AND g-%4,-FRONTIER OPERATORS — 27

Hence, the associated g-topology is Ty mxt = Tytm = Jpa1 : 2 () — Z(Q).

The proof of the proposition is complete. Q.E.D.

For every u € I§, the g-T j-exterior operator axioms in AX,, [g—E (T4l ;IB%] are not
inconsistent among themselves, as proved in the following proposition.

PROPOSITION 3.35. The classes AXy[g-E[T4];B], ..., AXs[g-E[T,];B] in a Fg-
space Ty = (2, Ty) such that, for every p € I, g-Exty : & () — P (Q) satisfies

the azioms in AX,, [g—E [Tql ;IB%} def {AXE,,, CVE IE*(#)} are composed of consistent

derived set g- ;-exterior operator azioms.

ProoF. Let AX; [g—E [T4] ;IB%], .o AXg [g—E [T4] ;B] be given classes in a J-space
Ty = (2, F,) such that, for every p € I3, g-Exty : & (Q) — (1) satisfies the

axioms in AX, [g-E [T,];B] o {Axg, : v € I:(u)}' Since for each (p, o (n)) €

Ig x 17, there exists exactly one (v, (v)) € I x 17, such that
AX, [g—E [Z4) ;IBS] 3 AXg () ¢ AXpa@) € AX, [g—E [Z4) ;IBB],

to prove the proposition, it suffices to select a p € I§ and then show that the
elements of AX,, [g—E [Tql ;IB%} = {AXEQ(#)7 AXE g(u), AXE () AXE76(#)} are consis-
tent. Select p € I3 \ I# so that AX, [g-E[T,];B] becomes AX,[g-E[Ty];B] =
{AXE,a(l),AXEﬁ(l),AXE75(1),AXE7E(1)}. Suppose (Q,g—Extg) be a mathematical
system such that, for any 75 € 2 (Q), g-Ext, : £ (Q) — £ (Q) is defined as

thus: g-Ext, (7) & g-Op, (). Then:

Axp, (g-Ext,) g, g-Ext, (.3) € g-Extg 0 g-Op, o g-Ext,, (.75)
— g_Opg (‘Sﬂg) - g_Opg (yg) ;
Axg o (g—Extg) BN g-Exty (%, U ) = g-Exty (%g) N g-Exty ()
+— 9-Opy (%3 U -y) = 9-Opy (#4) N g-Op, (S) ;
Axp,s (g-Extg) g, g-Exty (0) = g-Op, (1)
+— 9-Op, () = g-Op, (V) ;
Axg 7 (g—Extg) &ty S Ng-Exty (A) =0
— SN g-Opy (Sy) =0.

Thus, Axg, (g—Extg) =1 for every v € I:(1)' Therefore, the g-T  -exterior oper-
ator axioms AXg o(1), AXEg(1); AXE,s(1), AXEe(1) themselves, and all their con-
sequences, are simply set-theoretic expressions of the properties of the structure
(Q, g—Extg), and thus cannot involve contradiction, since no structure which re-
ally exists can have contradictory properties. Hence, for every p € I3, the class
AX,[g-E[T,];B] def {Axg, : v e I;(u)} are composed of consistent derived set
g-T4-exterior operator axioms. The proof of the proposition is complete. ~ Q.E.D.

For the sake of elegance, for each p € I3, every class AX,, [g—E (T4l ;B] of de-
rived set g-T-exterior operator axioms should be free from redundancies; that
is, for each p € I3, the derived set g-T -exterior operator axioms of every class
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AX,, [g-E [T4];B] should be independent, no one of them deductible from the rest.
The theorem follows.

THEOREM 3.36. The classes AX; [g—E [T4] ;IB%], .. AXg [g—E [T4) ;IB%] in a Jy-space
Ty = (Q, F,) such that, for every p € I3, g-Exty : P (Q) — P (Q) satisfies the
azioms in AX,[g-E[Ty];B] = e {Axg, : velI’ (u )} are composed of independent
derived set g-% -exterior operator axioms.

PROOF. Let AX;[g-E[T4];B], ..., AXs[g-E[T4]; B] be given classes in a Jg-space
Ty = (2, F,) such that, for every p € I3, g-Ext, : & (Q) — & (1) satisfies the
axioms in AX, [¢-E[T,];B] = e {Axg, : v € I:(u)}‘ Since for each (p, o (n)) €
Ig x I7 ) there exists exactly one (v,a (v)) € I§ x I, such that

AX, [g—E [Z4) ;IB%] 3 AXg () ¢ AXpa@) € AX, [g—E [Z4) ;IB%],

to prove the theorem, it suffices to select a 1 € I3 and then show that the elements
of AX,,[g-E[T4];B] = {Axg,a(u): AXE 5()> AXE,5(1), AXE () | are independent by
exhibiting, in the case of each g- ‘I -exterlor operator axiom, a structure (Q g-Ext )
which satisfies all the other g—‘Zg—exterior operator axioms, but not the one in
question.

Set e IS \I7 then, AX [g E [‘I } = {AXE a(1)7AXE 5(1),AXE 5(1),AXE 5(1)}
Then:

CasE 1. Consider the structure (2, g-Ext,) where, def Uvers Qv and, g-Ext,

Z(Q) — Z(Q) is defined as thus: g-Exty (7) def g-Op, (S5 U Qy) for every
Sy € Z(Q). Then, Axg (1) (g—Extg)7 Axg 1) (g—Extg)7 Axg (1) (g—Extg) =1
but Axg s(1) (g—Extg) = 0 because

Axp 51y (9-Exty) gt g-Extg () = g-Op, (V)
«— g-Op,(PUQ) = g-Op, (0),

and g-Op, (DUQ,) = g-Op, () is untrue. Consequently, (Q,9-Ext,) is a math-
ematical system such that g-Ext, : & (Q) — & (Q) satisfies Axg o(1), AXEg(1)
Axg (1) but not Axgs(1). Therefore, Axg 5.1y, then, cannot be a consequence of
XE,a(1), AXE,g(1), AXEc(1)- Hence, the g-T -exterior operator axiom Axg 1) is
independent of the other g-Tj-exterior operator axioms AXg o(1), AXE,g(1); AXE,c(1)-
CASE 11. Consider the structure (Q, g-Extg) where, def Uuelg Q, and, g-Ext,

Z () — Z(Q) is defined as thus: g-Ext, (S) = et 9-Op, (S) for every .7 €

{0,Q}, and every .y C Q, UQ,, such that, for each (v, ) € {(1,2),(1,3),(2,3)},

the conditions #;NQ,,, 3N, # 0 hold; g- Ext, () def 0, Q3, Qs if S5 C Q3, Qo,

Qq, respectively. Then, AXE,Q(D (g Ext ) AXEﬁg(l) (g Extg), Axg (1) (g Extg) 1
but Axg (1) (g—Extg) = 0 because for all (%, 75) C (Q1,Q2), (Q1,Q3), (22,Q3)
such that (%g,.%3) ¢ {(0,Q),(Q,0)}, and for all (%y,.7;) € (Q1,9-Op, (Qs3)),
(QQ, g-Op, (Ql))7 (Qg, g-Op, (Qg)), (Qg,g—Opg (Ql)) such that the non-membership
condition (%, %) ¢ {(0,€),(,0)} is satisfied, g-Ext (%, U.%) # g-Exty (%Z4)N
g-Ext, (). Thus,

Axp g (0-Exty) <% g-Exty (%2, U %) = o-Exty (%) N o-Exty (%)
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is untrue. Consequently, (£, g-Ext,) is a mathematical system such that g-Ext,
P () — P (Q) satisfies Axg (1), AXp (1), AXg (1) but not AXE 81y Therefore,
Axg (1), then, cannot be a consequence of Axg (1), AXgs(1), AXg.(1). Hence,
the g-T j-exterior operator axiom Axg g(1) is mdependent of the other g-% j-exterior
operator axioms AXg (1), AXg,5(1); AXE,(1)-

def

Cask 111. Consider the structure (€2, g-Ext, ) where, @ = J Q, and, g-Ext,
def

P (Q) — P (Q) is defined as thus: g-Ext, () = Qo, Q3, Q if 75 C Q, O,

Q3, respectively; g-Extg (7) e g i Sy = 0, and g-Ext, (75) dﬁf 0if S =

Q, or Sy = Q\Q, for any v € I3. Then, Axg g (g Ext ) Axg 501 (g—Extg),
Axg (1) (g—Extg) = 1 but Axg (1) (g—Extg) = 0 because for all .#; C UV:L2 Q,,
Upz1.3 s Uyo s such that (%Zy,75) ¢ {(0,Q),(2,0)}, it results that the
relation g-Ext, () € g-Ext, 0 g-Op, o g-Ext (-#5) holds. Thus,

VEI*

def
Axp o(1) (9-Exty) <= g-Ext, () C g-Extg 0 g-Op, o g-Ext, (.7;)

is untrue. Consequently, (Q, g-Extg) is a mathematical system such that g-Ext,
P (Q) — P () satisfies Axg g(1), AXg,5(1); AXg,-(1) but not Axg q(1y. Therefore,
Axg o(1), then, cannot be a consequence of Axg g(1), Axgs(1), AXg.e(1). Hence,
the g-T -exterior operator axiom Axg (1) is independent of the other g-T j-exterior
operator axioms Axg g(1), AXg,s(1), AXEe(1)-

Case 1v. Consider the structure (Q,g-Ext;) where, Q o Uvers v, satis-
fying Q; o I; for all 0 € I3, and card(€2) = 1, and g-Ext; : Q(Q) —

2 () is defined as thus: g-Ext, () o g-Op, (A) for every ., C U

g-Ext, () def g-Op, (S) U Qo if 7 = UVGI; Q,. Then, it follows, conse-

quently, that Axg (1) (g—Extg), Axg 1) (g—Extg), Axg 501 (g—Extg) =1 hold but
Axg (1) (g—Extg) = 0 because, Sy = |J,_; , % implies 75 N g-Ext, (75) # 0.
Thus,

VGI*

def
Axg (1) (g—Extg) > Sy Ng-Exty () =0

is untrue. Consequently, (Q, g—Extg) is a mathematical system such that g-Ext,
P (Q) — 2 (Q) satisfies Axg o(1), AXp,g(1), AXg,501) but not Axg .(1y. Therefore,
Axg (1), then, cannot be a consequence of Axg (1), Axgg(1), Axgs1). Hence,
the g-Tj-exterior operator axiom Axg (1) is independent of the other g-% -exterior
operator axioms AXg (1), AXEg g(1), AXE,5(1)-

Thus, for every p € I}, the class AXM[ -E %) ] def {AXE ,: velrI* (u)} are
composed of independent derived set g-T -exterior operator axioms. The proof of
the theorem is complete. Q.E.D.

The g-T ,-exterior operator axioms in AX,, [g-E [T,4];B] can be replaced by just
one g-T -exterior operator axiom such that each axioms in AX, [g-E[Ty];B] can
be derived as a consequence of that one axiom. The proposition follows.

PROPOSITION 3.37. Let AX, [g-E[T,];B] ef {Axg, : v € I:(#)} be a class of
fundamental g-%;-exterior operator axioms of type p € I3 in a Ty-space Ty =
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(Q, Fy) and, let Axg : g-E [T4] — B such that, for any (%4, ) € P (1) x P (Q),

Axg (g—Extg) &y Ky U g-Opg o g-Ext (%)
Ug-Op, o g-Ext 0 g-Op, o g-Ext (75)
(3.16) = g-Op, 0 g-Ext (%3 U .7y) \ 9-Op, 0 g-Ext (0) .

Then, Axg (g—Extg) =1 — A )AXE’,, (g—Extg) =1.

