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Clifford algebra is unified language and efficient tool for geometry and physics. In this
paper, we introduce this algebra to derive the integrable conditions for Dirac and Pauli
equations. This algebra shows the standard operation procedure and deep insights into
the structure of the equations. Usually, the integrable condition is related to the special
symmetry of transformation group, which involves some advanced mathematical tools and its
availability is limited. In this paper, the integrable conditions are only regarded as algebraic
conditions. The commutators expressed by Clifford algebra have a neat and covariant form,
which are naturally valid in curvilinear coordinate system and curved space-time. For Pauli
and Schrodinger equation, many solutions in axisymmetric potential and magnetic field are
also integrable. We get the scalar eigen equation in dipole magnetic field. By the virtue of

Clifford algebra, the physical researches may be greatly promoted.
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I. INTRODUCTION

In quantum mechanics, we have the following important theorem for solving the rigorous eigen

solution of a Hamiltonian[!].

Theorem 1 For two linear Hermitian operators H 1 ﬁz on a vector space, if they commute with

each other [ﬁ 1, ﬁg] = 0, then they have common eigen vectors.

This theorem is the foundation of method of separating variables. For a Hamiltonian operator H ,

if we can construct the following Hermitian operators chain[2],
Hy=Hi(01), Ho=Hy(01,05), -+, H=H, (01,02, ,0n), (1.1)

which form an Abelian Lie algebra

[H;, Hy] =0,  (j,k=1,---,n), (1.2)
then (1.2) forms the integrable conditions of the eigen equation H ¢ = E¢, and the eigen solutions
can be completely solved by means of separating variables.

In 3+ 1 Minkowski space-time, to solve eigenfunctions of the linear Dirac equation with central

potential, we have the commutative relations][3]
[H,J.)=[H,K]|=[K,J,] =0, (1.3)

where the commutators (jz, K, H ) are respectively angular momentum, spin-orbit coupling and

total energy operators defined by
A 1 N A o A
T(0p) = —ihdy + ShS3, K (99, 0,) = YUL-S+h), H=H(9,,0,0). (1.4)

The commutators (jz, K, H ) form the complete chain of operators (1.3), which enable us to solve
the eigen solutions by separation of variables, and then the original problem reduces to ordinary
differential equations. In some cases with special potentials, the eigen solutions of Dirac equation
can be solved similarly[1]-[%]. So the existence of complete commutative operator chain is the
sufficient condition of integrability for Eigen equations in mechanics, such Dirac equation and
Schrodinger equation.

By (1.4) we find the commutative operators are usually related to some symmetries of the
system which can be only displayed in a curvilinear coordinate system. For such problem, it will

be very convenient to use Clifford algebra for discussion and calculation. Clifford algebra is a unified
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language for physics, which faithfully reflects the intrinsic symmetry and property of space-time
and fields[9—11]. We can exactly express dynamical equations in physics by Clifford algebra, and
in the representation there is nothing superfluous or missed. The parameters in Clifford algebra all
have clear physical meanings and the operations become simple and standard. In contrast with the

conventional and direct calculation in [2], we can deeply realize the superiority of Clifford algebra.

II. THE EQUATION REPRESENTED BY CLIFFORD ALGEBRA

There are several definitions for Clifford algebra[l5, 16]. Clifford algebra is also called geometric
algebra. If the definition is directly related to geometric concepts, it will bring great convenience
to the study and research of geometry[17].

Definition 1 Assume the element of an n = p + g dimensional space-time MP? over R is given by
dx = yudat = y'dx, = 7,0 X" = 70X, (2.1)

where 7y, is the local orthogonal frame and v* the coframe. The space-time is endowed with distance

ds = |dx| and oriented volumes dV}, calculated by

1
dx? = i(v,ﬁ,, + Yy datde” = g datde” = Napd X6 X7, (2.2)
dVi = dxy Adxg A+ Ndxy = Yypwdahdal - -daf, (1 <k <n), (2.3)

in which the Minkowski metric in matrix form reads (1,,) = diag(I,, —I;), and Grassmann basis

Vuvow = Yu N W N Ny € AFMP4. Then the following number with basis

together with multiplication rule of basis given in (2.2) and associativity define the 2"-dimensional
real universal Clifford algebra C’,, ,.

