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Abstract: Integrated information theory (IIT) was initially proposed to describe human consciousness
in terms of intrinsic-causal brain network structures. This theory could potentially be used for
conceptualising complex living systems. In a previous study, we analysed collective behaviour
in Plecoglossus altivelis. We found that IIT 3.0 exhibits qualitative discontinuity between three and
four schools of fish in terms of Φ values (i.e., group integrity). Other measures, such as mutual
information, did not show such characteristics. In this study, we follow up on our previous findings
and introduce two new factors. First, we define the global parameter settings to determine a different
kind of group integrity. Second, we set several timescales (from ∆t = 5/120 s to ∆t = 120/120
s). The results showed that we succeeded in classifying fish school according to their group size
in terms of the degree of group integrity, despite the small group size. The concrete classification
includes the followership for a two-fish school, fission–fusion for a three-fish school, emergence of
leadership for a four-fish school, and emergence of Boid-like behaviour for a five-fish school. These
minute classifications have never been revealed before. Finally, we discuss one of the longstanding
paradoxes in collective behaviour, known as the heap paradox, for which two tentative answers could
be provided through our IIT analysis.
Keywords: Integrated Information Theory; Collective Behaviour, Self-Organization; Cause and Effect
Structure

1. Introduction
Global dynamic patterns in swarming [1–6], schooling (of fish) [7–11], flocking (of birds) [12–
17], genes [18], proteins [19], or neural networks [20–23], emerge from local interactions between
self-organising individuals or components. Despite their complexity, these collective systems are
capable of processing information efficiently in critical conditions, for example, individuals making
a swift response [14–16] or a group making a good decision [24–26] in a changing environment.
Individual conflicts do not necessarily disrupt group integrity and instead contribute to their collective
response [27–29]. The complexity is characterised using statistical models and information theory.
Self-organised criticality (SOC) [30] is considered as a convenient strategy that is evolutionarily adopted
by living systems to efficiently cope with the external environment [31–35]. However, for smaller
system sizes, heterogeneous interactions [36,37] result in different global motion patterns in N = 2
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and N = 3 [38,39]. Hence, some studies thoroughly investigated information transfer (or causal
relationships) among individuals in small groups [40–50].
Most of the previous works on dynamical systems, including collective behaviours, focus on
what the system ’does’—system’s dynamical trajectory through its state space—that is, they take
an extrinsic perspective on what is observed. Albantakis and Tononi shifted their focus towards a
system’s intrinsic/causal structure and considered what the system ’is’ from its own intrinsic/causal
perspective [51] based on the integrated information theory (IIT) [52,53]; they demonstrated that
the intrinsic/causal complexity (as quantified by integrated information Φ) correlates well with
dynamical/statistical complexity. The integrated information, represented by Φ, is defined as a degree
of information loss (or an increase in uncertainty [54]) caused by the removal of certain edges of the
Bayesian network [55–62]. The metric was successful in discriminating not only various states of lost
consciousness, such as dreamless sleep [63], general anaesthesia [64], or vegetative states [65] but also