VEI:(M
PROOF. Let AX,[g-E[Ty];B] def {Axg, : v e I:(u)} be a class of fundamental
g-T j-exterior operator axioms of type p € I3 in a Jy-space Ty = (£2, F5) and, let
Axg : g-E[%4] — B such that, for any (%4, %) € £ (Q) x & (Q),

Axg (g—EX‘cg) et Ky U g-Opy 0 g-Exty (Zg)

Ug-Op, o g-Ext 0 g-Op, o g-Ext (.-75)
= g-Op, 0 g-Ext (%, U .7) \ g-Op, 0 g-Ext, (0) .
Suppose Axg (g—Extg) =1 holds. Then, since
Hq U g-Op, 0 g-Ext (Z,) U g-Op, o g-Ext 0 g-Op, o g-Ext (F)
2 g-Op, 0 g-Ext, 0 g-Op, o g-Ext, (74),
g-Op, 0 g-Ext (Z U.%) \ 9-Op, 0 g-Ext, (0) € g-Op, 0 g-Ext (%, U.%)

hold, for any (%, ;) € & () x Z () such that ; = %, it results, consequently,
that

g-Op, 0 g-Ext (%) 2 ¢-Op, 0 g-Ext 0 g-Op, 0 g-Exct; (%) -

Therefore, g-Ext, (%) C g-Extg o0 g-Op, o g-Ext (%) &y Axg a1 (g—Extg) and
hence, Axg — AXg o(1)-
If (%Zg,-75) = (0,0), then
Axg (g—EX‘cg) At gy g-Op, 0 g-Ext (0) U g-Op, o g-Ext ;0 g-Op, o g-Ext (1)
= g-Opyog-Ext, (PUD)\ g-Op,og-Exty (0).
Consequently, g-Op, o g-Ext (), g-Op, o g-Ext, 0 g-Op, o g-Exty () = 0. There-
fore, g-Ext () = g-Op, () g, Axg 5(1) (g—Extg) and thus, Axg — Axg 5(1)-
If (Zg,-75) € Z(Q) x & (Q) be arbitrary, then
Axg (g-Exty) &ty Zg U g-Op, o g-Exty (%)
U g-Op, o g-Exty 0 g-Op, o g-Ext ()
= g-Op, 0 g-Ext (%3 U.7y) \ 9-Op, 0 g-Ext, (0) .
But, #Z; U g-Op, 0 g-Ext (#,) C g-Op, 0 g-Exty (%) and g-Op, o g-Exty (F) 2

9-Op, 0 g-Exty 0 g-Op, o g-Ext; (). Moreover, by virtue of Axg sy the relation
g-Op, 0 g-Ext (0) = 0 holds. Consequently,

g-Opg o g-Exty (#,) U g-Opg 0 g-Exty (#5) = g-Opg 0 g-Exty (%, U 7).

Therefore, g-Ext, (%, U 7;) = g-Exty (%Zy) N g-Ext, () & Axg (1) (9-Exty)
and hence, Axg — Axg g(1).
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For an arbitrary %Zy; € & (Q2) and .y = 0, it results that

Axgp (g-Extg) e, Ky U g-Opg 0 g-Exty (%)

Ug-Op, o g-Ext 0 g-Op,, o g-Ext, (0)
= g-Opy o g-Exty (#Z; UD) \ g-Op, o g-Ext, ().
Since g-Op, o g-Ext, (0) = 0 by virtue of Axg s5(1), it follows that
g-Op, (Z4) N g-Exty (#4) N g-Exty 0 g-Opg o g-Exty () = g-Ext, (%) -
But, 24N (g-Op, (%3) Ng-Ext, (%4) Ng-Ext, 0 g-Op, o g-Ext, (0)) = 0. Therefore,
Ky N g-Exty (%) =0 g, Axg (1) (g—Extg) and thus, Axg — Axg (1)
Hence, Axg (g—Extg) =1 — /\ueI*( ) Axg (g—Extg) = 1 and the proof of the
e(p
proposition is complete. Q.E.D.
Having shown the consistency, independency of the g-% -exterior operator ax-

ioms, the axiomatic definition of the notion of g-%j-exterior structure in Jg-spaces
can now be given and is contained in the following statement.

DEFINITION 3.38 (Axiomatic Definition: g-% -Exterior Structure). A "g-T -exterior
structure of type p € I3 in a Jg-space Ty = (€2, .F,) is a pair ¢; = (€, g-Ext,)
consisting of a nonempty set {2 and a unary operation g-Ext, : & (Q2) — & ()
on & () ranging in & (Q2) such that the following "fundamental g-T g -exterior
operator axioms” are satisfied:

I. AXE,a(,u,) (g-Eth) =1, III. AXE,§(;L) (g—Eth) =1,

3.17
(8.17) 1. Axg g (-Exty) =1, V. Axp () (g-Exty) = 1.

For an arbitrary Zy € & (), let it be granted the following definition:

def
AxE 20 (g—Extg) + g-Opyog-Ext, (%)
N g-Extg (%g U g-Op, o g-Ext, (%g)).

Then, by the aid of DEF. 3.30, the logical implications in PROPS 3.22, 3.23 reduce
to

(Axpegy =1) +— (Axgap =1) A (Axppm) =1) A (Axg o) = 1),
(Axgeu) =1) +— (Axpa@) =1) A (Axe s = 1) A (Axpe = 1),

respectively. Consequently, the g-T j-exterior operator axiom Axg (,) (g—Extg) can
be equivalently replaced by the g-T -exterior operator axiom AXgg(,) (g—Extg).
Hence, an equivalent axiomatic definition of the notion of g-% -exterior structure
follows.

DEFINITION 3.39 (Equivalent Axiomatic Definition: g-T -Exterior Structure). A
"g-T4-exterior structure of type p € Ig” in a Jy-space Ty = (Q,7) is a pair
¢y = (Q, g—Extg) consisting of a nonempty set {2 and a unary operation g-Ext, :
Z () — 2 () on Z () ranging in & () such that the following "fundamental
g-Tj-exterior operator axioms” are satisfied:

I. AXE,a(u) (g-Eth) =1, III. AXE,5(;L) (g—Eth) =1,
=1

3.18
( ) II. AXEﬁ(M) (g—Eth) =1, 1v. AXE7EA(”) (g—Eth)
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As above, the discussion will be facilitated by the following definition in which
is introduced a list of g-Tj-frontier operator axioms.

DEFINITION 3.40. Let g-Fr, : &2 (Q) — &2 (Q) be a g-Ty-frontier operator and let

(%45) € P () x P (Q) be an arbitrary pair in a Jg-space Ty = (2, F;). Then,
Axp, : g-F [T,] — B % {0,1}, v € I, defined as

def
AXF,l (g—FI‘g) <— g—FI‘g Og—FI‘g (5”9) Q yg @] g-FI’g (yg) s

Axpa (0-Fry) <5 (B Ug-Fry (%)) U (F4 U g-Fry (F))
=  (%3U.75) Ug-Fr (%, U.7,),
AXF’g (g—FI‘g) ﬁ) g—FI’g (@) = @7
Axpa (0Fr,) €5 %3N g-OpogFry (%) C g-Opog-Fryog-Opog-Fry (%),
Axp 5 (g-Fry) N (%5 N g-Opog-Fr, (%)) N (S Ng-Opog-Fry (S))
= (#yN.7) Ng-OpgogFr (%, N.7),
AXF,G (g_Frg) <d—ef> g_Frg Og_opg (Q) = Q)a

and belonging to AX [g—F [T4) ;IBS] def {AXR,, TV E Ig}, are called "g-T -frontier

operator axioms.”

Hence, in a J-space, AX[g-F [T,];B] forms a class of derived set g-T -frontier
operator axioms.

LEMMA 3.41. Let g-Fry : & (Q) — P (Q) be a g-Ty-frontier operator in a Ty-
space Ty = (Q, Ty) such that, for any (%4, S5) € P (Q) x P (Q), the following
statements hold:

(3.19) (Vv € I3) [Axp,, (g-Fr,) = 1].

Then, g—Clg 1 Sy — SyUgFrg (L) is a g-Ty-closure operator and the associated
def

g-topology is 9;01 Q)= {0, € 2(Q): g-Clg 0g-Op, (0y) = Oy}

PrOOF. Let g-Fry : 2 (Q) — £ (Q) be a g-Ty-frontier operator in a Jy-space
Ty = (9, F,) such that, for any (%, %) € & (Q2) x & (Q), the following g-T -
frontier operator axioms hold: Axp, (g—Frg) = 1 for every v € I5. Then, by
virtue of Axp 3 (g-Ext,), it follows that g—Clg (0) «— 0 U g-Fry(0) = 0. Thus,
g—Clg (@) = 0 and g—Clg 1 2 (Q) — 2 (Q) is f-grounded. Clearly, g—Clg (S) —
g UgFry (F) 2 S Hence, g-Clj (F) 2 S, and g-Cl} : 2 (Q) — 2 (Q) is
expansive. By virtue of Axp 1 (g—Frg), it follows that

g-Cl} 0 g-Clj () g-Cl} (S Ug-Fry (A))

g—Clg (S U g—Clg og-Fr, ()

g—Clg (-#3) U (g-Fry (S) U g-Fryog-Fr, (7))
Q‘Clg () U (yg Ug-Fr, (yg)) = Q‘Clg (-%3)

nl 11
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Therefore, g-Cly 0g-Cly (#3) C g-Cly (Z). But, g-Cl (#;) 2 .. Hence, it
follows that g—Clgog—Clg (S) = g—Clg (-5) and g-Clg : Z2(Q) — Z(Q) is
idempotent. By virtue of Axp o (g—Frg), it is clear that

g-Cly (Z4) Ug-Cly (F) «— (BgUgFry (%) U (L UgFr, (S))
=  (%yU.7y) Ug-Fr (%, U.7,)
— gCly (ZyUS).

Thus, g-Cly (%4 U %) = g-Cl} (%Z4) U g-Cl} () and g-Cl} : 2 (Q) — 2 (Q) is
U-additive.

For 9501 1 P (Q) — P (Q) to be a g-topology on €2, it must satisfy the axioms
for a g-topology on : y;(31 ) =0, ‘?QITCI (0y) € Oy and 'Zf@(uuez; Oou) =
Uver: T (Ogw); evidently, {0y, : v € I3} C 2 (Q). Since g-Cly (F4) «—
Og U g-Fry (0g) and g-Fryog-Op, (0,) +— g-Fry (0y), it follows, consequently,
that g—Clgog—Opg (O4) < 9-Opy (Og) U g-Fry (Oy). Tt is clear that the rela-
tion g—Clg 0g-Op, () +— g-Op, (Oy) U g-Fr, (Oy) holds when &y = (). Thus,
T (0) = 0. Since T, () C {b, € 2 () : g-Cl} 0g-Op, (0,) = g-Op, (Fy)},
it follows that, for every (ﬁg,yg%l(ﬁg)) € Z(Q) x ﬁ;:Cl (), %ITCI(ﬁg) C 0Oy
holds. Suppose {0y, : v € I} C Z () such that, for every v € I7,, the relation
g—Clgog—Opg (Og.,) = 8-Opgy (O4,) holds. Then, since (), ¢;. 8-Opy (Of) <—

8-Opg (U, cr+ Cqv), it results that

g_Opg(UVGI;O ﬁgv’/) = ﬂ g'CIEOQ'Opg (ﬁgﬂ/)
velz,
= g-(ng( (] 9-Op, (ﬁw)> =g-Cl} o g—Opg( U ﬁg,,,).
velx, velr,
Therefore, 71 (Uyer: Oaw) = Upers Ficr (Og) holds. Hence, g-Cly : .7 —

Sy Ug-Fry () is a g-T4-closure operator and the associated g-topology is 9501 :
Z () — & () in the Fg-space T4. The proof of the lemma is complete. Q.E.D.

LEMMA 3.42. Let g-Fry : & (Q) — P (Q) be a g-Ty-frontier operator in a Ty-
space Ty = (Q, Ty) such that, for any (%4, S5) € P (Q) x £ (Q), the following
statements hold:

(3.20) (Vv € I3) [Axp 310 (a-Fry) = 1].

Then, g—Intg Sy SN g-0pyog-Fry (S) is a g-Ty-interior operator and the
associated g-topology is ﬂgﬂm () &ef {0, 2(D): g—IntI; (Og) C Oy}

Proor. Let g-Fry : 2 (Q) — £ (Q) be a g-Ty-frontier operator in a Jy-space
Ty = (Q, F,) such that, for any (%, ;) € & () x & (), the following g-T ;-
frontier operator axioms hold: Axp 3y, (g—Frg) = 1 for every v € I5. Then, by
virtue of Axp g (g-Fry), g-Fr, 0g-Op, (#) = 0 implies g-Op, o g-Fry 0 g-Op, () = Q
and consequently,

g-Intg (Q) +— QN g-Op, o g-Fry (Q) «— QN g-Op,og-Fryog-Op, () = Q.
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Hence, it results that g—IntI; (Q) =Qand g—Intg : 2 (Q) — Z(Q) is Q-grounded.
From the definition of g-Fr, : & (Q2) — £ (Q), it follows that

g—Intg (S) +— L3N g-Opgog-Fry ()
— SN < U g-Int, (%g)>
Hg=4,8-0py(Fg)
=  SgNgInt, () C S
Thus, g—Intg (S3) € S and g—lntg 1 P (Q) — £ (Q) is non-expansive. By virtue
of Axp 4 (g—Frg),
g-IntI; o g-Intg (S) — g—Intg (7 Ng-Opog-Fr, ()
+— g—Intg ()N g—Intg 0g-Opog-Fr, (-7)
+—— (FNg-Opo g-Tr, (%))
N g-Opog-Fryog-Opog-Fr, ()
«— S3Ng-Opog-lry (Fy) «— g—lntg (Ss) -
Thus, g—Intg og—Intg (S) = g—Intg (S,) and g—lntg : Z(Q) — Z(Q) is idempo-
tent. By virtue of Axp 5 (g—Frg),
g-Inty (%) Ng-Int} (F) «— (% Ng-Opog-Fr, (%))
N (S NgOpogFr, (7))
= (%’Q N Yg) N g-Op, o g-Fr (%’Q N 5”9)
> glnty (%5 N.).
Hence, g—Intg (%g)ﬂg—lntg (S) = g—Intg (Zy N Sy) and g-Intg P () — Z(Q)

is N-additive.