For clearness, it is necessary to clarify the conventions and notations frequently used in the
paper. We take ¢ = 1 as unit of speed. The Einstein’s summation is used. For index, we use the
Greek characters for curvilinear coordinates, Latin characters for local Minkowski coordinates and

{1, 7, k,1} for spatial indices. The Pauli matrices are expressed by

10 01 0 — 1 0
a , (2.5)

01 10 1 0 0 -1

7% = (0% —0ot, —0?, —0%), ot = fho, ou=[,"0a, (2.6)

Q
|
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where a, p € {0,1,2,3}, fa, [, are the frame coefficients satisfying

fuafubnab = Guv f’Zbeﬁab = gwj7 Nab = diag(L _17 _17 _1)' (2'7)

For frame coefficient, the first index is always for curvilinear coordinate, and the second index for

Minkowski index. In 1+ 3 dimensional space-time, v* and v* can be expressed by Dirac matrices

0 o 10 0 —il

v = ) 75 = 3 9 = . (28)
o 0 0 -1 il 0

In equivalent sense, v* forms the unique representation for generators of C'/; 3. In curved space-

time y* = ffy7* and v, = f,*va- Since the Clifford algebra is isomorphic to matrix algebra[l5-17],

we need not distinguish matrix v® with tetrad v*. Thus we have

YaVb + V6 Va = 2Mab, VYo + VY = 29 (2.9)

In (2.9), the product between basis such as v, is called Clifford product, which is isomorphic

to matrix product. For Clifford product, we have[l&]

Theorem 2 For basis of Clifford algebra, we have the following relations

Fy,u,,_yelez"‘gk — p),ll @79102“'6% _|_7N91"'9k, (210)
79102‘~~9k,yu — 79192“‘9k ® P)/l’t + 791"‘916/{ (211)
min(k,l)
,}/)\1)\2"-)\;@79192”-91 — Z ,y)\l)\gm)\k ®n 79192-"01 +’Y>\l>\2m)\k0102m0l- (212)
n=1
Yaraz--an—1 = ealaz---an712---n7an7 (2'13)
1
Yaraz--an_p = Eeamzwan712~-n7an_k+1 . (2.14)

In which ®* is multi-inner product of Clifford algebra. For example,

PO = Al =g, A 2y = grBgre — gregrB

,y,u @ 79192~“9k — guel,yogm@k _ gu0279193-~9k + - + (_1)k+1gﬂ0k791'“9k717

o
—_
(@]

,70192---0k 0] ,7,u — (_1)k+1gp91792---9k + (_1)kgu02,)/9193---9k 4+ .+ g,u,ok,)/@y--ek,l.

,y,u,z/ o ,.yaﬁ — g,uﬁ,.yua o g,ua,.yuﬁ + gua,yyﬁ . guﬁ,)/,ua'

[\)
[
N
~—  ~— ~— =

In the curvilinear coordinate system, Dirac equation with electromagnetic potential and non-

linear potential is given by[13, 14, 19, 20)]

1
V(B + §hv59u)¢ + iy Fygp = (me — F)¢, (2.19)
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5
in which the parameters and operators are defined as
~ . 1 v a a
Pu = (O +Ty) — €Ay, Tu= §f WOuf) = Ouf,), (2.20)
« 1 dabc ra v e aprw a b b
Qf = _5(6 Faf afs)0ut, nee = 4\/§€ H Nab S (al/fu = Oul)’)- (2.21)

T, is the Keller connection and 2, is Gu-Nester potential. If the metric can be diagonalized, we

have €2, = 0. The nonlinear potential F' = F(¥,7) is a function of quadratic scalar and pseudo

scalar,
- OF oF

o +,0 R ’19 = +’L95 s F = =T F - —=.

7= 679 e o Fo=os

the coefficients in (2.19) belong to A° U A' UA3 UA* C C/fy 3.

