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Clifford algebra is unified language and efficient tool for geometry and physics. In this

paper, we introduce this algebra to derive the integrable conditions for Dirac and Pauli

equations. This algebra shows the standard operation procedure and deep insights into

the structure of the equations. Usually, the integrable condition is related to the special

symmetry of transformation group, which involves some advanced mathematical tools and its

availability is limited. In this paper, the integrable conditions are only regarded as algebraic

conditions. The commutators expressed by Clifford algebra have a neat and covariant form,

which are naturally valid in curvilinear coordinate system and curved space-time. For Pauli

and Schrödinger equation, many solutions in axisymmetric potential and magnetic field are

also integrable. We get the scalar eigen equation in dipole magnetic field. By the virtue of

Clifford algebra, the physical researches may be greatly promoted.
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I. INTRODUCTION

In quantum mechanics, we have the following important theorem for solving the rigorous eigen

solution of a Hamiltonian[1].

Theorem 1 For two linear Hermitian operators Ĥ1, Ĥ2 on a vector space, if they commute with

each other [Ĥ1, Ĥ2] = 0, then they have common eigen vectors.

This theorem is the foundation of method of separating variables. For a Hamiltonian operator Ĥ,

if we can construct the following Hermitian operators chain[2],

Ĥ1 = H1(∂1), Ĥ2 = H2(∂1, ∂2), · · · , Ĥ = Hn(∂1, ∂2, · · · , ∂n), (1.1)

which form an Abelian Lie algebra

[Ĥj , Ĥk] = 0, (j, k = 1, · · · , n), (1.2)

then (1.2) forms the integrable conditions of the eigen equation Ĥφ = Eφ, and the eigen solutions

can be completely solved by means of separating variables.

In 3 + 1 Minkowski space-time, to solve eigenfunctions of the linear Dirac equation with central

potential, we have the commutative relations[3]

[Ĥ, Ĵz] = [Ĥ, K̂] = [K̂, Ĵz] = 0, (1.3)

where the commutators (Ĵz, K̂, Ĥ) are respectively angular momentum, spin-orbit coupling and

total energy operators defined by

Ĵz(∂ϕ) = −i~∂ϕ +
1

2
~S3, K̂(∂θ, ∂ϕ) = γ0(L̂ · ~S + ~), Ĥ = H(∂ϕ, ∂θ, ∂r). (1.4)

The commutators (Ĵz, K̂, Ĥ) form the complete chain of operators (1.3), which enable us to solve

the eigen solutions by separation of variables, and then the original problem reduces to ordinary

differential equations. In some cases with special potentials, the eigen solutions of Dirac equation

can be solved similarly[4]-[8]. So the existence of complete commutative operator chain is the

sufficient condition of integrability for Eigen equations in mechanics, such Dirac equation and

Schrödinger equation.

By (1.4) we find the commutative operators are usually related to some symmetries of the

system which can be only displayed in a curvilinear coordinate system. For such problem, it will

be very convenient to use Clifford algebra for discussion and calculation. Clifford algebra is a unified
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language for physics, which faithfully reflects the intrinsic symmetry and property of space-time

and fields[9–14]. We can exactly express dynamical equations in physics by Clifford algebra, and

in the representation there is nothing superfluous or missed. The parameters in Clifford algebra all

have clear physical meanings and the operations become simple and standard. In contrast with the

conventional and direct calculation in [2], we can deeply realize the superiority of Clifford algebra.

II. THE EQUATION REPRESENTED BY CLIFFORD ALGEBRA

There are several definitions for Clifford algebra[15, 16]. Clifford algebra is also called geometric

algebra. If the definition is directly related to geometric concepts, it will bring great convenience

to the study and research of geometry[17].

Definition 1 Assume the element of an n = p+ q dimensional space-time Mp,q over R is given by

dx = γµdx
µ = γµdxµ = γaδX

a = γaδXa, (2.1)

where γa is the local orthogonal frame and γa the coframe. The space-time is endowed with distance

ds = |dx| and oriented volumes dVk calculated by

dx2 =
1

2
(γµγν + γνγµ)dxµdxν = gµνdx

µdxν = ηabδX
aδXb, (2.2)

dVk = dx1 ∧ dx2 ∧ · · · ∧ dxk = γµν···ωdx
µ
1dx

ν
2 · · · dxωk , (1 ≤ k ≤ n), (2.3)

in which the Minkowski metric in matrix form reads (ηab) = diag(Ip,−Iq), and Grassmann basis

γµν···ω = γµ ∧ γν ∧ · · · ∧ γω ∈ ΛkMp,q. Then the following number with basis

C = c0I + cµγ
µ + cµνγ

µν + · · ·+ c12···nγ
12···n, (∀ck ∈ R) (2.4)

together with multiplication rule of basis given in (2.2) and associativity define the 2n-dimensional

real universal Clifford algebra C`p,q.