For 99 mt - L) — Z(Q) tobeag- topology on £, it must satisfy the axioms
for a g-topology on €2: ﬂ JInt 0) =90, 7, g, "ne (Og) € Oy and ﬂ JInt (Uvé];o ﬁgﬂ/) =
Uvers. Tt (Og0); ev1dently, {Of : v eI} C 2. Clearly, the relation
g—Intg (Oy) C O holds when Gy = 0. Thus, Ff7,, (0) = 0. Since 77, (Q) C
{6y 7(Q): ¢ IntF(ﬁ) C 0Oy}, it results that, for every (Oy, T (Og)) €

2 (Q) x TE,, (), the relation T (0,) C O, holds. Suppose {ﬁ’g,,, v E

g,Int g,Int
Iz} € 2 (Q) such that, for every v € I%,, the relation g—Intg (Og,) C Oy, holds.
Then,
g-Intg (Uyere Oow) < U g-Inty < | Gqu-
velz, velz,

Consequently, 99 ot (UVeI;o Ogv) = Uvers f;}m (Og,,). Hence, g—lntg DSy
5 N g-Opg o g-Fry (S,) is a g-Tg-interior operator and the associated g-topology
is ﬁ e 2 (Q) — Z(Q) in the J-space T,. The proof of the lemma is
complete Q.E.D.

THEOREM 3.43. Let g-Fry : 2 (Q) — £ (Q) be a g-Ty-frontier operator in a

Ty-space Ty = (Q, Ty) and, let Axp 7 : g-F [Tg] — B such that Axp 7 (g-Fr,) &y
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g-Fr, 0 g-Op, () = g-Fry (F) for any Sy € 2 (Q). If Axp 7 (g-Fr,) = 1, then
(3.21) (Ve I3) [Axp, (g-Fr,) =1 «— Axpsy, (g-Fr,) =1].

Proor. Let g-Fry : 2 (Q) — £ (Q) be a g-Ty-frontier operator in a Jy-space
Ty = (2, 7;) and, let Axp 7 : g-F[T;] — B such that, for some 7y € & (Q),
Axp 7 (g-Fry) g, g-Fr, 0g-Op, () = g-Fr, (#;). Suppose Axp 7 (g-Fry) =1

Then, the statement Axp 7 (g-Fr,) &efy g-Fry 0 g-Op, () = g-Fr, (-#;) holds for
any 5 € Z (). For v =1, set Z; = g-Op, (/5). Then,

AXF’l (g—Frg) <d—Cf>

g-Fryog-Fry () C S5 Ug-Try ()

g-Opg o g-Fry o g-Fr (#) 2 g-Op, (S5 U g-Fry ()
g-Op, 0 g-Fry 0 g-Op, 0 g-Fr 0 g-Op, (F)

g-Opg (#5) N g-Opg 0 g-Fry 0 g-Opg ()

X5 N g-Opog-Fry (#,) C g-Opog-Fryog-Opog-Fry (%)

[wll

=%
N

€

— AXF’4 (g—FI'g) .
Thus, it follows that Axp i (g—Frg) =1++— Axpgy (g—Frg) = 1. For v = 2, set
Xy = ¢-Op, (%) and S5 = g-Op, (). Then,
Axpg () <5 | (ZUePry(2)
Fo=T g, S
=  (%yU.7y) Ug-Fry (%, U.7)
— U  (6-Opg (25) U g-Fry0g-Op, (25))
D %9’7/9
= (8-0p, (%) Ug-Opg (7)) U g-Fry (g-Opg (%) U g-Op, (74))

— U g-Op, (2N g-Op, 0 g-Fr 0 g-Op, (2y))
Ly= Uy, Yy

= g-0p,y (% N 74) UgFrgog-Opy (% N 74)
— g—Opg( ﬂ (2, N g-Opgog-Fr 0g-Op, (3’;)))
Za=Ug,Vy
= ¢-Op, (%N vg) N g-Op, 0 g-Fry 0g-Op, (%N 7))
— ﬂ (25 N g-Opg © g-Frg 0 g-Op, (25))
Za=Ug,Vy
= (%N 74)Ng-Opyog-Fryog-Opg (%N 7y)
— (%N g-Op, o g-Fr, (%)) N (YN g-Op, o g-Fry (7))
= (%N V4) N g-Opgog-Fr (% NYy) & Axps (g-Fry) .

Hence, it follows that Axp o (g—Frg) =1 +— Axpp (g—Frg) = 1. Clearly, the
relation g-Fr, (#;) <— g-Fr; 0g-Op, (#) holds for every .7y € & (12). Therefore,
for v = 3, it results that

Axp 3 (g-Fry) LN g-Fry (0) = 0 «— g-Fry0g-Op, (0) = 0 &% Axpg (g-Fry)
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Hence, Axp 3 (g—Frg) =1+ Axrpg (g—Frg) = 1. The proof of the theorem is
complete. Q.E.D.

For every pu € I, set Axp, = Axp (g—Fr ) and, consider I*(1 et

{1,2,3,7},
C{1,2,6,7}, I < {1,357} Iy = {1,5.6,7), Iy, < {2,3,4,7},
def def

I S {2,4,6,7}, Iy < {3,4,5,7), and I3 = {4,5,6,7}. Moreover, for cach

pelg, let I3 o {a(p),B (1), (1), e (1)} The proposition follows.

1502

PROPOSITION 3.44. Let g-Fry : 2 (Q) — £ (Q) be a g-Ty-frontier operator in
a Jy-space Ty = (0, T) and let {AX,[g-F[T4];B] : p € I3} be a collection of

classes of derived set g-j-frontier operator azioms:

(322) (€ ) [AX,[oF [To]5B] = {Axe, v e I3}

Suppose there exist a p € I3 such that g-Fry : & () — & (Q) satisfies the derived
set g-T-exterior operator azioms in AX,, [o-F [T4];B], then:
oI g—Intg, g—Clg 1 P (Q) — P (Q) are the g-Ty-interior and g-Ty-closure
operators and the associated g-topologies are 9 Int 1?;:01 Q) —
P (), respectively;
o 1. g-Fry: & (Q) — P (Q) is the g-Tg-exterior operator and the associated
g-topology is Ty re = Ty 1 = ;Cl 1 Z(Q) — Z(Q).
Proor. Let g-Fry, : 2 (Q) — Z(Q) be a g-T4-frontier operator in a Jy-space
Ty = (2,7) and let {AX,[g-F[T4];B] : p € I3} be a collection of classes
e ef
AXy[gF [Tg)5B] € {Axp, 0 v € I3}, AXa[gF [Ty)iB] € {Axp, 1 v €
* def % .
Iga(2)}’ o AXs[gF [Tg]iB] = {Axp, : v € 150(8)} of derived set g-T -frontier
operator axioms. Suppose
(Fu € I5) (W e I ,)) [AX,. [0-F [T s B] > Axp, (o-Fr,) = 1].
Then:
I. Since ﬂuel* u[0-F [T4];B] = {Axp 7} holds and on the other hand, the

relation Axg 7 (g Frg) =1 implies

(VV € I;) [AXFW (g—Frg) =1 +— Axpsys (g—Frg) = 1],
it follows that, for each v € I3, the g-T -frontier operator g-Fr, : & (Q) —
Z () satisfies both Axp, (g—Frg) =1 and Axp 34, (g—Frg) = 1. Hence, g—Intg
Sy SN g-Op,og-Fry (F) and g—ClF D Sy Sy Ug-Fry () are the g-T-
interior and g-T4-closure operators and, 3 Tt ( dEf {0, 2 () : g—Intg (Og) C

def
Oy} and 3;01 Q) = {0, € 2() : g—Cliog—Opg( O4) = g-Op, (Og)} are the
associated g-topologies, respectively.
11. Whenever 03 € & (Q),

g-Fr, () «— g—Opg( U g-Int, (%g))
%gzygﬁg'OPg (Za)

< g-Opgognt] (F)Ng-Cly (F).
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Because g—Intg, g—Clg P (Q) — P (Q) are the g-Ty-interior and g-Ty-closure
operators, respectively, it follows that g-Fr; : & (2) — £ (Q) is the g-T-frontier
operator. Whenever 0y € & (), it follows that

Oy € Tfe +— g-Cl 0g-Op, (05) = g-Op, (O4)
> g_opg og—Intg (ﬁg) = g_opg (ﬁg)

— g—Intg (Og) =0y «— Oy € Zflnt.

Hence, the associated g-topology is J pr = ﬂgljlnt = 9501 P (Q) — 2 (Q). The

proof of the proposition is complete. Q.E.D.

As above, for every u € Ig, the g-Tj-frontier operator axioms in AX, [g—F [T4] ;IB]
are not inconsistent among themselves, as proved in the following proposition.

PROPOSITION 3.45. The classes AX; [g-F [T4];B], ..., AXs[g-F [T];B| in a Fg-
space Ty = (2, Ty) such that, for every p € I, g-Fry : P () — P (Q) satisfies

the azioms in AX,, [g—F [T4] ;IB%] def {AXF,,, tVE I*(u)} are composed of consistent

©
derived set g-T -frontier operator axioms.

ProOOF. Let AX; [g—F [T4] ;IEB], oo AXg [g—F (T4] ;IB%] be given classes in a J-space
Ty = (Q, F,) such that, for every pu € I, g-Fry : & (Q) — & (Q) satisfies the

axioms in AX,, [g-F [T,];B] e {Axp, : v e I;(u)}' Since for each (u,a (p)) €
I3 x I, there exists exactly one (v,a (v)) € Iy x I7, such that

AX,_L [g—F [Tg] ,B] > AXF@(H) “— AXF,a(u) S AXV [g—F [Tg] ;B],

to prove the proposition, it suffices to select a p € I§ and then show that the
elements of AX,, [g—F [Zq] ;IB%} = {AXF,Q(M), AXE g0y AXF 5(1) AXFW(H)} are not in-
consistent. Select y € I3 \ I7. Consequently, it follows that AX,[g-F [T,];B] =
{AXF,Q(I), Axp g(1), AXF,5(1) AXF’@(U}. Suppose (Q, g-Frg) be a mathematical sys-
tem such that, for any 7, € & (Q), g-Fry : & (Q) — £ (Q) is defined as thus:

Sy Ug-Fry () def S Then:

Axp 1 (g-Fry) g-Fr, o g-Fr, (7)) C 73 Ug-Fry ()

Sy C Sy

Axp o (g-Fry) (Zg U g-Fry (%)) U (S UgFry (H))
(%5 U ) U g-Frg (%5 U )

Ry U Sy =Ry U Sy

g'Frg (@) = (Z)
P U g-Fry (0) = 0;

AXF,3 (g-FI'g)
Axp 7 (Q‘Frg) E‘FYOQ‘OPg (Se) = E‘Frg (%)

S3 U (8-Op, (L) Ug-Fr og-Fr (7))
g-Op, (F5) U (F Ug-Fry (7))

‘yg U g_Opg (‘Sﬂg) = g_Opg (yg) U ‘Sﬂg'

T ETETIETE
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Thus, Axp,, (g-Fr,) =1 for every v € I% 1. Therefore, the g-T -frontier operator
axioms AXg o(1), AXp g(1), AXp 5(1), AXp (1) themselves, and all their consequences,
are simply set-theoretic expressions of the properties of the structure (Q, g—Frg), and
thus cannot involve contradiction, since no structure which really exists can have
contradictory properties. Hence, for every p € Ig, the class AX,, [g—F [Tql ;IB%} def
{AXF,V T VE I«;(u)} are composed of consistent derived set g-T -frontier operator

axioms. The proof of the proposition is complete. Q.E.D.

Again for the sake of elegance, for each u € I3, every class AX,, [g—F (T4l ;IB%] of
derived set g-T-frontier operator axioms should be free from redundancies; that
is, for each p € I3, the derived set g-% -frontier operator axioms of every class
AX,,[g-F [T4]; B] should be independent, no one of them deductible from the rest.
The theorem follows.

THEOREM 3.46. The classes AX; [g—F (T4l ;IB%] ., AXg [g—F (T4l ;IB%] in a Jy-space
Ty = (Q, Fy) such that, for every p € I3, g-Fry : P (Q) — P (Q) satisfies the
axioms in AX,, [g—F [Z4] ;B] are composed of independent derived set g-< -frontier
operator arioms.