(2.22)

To get the the Hamiltonian formalism of (2.19), the time ¢ should be global cosmic time.
That is, the Hamiltonian formalism can be clearly expressed only in the Gu’s natural coordinate
system(NCS) with metric ds? = goodt® — grdzFdz!, in which dr = \/goodt defines the Newton’s
realistic cosmic time[21]. In NCS, to lift and lower the index of a vector means

T =g""y, Yr=—g"T,  gug"=d}. (2.23)
Then the eigen equation of (2.19) can be rewritten in the following Hamiltonian formalism
100y + Ti)p = Hp, H = —apj, + eApa® + (me — F,)7° — Fyt9® — QS (2.24)

where H is the Hamiltonian in curved space-time, and (at, SW) are respectively current and spin

operators defined by
~ 5 1. .. ~
ot = 041 = diag(o”, M), SH = —haty® = ihdlag(a“, —ot). (2.25)
S € A3 is the usual spin of Dirac bispinor.
To get the eigen state of energy of a particle, we must separate the drifting motion of the particle
by a local Lorentz transformation to its comoving coordinate system. Then we get eigen state

Hp =i, +Y))p=FEp, EecR. (2.26)

In this case of the spinor at energy eigen state, the Hamiltonian H in (2.26) has the following

properties: 1° H is Hermitian, so its eigen values are all real. 2° H is a linear operator with

respect to derivatives Vi = 0 + Y. 3° Formally, in (2.26) He Cl4 with the generators (79, k).
We introduce the generators of C'?4 as follows,

e = (72, a%), Vg = 609, 999° 909 = 2590, (2.27)

I = th 99, Uy =t,"a, 9,9, + 9,9, = 2g,, = 2diag(1, gi), (2.28)

t0t,2000 = Gy, t,oth, = o, t,0t, = oy (2.29)
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The complete bases of C/; and their relations are given by
I 90, 9 =ge g = _%eabcdﬁcdﬂ5’ gabe _ _eabedyy g5 90128 _ g5 (2.30)
By (2.27)-(2.30), the Hamiltonian can be rewritten in Clifford algebra Cy as
H = eAg\/g% + 9" P, + %Quﬁo“ﬁf’ + %\/gﬁgoﬁoﬁf’ — Fyo°, (2.31)
in which the Clifford numbers
Age A% B, e Al QeA? QyeAd FyeAl (2.32)

We find the grade of some quantities in hyperbolic system y* have been changed in elliptic system

¥*. For example, (€, 5) € A3 in system ~# have been converted into (€, S) € A2 in system ¥,

The 4-vector momentum 1—2’# is redefined by

P, = (mc — Fy, —ih(0y + Y1) — eA) . (2.33)

In 15# the sign of eAy should be changed, this is because the Minkowski metric n** = —1 in C/f; 3
has been converted into 6¥¢ =1 in Clyp. So we have qub = Pk¢ — MURO.

In order to calculate the derivatives of Clifford numbers, we introduce the following Christoffel-

like connections

OLs = t.0atg". (2.34)
We have relations
D=6 Tu= 505 03, (2.35)
For tetrad the derivatives are given by
00V = ValOats" =Vt 0ats" = 19#656, (2.36)
Do = 0*Optt, = 07t 0ut", = —0° Ok . (2.37)

So we can define the frame covariant derivatives V,, for Clifford numbers as

Oa A

Dol A0, = 0,V o A = 0, (00 A" + 1,47
= Ou(A0") = "V oAy = 9" (024, — ©2,45) (2.38)

BN = 9, Vo N =1, (aaNW + O N @gﬁwﬁ)

= PV GN,, = I (8a Ny — O8N, — ewauﬁ) , (2.39)
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and so on. It should be stressed that, here we have 0,v* = 0, which is only related to algebra
calculation. But for the absolute derivative or covariant derivative in differential geometry, we have

connection| 4]
0t = — [, = N0, Y, = 0" +Th A (2.40)

In general case v/ # 0.

III. INTEGRABLE CONDITIONS FOR DIRAC EQUATIONS

Now we take spherical coordinate system as example to show the concepts and the advantage
of Clifford algebra. For static potential Ay = Ay(r,#) and magnetic field B = B,9%9°, we have
A = A(r,0)9¢ and

(9u) = diag(1,1,7%,r%sin? 9), (t,') = diag(1,1,7,7sin0). (3.1)
T, = (0,2, 3cotd,0), Q, = 0. (3.2)
P, = (mc— Ey, —ih(d, + 1), —ili(9y + L cot §), —ihd, — eA) . (3.3)

In the case of Q* = 0, the Hamiltonian becomes
H=eAy+90"P, — Fyo°. (3.4)
Then we simply have
L, = —ihd,, [H,L,] =0. (3.5)