For clearness, it is necessary to clarify the conventions and notations frequently used in the

paper. We take c = 1 as unit of speed. The Einstein’s summation is used. For index, we use the

Greek characters for curvilinear coordinates, Latin characters for local Minkowski coordinates and

{i, j, k, l} for spatial indices. The Pauli matrices are expressed by

σa =


 1 0

0 1

 ,

 0 1

1 0

 ,

 0 −i

i 0

 ,

 1 0

0 −1

 , (2.5)

σ̃a = (σ0,−σ1,−σ2,−σ3), σµ = fµaσ
a, σ̃µ = f a

µ σ̃a, (2.6)
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where a, µ ∈ {0, 1, 2, 3}, fµa, f a
µ are the frame coefficients satisfying

f a
µ f

b
ν ηab = gµν , fµaf

ν
bηab = gµν , ηab = diag(1,−1,−1,−1). (2.7)

For frame coefficient, the first index is always for curvilinear coordinate, and the second index for

Minkowski index. In 1 + 3 dimensional space-time, γa and γµ can be expressed by Dirac matrices

γa =

 0 σ̃a

σa 0

 , γ5 =

 I 0

0 −I

 , ϑ5 =

 0 −iI

iI 0

 . (2.8)

In equivalent sense, γa forms the unique representation for generators of C`1,3. In curved space-

time γµ = fµaγa and γµ = f a
µ γa. Since the Clifford algebra is isomorphic to matrix algebra[15–17],

we need not distinguish matrix γa with tetrad γa. Thus we have

γaγb + γbγa = 2ηab, γµγν + γνγµ = 2gµν . (2.9)

In (2.9), the product between basis such as γaγb is called Clifford product, which is isomorphic

to matrix product. For Clifford product, we have[18]

Theorem 2 For basis of Clifford algebra, we have the following relations

γµγθ1θ2···θk = γµ � γθ1θ2···θk + γµθ1···θk , (2.10)

γθ1θ2···θkγµ = γθ1θ2···θk � γµ + γθ1···θkµ. (2.11)

γλ1λ2···λkγθ1θ2···θl =

min(k,l)∑
n=1

γλ1λ2···λk �n γθ1θ2···θl + γλ1λ2···λkθ1θ2···θl . (2.12)

γa1a2···an−1 = εa1a2···anγ12···nγ
an , (2.13)

γa1a2···an−k
=

1

k!
εa1a2···anγ12···nγ

an−k+1···an . (2.14)

In which �k is multi-inner product of Clifford algebra. For example,

γµ � γν = γµ · γν = gµν , γµν �2 γαβ = gµβgνα − gµαgνβ , (2.15)

γµ � γθ1θ2···θk = gµθ1γθ2···θk − gµθ2γθ1θ3···θk + · · ·+ (−1)k+1gµθkγθ1···θk−1 , (2.16)

γθ1θ2···θk � γµ = (−1)k+1gµθ1γθ2···θk + (−1)kgµθ2γθ1θ3···θk + · · ·+ gµθkγθ1···θk−1 . (2.17)

γµν � γαβ = gµβγνα − gµαγνβ + gναγµβ − gνβγµα. (2.18)

In the curvilinear coordinate system, Dirac equation with electromagnetic potential and non-

linear potential is given by[13, 14, 19, 20]

γµ(p̂µ +
1

2
~γ5Ωµ)φ+ iγ5Fϑφ = (mc− Fγ)φ, (2.19)
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in which the parameters and operators are defined as

p̂µ = i~(∂µ + Υµ)− eAµ, Υµ =
1

2
fνa(∂µf

a
ν − ∂νf a

µ ), (2.20)

Ωα = −1

2
(εdabcfαdf

µ
af

ν
b)∂µf

e
ν ηce =

1

4
√
g
εαµνωηabf

a
ω (∂νf

b
µ − ∂µf b

ν ). (2.21)

Υµ is the Keller connection and Ωµ is Gu-Nester potential. If the metric can be diagonalized, we

have Ωµ ≡ 0. The nonlinear potential F = F (γ̌, ϑ̌) is a function of quadratic scalar and pseudo

scalar,

γ̌ = φ+γ0φ, ϑ̌ = φ+ϑ5φ, Fγ =
∂F

∂γ̌
, Fϑ =

∂F

∂ϑ̌
. (2.22)

the coefficients in (2.19) belong to Λ0 ∪ Λ1 ∪ Λ3 ∪ Λ4 ⊂ C`1,3.