ProoOF. Let AX; [g—F (T4l ;IB], ., AXg [g—F [Ty ;IB%] be given classes in a J;-space
Ty = (2, F) such that, for every p € I3, g-Fry : £ (Q) — £ (Q) satisfies the

. . def * .
axioms in AX, [g-F [T4];B] = {Axp, : v € I¢(#)}. Since for each (u,a(p)) €
I x 17,y there exists exactly one (v,a (v)) € Iy x I, such that

AX, [8-F [Tg];B] 3 Axp a(u) ¢ Axp o) € AX, [g-F [Tg];B],

to prove the theorem, it suffices to select a 1 € I and then show that the elements
of AX,, [g—F (T4l ;IB%] = {AXF,Q(#),AXE)IB(‘u%AXF75(N),AXF7¢(#)} are independent by
exhibiting, in the case of each g-T-frontier operator axiom, a structure (Q, g—Frg)
which satisfies all the other g-T  -frontier operator axioms, but not the one in ques-
tion.

Set u € Ig\[; then, AXM [g—F [(Eg] ;B] = {AXF,a(1)7 AXF,ﬁ(l)a AXF,5(1)7 AXF,Q{J(I)}'
Then:

CASE 1. Consider the structure (Q,g—Frg) where, ) def UueI;

Z () — Z(Q) is defined as thus: g-Fr, () <10, for every Sy € & (). Then,

Axp a(1) (8-Frg), Axp pa) (0-Frg), Axp o) (6-Frg) = 1 but Axp 50) (9-Frg) = 0
because

Q, and, g-Fry :

Axp 501y (8-Fry) ety g-Fry (0) =0
— Q1 =0,

and ©; = () is untrue. Consequently, (Q, g—Frg) is a mathematical system such that
g-Fry : Z(Q) — Z(Q) satisfies Axp o(1), AXp (1), AXF (1) but not Axp s5(1)-
Therefore, Axp 5(1), then, cannot be a consequence of Axp (1), AXr g(1), AXF (1)
Hence, the g-% -frontier operator axiom Axp 5(1) is independent of the other g-% -
frontier operator axioms Axp o(1), AXp g(1), AXF,p(1)-

CAsE 11. Consider the structure (Q,g—Frg) where, ) def Uuelg Q, and, g-Fr, :

Z(Q) — Z(Q) is defined as thus: g-Fr, () L) for every Sy € {0,9};

0Fry (o) E Uyor0Q if F © Q5 g-Fry () € Qif S €D, O, Uy o
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def .
Upm1s Qs 0Fr (7)) = Upmr o Q0 i 75 © Upp 380 Then, Axp g (g-Frg).
Axp 501 (g—Frg), Axp ,(1) (g—Frg) = 1 but Axp o) (g—Frg) = 0 because for all
Sy €, g-Frgog-Fry () € S Ug-Fry (7). Thus,

def
Axp o) (8-Fry) < g-Fryog-Fr (7)) C .75 Ug-Fr ()

is untrue. Consequently, (Q, g—Frg) is a mathematical system such that g-Fr :
P () — P (Q) satisfies Axp g(1), AXp 5(1), AXp (1) but not Axp ,(1). Therefore,
Axp o(1), then, cannot be a consequence of Axp g(1), AXp 5(1), AXp ,(1). Hence, the
g-T,-frontier operator axiom Axg (1) is independent of the other g-% -frontier
operator axioms AXF,B(I): AXF,&(I)a AXF,¢(1)~

CASE 111. Consider the structure (Q, g—Extg) where, ) def Uuelg

Z(Q) — Z(Q) is defined as thus: g-Fry () L6 for every Sy € {0,9};

g-Fr, (S) g i Sy C Q; for each p € I3\ {1}, g-Fr, () & Q, if S, C Q, and
def . def .

gFrg (7)) = Quif 75 C Uperp () Wi 8°F5, (Fy) = if 7 C Uversy Qv

Then, it follows that Axp ,(1) (g—Frg), Axp 501 (g—Frg), Axp ,(1) (g—Frg) =1 but

Axp (1) (9-Fry) = 0 because for all (%y,.7;) C (,Q2), (Q1,9s), it results that

(% U g-Fry (%)) U (S5 Ug-Fry (S)) # (%#y USy) Ug-Fry (#, U.S). Thus,

2, and, g-Fr, :

Axp gy (0Fry) &5 (% Ug-Fry (%)) U (L Ug-Fry (7))

=  (%,U.75) Ug-Fry (%, U.7)

is untrue. Consequently, (Q, g-Frg) is a mathematical system such that g-Frg :
P (Q) — 2 (Q) satisfies Axp (1), AXp 5(1), AXF (1) but not Axp g¢1y. Therefore,
Axp (1), then, cannot be a consequence of Axp o(1), AXp 5(1), AXp,,(1)- Hence,
the g-T -frontier operator axiom Axp g(1) is independent of the other g-T  -frontier
operator axioms AXp o(1), AXp 5(1), AXF,e(1)-

def

CASE 1v. Consider the structure (Q,g—Frg) where, Q = UVGI; Q, and, g-Frg :

Z(Q) — Z(Q) is defined as thus: g-Fr, () L0 for every Sy € {0,Q};

for each p € I3, g-Fry () e Q, for every .7y C Q,. Then, it follows that

Axp.a) (8Frg), Axpsa) (0-Frg), Axesa) (9-Frg) = 1 but Axp e (a-Frg) = 0
because for each p € I3, g-Fr; 0g-Op, () # g-Fry (F) for all 75 C Q. Thus,

def
Axp 41 (g—Frg) + g-Fr; 0g-Op, (S) = g-Fry ()

is untrue. Consequently, (Q, g—Frg) is a mathematical system such that g-Frg :
P (Q) — 2 (Q) satisfies Axp (1), AXp g(1), Axp 5(1) but not Axp ,(1y. Therefore,
Axp ,(1), then, cannot be a consequence of Axp (1), AXp g(1), Axp 5(1)- Hence, the
g-T,-frontier operator axiom Axg ,(1) is independent of the other g-T -frontier
operator axioms AXp (1), AXp g(1), AXF s(1)-

Thus, for every p € I3, the class AX,, [g-F [T4];B] Lef {Axp, : v € I;(#)} are
composed of independent derived set g-T-frontier operator axioms. The proof of

the theorem is complete. Q.E.D.

For every u € Ig, the four g-T -frontier operator axioms in AX,, [g—F [Tq] ;]B] =
{AXFya(M),AXFﬁ(M),AXF’(g(M),AXF)SO(M)} may be replaced by a single g-%-frontier
operator axiom as shown in the following proposition.
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PROPOSITION 3.47. Let AX, [¢-F[T,);B] © {Axp, : v € I3} be a class

of fundamental g-y-frontier operator axioms of type p € Ig in a Jy-space Ty =
(2, F) and, let Axyp : g-F [T4] — B such that, for any (%4, 7y) € P (2) x Z (),

Axp (g-Fr,) &% ( U (#ugh, (%)))U o-Fr, (7, U g-Fr, (%))
Wg:‘@says

(3.23) =  (ZUSUgFry (%0 5)\ (WU gFry (D).
Then, Axp (g-Fry) =1 — /\Vel*( | Axe, (g-Fry) = 1.

PRrROOF. Let AX,,[g-F [T,];B] ef {Axp, : v e I:v(u)} be a class of fundamental

g-T ,-frontier operator axioms of type u € I in a Jy-space Ty = (2, 7) and, let
Axp : g-F [T5] — B such that, for any (%4, 7;) € Z () x Z(Q),

Axp (g-Fr,) <5 ( U (#uet, (%))>u g-Fry (S U g-Fry (7))
Wo=Ry,%s

=  (#yUSUgFr, (Z,U.7))\ (DUg-Fr,(0)).
Suppose Axp (g-Fr,) = 1 holds. Then, since
(%3 U Sy Ug-Fry (%, U.7) \ (DU g-Fry (0)) C 7 Ug-Fry (),
( U (% Ug-Fr, (%))) Ug-Fr, (Yg Ug-Fr, (5”9))
Wo=Rg .

2 g-Fr, (S U g-Fr, ()
2 g-Frgog-Fry ()

hold, for any (%, ;) € & () x & (2) such that 7 = %, it results, consequently,
that g-Fry o g-Fry () C FyUg-Fry () &ty Axp o(1) (g-Fry) and hence, Axp —

AXF,D{(I)'
If (Zy, ) = (0,0), then

ae (58r) <5 () (00T, 0) ) U0 U sy, )
Wy=0,0

= (WUDUgFr, (FUN)\ (DUgFry(0)).

Consequently, it follows that g-Fr, (0) U g-Fr o g-Fr, (0) = 0, implying g-Fr, (0) =

0 Jef, Axp 51) (g—Frg) and thus, Axp — Axy s5(1)-
If (Zg,-75) € Z(Q) x & (Q) be arbitrary, then

Axp (g-Fr,) &% ( U (#ugh, (%)))U o-Fr, (7, U g-Fr, (%))
Wo=Rq,q

= (U SUgFry (%50 5)\ (0UgFr, (D).
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But,
(%g UsQU g-Fry (%4 U yg)) \ (@ Ug-Fry (@)) C (%g U Fy)
Ug-Fry (%y U Fy) ,

( U (#y U g-Fr, (%))) U g-Fry (S Ug-Fr, (7))
Wy=Rg, Sy

N

U (#ueky (7))
Wo=Kq,s
and g-Fry (%Z,) U g-Fr, (%) 2 g-Fr, (#Z3 U %) Therefore, (Z4 U g-Fr, (%)) U
(FaUg-Fry (A)) = (%5 U S) Ug-Fry (%2, U 7) &, Axp g1 (8-Fry) and hence,
AXF — AXF,,B(l)-

For an arbitrary (%, 75) € () x & () such that 7y = ¢-Op, (%), it
results that

Axp (g-Fry) £ ( U (#ueh, (74)))
Wo=Rq,0-Opy (%y)

U g-Frg(g-Opy (%) U g-Fry 0 g-Opy (%))
= (%Q U g'opg ('%E) U g'Frg (‘%9 U g_Opg (%Q)))
\ ((Z) U g'Frg ((Z))) .
Consequently,
(U el 0%) sy (a0p, () Uiy o g-Op, (7))

WQ:‘%U)Q_OPE (Z54)
= g-Fry (%Z4 U 9-Opgy (%)) -
Since g-Fr, (%, U ¥;) C g-Fry (%) U g-Fry (¥4) for any (%, 73) € 22 (Q) x 2 (Q),
it follows that

U g-Fr (#4) 2 g-Fry 0 g-Op, (%) U g-Fry 0 g-Fry 0 g-Op (%),
We=Rqy vg‘OPg (Z#4)

implying g-Fr, (#;) 2 g-Fryog-Fryog-Op, (#,) which, by g-Frjog-Fry (%) C
g-Fr, (%) for any %; € &7 (12), implies

g-Fry 0 g-Fry 0 g-Op, (Z4) N g-Iry, (%) = g-Tryog-Fryog-Op, (Zq)
= g-Fr jog-Fr og-Op, (%)
g-Fry 0g-Op, (%) -

D

Therefore, g-Fr; 0 g-Op, (%) = g-Fry (%) &L Axp (1) (g-Fry) and thus, Axp —
AXF (1)
Hence, Axp (g—Frg) =1 — /\I/EI*( )AXF,,, (g—Frg) = 1 and the proof of the
e(p
proposition is complete.

Q.E.D.

As above, having shown the consistency, independency of the g-% -frontier op-
erator axioms, the axiomatic definition of the notion of g-¥ -frontier structure in
Jy-spaces can now be given and is contained in the following statement.
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DEFINITION 3.48 (Axiomatic Definition: g-T ;-Frontier Structure). A ”g-T -frontier
structure of type p € I§” in a J-space Ty = (2, Fy) is a pair g = (Q,g—Frg)
consisting of a nonempty set 2 and a unary operation g-Fr, : & (Q2) — & ()
on & (Q) ranging in & () such that the following "fundamental g-% -frontier
operator axioms” are satisfied:

I. AXF,OZ(IJ«) (g—FI‘g) =1, IIT1. AXF,&(H) (g—FI"g) =1,

. Axp () (g-Frg) = 1, V.  Axp g (g-Fr,) = 1.

For an arbitrary Zy € & (Q), let it be granted the following definition:

(3.24)

def
Axp o (0-Fr,) <= g-FrjogFr, (%) C %y Ug-Fry (%,).

Then, by the aid of DEF. 3.40, the logical implications in PROPS 3.26, 3.27 reduce
to

(Axpagy =1) «— (Axpag) =1) A (Axpg) = 1),
(Axpag =1) — (Axpag =1) A (Axppg) = 1) A (Axp ) = 1),
respectively. Therefore, the g-T -frontier operator axiom Axp () (g—Frg) can be

equivalently replaced by the g-T -frontier operator axiom Axp 4(,) (g-Fry). Hence,
an equivalent axiomatic definition of the notion of g-% ~frontier structure follows.