Different from (1.4), the spin S vanishes in the operator, this is because the spinor ¢ has been

implicitly made the following spin—% transformation[22],
=1, =T, (3.6)
in which

_ 1 [ iep[-5(0+e+3)],  ew[3(0-¢+3)]
VZ\ —exp[~4 (0o +5)]. —iexp[§(6+p+T)]

Now we look for the second Hermitian commutator

T(99,8,) =T+ TPy + TP, 3.8
® ®
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in which (70,79 T%) are all Hermitian matrices. By [[:Z,T ] =0, we get &pT = 0. This means
(T°, 7, T%) should be independent of p. We examine [H,T] = 0. For any eigen solution ¢, we
have If’wqﬁ = (myh — eA)$. This means Pw can be regarded as an ordinary function for any eigen

solution. Then we have integrable condition as
0 = [H,T| =[H,T]a — ih9"0,T + ihT?9p
= [0, TP, Py + [0°, T|P} + [9", TIPs + - -, (3.9)

where [lﬁI T |4 stands for algebraic commutation taking 0, as ordinary numbers. Then we get

integrable conditions
[0, 1% = [0°, 7% = 9", T) = --- = 0. (3.10)
By Hermiticity of 7" and (2.30), T? can be represented by the following Clifford algebra
T = X + Y, 0" +iZ,, 0" + iU, 9" 4 voroe, (3.11)

in which all coefficients are real functions of (r,6) and Z,, = —Z,,. Then by Thm.2 and (3.1), we

have

1
ST = Y™ 402" © 9" + iU, (9" © 91970 + Vi © 90

= Y, 0" + 202,60 + iU,g 90 0% — Vgm0, (3.12)
By [0",T%) = 0 we get

}/E):YG:Yqo:ZOr:ZrO:an:Ur:V:O-

T = X + Y, 0" +iZ0p0% + i Z0p,0% + i Zp, 0% + i(Ugt® + Upt? + U,9%9)9%.  (3.13)
By [0?, 7% = 0 we get

$09,T%) = Y9 + 2i(— Zppg?0° — Zp,0%%° + Zy,g?09°) + iU»g" 000 = 0, (3.14)

T = X +i(Ug?° + Up99)9% = X + iUg"%% — iU,g#°9"°. (3.15)

Similarly, by Clifford calculus of (3.9) we finally derive the integrable conditions as

T = ir(07 Py + 9" P,). (3.16)
Ag=V(r), A=A(f), 9F,=0, Fy=0. (3.17)

According to
A= A(g), %0 = 9012 pyore = _Lgo13 (3.18)

sin 6
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we find 7" is actually independent of 7. In Minkowski space-time the condition for vector potential

becomes

A= WA, = 1U(9)(—sin @, cos p,0), U= A©)

r

. Nl
sin 6 (3.19)

The result is the same as derived in [2].
Since the bispinor ¢ always has a spin-axis, we certainly have a commutator J, for any eigen
state for a single spinor. Now We consider the Dirac equation in coordinate system (¢, , z, ¢) with

metric
ds® = dt* — R%*dr* — Z2dz* — p*dy?, (3.20)

where (R, Z, p) are smooth functions of (r,z). We get the Keller connection as[20]

1/ 0:(Zp) 9:(Rp)
= RZ T, == . 21
va=rzp. tu=y (025 20 o (3.21)
For vector potential A = A(r, 2)9%, we have
H=eAy+0"P, — Fyi, (3.22)
P, = [mc— E,,—ilh(d, + Y,.), —ih(d, + Y,), —ihd, — eA] . (3.23)

Indeed, we have [H, 0,] = 0.
By calculation similar to (3.12)-(3.17), we find Fy = 0, the second commutator 7" also has the

same form of (3.16),
T =iK(W"*P, + 9% P,), (3.24)

where K = K (r, z) is a smooth real function to be determined. Substituting (3.22) and (3.24) into
(3.9), we get the integrable conditions as follows:
1° R = R(r),K = Z = Z(r). By a transformation dr’ = R(r)dr, then in equivalent sense we

have
R=1, K=27=12Z(r), (3.25)

where Z(r) is any given smooth function.
2°1If p=Z(r)f(z) and f(z) is any given smooth function, we have conditions for other param-