To get the the Hamiltonian formalism of (2.19), the time t should be global cosmic time.

That is, the Hamiltonian formalism can be clearly expressed only in the Gu’s natural coordinate

system(NCS) with metric ds2 = g00dt
2 − gkldxkdxl, in which dτ =

√
g00dt defines the Newton’s

realistic cosmic time[21]. In NCS, to lift and lower the index of a vector means

Υ0 = g00Υ0, Υk = −gklΥl, gklg
ln = δnk . (2.23)

Then the eigen equation of (2.19) can be rewritten in the following Hamiltonian formalism

iα0(∂t + Υt)φ = Ĥφ, Ĥ = −αkp̂k + eA0α
0 + (mc− Fγ)γ0 − Fϑϑ5 − ΩµŜ

µ, (2.24)

where Ĥ is the Hamiltonian in curved space-time, and (αµ, Ŝµ) are respectively current and spin

operators defined by

αµ ≡ γ0γµ = diag(σµ, σ̃µ), Ŝµ ≡ 1

2
~αµγ5 =

1

2
~diag(σµ,−σ̃µ). (2.25)

~S ∈ Λ3 is the usual spin of Dirac bispinor.

To get the eigen state of energy of a particle, we must separate the drifting motion of the particle

by a local Lorentz transformation to its comoving coordinate system. Then we get eigen state

Ĥφ = iα0(∂t + Υt)φ = Eφ, E ∈ R. (2.26)

In this case of the spinor at energy eigen state, the Hamiltonian Ĥ in (2.26) has the following

properties: 1◦ Ĥ is Hermitian, so its eigen values are all real. 2◦ Ĥ is a linear operator with

respect to derivatives ∇k = ∂k + Υk. 3◦ Formally, in (2.26) Ĥ ∈ C`4,0 with the generators (γ0, αk).

We introduce the generators of C`4,0 as follows,

ϑa = (γ0, αk), ϑa = δabϑ
b, ϑaϑb + ϑbϑa = 2δab, (2.27)

ϑµ = tµaϑa, ϑµ = t aµ ϑa, ϑµϑν + ϑνϑµ = 2gµν = 2diag(1, gkl), (2.28)

t aµ t
b
ν δab = gµν , t aµ t

µ
b = δab , t aµ t

ν
a = δνµ. (2.29)
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The complete bases of C`4,0 and their relations are given by

I, ϑa, ϑab ≡ ϑa ∧ ϑb = −1

2
εabcdϑcdϑ

5, ϑabc = −εabcdϑdϑ5, ϑ0123 = ϑ5. (2.30)

By (2.27)-(2.30), the Hamiltonian can be rewritten in Clifford algebra C`4,0 as

Ĥ = eA0

√
g00 + ϑµP̂µ +

i~
2

Ωµϑ
0µϑ5 +

i~
2

√
g00Ω0ϑ

0ϑ5 − Fϑϑ5, (2.31)

in which the Clifford numbers

A0 ∈ Λ0, P̂µ ∈ Λ1, ~Ω ∈ Λ2, Ω0 ∈ Λ3, Fϑ ∈ Λ4. (2.32)

We find the grade of some quantities in hyperbolic system γµ have been changed in elliptic system

ϑµ. For example, (~Ω, ~S) ∈ Λ3 in system γµ have been converted into (~Ω, ~S) ∈ Λ2 in system ϑµ.

The 4-vector momentum P̂µ is redefined by

P̂µ = (mc− Fγ ,−i~(∂k + Υk)− eAk) . (2.33)

In P̂µ the sign of eAk should be changed, this is because the Minkowski metric ηkk = −1 in C`1,3

has been converted into δkk = 1 in C`4,0. So we have P̂ kφ = P̂kφ→ mvkφ.

In order to calculate the derivatives of Clifford numbers, we introduce the following Christoffel-

like connections

Θµ
αβ = tµa∂αt

a
β . (2.34)

We have relations

Γαµα = Θα
µα, Υµ =

1

2
(Θα

µα −Θα
αµ). (2.35)

For tetrad the derivatives are given by

∂αϑβ = ϑa∂αt
a
β = ϑµt

µ
a∂αt

a
β = ϑµΘµ

αβ, (2.36)

∂αϑ
µ = ϑa∂αt

µ
a = ϑβt aβ ∂αt

µ
a = −ϑβΘµ

αβ. (2.37)