DEFINITION 3.49 (Equivalent Axiomatic Definition: g-T -Frontier Structure). A
"g-T,-frontier structure of type p € I3” in a Jy-space Ty, = (€2, F) is a pair
$g = (Q,g—Frg) consisting of a nonempty set 2 and a unary operation g-Fr; :
Z () — £ () on & () ranging in & () such that the following "fundamental
g-T,-frontier operator axioms” are satisfied:

L Axpag (0-Fr,) =1, . Axp s (8-Frg) = 1,
. Axp g (8-Fry) =1, V. Axp () (9Frg) = 1.

Our last research objective concerning the consistency, independency of some
sets of axioms for the g-Tj-exterior and g-T,-frontier operators in Jg-spaces is
now complete and the discussion of the present section terminates with the remark
below.

(3.25)

REMARK 3.50. It is plain that, €; = (Q,g-Ext,) together with its axiom-set

{AXE)Q(M), Axp g(u), AXE,5(4) AXE@(M)} and §g = (Q, g—Frg) together with its axiom-
set {AXF@(H), AXE g(u) AXF 5(1) AXFW(H)} will give rise to corresponding algebras:

Algebra of the g-T-Exterior Structure €5 = (Q,g—Extg) and Algebra of the g-% ;-

Frontier Structure §4 = (Q, g—Frg) — namely, the totality of propositions which

follow from their sets of g-T4-axioms by logical deduction.

The categorical classifications of g-%-exterior and g-T-frontier operators in the
T-space T C Ty and g-T -exterior and g-T-frontier operators in the J-space T
are discussed and diagrammed on this ground in the next section.

4. DISCUSSION

4.1. CATEGORICAL CLASSIFICATIONS. Having adopted a categorical approach in
the classifications of g-T4-exterior and g-T4-frontier operators, the twofold purposes
here are to establish the various relationships between the classes of g-T-exterior
operators in the J-space T and g-T4-exterior operators in the Z3-space T4, and
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the classes of g-T-frontier operators in the 7 -space ¥ and g-% -frontier operators
in the J3-space T4, and to illustrate them through diagrams.

In a J-space T, g-Inty (F) C g-Int, () C g-Ints () 2 g-Int, () holds for
any .7y € & (Q) because, for every 0y € O[%], op, (Tg) C op; (Oy) C ops (Ty) 2
opy (Oy) holds. Consequently, it results that the relation g-Intyog-Op (7;) C
g-Int; 0 g-Op (F) C g-Inty 0 g-Op (#) D g-Int, 0 g-Op () and the relation

g—Op( U g-Int, (%))

Uy=4,8-Op(Fy)

») g—Op( U g-Int, (%))

Uy=4,8-Op(Fy)

seon( U e )

Uy=4,8-Op(Fy)

coon( U emna)

Uy=4,8-Op(Fy)

holds. Hence, both g-Ext, () C g-Ext, () C g-Exts (/) 2 g-Ext, () and
g-Fry () 2 g-Fry () D g-Frs (F) C g-Fry () hold for any ., € & (Q).
Similarly, in a Jg-space Ty, g-Inty o () C g-Inty (F) C g-Intg 5 () 2
g-Int 5 (#5) holds for any .7y € & (Q) because, for every 0y € O [T,], op, o (Oy)
0Pg,1 (Og) C opg 3(04) 2 0pg o (0y) holds. Consequently, g-Int, ;0 g-Op (F;) C
g-Inty ; 0g-Op () C g-Int, 509-Op () 2 g-Int, , 0 g-Op () and the relation

g-Op( U g-Intg g (%))

Uy=F5,8-0Op(Fy)

) g—Op( U g-Intg (%g))

Uy=5,8-0p(Fy)

) g—Op( U g-Intg 5 (%g))

Uy=F5,8-Op(Fy)

c g—Op( U g-Intg o (%))

Uy=4,8-Op(Fy)

holds. Thus, both g-Ext o (#;) C g-Extg ; ()
and g_Frg,O (’5/9) 2 g'Frg,l (yg) 2 g'Frg, ( ) -

But, g-Int,, (5) C g-Int , (.#;) holds for any (v,.%) € I§ x & () because, for
every v € I3, 04 C op,, (0, ) C opy,, (Oy) holds. Consequently, g-Ext, (/) «—

C g-Exty 3 () 2 g-Exty s (F)
g-F

ry2 (%) hold for any 7 €
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g-Int, 0 g-Op () C g-Int , 0g-Op (F) +— g-Ext, , (/) and

g-Fr, () «— g-Op( U g-Int,, (%))
Uy =S4,8-Op(Fy)

2 g'Op U g'Intg,y (02/9)> — g'Frg,u (yg) .
Ug=S4,9-Op(Fy)
Hence, both g-Ext, (/) C g-Ext,, (#5) and g-Fr, (&) 2 g-Fr , () hold for
any (v,.%,;) € I3 x & (). Taking all these lines of reasoning into account, the
following diagrams, which are both to be read horizontally, from left to right and
vertically, from top to bottom, present themselves:

g-BExty (F) C  gBExt () C gBExty () 2 g-Exty (F)
N IN N N
g'Eth,O (yg) g g'Eth,l (yg) g g'Eth,3 (yg) 2 g_Eth,2 (yg) 5
(4.1)

gl (F) 2 gl (S 2 gfrg () g-Fr, ()
(42) U U U U
g'Frg,O (yg) g'Frg,l (yg) 2 g'Frg,lS (yg) - g'Frg,2 (yg) .

In F1G. 1 are presented the relationships between the elements of the collections
{g-Ext, (#,) : v € I§} in the T-space T and {g-Ext,, () : v € I} in the
Ty-space Tg; F1G. 1 may well be called a (g—Ext7 g—Extg)-valued diagram.

g-Ext (%)

e N

g-Exty () —— g-BExt () —>— g-BExt; (S,) —=— g-Ext, (S)

* o *

g_Eth,O (yg)—’_ g'EthJ (yg)—>_ g'Eth,3 (yg)_<_ g'Eth,Q (yg)

g-Exty (S)

N

1

F1cURE 1. Relationships: g-T-exterior operators in 7 -spaces and
g-T4-exterior operators in Tg-spaces.

In F1G. 2 are presented the relationships between the elements of the collections
{g-Fr, (#) : v € I3} in the F-space T and {g—Frg’V (F) : v € I3} in the
Tg-space Tg; F1G. 2 may well be called a (g—Fr, g—Frg)—valued diagram.

As in the works of other authors [CJS05, Don97, JJLL08, TC16], the manner we
have positioned the arrows in the (g—Ext, g—Extg), (g—Fr7 g—Frg)-’ualued diagrams
(F1Gs 1, 2) is solely to stress that, in general, the implications in F1Gs 1, 2 are
irreversible.
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g-Fr ()

P N

g'Frg (‘yg)

FIGURE 2. Relationships: g-T-frontier operators in .7 -spaces and
g-T;-frontier operators in J-spaces.

At this stage, a nice application is worth considering, and is presented in the
following section.

4.2. A NICE APPLICATION. Focusing on fundamental concepts from the standpoint
of the theory of g-T j-exterior and g-T4-frontier operators in J;-spaces in an attempt
to shed lights on some of the essential properties and such notions as consistency,
independency of the axioms associated with the g-Tg-exterior and g-T,-frontier
operators, we shall now present a nice application comprising of some interesting
cases.

CASE 1. Let 2 = {f,, v E Ig} denotes the underlying set and consider the
Tg-space Ty = (Q, ), where 2 is topologized by the choice:

(43) %(Q) = {wa {52}7 {52754755}, Q}
- {ﬁg,lv ﬁg,?a ﬁg,Sv ﬁg,ﬁl};
(4.4) ~Zo () = {Q {&,86,8.&), {6,860}

= {Han. Hon, Hos Kyl

Evidently, the set-valued set maps Jy, =9 : 2 (Q) — 2({& + v € I1})
establish the classes of J;-open and J-closed sets, respectively. Since conditions
T (0) =0, Ty (Og) € Oy, for every v € I3, 7y () = 2, and Ty (Uye: o) —
Uver; 7o (O4,) are satisfied, it is clear that the one-valued map 75 : & () —
P({& : v e It}) is a strong g-topology and hence, Ty = (2, 7;) is a strong
Tg-space. On the other hand, because the additional condition Z4 (), ¢ I Ogv) =
ﬁveIz Ty (Og,) is satisfied, Ty : 2 (Q) — P ({& : v € IZ}) is also a topology
and thus, T, = (Q, 7)) is a T-space T = (Q, ). Moreover, it is easily checked
that 0y, € g-v-O [@] for every (v,p) € I x I;. Thus, the J3-open sets forming
the g-topology J; : & (Q) — 4@({5,, Vv E Ig‘}) of the Jy-space T; = (Q, T)
are g-.7-open sets relative to the J-space ¥ = (Q, 7).

Clearly, the cardinality card(Z () = 2¢ard(®) ig very large. For convenience
of notation, express & (1) in set-builder notation as a collection indexed by the
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Cartesian product I3, 1 z(q)) % Loara(a)’

(4.5) 2Q) = {Sww €PQ): (vp) e Iara(2(9)) % Igard(ﬂ)}v

where 7y ) € & () denotes a Ty-set labeled v € I7, 5y, and containing
W e Igar a(Q) elements. Below is established the indexing by the Cartesian product
I:ard(g;(m) X Igard(m by the choice: 75 (1,0) = 0, ... Lo o) = {fl,fg, . ,@},
caey 5”97(3275) =Q.

For 7, € & (Q2) such that card (.#;) € {0,5}, let .7 (1,0) = 0 and 7 (32,5) = 2.
For 7, € & (Q2) such that card () € {1,4}, let 7 2.1) = {&1}, S4,i.0) = {62}
5”9,(4,1) = {&1, yg,(&l) = {&4}, and yg,(&l) = {&h yg7(2774) = {&1,82,83,84},
Fa284) = 162,63,60,85}, Ly 204) = {61,63,640,85), F.304) = {61,62,83,65)
and .75 (31.4) = {£1,62,84,&5}. For 7y € &2 (Q) such that card () € {2,3}, let
For2) = 161,81}, Las2) = 18,8 Fa02 = 1§81 Fa02) = {6,6)
Faar2) = {82,8}, S a2 = {&,8), a2 = {€2,86) Saaa2) = {€3,84)
Fa15,2) = 183,85}, and g 162) = {4,865} Saam3) = 161,82, 83}, L4083 =
{61,&3, &}, Fg00,3) = 161,864,865}, F,203) = {61,62,84}, Sa,1,3) = {61,62,65),
S 22,3) = 161,863,865}, Ty 23.3) = 162,83, 8}y Ty 2a3) = 162,83, 85}, T 25,3) =
{€3,€4, &5}, and A (926,3) = {€2,64,85)-

A first series of calculations shows that, for every (v, u) € I, 4 m(q)) % Loara(a):

extg(Sgwu) ¢ intgog-Opy (S )
(4.6) IN N

g—Extg(ygw(,,#)) — g—Intgog—Opg(ng(yyu))

and
frg (yﬂv(’/vl‘)) A g'Opg < U intg,v (%g)>
Ry=g,(v,1) ’g_Opg (‘yg,(u,u))
(4.7 V) U
g-Frg (L) 9-Op, ( U g-Intg , (%g)) ,

Ry=g,(v,n),8-OPy (yg,(v,u))

meaning that, g-Ext, : & () — & (Q) is finer (or, larger, stronger) than exty :
Z(Q) — Z(Q) or, exty : Z(Q) — P (Q) is coarser (or, smaller, weaker)
than g-Ext, : & (Q) — £ (Q); g-Fry : Z(Q) — P (Q) is coarser (or, smaller,
weaker) than fry : 2 (Q) — £ (Q) or, frg : P (Q) — P (Q) is finer (or, larger,
stronger) than g-Fr; : & (Q) — & (Q). Thus, EQs (4.6), (4.7) validate ITEMS 1.,
IL., respectively, of THM. 3.4. Moreover, for each (o,7n) € {(0,1),(1,3),(2,3)},

g-Ext, (yg,(%u)) c  gExt, (ygv(v,u))
(4.8) IN IN
g-Exty o (g ) g-Exty , (Lo, 00))

N

and

V)

g-Fr, (yg,(wu)) g-Fr, (yg,(vvu))
(4.9) U U

0-Fry o (So.0m)) g-Fry (Lo 0m)

V)
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for all (v, 1) € 17, 4(m(a)) ¥ 0 4 Equivalently stated, it means that, for each
(o,m) € {(0,1),(1,3),(2,3)}, g-Ext, = g-Ext, ., g-Ext, = g-Ext,, and g-Fr, 3
g-Fry ., g-Fr, 3 g-Frg, for all (v, N Lard(2(2)) % Icard(Q) Thus, EQ. (4.8)
validates the (g—Ext,g—Extg)—Valued diagram present in Fic. 1, and EqQ. (4.9)
validates the (g—Fr, g—Frg)—valued diagram present in Fia. 2.