eters,

0. A0 = 0.F, = 9,A = 0. (3.26)
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This is similar to (3.17) in spherical coordinate system.
3° In the general case of p # Z(r) f(2), assuming d,¢ = im¢, we have
0.4p = 0.F, =0,  A=hm,+ pQZ<Z), (3.27)
where Q)(z) is any given arbitrary functions.
Especially, in cylindrical coordinate system we have
1
R=K=2=1  p=r.  Y,=(0,5.00), (3.28)
r
and integrable condition becomes
Aog =V (r), eA =rQ(z) + hm, 0.F, =0. (3.29)
In Minkowski space-time, the condition for vector potential becomes
1 hmz .
eA=eA,97 = | Q(z) + — | (—siny, cosp,0), (3.30)
r

which explicitly depends on m,. So the integrable condition is state dependent. In this case, we

have
T = "2 (—ihd,) — i"BQ(z). (3.31)

IfQ = %(Qn —1)hz~!, the eigen function of T ¢ = A\, ho can be expressed by Bessel functions

¢ = [u(r) + v(r)9°](a, a, b, —b)T, (3.32)
a= \/mJn(\/\z\Z% b= )\zzm[p‘zzun—i—l(p‘zu) = 2nJn(|A:2)] - (3.33)

In which A, is determined by boundary condition and (u, v, F) by H¢ = Eé.

IV. INTEGRABLE CONDITIONS FOR PAULI EQUATION

From the calculation of the above section, we find that there are too many constraints for
Dirac equation, one can hardly get exact solution for complicated potential. But for the Pauli and
Schrodinger equations, the situation is much better. We consider the non-relativistic approxima-
tion,

2

ihowd — Ho, I = ;—m(a P2V, (4.34)
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Where oy, forms the generators of Clifford algebra Cl3 . Substituting p = —ihV — eA into (4.34),

omitting O(fp) term and using the Coulomb’s gauge condition V - A= 0, we get
H = —;;A +eV + %(akAl — 9, Ao
= —;;A +eV + %Bm(eklmakl)
= _:;A +eV — %Bkak. (4.35)

As an example to show the standard procedure of Clifford algebra, we derive the equation of

magnetostatics. In Cl3p, the generators or frame o, (a € {1,2,3}) meet algebraic rules
0a0b + 0p0a = 204, 00y + 0,0, = 29, 0% = §%ay. (4.36)
We have the basis
TeAN o,eAY, 0w =00 op=icgpeo’ €A%, oupe = i€agpel € A2
They correspond to scalar, vector, pseudo vector and pseudo scalar respectively. Denoting
D =0%V,, A=0"45 B=0"Bs, F, =08,A, —38A,, (4.37)
then we have
DA = 06%0°V,Ag = (¢°° + 0*P)V, A
= V, A" + %a’“’(@uA,, —0yAu) = AL + %G“VFW. (4.38)
Clearly DA € A UA? C Cl3p. By Thm.2, we get
DA = JaaaAfL + %UO‘JWVQFW
= aaaaA;L + 9"V F,, + %JO‘“”VQFW
123

(6% (6% o auv
— 0 (0VAL — V,F) + m(e M o). (4.39)

Therefore D?A € A'UA3, and then D3A € A°UA2?. If the 0'?3 = i term does not vanish in D?A,
the dynamical equation should be closed at least in D*A. However, all field equations in physics

should be closed in D?, therefore we have
D?A = —b?A 4 eJ = 0o (—D? A% 4 eJ?). (4.40)
In contrast the above equation with (4.39), we get the first order dynamical equation as

AL — NV, F* + AP = eV, Vo F, =0. (4.41)
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In which all variables are covariant ones with clear physical meanings. If Coulomb’s gauge condition
A, = 0 holds, for long distance interaction b = 0, (4.41) gives the complete Maxwell equation

system for vector potential A in curved space-time,
—AAt = OBy g =eJ', Bl =0, B*=c"F,,. (4.42)

Now we examine the axisymmetric potential in spherical coordinate system (r,6,¢). In this

case we have

—

[ = diag(1,r,rsind), /g= rlsing, V =V(r0), A= A(r0). (4.43)
By B!, =0, we get
0, + %)B’“ (99 + cot 0)B” = 0. (4.44)