So we can define the frame covariant derivatives ∇α for Clifford numbers as

∂αA = ∂α(Aµϑµ) = ϑµ∇αAµ = ϑµ

(
∂αA

µ + Θµ
αβA

β
)

= ∂α(Aµϑ
µ) = ϑµ∇αAµ = ϑµ

(
∂αAµ −Θβ

αµAβ

)
, (2.38)

∂αN = ϑµν∇αNµν = ϑµν

(
∂αN

µν + Θµ
αβN

βν + Θν
αβN

µβ
)

= ϑµν∇αNµν = ϑµν
(
∂αNµν −Θβ

αµNβν −Θβ
ανNµβ

)
, (2.39)
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and so on. It should be stressed that, here we have ∂αγ
a ≡ 0, which is only related to algebra

calculation. But for the absolute derivative or covariant derivative in differential geometry, we have

connection[14]

dαγ
a = −f a

µ γ
µ
;α = ηabdαγb, γµ;α ≡ ∂αγµ + Γµανγ

ν . (2.40)

In general case γµ;α 6= 0.

III. INTEGRABLE CONDITIONS FOR DIRAC EQUATIONS

Now we take spherical coordinate system as example to show the concepts and the advantage

of Clifford algebra. For static potential A0 = A0(r, θ) and magnetic field ~B = Bzϑ
zϑ5, we have

~A = A(r, θ)ϑϕ and

(gµν) = diag(1, 1, r2, r2 sin2 θ), (t aµ ) = diag(1, 1, r, r sin θ). (3.1)

Υµ = (0, 1r ,
1
2 cot θ, 0), Ωµ = 0. (3.2)

P̂µ =
(
mc− Fγ ,−i~(∂r + 1

r ),−i~(∂θ + 1
2 cot θ),−i~∂ϕ − eA

)
. (3.3)

In the case of Ωµ = 0, the Hamiltonian becomes

Ĥ = eA0 + ϑµP̂µ − Fϑϑ5. (3.4)

Then we simply have

L̂z = −i~∂ϕ, [Ĥ, L̂z] = 0. (3.5)

Different from (1.4), the spin Ŝ vanishes in the operator, this is because the spinor φ has been

implicitly made the following spin-12 transformation[22],

ψ = Πψ′, ψ̃ = Π∗ψ̃′, (3.6)

in which

Π = Π∗ =
1√
2

 i exp
[
− i

2

(
θ + ϕ+ π

2

)]
, exp

[
i
2

(
θ − ϕ+ π

2

)]
− exp

[
− i

2

(
θ − ϕ+ π

2

)]
, −i exp

[
i
2

(
θ + ϕ+ π

2

)]
 . (3.7)

Now we look for the second Hermitian commutator

T̂ (∂θ, ∂ϕ) = T 0 + T θP̂θ + TϕP̂ϕ, (3.8)
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in which (T 0, T θ, Tϕ) are all Hermitian matrices. By [L̂z, T̂ ] = 0, we get ∂ϕT̂ = 0. This means

(T 0, T θ, Tϕ) should be independent of ϕ. We examine [Ĥ, T̂ ] = 0. For any eigen solution φ, we

have P̂ϕφ = (mz~ − eA)φ. This means P̂ϕ can be regarded as an ordinary function for any eigen

solution. Then we have integrable condition as

0 = [Ĥ, T̂ ] = [Ĥ, T̂ ]A − i~ϑµ∂µT̂ + i~T θ∂θĤ

= [ϑr, T θ]P̂rP̂θ + [ϑθ, T θ]P̂ 2
θ + [ϑr, T̂ ]P̂r + · · · , (3.9)

where [Ĥ, T̂ ]A stands for algebraic commutation taking ∂µ as ordinary numbers. Then we get

integrable conditions

[ϑr, T θ] = [ϑθ, T θ] = [ϑr, T̂ ] = · · · = 0. (3.10)

By Hermiticity of T̂ and (2.30), T θ can be represented by the following Clifford algebra

T θ = X + Yµϑ
µ + iZµνϑ

µν + iUµϑ
µϑ0rθϕ + V ϑ0rθϕ, (3.11)

in which all coefficients are real functions of (r, θ) and Zµν = −Zνµ. Then by Thm.2 and (3.1), we

have

1

2
[ϑr, T θ] = Yµϑ

rµ + iZµνϑ
r � ϑµν + iUµ(ϑr � ϑµ)ϑ0rθϕ + V ϑr � ϑ0rθϕ

= Yµϑ
rµ + 2iZrνg

rrϑν + iUrg
rrϑ0rθϕ − V grrϑ0θϕ. (3.12)

By [ϑr, T θ] = 0 we get

Y0 = Yθ = Yϕ = Z0r = Zrθ = Zrϕ = Ur = V = 0.