the different states of complex systems, such as the generalised Ising model [66], coupled oscillators
[67], and coupled mapping [68].
The aim of IIT 3.0, as we mentioned earlier, is to try to shift the paradigm from ’what the system
does’ to ’what the system is’ [51,60,61,69–71]. The former tries to analyse the system based on its
external behaviour, whereas the latter tries to analyse the system according to its intrinsic causal
structure. This difference is elegantly captured by the analysis on the cellular automata. The cellular
automaton refers to the time-development system defined by binary states with the application of
simple rules. Despite its simple construction, it has rich connotations. In general, a cell’s behaviour
can be classified into four classes: Class I (uniform stable state), Class II (periodic or non-uniform
stable state), Class III (chaos), and Class IV (complex system as the universal computation or edge of
the chaos) [72,73]. In the past decades, almost all studies on the cellular automaton focused on their
behavioural differences [45,45,74,75], although some exceptions exist [76]. The IIT 3.0 application of
Albantakis et al. [51] succeeded in classifying these four patterns without referring to the external cell
behaviour (’what the system does’). Their analysis was based on a small number of cells (up to six
cells), which is insufficient to show the behavioural difference among the rules. Therefore, there is no
room for the external behavioural analysis here. Furthermore, Albantakis et al. also pointed out the
possibility of the existence of an unobserved new class from the intrinsic causal cell structure (’what
the system is’).
The application of IIT 3.0 to a system has at least two important implications. First, IIT 3.0 can
select some characteristics of the external cell behaviour from their intrinsic causal structure. As such,
IIT 3.0 can classify small systems in terms of autonomous systems, which are not distinguished from
their external behaviours. This was partly achieved in our previous study [77], in which we applied
IIT 3.0 to schools of 2–5 fish (Plecoglossus altivelis) and found that Φ was discontinuous between three
and four schools of fish in terms of the emergence of leadership. We also showed that this kind of
leadership must be strictly discriminated from the conventional leadership, such as that defined by
the transfer entropy. Indeed, IIT-induced leadership is never replicated using other measures (i.e.,
mutual information and the sum of the transfer entropy) and under some artificial conditions (Boid
and homogeneous Markov models). The critical point is that the leadership, which usually is inferred
from the external behaviour, can make detections from the causal structure of cells without referring to
their external behaviour.
In the present study, we extended our previous approach to examine how integrated information
changes under different timescales by adding new parameter settings as the global parameter settings.
By applying these metrics, we succeeded in classifying the different sizes of schools as qualitatively
different autonomous systems (e.g., followership, fission–fusion, leadership, and Boid-like interaction).
This is a novel type of classification of collective animal behaviour. Finally, we discuss the heap
paradox on collective behaviour, for which we show that our IIT analysis can provide two kinds of
tentative answers.
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2. Results
2.1. Brief summary of IIT 3.0
First, we provide a brief summary of IIT 3.0. The IIT models a system, S, using the discrete time
multivariate stochastic process composed of N interacting components as follows:
p( X0 , X∆t , . . . , Xt , Xt+∆t , . . . , XT ),