A second series of calculations shows that, for every (o,v,u,n) € 17, A(2(Q) X

x I° x I°

I, card(2(Q)) card(Q2)’

card(2)
0-Exty(Spom) S g-Extyog-Op,og-Exty (L om),
(4.10) g-Bxty (L 0 U-Tpom) = 8Exty (S om) No-Exty (Ly ),
o-Bxty (Sp00) = 50pg(F4010),
Foom N GExty (S 0m) = 0

and

g_Frg ° g—FI'g (y97(0,n)) g yg’(g)"']) U ‘g_FrQ (yg,(o','r]) )’
(Lo YU Lo wm) Y 8Frg (g 0 U L 0) =

(4.11) U (% U g-Fry (%)),
Uy=Tg,(0.m) 8. (v.1)

oy (So.00) =0,
‘g_FrQ (ygx(ffﬂ?)) = g—FI'g © g_OpQ (yg’(o'y"'])) :

Hence, EQs (4.10) validate ITEMS 1.-1v., and EQs (4.11) validate ITEMS V.—VIIL.
of Cor. 3.28.

CasE 1. Let (Q,g-Exty) be a g-Tg-exterior structure and let (€, g-Fr;) be a
g-Ty-frontier structure in a Jy-space Ty = (9, J;), where Q = {§y v E I§‘}
denote the underlying set. Then:

(1) If g-Exty : 2 (Q) — 2(9) be defined as, g-Ext, ({€,}) < ¢-Op, ({6,})

for any v € I3, and g-Ext, (0) 4C'O). Then, g-Ext (0) = g-Op, (V) is a di-
rect consequence of the definition of g-Ext; : & (Q) — Z (2) and, for ev-
ery (%, 73) € 2 (Q) x Z (), g-Ext : 9’ () — 2 (Q) also satisfies the
relations g-Ext, (%) C g-Ext,o0g-Op,og-Ext, (%), g-Ext, (%, UYg) =
g-Exty (%) N g-Exty (75), and %, N g-Exty (%) = 0. Hence, for every
€ I3, the class AX, [g-E[Tg]; B] = def {Axg,: veT (#)} are composed of
consistent derived set g-% -exterior operator axioms.

(2) If g-Fr, : 2(Q) — 2 () be defined as, {¢,} U g-Fry ({6}) < {&}

0. Then, g- Fr, ((0) = ) is a direct
consequence of the definition of g-Fr, : & (Q2) Z(Q) and, for ev-
ery (%, 73) € Z(Q) x Z(Q), g Fr : 2(9) 2 () also satisfies
the relations g-Fr,og-Fr, (%) C % U g-Fr, (%), (% U g-Fr, (%)) U
(Vg Ug-Fry (V) = (% U V) Ug-Fry(% U ), and g-Frog- Opg(%) =

g-Fry (%;). Hence, for every pu € I, the class AX u[o-F [T]:B] = ef {Axp, :

for any v € I3, and g-Fr, () =

5
—
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Ve I;(u)} are composed of consistent derived set g-% -frontier operator ax-
ioms.

Hence, ITEM (1) of CASE 1I. validates PROP. 3.35 and ITEM (2) of CASE II. vali-
dates ProP. 3.45.

CASE 111. Let (Qa,g—Extg) be a g-Ty-exterior structure in a Jy-space Ty, =
(Q5, Tg,0), where Q, = {& : v € I;} denote the underlying set, conditioned by
the parameter o > 1. Then:

1) If o =2and g-Ext, : & (Q2) — & (Q2) is defined as thus: g-Ext, (.7 def
g a\g
g-Op, (S5 U{&}) for every . € 2 (€22). Then, it follows that the state-
ments Axg o(1) (9-Exty), Axg (1) (9-Exty), Axg 1) (g-Exty) = 1 hold but
Axg 5(1) (g-Exty) = 0 because, g-Ext, (0) = {&1} # g-Opg (). Hence, the
g-T -exterior operator axiom Axgs(1) is independent of the other g-T -
exterior operator axioms Axg (1), AXg (1), AXE(1)-

(2) Ifo =3 and g-Ext, : & (Q3) — & (Q3) is defined as thus: g-Ext; () def

g-Op, (5”9) for all /5 € {0,Q3}, and 7 € {{5,,,5# : (v, p) € 132\ I;QA}
where I3% ' {(v,1): v € I} gBxty (Fg) €0, {&), {&) if 7 =
{&3}, {&}, {&}, respectively. Then, it results that Axp o) (g-Exty),
AXE,S(l) (g—Eth), AXE,E(l) (g—Eth) = 1 but AXEﬁ (g Eth) =0 be—
cause, g-Ext, ({1} U{€2}) = {€s} but g-Ext, ({€1}) A g-Exty ({€2})
b el oS e oy R R i on S i

g-Extg ({€2} U{&)) = {6} but g-Exty ({&}) N Q-EX'G ({&}) = 0; also,
g-Exty ({§11 U {&1,8}) = {3} but g-Exty ({&1}) N B-EX'E ({&1,82}) = 0
g-Exty ({§21 U {82, &3}) = {&i} but g-Exty ({&2}) N Q-Eth ({&2,83}) = 0;
g-Exty ({§3} U{61,8}) = {2} but g-Exty ({&3}) N g-Exty ({€1,&3}) = 0.

Hence, the g-T -exterior operator axiom Axg g(1) is independent of the
other g-T -exterior operator axioms AXg (1), AXE,s(1), AXE,e(1)-

(3) Ifo =3 and g-Ext, : & (Q3) — & (Q3) is defined as thus: g-Ext () def

{6}, (&), {6} if F4 = {&}, {&}, (&), respectively; g-Ext, (75) =

if 75 =0, and g-Exty (%) L 0if S = Qs or S € {4\ {6} -
[ZBS Iék} Then, AXEﬁ(l) (g—Eth), AXE75(1) (g—Eth), AXE,E(l) (g—Eth) =1
but Axg o (1) (g-Exty) = 0 because, it follows that g-Ext, ({&1}) = {&) €
0 = g-Extyog-Opgog-Exty ({&1}); also, because g-Exty ({&}) = {&} &
0 = g-Extgyog-Op,og-Exty ({€2}); finally, g-Ext, ({&}) = {&} € 0 =
g-Extg 0g-Op, o g-Ext, ({€3}). Hence, the g-% -exterior operator axiom
AXg (1) is independent of the other g-T -exterior operator axioms Axg g(1),
Axp s(1), AXE.e(1)-

(4) If 0 = oo and g-Exty : & (Quo) — & (o) is defined as thus: For every

Ty C Do, 0-Excty (L) & g-0p, (F4); 0-Excty (F5) € g-Opg (Fo) U {€c}

if 75 = Q. Then, it follow that Axg (1) (g Ext ) Axg g1 (g—Extg),
Axg 501) (g—Extg) = 1 but Axg ) (g—Extg) = 0 because, it results that
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{6 vellyngBxty, ({6 : vell}) = {x} # 0. Hence, the g-T -
exterior operator axiom Axg_. (1) is independent of the other g-T -exterior
operator axioms AXg (1), AXg,g(1), AXE,s(1)-

In view of ITEMS (1)—(4) of CASE 111., for every p € I3, the class AX,, [g-E [T4] ; B] def

{AXE)V T VE I:(u)} are composed of independent derived set g-T;-exterior opera-
tor axioms. Hence, ITEMS (1)—(4) of CASE 11I. altogether validate THM. 3.36.

CASE 1v. Let (Qa,g—Frg) be a g-T4-frontier structure in a Fy-space Ty, =
(Q0, T4,6), where Q, = {{V v E I;} denote the underlying set, conditioned by
the parameter o > 1. Then:

(1) If o =2 and g-Fry : & (Q2) — Z (2) be defined as thus: g-Fry () o

{&2} for every .y € Z2(Q). Then, Axp (1) (g—Frg), Axp g1 (g—Frg),
Axp o1 (g—Frg) = 1 but Axp 51) (g—Frg) = 0 because, g-Fr, (0) = {&} #
(). Hence, the g-T ;-frontier operator axiom Axp s5(1) is independent of the
other g-T-frontier operator axioms Axp 4(1), AXp g(1), AXF,p(1)-

(2) Ifo =3 and g-Fry : & (Q3) — & (Q23) be defined as thus: g-Fr, () 4y

for every %4 € {0,Q3}; g-Fr, (F) & {€1,6) if F = {&1}; o-Fry (%) &

Q it Sy € {{&) (&) {6, &)} 6,6} oFr, (%) & {6, 6} if 7 =
{52753}. Then, AXF,ﬁ(l) (g-Frg), AXF’(;(l) (g—Frg), AXF#,(D (g—Frg) =1 but

Axp 0 1) (g—Frg) = 0 because, g-Frjog-Fr, ({6&1}) € {61} U g-Fry ({&1})-
Hence, the g-T-frontier operator axiom Axg o(1) is independent of the
other g-T -frontier operator axioms Axp g(1), AXF,s(1), AXF (1)

(3) If o =3 and g-Fry : & (Q3) — & (Q3) is defined as thus: g-Fr, (7) <y

for every 7y € {0,9Q3}; g-Fry () g it Sy = {&}; for each p €

def def

I3\ {1}, Q‘Frg (Ss) = {fu} if Sy = {fu} and Q‘ng (Se) = {gu} if 7y =
(6 ve\{u)}; oFry (%) € 0if S = {&: vel;\{1}}. Then,
it follows that Axp (1) (g—Frg), Axp 501 (g—Frg), Axp (1) (g—Frg) =1 but
Axp 501 (g—Frg) = 0 because, for each p € I3 \ {1}, ({fl} Ug-Fry ({fl})) U
({&uyVa-Fry ({6.1) = {61,60} # Q3 = ({&}U{€}) Ug-Fry ({&1} U {€u D).

Hence, the g-T -frontier operator axiom Axp g(1) is independent of the other
g-T;-frontier operator axioms Axp 4(1), AXp 5(1), AXp (1)

(4) If o = 2 and g-Fr, : Z () — £ (Q) is defined as thus: g-Fr, () =)
for every 7 € {0,Qq}; for each p € I3, g-Fry (F) et Q, if S = {&.}
Then, it follows that Axp o(1) (g-Frg), Axp g(1) (g—Frg), Axp 51) (g-Frg) =
1 but Axp ,(1) (g-Frg) = 0 because, for each p € I3, g-Fry 0 g-Op, ({§,}) =
D\ {&.} # {&u} = o-Fry ({€.})- Hence, the g-T-frontier operator axiom
Axg (1) is independent of the other g-Tj-frontier operator axioms AXp 4 (1),

AXp (1), AXF,5(1)-
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In view of ITEMS (1)—(4) of CASE V., for every p € I3, the class AX,, [g-F [T,] ; B] def
{AXF),, T VE I:v(u)} are composed of independent derived set g-T  -frontier operator
axioms. Hence, ITEMS (1)—(4) of CASE 1v. altogether validate THM. 3.46.

If the discussions of this nice application be explore a step further, other interest-
ing conclusions can be drawn. The next section provides concluding remarks and
future directions of the theory of g-Tj-exterior and g-%4-frontier operators discussed
in the preceding sections.

4.3. CONCLUDING REMARKS. In this Pure Mathematical manuscript titled Theory
of g-Ty-Exterior and g-Ty-Frontier Operators and subtitled Definitions, Essential
Properties and, Consistent, Independent Axioms, a new theory has been developed
with the twofold objectives of, firstly, presenting the definitions and the essential
properties of a new class of g-Tg-exterior and g-Ty-frontier operators in J-spaces
and, secondly, discussing the consistency, independency of some sets of axioms for
the g-%4-exterior and g-Ty-frontier operators in 7;-spaces.

Concisely, the definitions of the notions of g-Tg-interior and g-Ty-closure oper-
ators in Jy-spaces were presented in as general and unified a manner as possible
[SUBSECT. 2.1: DEF. 2.1 & REM. 2.2]; the essential properties of such novel types
of g-T4-exterior and g-T4-frontier operators were discussed in such a way as to
show that much of the fundamental structure of .7;-spaces is better considered for
g-Tg-exterior and g-Tg-frontier operators g-Ext, g-Fr, : &2 (Q) — & (Q2) than for
the Tg-exterior and Ty-frontier operators exty, fry : &2 (Q) — & (Q), respectively
[SUBSECT. 3.1: PrOPS 3.1-3.27, THMS 3.2-3.24, CORS 3.3-3.29 & LEM. 3.10]; the
notions of g-Tg-exterior and g-T4-frontier operators axioms in Jg-spaces were pre-
sented from a purely mathematical or abstract point of view and, the consistency,
independency of some sets of such axioms for the g-Tg-exterior and g-Ty-frontier
operators in Jg-spaces were discussed in such a way as to show that they form
fundamental sets of g-T4-axioms [SUBSECT. 3.2: DEFS 3.30-3.40, LEMS 3.31-3.42,
THMs 3.33-3.46 & ProPs 3.34-3.47].