T θ = X + Yrϑ
r + iZ0θϑ

0θ + iZ0ϕϑ
0ϕ + iZθϕϑ

θϕ + i(U0ϑ
0 + Uθϑ

θ + Uϕϑ
ϕ)ϑ0rθϕ. (3.13)

By [ϑθ, T θ] = 0 we get

1
2 [ϑθ, T θ] = Yrϑ

θr + 2i(−Z0θg
θθϑ0 − Z0ϕϑ

0θϕ + Zθϕg
θθϑϕ) + iUθg

θθϑ0rθϕ = 0, (3.14)

T θ = X + i(U0ϑ
0 + Uϕϑ

ϕ)ϑ0rθϕ = X + iU0ϑ
rθϕ − iUϕgϕϕϑ0rθ. (3.15)

Similarly, by Clifford calculus of (3.9) we finally derive the integrable conditions as

T̂ = ir(ϑ0rθP̂θ + ϑ0rϕP̂ϕ). (3.16)

A0 = V (r), A = A(θ), ∂θFγ = 0, Fϑ = 0. (3.17)

According to

A = A(θ), rϑ0rθ = ϑ012, rϑ0rϕ =
1

sin θ
ϑ013, (3.18)
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we find T̂ is actually independent of r. In Minkowski space-time the condition for vector potential

becomes

~A = ϑϕAϕ =
1

r
U(θ)(− sinϕ, cosϕ, 0), U ≡ A(θ)

sin θ
. (3.19)

The result is the same as derived in [2].

Since the bispinor φ always has a spin-axis, we certainly have a commutator ∂ϕ for any eigen

state for a single spinor. Now We consider the Dirac equation in coordinate system (t, r, z, ϕ) with

metric

ds2 = dt2 −R2dr2 − Z2dz2 − ρ2dϕ2, (3.20)

where (R,Z, ρ) are smooth functions of (r, z). We get the Keller connection as[20]

√
g = RZρ, Υµ =

1

2

(
0,
∂r(Zρ)

Zρ
,
∂z(Rρ)

Rρ
, 0

)
. (3.21)

For vector potential ~A = A(r, z)ϑϕ, we have

Ĥ = eA0 + ϑµP̂µ − Fϑϑ5, (3.22)

P̂µ = [mc− Fγ ,−i~(∂r + Υr),−i~(∂z + Υz),−i~∂ϕ − eA] . (3.23)

Indeed, we have [Ĥ, ∂ϕ] = 0.

By calculation similar to (3.12)-(3.17), we find Fθ = 0, the second commutator T̂ also has the

same form of (3.16),

T̂ = iK(ϑ0rzP̂z + ϑ0rϕP̂ϕ), (3.24)

where K = K(r, z) is a smooth real function to be determined. Substituting (3.22) and (3.24) into

(3.9), we get the integrable conditions as follows:

1◦ R = R(r),K = Z = Z(r). By a transformation dr′ = R(r)dr, then in equivalent sense we

have

R = 1, K = Z = Z(r), (3.25)

where Z(r) is any given smooth function.

2◦ If ρ = Z(r)f(z) and f(z) is any given smooth function, we have conditions for other param-

eters,

∂zA0 = ∂zFγ = ∂rA = 0. (3.26)
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This is similar to (3.17) in spherical coordinate system.

3◦ In the general case of ρ 6= Z(r)f(z), assuming ∂ϕφ = imzφ, we have

∂zA0 = ∂zFγ = 0, A = ~mz +
ρQ(z)

Z
, (3.27)

where Q(z) is any given arbitrary functions.

Especially, in cylindrical coordinate system we have

R = K = Z = 1, ρ = r, Υµ = (0,
1

2r
, 0, 0), (3.28)

and integrable condition becomes

A0 = V (r), eA = rQ(z) + ~mz, ∂zFγ = 0. (3.29)

In Minkowski space-time, the condition for vector potential becomes

e ~A = eAϕϑ
ϕ =

(
Q(z) +

~mz

r

)
(− sinϕ, cosϕ, 0), (3.30)

which explicitly depends on mz. So the integrable condition is state dependent. In this case, we

have

T̂ = iϑ012(−i~∂z)− iϑ013Q(z). (3.31)

If Q = 1
2(2n− 1)~z−1, the eigen function of T̂ φ = λz~φ can be expressed by Bessel functions

φ = [u(r) + v(r)ϑ5](a, a, b,−b)T , (3.32)

a =
√
|z|Jn(|λz|z), b = i

λz
√
|z|

[|λzz|Jn+1(|λz|z)− 2nJn(|λz|z)] . (3.33)

In which λz is determined by boundary condition and (u, v, E) by Ĥφ = Eφ.