Since the magnetic field B in (4.35) is given, we need not express it in covariant form, otherwise
the Pauli equation (4.35) becomes complicated. Assume B is axisymmetric, then we have
= ' N B. By
B = (B,cos g, B,sinp, B;), B¥oj, = ‘ , (4.45)
B, —B,
in which B, and B, are functions of (r,0). B*o), depends on ¢ is troublesome, we make a trans-

formation

_ip
o 0 PR, (4.46)
exp(%) 0

then we get the Pauli equation and Hamiltonian in spherical coordinate system as

. . K2 eh

' = H H=—|-A+—-+ - —(B B.o3), 4.4

100 P, o ( + 2 sin20) + eV 2m( »01 + B.o3) (4.47)
2 1. A 1
— (92 2 2 _ 2 2
A = (87" + ;ar) — ﬁL y L= — <89 + cot 989 + Sng@(p) , (448)
where L is the angular momentum operator and L,= —10,.
Obviously, for axisymmetric potential, we have

[H,L.] =0, 8, m.i, (4.49)

where m, is an integer. We look for the following second order Hermitian operator

T(0p,0,) = —(L* +

1
T 9) +T° —iT% (9 + 5 cot 0) —iT*0,. (4.50)
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By Hermitian of 7', we have

T = X +Yy0%, T°=P+Qu0% T%=R+ Zyo" (4.51)

A~

By [T,i0,] = 0, we find that all coefficients are independent of ¢. Then we get integrable condition

as

N N B2 . g A .
[H,T) = [H,T]x - 5 ~AT + L*H +iT%99H = 0, (4.52)
m
in which [ﬁ , T] A Is commutative operation taking differential operators as ordinary number. By
straightforward calculation, we get 7% = T¥ = Y; = 0 and

2me

AX = —?(83‘/4—(:0‘5989‘/), (4.53)

YiB. =Y3B,, AY; = %(8ng +cot00pB,), AYs= %(ang +cot80pB.).  (4.54)
(4.44) or V - B = 0 becomes
1
(rsin @0, + cos 00y + ﬂ)BP + (rcos 00, —sinf0y)B, = 0, (4.55)
in

With natural boundary condition, (4.53) can be easily solved. For example, we have

1 2me
B K 9 _ 2merk 4
V==o(r)+ 3 cos 0, X =- 73, 0 0; (4.57)
B K. o 9 _ 2mek o 2
V== + ~3sin 6 cos® 0, X =- 372, Sin ¢ cos™ 6. (4.58)

X is used to construct a commutator, we only need to choose the simplest particular solution. The
above potentials are more coincident to the practical situation inside an atom than V(r), where
the charge distribution is similar to an ellipsoid.

T is a linear operator, and (4.53) is a linear equation for X and V, so the solutions satisfy
superposition principle. If the magnetic field can be omitted, for potentials with even degree terms
of sin?* @ and cos?* 6, such as (4.57) and (4.58), the eigen solution to T = —Ju can be easily

solved. For example, we have solution for potential (4.57),

n2 2mek

sin? 6 h2r

. (4.59)

] =

(831/1 + cot B0y — cos? 9> g = —Jg, n=m, or {/m2+

1 mek .
Zop
2’ 72h2r7]7

mekr

S
+ CoF (0, —
op2y ) €08 0) + C2F (0,

1
1y = sin™ @ <01 cos F (0, 50 cos? 0)) , (4.60)

in which j = £(n* +1—J), F(-) is Heun’s confluent function. The total eigen function takes the

form ¢ = f(r)we(r,0)e?™=%, where f(r) can be determined by radial eigen equation of (4.47). The

eigen function 1y depends on both (r, ), so the method is a generalized separation of variables.
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Different from the arbitrary scalar potential V', the magnetic field B and Y are constrained by

(4.54) and (4.55). Making transformation of variables

1
Y1 = KB,, B,=—cost0,A+ - sin f0p A, (4.61)
B;

Ly (4.62)

Y = KB, rsinf "’

1
=s8in#d, A + — cosHA +
T

substituting it into (4.54) we get two equations for (K, A). The equation is quite complicated,
which means only in some special magnetic field the Pauli equation is integrable. Here the vector

potential A is defined as
A = Apo? = A(—sinp,cos¢,0), A, = f,"Aq =rsinbA. (4.63)
The simplest case is constant magnetic field
B,=0, B.=B, K=1, A:%Brsin& (4.64)