Precisely, the outstanding facts are:

e 1. If the definitions of g-Extg, g-Fry: & (Q) — & () are based on intg,
clg : Z(Q) — Z(Q) instead of g-Int, g-Cl, : £ (Q) — £ (Q), then

(g—Extg,g—Frg) Lef (extg,frg), and extg, frg : P (Q) — & (Q) are called,

respectively, a Ty-exterior and a Ty-frontier operators in a Jy-space Ty =
(92, Fy); if the definitions of g-Ext, g-Fr, : & (Q) — & (12) are based on
g-Int, g-Cl: & (Q) — & (Q) instead of g-Int,, g-Cl; : & () — Z(Q),

then (g-Exty, g-Fry) © (g-Ext, g-Fr), and g-Ext, g-Fr : 2 (Q) — 2 (Q)

are called, respectively, a g-T-exterior and a g-%-frontier operators in a 7 -
space T = (Q, 7); if the definitions of g-Exty, g-Fr, : £ (Q) — £2(Q)
are based on int, cl : & () — £ (Q) instead of g-Inty, g-Cl; : & (Q) —

2 (9), then (g—Extg,g—Frg) def (ext, fr), and ext, fr : 2 (Q) — () are

called, respectively, a T-exterior and a T-frontier operators in a Z-space
T=(0,9).

e 1. If the relation "g-Ext, 2 exty” stands for "g-Ext, (75) 2 exty ()"
and "g-Fr, 2 fry,” for "g-Fr, () C fry (#),” then the outstanding
facts are: g-Ext, : £ (Q) — £ (Q) is finer (or, larger, stronger) than
extg 1 Z(Q) — Z(Q) or, exty : P (Q) — P (Q) is coarser (or,


https://doi.org/10.20944/preprints202003.0342.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 March 2020 d0i:10.20944/preprints202003.0342.v1

— THEORY OF g-T4-EXTERIOR AND g-%4,-FRONTIER OPERATORS — 51

smaller, weaker) than g-Ext, : & () — Z(Q); g-Fry : Z(Q) —
& (Q) is coarser (or, smaller, weaker) than fry : & (Q) — £ (Q) or,
frg : 2(Q) — P (Q) is finer (or, larger, stronger) than g-Fr, : # (Q) —
o 11I. For every (%, %) € & () x & (1), the propositions
— (i) g-Exty (%) C g-Exty0g-Op, o g-Exty (%),
— (i) g-Bxty (ZyU.Sy) = (| o-Bxty (%),
Uy=Rg,Ss
- (“Z) g_Eth (0) = g_Opg (0)3
— (v.) %y N g-Exty (%) =0

hold and form a set of consistent, independent g-%;-exterior operator ax-
ioms.
o 1v. For every (%g4, %) € & (Q) x & (Q), the propositions

— (i) g-Frgog-Fry (%y) C Zy U g-Fry (%),
— (ii.) (ByUS) UgFry (%S = |  (%Uotry (%)),
Us=HRg, s
— (dii.) g-Fry (0) =0,
= (v.) g-Fry (%) = g-Fry 0 g-Op, (%)
hold and form a set of consistent, independent g-Ty-frontier operator ax-
ioms.

Hence, the proposed theory, in its own rights, has several advantages. Indeed,
in relation to ITEM I., the theory offers very nice features for the passage from
g-Tg-exterior and g-T4-frontier operators to Ty-exterior and Ty-frontier operators,
g-T-exterior and g-T-frontier operators and %-exterior and T-frontier operators,
respectively. Thus, the theory holds equally well when (Q,.7;) = (©,.7) and
other features adapted on this ground, in which case it might be called Theory of
g-%-Exterior and g-%-Frontier Operators. Therefore, in a Jy-space the theoret-
ical framework categorises the pair (g—ExtmO, g—Frgyo) of g-Tq-(eaterior, frontier)
operators, the pair (g—Extgyl,g—FrgJ) of g-T4-semi-(exterior, frontier) operators,
the pair (g—Extg,Q,g-Frg,Q) of g-Tq-pre-(exterior, frontier) operators and the pair
(g—Extg,3,g-Frg,3) of g-Tq4-semi-pre-(exterior, frontier) operators as pairs of g-%-
(exterior, frontier) operators of categories 0, 1, 2, and 3, respectively, and theorises
the concepts in a unified way.

In relation to ITEM II., the theory offers ¥j-exterior structures as (Q, g—Extg)
which are finer (or, larger, stronger) than Tg-exterior structures as (€2, extg) or,
(Q,exty) is coarser (or, smaller, weaker) than (Q7g—Extg); T g-frontier structures
as (Q,g—Frg) which are coarser (or, smaller, weaker) than Tg-frontier structures
as (Q,fry) or, (Q,fry) is finer (or, larger, stronger) than (Q,g—Frg). Hence, such
T 4-structures can be considered as a means of handling certain problems in Func-
tional Analysis. Finally, in relation to ITEMS I11. (4.)—(%.) and ITEMS 1v. (i.)-
(%v.), the theory offers fundamental g-Tg-structures from which many other novel
propositions can be deduced by means of their g-%4-axioms by purely logical pro-
cesses. Thus, the construction of a purely deductive theory of g-%j-exterior and
g-T4-frontier operators a step further is made possible.

In view of the foregoing facts, making the theorization of g-%j-exterior and g-%4-
frontier operators of mixed categories in Jy-spaces by purely formal processes a
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prime subject of inquiry for future research may therefore be not without interest.
More precisely, for some pair (v,pu) € I x I{ such that v # p, to develop a
purely deductive theory of g- (v, u) -Tg-exterior and g- (v, ) -T4-frontier operators
g-Exty ,,, 0-Fry,, 0 P (Q) — P (Q), respectively, in J-spaces, where g-Ext ,, :
Sy — g-Ext, ,, () describes a type of collection of points exterior to ., and
g-Fry,, + Sy — g-Fry,, () describes another type of collection of points at
the frontier of .y, and both exteriorness and frontierness are characterized either
by g-Tg-open sets belonging to the class {0y = Oy, U Oy, : (Og,,0,,) €
g--0[T,] x g-p-O[T4]} or, by g-Ty-closed sets belonging to the class {#g =
Haw N Hgpy © (K, Hgpu) € g-v-K[Tg] x g-p-K[Tg]}. Such an interestingly
promising theory is what the present authors thought would certainly be worth
considering, and the discussion of this paper ends here.

APPENDIX A. PRE-PRELIMINARIES

In this pre-preliminaries section, the elements accompanying the foregoing pre-
liminary section are presented below. In actual fact, they are the elements ex-
tracted from the pre-preliminaries and preliminaries sections of the previous Pure
Mathematical manuscript of the authors entitled Theory of g-T4-Interior and g-%g4-
Closure Operators. As in all the previous Pure Mathematical manuscripts of the au-
thors (See, Theories of g-Tq4-Sets, g-Tq-Maps, g-T4-Connectedness, g-%4-Separation
Azioms, g-T4-Compactness and, g-Tq-Interior and g-T4-Closure Operators), 4 is
the universe of discourse, fixed within the framework of the theory of g-T4-exterior
and g-T,-frontier operators and containing as elements all sets (briefly, Q, I'-sets;
T, ¢T, T, g-%-sets; Ty, 9Ty, Ty, 9-Tg-sets) considered in this theory, and
10 def {v e N": v < n}; index sets IS, I}, I%, are defined similarly. A set I' C &l
is a subset of the set 2 C U and, for some Jg-open set 0y € T Ug-T UTy U g-Fy,
these implications hold:

(Al) Oy T =0,€9-T =0y, Tyg=0Oy€9-Tyg= Oy CQCL

In a natural way, a monotonic map 7, : & (Q) — £ () from the power set
& (1) of 1 into itself can be associated to a given mapping 7y : @ — €2, thereby
inducing a g-topology 75 C & (£2) on the underlying set Q C 4 [PC12]. When some
further axioms [LR15] is specified for .7 : & () — £ (Q) with no separation
axioms assumed unless otherwise stated, the notion of a Z;-space follows.

DEFINITION A.1 (J4-Space). Let Q C 4 be a given set and let &7 (2) def {O4, C
Q:ve I;o} be the family of all subsets &y 1, Oy 2, .. ., of §2. Then every one-valued
map of the type Fy : & () — 2 (Q) satisfying the following axioms:

e AX. 1. T3 (0) =0,

o AX. 1. G (O4) C 0Oy,

o AX. 1L Ty (Uyers, Oow) = Users, 7o (Ogu);

is called a ”g-topology on 2,” and the structure T4 def (Q, Fy) is called a ” Fy-space.”

In DEF. A.1, by AX. 1., AX. 1I. and AX. III., respectively, are meant that the

unary operation J : & () — & (2) preserves nullary union, is contracting and
preserves binary union. Any element 0y € J; def {Of: Oy € Ty} of the Fg-space

T, is called a Jg-open set and its complement element Cq (0,) = 45 € ~7, def
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{y : C(Ay) € Ty}, a Ty-closed set; by convention, J; and —.7, respectively,
stand for the classes of all J;-open and Z;-closed sets relative to the g-topology
Ty If there exists a v € I such that 0y, =, then T is called a strong J-space
[Cs5, PC12]. Moreover, if %(ﬂuel; Ogv) = nuel,t Ty (O4,,) holds for any index
set I C I% such that n < oo, then T is called a quasi J-space [Cs8].

In the Jy-space T, the operator inty : & (Q) — & () carrying each Tg-set
Sy C Ty into its interior inty (F) = 2 —clyg (2 \ F) C Fq is called a "Ty-interior
operator;” the operator clg : & (Q) — 2 (Q) carrying each Tg-set #y; C Ty into
its closure clg (%) = Q —intg (Q\ ) C T4 is called a "Tg-closure operator.” The
S E Oy € Ty: 0,C Fy} and C% 1.7, def{%eﬁy Hy 2
Yg}, 1respectlvely7 denote the classes of Jy-open subsets and Jj-closed supersets
of the Ty-set .75 C T4 relative to the g-topology .7;. That C?}:’ (%] € T4 () and
-5 () 2 Ciugg [#,] are true for the Ty-set #; C T4 in question are clear from
the context. To this end, the Ty-closure and the Ty-interior of a Ty-set 7y C T,
in a J-space define themselves as

classes Csub

(A2) ity (Z)E ) by L(F)E () A

04031 7,] Ha €O (7]

respectively. We note in passing that, clg (-) # cl(-) and intg (-) # int (-) in general,
because the resulting sets obtained from the intersection of all J-closed supersets
and the union of all J3-open subsets, respectively, relative to the g-topology .7, are
not necessarily equal to those which would be obtained from the intersection of all
T -closed supersets and the union of all .7 -open subsets relative to the topology 7
[BKR13]. Throughout this work, by clg ointg (-), intg ocly (+), and clg ointg oclg (+),
respectively, are meant cly (intg (+)), intg (clg (+)), and clg (intg (clg (+))); other com-
position operators are defined in a similar way. Also, the backslash Q \ .7 refers
to the set-theoretic difference 2 — .#5. Finally, for convenience of notation, let
P(Q) = 2@\ {0}, F7 = 7, \ {0}, and ~7;" = =7\ {0}.
DEFINITION A.2 (g-Operation). Let Ty = (Q, J;) be a Jg-space. Then, a mapping
opy : Z () — Z(Q) on Z (Q) ranging in & (1) is called a "g-operation” if and
only if the following statements hold:
(A.3) (V.5 € 2% (0)) (3 (Oy, Hy) € Ty x 7)) [(opg (0) = 0) V (—op, (0) = 0)
V(S opg (G5)) V (S 2 ~op, (%))]v

where —op, : Z () — Z (1) is called the "complementary g-operation” on
& () ranging in & (Q) and, for all (S, %, Vo) € Xaer; 7 () such that
Wy = Uy, U Yy, the following axioms are satisfied:

o AX. 1. (S Copy (Oy)) V (F4 2 —op, (Hy)),

o AX. 1. (op, () C opgoop, (F4)) V (—opy (F) 2 ﬁopg o—op, (),

o AX. IIL (opg (#y) € | opg (0 )\/(ﬁopg > U —op, (4 )

o=,V o=,V

o AX. IV. (% C Vo — 00y (Ogu) C 0Dy (Og) )V (U 2 Vo ¢— 0Dy (Hg)
:_> "Opg (ﬂ%/g,l/ )u
for some (O, Oy, Og,v) € Xoep; Ty and (Hy, g, Hgw) € Xoers 74"

<
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The formulation of DEF. A.2 is based on the axioms of the Cech closure operator
[Booll] and the various axioms used by many mathematicians to define closure
operators [MHDS83].