IV. INTEGRABLE CONDITIONS FOR PAULI EQUATION

From the calculation of the above section, we find that there are too many constraints for

Dirac equation, one can hardly get exact solution for complicated potential. But for the Pauli and

Schrödinger equations, the situation is much better. We consider the non-relativistic approxima-

tion,

i~∂tφ = Ĥφ, Ĥ =
~2

2m
(σ · p̂)2 + eV. (4.34)
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Where σk forms the generators of Clifford algebra C`3,0. Substituting p̂ = −i~∇− e ~A into (4.34),

omitting O( ~A2) term and using the Coulomb’s gauge condition ∇ · ~A = 0, we get

Ĥ = − ~2

2m
∆ + eV +

ie~
2m

(∂kAl − ∂lAk)σkl

= − ~2

2m
∆ + eV +

ie~
2m

Bm(εklmσ
kl)

= − ~2

2m
∆ + eV − e~

2m
Bkσk. (4.35)

As an example to show the standard procedure of Clifford algebra, we derive the equation of

magnetostatics. In C`3,0, the generators or frame σa (a ∈ {1, 2, 3}) meet algebraic rules

σaσb + σbσa = 2δab, σµσν + σνσµ = 2gµν , σa = δabσb. (4.36)

We have the basis

I ∈ Λ0, σa ∈ Λ1, σab ≡ σa ∧ σb = iεabcσ
c ∈ Λ2, σabc = iεabcI ∈ Λ3.

They correspond to scalar, vector, pseudo vector and pseudo scalar respectively. Denoting

D = σα∇α, A = σβAβ, B = σβBβ, Fµν = ∂µAν − ∂νAµ, (4.37)

then we have

DA = σασβ∇αAβ = (gαβ + σαβ)∇αAβ

= ∇µAµ +
1

2
σµν(∂µAν − ∂νAµ) = Aµ;µ +

1

2
σµνFµν . (4.38)

Clearly DA ∈ Λ0 ∪ Λ2 ⊂ C`3,0. By Thm.2, we get

D2A = σα∂αA
µ
;µ +

1

2
σασµν∇αFµν

= σα∂αA
µ
;µ + gαµσν∇αFµν +

1

2
σαµν∇αFµν

= σα(∂αAµ;µ −∇µFαµ) +
σ123

2
√
g

(εαµν∇αFµν). (4.39)

Therefore D2A ∈ Λ1 ∪Λ3, and then D3A ∈ Λ0 ∪Λ2. If the σ123 = i term does not vanish in D2A,

the dynamical equation should be closed at least in D4A. However, all field equations in physics

should be closed in D2, therefore we have

D2A = −b2A + eJ = σα(−b2Aα + eJα). (4.40)

In contrast the above equation with (4.39), we get the first order dynamical equation as

∂µAµ;µ −∇νFµν + b2Aµ = eJµ, εαµν∇αFµν = 0. (4.41)
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In which all variables are covariant ones with clear physical meanings. If Coulomb’s gauge condition

Aµ;µ = 0 holds, for long distance interaction b = 0, (4.41) gives the complete Maxwell equation

system for vector potential A in curved space-time,

−∆Aµ = εµαβBα;β = eJµ, Bµ
;µ = 0, Bα = εαµνFµν . (4.42)

Now we examine the axisymmetric potential in spherical coordinate system (r, θ, ϕ). In this

case we have

f a
µ = diag(1, r, r sin θ),

√
g = r2 sin θ, V = V (r, θ), ~A = ~A(r, θ). (4.43)

By Bµ
;µ = 0, we get

(∂r +
2

r
)Br + (∂θ + cot θ)Bθ = 0. (4.44)

Since the magnetic field B in (4.35) is given, we need not express it in covariant form, otherwise

the Pauli equation (4.35) becomes complicated. Assume B is axisymmetric, then we have

~B = (Bρ cosϕ,Bρ sinϕ,Bz), Bkσk =

 Bz Bρe
−iϕ

Bρe
iϕ −Bz

 , (4.45)

in which Bρ and Bz are functions of (r, θ). Bkσk depends on ϕ is troublesome, we make a trans-

formation

φ =

 0 exp(− iϕ
2 )

exp( iϕ2 ) 0

ψ, (4.46)

then we get the Pauli equation and Hamiltonian in spherical coordinate system as

i∂tψ = Ĥψ, Ĥ =
~2

2m

(
−∆ +

1

4r2 sin2 θ

)
+ eV − e~

2m
(Bρσ1 +Bzσ3), (4.47)

∆ = (∂2r +
2

r
∂r)−

1

r2
L̂2, L̂2 = −

(
∂2θ + cot θ∂θ +

1

sin2 θ
∂2ϕ

)
, (4.48)

where L̂ is the angular momentum operator and L̂z = −i∂ϕ.