In this case one component of 1) vanishes, and Pauli equation (4.47) reduces to Schrodinger equa-
tion. The more complicated but important case is the magnetic field of dipole. Assume Mog is a

magnetic dipole at the origin, we have solution for (4.54) and (4.55),

_ oM _ €2 _ 3poM _ oM o
A= gy sinf, K= 7 B, = i sinfcosf, B, = o (3cos“H —1). (4.65)
In this case, we have
T = —(I?+ +X+8S, 4.66
( 4Sin29) ( )
S = Yioy + Yaos = %ﬁ(BPm + B.os). (4.67)
To solve the eigen equation T% = —Ji, we have to diagonalize the matrix S (4.67) in T. In

the language of Clifford algebra, we should make a rotational transformation for vector S around
y-axis[18]. The algebra operation is given by ¥ = (p + qo31)¢ and the diagalized operator has the

following form,

N A 1
(p — qo31)T(p + qoz1) = (P* + ¢%) <—L2 Ry + X> + P+ Qos, (4.68)

where p, g, P, ) are all real functions.

By (4.68) we get the equations for p, q as

3cosOsinO(p* — ¢*) +2(3cos* 0 — 1)pg = 0, (4.69)

q(93p + cot 03pp) — p(D3q + cot B9pq) = 0. (4.70)
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The solutions are given by
~ [sinf(v3cos? 0 + 1+ 1)v3cos? 6 + 1 (471)
B (2+v3cos20 +1)(cos20 +1) '
sinf(v3cos?+1—1)v3cos?20+ 1
q = : (4.72)
(2—+v3cos?0+1)(cos?6+1)

27 cos® 6 — 180 cos® 0 + 38 cos® 6 + 52 cos? 6 — 1
P = — - : (4.73)
6sin® 0(3cos? 0 + 1)(cos? 0 + 1)3
0 2eM +/(3cos? 0+ 1)3 s o 2(3cos?’f+1) (4.74)

3hr sinf(cos?260+1)’ P 9= 360 O(cos?260+1)

It is interesting that (p, ¢) and P are independent of r and M, so they only depend on the shape of
magnetic force line. Under this transformation, the Hamiltonian H in the original equation (4.47)
is also diagonalized simultaneously.

Under the above transformation, the operator is diagonalized and one of the component of

spinor ¢ vanishes. We get the following eigen equation for a scalar field ¢ or ¢ as

(-2 - s + X + 2

= — . 4.
4sin? 6 p? + q2> ¢ I (475)

Substituting (4.71)-(4.74) into the above equation we get

2

M
(82 + cot 00)6 — (m L m) b4 Xt

sin?f = hr
3cos? §(3cos*§ — 10cos? § — 5)

= —J¢. 4.
(3cos26 + 1)%(cos? 0 + 1)2 ¢ Jo (4.76)
Then the solution of (4.47) is given by
p q
v=pteoa)e= or, or ¢, (4.77)
—q »

The rigorous eigen solution to (4.76) may be integrable, because the solution 1 to the original
equation (4.47) can be exactly derived if B =0 and V = V(r). In this case we have solution for

(4.76) as

pEq
Qs_

= q2¢). (4.78)

The general solution of (4.76) should also take this form, and v should be a hypergeometric

function. However, the computation is very complicated.
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V. DISCUSSION AND CONCLUSION

From the above discussion we learn that, physical variables expressed by Clifford algebra si-
multaneously display tetrad and parameters as shown in (3.30). Clifford algebra automatically
arrange a large amount of information in order, and make parameters and relations with clear
physical meanings. The representation in Clifford algebra has a neat form with no more or less
contents, which is also valid in curved space-time. The second commutator T of Dirac equation in
(3.16) and (3.24) is simply a covariant operator. For Pauli and Schrédinger equations, Many solu-
tions in axisymmetric potential V'(r,#) and magnetic field B(r, 0) are also integrable. We get the
specific scalar equation with dipole magnetic field. In this paper, the integrable condition is only
regarded as an algebra condition, which is unnecessarily related to some complicated geometric

symmetry. By the insights of Clifford algebra, the physical researches may be greatly promoted.
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