DEFINITION A.3 (opy-Elements). Let T4 = (Q, 7;) be a J-space. Then, the class
def
Z,19] = {op,, = (0pg.,,—0py,) : ¥ € I§} C L2 [0 x £F [, where

def
(A4) Opg € "E/ﬂgw [Q] = {Opg,07 Opg,lv 0pg,27 Opg,S}
= {intg, clgointy, intgocly, clgointg oclg},

def

(A.5)  —opg € Z5 [ {=0opg0: 0Pg1: 70Dy 2. TOPg 3}

= {clg7 intgoclg, clgointg, intgoclgointg},

stands for the class of all possible pairs of g-operators and its complementary g-
operators in the J;-space Tg.

The use of op; = (opg7 - opg) € 2, [Q] on a class of Ty-sets will construct a new

class of g-T4-sets, just as the use of £ [Q] def {op, = (op,,—op,) : v € IJ} on the

class of T-sets have constructed the new class of g-T-sets. But since clg # cl and
inty # int, in general, it follows that op,, # op, for some v € I and therefore,
the new class of g-Tg4-sets that will be obtained from the first construction will,
in general, differ from the new class of g-%-sets that had been obtained from the
second construction. Employing the set-builder notations, the notion of g-Ty-set of
category v may then be defined as thus:

DEFINITION A.4. Let (S, Oy, #y) € Ty X Ty x =Ty and let op, , € £ [ be a
g-operator in a Jy-space Ty = (2, .7;). Suppose the predicates

Pg (yg’ ﬁ97 '%/9; OPy .3 <, 2) o Pg (ygv ﬁgQ OPg .5 g) V Pg (yg, %; OPg . 2),
Po(a: 0Py, C) = (3(0a,0pg,) € Ty x 2y ()
[‘yﬂ g Opg,u (ﬁg)]a
(A6) Py(Sy Haiopg,i2) © (3(Homopg,) € 2Ty x £ Q)

[yg 2 T OPg v (%)]
be "Boolean-valued functions” on Ty x (J5 U ~Ty) x %, [Q] x {C, D}, then

0v-S[T] = {F CTo: Py(F g Hyiopy,i C,2) ),
(A.7) g-v-0 [T,] e {5 C Ty Py(F Ogs0py,:C) )
0K [T E (S C Tyt Py Hyiopg,i2) )

respectively, are called the classes of all g-T4-sets, g-T4-open sets and g-T4-closed
sets of category v in T,.

Thus, .7y C T4 is called a g-T4-set of category v if and only if there exists a pair
(Oy, Hy) € Ty x=Ty of Fy-open and Jy-closed sets and a g-operator op, , € Z; [(]
of category v such that the following statement holds:

(36) [(€ € Z5) A (S5 S opg, (G)) V (S5 2 m0pg, (H)))] -
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Clearly,
def
g-S[T,] = Uuelg g--S[T] = U (Q‘V‘O [Tgl U g-v-K [Ig])
vely
= (U o) u (U sviis)
VEIg uelg
def

= g-O[T ] UgKI[T],

then, defines the class of all g-v-T4-sets as the union of the classes of all g-v-T;-open
and g-v-Tg-closed sets, defined by g-O [T4] and g-K [T] respectively.

It is interesting to view the concepts of open, semi-open, preopen, semi-preopen
sets [And86, And84, CM64, Lev63, MEMEDS2, Nj5] as g-T-open sets of categories
0, 1, 2, and 3, respectively; likewise, to view the concepts of closed, semi-closed,
preclosed, semi-preclosed sets [And96] as g-T-closed sets of categories 0, 1, 2, and
3, respectively. These can be realised by omitting the subscript ”g” in all symbols
of the above definitions. The remark follows.

REMARK A.5. Observing that, for every v € I3, the first and second components
of the g-vector operator opy , = (opg’l,, ﬂopg,y) € %, Q] are based on .y x =,

respectively, it follows that op,, = op, def (op,,—op,) € Z[Q] if based on
T x =7, respectively. In this way, op : Z(Q2) x £ (Q) — P (Q) x Z(Q) is
called a g-vector operator in a .7-space T = (Q, 7). Accordingly,

w def
(A.8) ope2¥[Q] = {opg, opy, oDy, OD3}
= {int, cloint, intocl, clointocl},
P def
(A.9) —ope L[ = {-opy, —opy, 0Py, —ops}

= {cl, intocl, cloint, intoclo int},
def 0 w *
and, %, [Q] = {op,, = (0py,,—0py,) : ¥ € I§} C L& [Q] x L[] stands for
the class of all possible pairs of g-operators and its complementary g-operators in
the J-space T = (Q2,.7).

By virtue of the above remark, if (¥, 0, %) € T x F x =7 and op, € Z[Q)]
in a J-space T4 = (12, Fy), then the predicates

P(,0,%;0p,;C,0)

P(&,0;0p,;C) VP(S, % 0p,; D),
P(Y,ﬁ;opy;g) (El(ﬁ,opl,)egx.iﬂ“’ [Q])[ygopy(ﬁ)],
(A.10) P(, A 0p,;2) X (3(H,-0p,) €T x L5 [Q))[.# D ~op, ()]

are obviously "Boolean-valued functions” on T x (7 U~7) x £ [Q] x {C, D} and,

def

gr-S[E] = {FCT: P(#,60,450p,:C,2) ),
(A.11) g0z {#cg: P(S, 0O50p,;Q)},
def

gr-K[Z] = {ﬂCS:P(Y,%;opu;Q)},
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respectively, are called the classes of all g-T-sets, g-T-open sets and g-%-closed sets
of category v in ¥. Therefore, . C T is called a g-T-set of category v if and only if
there exist a pair (0, %) € 7 x 7 of Z-open and 7 -closed sets and a g-operator
op, € Z[Q] of category v such that the following statement holds:

(39 [(E e A) A ((# Cop, () V(S 2 =op, (X)))] -

Evidently,
g-S[3] & UegagvSI8 = | (gv-0[F] U gv-K [F))
= ( U g-v-0O [T]) U ( U g-v-K [T])
= O[T UgK (T,

then, defines the class of all g-v-T-sets as the union of the classes of all g-v-%-open
and g-v-T-closed sets, defined by g-O [T] and g-K [T] respectively.

Similar to the definitions of g-S[Ty] = g-O [T4] U g-K [T4] in Ty and g-S[T,] =
g-O [T,4] U g-K[Ty] in T, those standing for S[Ty] = O[T, U K[T,] in Ty and
S[X]=0[F]UK[Z] in T are defined as thus:

DEFINITION A.6. If T; = (2, ;) be a Fy-space and T = (Q,.7) be a J-space,

then:

o1 O[F] ¥ {F C Ty : Py(F Fgopgi=)} and K[T,] € {7 C T,
Py (Yw&’g,opg’o,:)} denote the classes of all Tj-open and i -closed sets, re-
spectively, in Ty, with S[Ty] = O [T,] UK [T];

e O[T Y {7 CcT: P(F, 7 0py;=)} and K[T) & {7 C T: P(F,.7;0py; =

)} denote the classes of all T-open and T-closed sets, respectively, in ¥, with S [T] =
O[FJUK|[Z].

REMARK A.7. Since
def

(ygaygaygvop907_7_) =P (ygvyg,opgm )VPg(ygayg;opg,O;:)v
it is plain that S [ def {47 C %, g(yg,yg,yg;opgyo; =, :)}; likewise, since
P(S,.7,.; Opgo,—,—) d_efP(y ;0pg;=) V P(.F,.7;0pp; =),

def

it follows that S[T] = {& € T: P(7, 5, Fg;0p,0i=.=) }-

Given the ‘Ig—sets Ry, Sy C Ty, Xy is said to be equivalent to Sy, written
Ry ~ Sy, if and only if, there exists a Ty-map my : Zy — ¥, which is bijective;
the relation Zy 4 .7, then, holds whenever Z; is not equivalent to 7.

The definitions of the notions of g-%4-closure and g-T4-interior operators of cat-
egory v in Jy-spaces are now given.

DEFINITION A.8 (g-v-T4-Interior, g-v-T4-Closure Operators). Let Ty = (Q, F;) be
a Ty-space, let C3% o 1 [Sa] & {0, € g-0[T,] © Gy € .7} be the family of
all g-v-% -open subsets of Y € Z(Q) relative to the class g-v-O [T4] of g-v-T -

open sets, and let Czuf K[T, ] dEf {t; € gv-K[Ty| : g 2 S} be the family
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of all g-v-T;-closed supersets of 7, € & (1) relative to the class g-v-K[T,] of
g-v-Tg-closed sets. Then, the one-valued maps of the types

(A.12) glnt,, : Z(Q) — P(Q)C {F,CQ: pell)
Sy U Oy,
Oq eC=“b o[ ][yg]
(A.13) gCl,: 2(Q) — PO E{F,CQ: pel}
Sy N Hy
Ha€CYY iz g 7o)

on & () ranging in & () are called, respectively, a "g-T;-interior operator of

category v” and a "g-Tg-closure operator of category v.” The classes g-1[%4] = def

{g-Intg’u Ve IO} and g-C [T def {g Cly,: ve Ig}, respectively, are called the
classes of all g-T4-interior and g % 4-closure operators.

REMARK A.9. According to their definitions, g-Int, : & () — & () is the dual
of g-Cl, : & (Q) — Z (1), and conversely. For, the definition of the first rests on
such concepts as U, C, Oy 1, Oy 2, ... whereas the second, on N, D, Hy 1, Hg2, ..,
which are dual concepts to U, C, 0y 1, Oy 2, ..., respectively.

It is interesting to view g-Intg, g-Cl; : & (2) — £ (Q) as the components of
some so-called g-Ty-vector operator.

DEFINITION A.10 (g-T4-Vector Operator). Let Ty = (2, F;) be a F-space. Then,
an operator of the type
(A.14) gle, , : Z () x 7 (Q) — Z(Q)xZ(Q)
(Zy, ) +— (Q‘Intg,y (%) ,9-Clg (yg))
on & () x Z () ranging in 9( ) x & (Q) is called a ”g-T4-vector operator of

category v.” Then, g-IC [T, {g—Ic (g—Int g—Clgﬂ,) DV E Ig} is called

the class of all g-%4-vector operators

g,l/?

The following remark is an immediate consequence of the above definition.

REMARK A.11. Observing that, for every v € I3, the first and second components
of the g-T4-vector operator g-Ic, , = (g-Int, ,, g-Cl, ) are based on g-v-O [T4] and
g-v-K [T4], respectively, it follows that:

e 1. g-lc, , =icq & (intg, clg) if based on O [T,] and K [T,];

e 1. g-Ic, , = g-Ic, &ef (g-Int,, g-Cl,) if based on g-v-O [%] and g-v-K [T];

e 1L g-Ic, , = ic of (int, c1) if based on O [T] and K [T].

In this way, icg, g-Ic,, ic : Z (Q)x Z (Q) — £ (Q) x 2 (Q) are called a Ty-vector
operator in a Jy-space Ty = (2, ), a g-T-vector operator of category v in a -
space T = (€,.7) and a T-vector operator in a J-space T = (0, T ), respectively.
Accordingly,

gIC[3] ¥ {glc, = (gInt,,g-Cl,) : v eIy}

(A.15) C {oInt,: ve Il x {g-Cl,: veld} ¥ gI1[T] x g-C[T].
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Then, g-IC[Z] denotes the class of all g-F-vector operators in the .7-space T =
(Q,.7); g-1[%] denotes the class of all g-T-interior operators while g-C [T] denotes
the class of all g-T-closure operators in the J-space ¥ = (2, 7).

DEFINITION A.12 (Complement g-Ty-Operator). Let Ty = (€2, F;) be a Jy-space.
Then, the one-valued map

(A.16) 00Dy, : 2 (Q) — 2(Q)
yﬂ — C%g (‘yg)a

where b, : 2 () — 2 (Q) denotes the relative complement of its operand with
respect to Zy € g-S [T4], is called a "natural complement g-Tg-operator” on & (12).

For clarity, the notation g—Opg’@g = g-Op,, is employed whenever %Z; = Q or
Ay is understood from the context. When g-Op, 5 @ & () — £ () is with
respect to Zy € S[%y], Zy € 9-S [T] and %4 € S[F], the terms natural complement
T 4-operator, natural complement g-T-operator and natural complement T-operator
are employed and these terms stand for Opy 4, 8-Opg,, Opg, + & (2) — £ (),
respectively.

The pre-preliminaries section ends here.
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