Obviously, for axisymmetric potential, we have

[Ĥ, L̂z] = 0, ∂ϕ ↔ mzi, (4.49)

where mz is an integer. We look for the following second order Hermitian operator

T̂ (∂θ, ∂ϕ) = −(L̂2 +
1

4 sin2 θ
) + T 0 − iT θ(∂θ +

1

2
cot θ)− iTϕ∂ϕ. (4.50)
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By Hermitian of T̂ , we have

T 0 = X + Yaσ
a, T θ = P +Qaσ

a, Tϕ = R+ Zaσ
a. (4.51)

By [T̂ , i∂ϕ] = 0, we find that all coefficients are independent of ϕ. Then we get integrable condition

as

[Ĥ, T̂ ] = [Ĥ, T̂ ]A −
~2

2m
∆T̂ + L̂2Ĥ + iT θ∂θĤ = 0, (4.52)

in which [Ĥ, T̂ ]A is commutative operation taking differential operators as ordinary number. By

straightforward calculation, we get T θ = Tϕ = Y2 = 0 and

∆X = −2me

~2
(∂2θV + cot θ∂θV ), (4.53)

Y1Bz = Y3Bρ, ∆Y1 =
e

~
(∂2θBρ + cot θ∂θBρ), ∆Y3 =

e

~
(∂2θBz + cot θ∂θBz). (4.54)

(4.44) or ∇ · ~B = 0 becomes

(r sin θ∂r + cos θ∂θ +
1

sin θ
)Bρ + (r cos θ∂r − sin θ∂θ)Bz = 0, (4.55)

With natural boundary condition, (4.53) can be easily solved. For example, we have

V = Φ(r) +
1

r2
U(θ), X = −2me

~2
U(θ); (4.56)

V = Φ(r) +
κ

r3
cos2 θ, X = −2meκ

~2r
cos2 θ; (4.57)

V = Φ(r) +
κ

r3
sin2 θ cos2 θ, X = −2meκ

3~2r
sin2 θ cos2 θ. (4.58)

X is used to construct a commutator, we only need to choose the simplest particular solution. The

above potentials are more coincident to the practical situation inside an atom than V (r), where

the charge distribution is similar to an ellipsoid.

T̂ is a linear operator, and (4.53) is a linear equation for X and V , so the solutions satisfy

superposition principle. If the magnetic field can be omitted, for potentials with even degree terms

of sin2k θ and cos2k θ, such as (4.57) and (4.58), the eigen solution to T̂ψ = −Jψ can be easily

solved. For example, we have solution for potential (4.57),(
∂2θψ + cot θ∂θ −

n2

sin2 θ
− 2meκ

~2r
cos2 θ

)
ψθ = −Jψθ, n = mz or

√
m2
z +

1

4
, (4.59)

ψθ = sinn θ

(
C1 cos θF (0,

1

2
, n,

meκ

2~2r
, j, cos2 θ) + C2F (0,−1

2
, n,

meκ

2~2r
, j, cos2 θ)

)
, (4.60)

in which j = 1
4(n2 + 1− J), F (·) is Heun’s confluent function. The total eigen function takes the

form ψ = f(r)ψθ(r, θ)e
imzϕ, where f(r) can be determined by radial eigen equation of (4.47). The

eigen function ψθ depends on both (r, θ), so the method is a generalized separation of variables.
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Different from the arbitrary scalar potential V , the magnetic field ~B and ~Y are constrained by

(4.54) and (4.55). Making transformation of variables

Y1 = KBρ, Bρ = − cos θ∂ρA+
1

r
sin θ∂θA, (4.61)

Y3 = KBz, Bz = sin θ∂rA+
1

r
cos θA+

1

r sin θ
A, (4.62)

substituting it into (4.54) we get two equations for (K,A). The equation is quite complicated,

which means only in some special magnetic field the Pauli equation is integrable. Here the vector

potential A is defined as

A = Aϕσ
ϕ = A(− sinϕ, cosϕ, 0), Aϕ = f a

ϕ Aa = r sin θA. (4.63)

The simplest case is constant magnetic field

Bρ = 0, Bz = B, K = 1, A =
1

2
Br sin θ. (4.64)

In this case one component of ψ vanishes, and Pauli equation (4.47) reduces to Schrödinger equa-

tion. The more complicated but important case is the magnetic field of dipole. Assume Mσ3 is a

magnetic dipole at the origin, we have solution for (4.54) and (4.55),

A =
µ0M

4πr2
sin θ, K =

e

~
r2, Bρ =

3µ0M

4πr3
sin θ cos θ, Bz =

µ0M

4πr3
(3 cos2 θ − 1). (4.65)

In this case, we have

T̂ = −(L̂2 +
1

4 sin2 θ
) +X + S, (4.66)

S = Y1σ1 + Y2σ2 =
e

~
r2(Bρσ1 +Bzσ3). (4.67)

To solve the eigen equation T̂ψ = −Jψ, we have to diagonalize the matrix S (4.67) in T̂ . In

the language of Clifford algebra, we should make a rotational transformation for vector S around

y-axis[18]. The algebra operation is given by ψ = (p+ qσ31)φ and the diagalized operator has the

following form,

(p− qσ31)T̂ (p+ qσ31) = (p2 + q2)

(
−L̂2 − 1

4 sin2 θ
+X

)
+ P +Qσ3, (4.68)

where p, q, P,Q are all real functions.

By (4.68) we get the equations for p, q as

3 cos θ sin θ(p2 − q2) + 2(3 cos2 θ − 1)pq = 0, (4.69)

q(∂2θp+ cot θ∂θp)− p(∂2θq + cot θ∂θq) = 0. (4.70)
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The solutions are given by

p =

√
sin θ(

√
3 cos2 θ + 1 + 1)

√
3 cos2 θ + 1

(2 +
√

3 cos2 θ + 1)(cos2 θ + 1)
, (4.71)

q =

√
sin θ(

√
3 cos2 θ + 1− 1)

√
3 cos2 θ + 1

(2−
√

3 cos2 θ + 1)(cos2 θ + 1)
, (4.72)

P = −27 cos8 θ − 180 cos6 θ + 38 cos4 θ + 52 cos2 θ − 1

6 sin3 θ(3 cos2 θ + 1)(cos2 θ + 1)3
, (4.73)

Q =
2eM

3~r

√
(3 cos2 θ + 1)3

sin θ(cos2 θ + 1)
, p2 + q2 =

2(3 cos2 θ + 1)

3 sin θ(cos2 θ + 1)
. (4.74)

It is interesting that (p, q) and P are independent of r and M , so they only depend on the shape of

magnetic force line. Under this transformation, the Hamiltonian Ĥ in the original equation (4.47)

is also diagonalized simultaneously.

Under the above transformation, the operator is diagonalized and one of the component of

spinor φ vanishes. We get the following eigen equation for a scalar field φ↓ or φ↑ as(
−L̂2 − 1

4 sin2 θ
+X +

P ±Q
p2 + q2

)
φ = −Jφ. (4.75)

Substituting (4.71)-(4.74) into the above equation we get

(∂2θ + cot θ∂θ)φ−
(

m2

sin2 θ
± eM

~r

√
3 cos2 θ + 1

)
φ+Xφ+

+
3 cos2 θ(3 cos4 θ − 10 cos2 θ − 5)

(3 cos2 θ + 1)2(cos2 θ + 1)2
φ = −Jφ. (4.76)

Then the solution of (4.47) is given by

ψ = (p+ qσ31)φ =

 p

−q

φ↑, or

 q

p

φ↓. (4.77)

The rigorous eigen solution to (4.76) may be integrable, because the solution ψ to the original

equation (4.47) can be exactly derived if B = 0 and V = V (r). In this case we have solution for

(4.76) as

φ =
p± q
p2 + q2

ψ. (4.78)

The general solution of (4.76) should also take this form, and ψ should be a hypergeometric

function. However, the computation is very complicated.
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V. DISCUSSION AND CONCLUSION

From the above discussion we learn that, physical variables expressed by Clifford algebra si-

multaneously display tetrad and parameters as shown in (3.30). Clifford algebra automatically

arrange a large amount of information in order, and make parameters and relations with clear

physical meanings. The representation in Clifford algebra has a neat form with no more or less

contents, which is also valid in curved space-time. The second commutator T̂ of Dirac equation in

(3.16) and (3.24) is simply a covariant operator. For Pauli and Schrödinger equations, Many solu-

tions in axisymmetric potential V (r, θ) and magnetic field B(r, θ) are also integrable. We get the

specific scalar equation with dipole magnetic field. In this paper, the integrable condition is only

regarded as an algebra condition, which is unnecessarily related to some complicated geometric

symmetry. By the insights of Clifford algebra, the physical researches may be greatly promoted.
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