(1)

which satisfies the Markov property,
T

p( X0 , X∆t , . . . , Xt , Xt+∆t , . . . , XT ) = p( X0 )

∏

t=∆t

p( Xt | Xt−∆t ).

(2)

Such a discrete Markovian dynamical system, S, is defined using a directed graph of
interconnected nodes (in this study, we assumed a complete graph) and its TPM, which specifies the
conditional probability distribution, p( Xt | Xt−∆t ). Each state vector, Xt , comprises binary variables
xti , where i = 1, 2, . . . , n(n ∈ N).
A joint distribution, pcause−effect , is defined as
pcause−effect ( Xt−∆t , Xt ) := pu ( Xt−∆t ) peffect ( Xt | Xt−∆t ).

(3)

The marginal distribution, pu ( Xt−∆t ), is a uniform distribution, which provides the maximum
entropy distribution.
From the aforementioned joint probability, the backward transitional probability distribution can
be defined as follows:
peffect ( Xt−∆t | Xt ) :=

pcause−effect ( Xt−∆t , Xt )
,
∑ Xt−∆t pcause−effect ( Xt−∆t , Xt )

(4)

and the forward transitional probability distribution is defined as follows:
pcause ( Xt | Xt−∆t ) := p( Xt | Xt−∆t ).

(5)

These are constructed and referred to as the cause repertoire and the effect repertoire of state Xt ,
respectively, which are calculated for a set of nodes within the subsystem, for mechanism M ⊆ S over
another set of nodes within the subsystem, or for a purview of the mechanism.
After evaluating the information of the mechanism over a purview, we consider the integrated
information, ϕcause−effect , of a set of system elements at state X. The integrated information can be
defined as follows:
φcause−effect := min (φeffect , φcause )

(6)



(i )
φeffect := min D peffect || peffect

(7)



(i )
φcause := min D pcause || pcause ,

(8)

i∈ I

i∈ I

where the system is decomposed in all possible ways into I.
Integrated information ϕ is estimated by quantifying the extent to which the cause and effect
repertoires of the mechanism–purview pair can be reduced to the repertoires of its components. The
amount of irreducibility of a mechanism over a purview with respect to a partition is quantified as the
divergence between unpartitioned repertoire p and partitioned repertoire p(i) . The partition that yields
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the minimum irreducibility is called the minimum-information partition (MIP). Integrated information
ϕ of a mechanism–purview pair is defined as the divergence between the unpartitioned repertoire
and repertoires partitioned by the MIP. The maximum ϕ value is then determined for overall possible
purviews to determine the maximally irreducible cause and maximally irreducible effect specified by a
mechanism.




j
j
max
ϕmax
:
=
max
ϕ
,
ϕ
:
=
max
ϕ
cause
cause
effect
effect ,
j∈C

j∈C

(9)

where C = 2 N − 1. (In this study, we adopted the ’cut one’ approximation that only evaluates 2N
bipartitions, thereby severing the edges of a node to the remaining network.)
The ϕ value of the concept as a whole or the maximally integrated cause–effect information is
the minimum of the maximally integrated cause information, ϕcause , and maximally integrated effect
information, ϕeffect .
max
max
ϕmax
cause−effect : = min ( ϕcause , ϕeffect )

(10)

If the mechanism’s maximally irreducible cause has ϕcause > 0 and its maximally irreducible
effect has ϕeffect > 0 (equivalently, ϕmax
cause−effect > 0), the mechanism is said to specify a concept.
A maximally irreducible cause–effect structure composed of concepts is called a maximally
irreducible conceptual structure (MICS), or conceptual structure (constellation of concepts) C (S) (the
set of all concepts specified by the subsystem characterising all the causal constraints intrinsic to
the physical system) by simply iterating the computation of the concepts over all the mechanisms,
M ∈ P (S), where P (S) is the power set of the subsystem nodes.
Integrated conceptual information, Φ (also known as big phi, a measure of the system’s
strong/integration irreducibility), is estimated by partitioning the set of elements into subsets with
unidirectional cuts. The unidirectional bipartitions, P→ = {S(1) ; S(2) }, of physical system S are
obtained by partitioning the subsystem into two parts, namely, S(1) and S(2) and cutting the edges
from these parts (the connections are substituted with noise). We then calculate the conceptual structure
of the partitioned system, C (S P→ ), and compare it with C (S) to evaluate the difference caused by
partition. An MIP (a search over all possible directed partitions) is then performed to identify the
partition that causes the least amount of difference to the conceptual structure. Φ measures the
irreducibility of a conceptual structure by quantifying the difference created by the MIP to the concepts
and their ϕ values of the system.


Φ = min D C (S), C (S P→ )
P→

(11)

Difference D between the two conceptual structures was evaluated by an extended version of the
earth mover’s distance, which is the cost of transforming a conceptual structure, C (S), into another
C (S P→ ) in a concept space. The candidate subset with the largest Φ is called the main complex of the
system S.
2.2. Definition of the local parameter settings
To apply IIT (especially, IIT 3.0) to schools (of fish), it is necessary to first determine their binary
states because they do not possess a specific firing state such as neurons in the brain. In our previous
study, we proposed the definitions of binary states for each parameter as a threshold for ON states [77].
In this study, we provide a summary of the two types of parameter settings (for the detailed
mathematical definition, refer to Materials and Methods). First, the set of local parameters is composed
of three types of interactions: a distance (i.e., contacting other individuals), field view (i.e., observing
other individuals using one’s sight), and turning rate (i.e., state of being affected by other individual’s
movements). These three parameters reflect the local interactions, such as Boids, which are often
observed in various flocking models. Second, the set of global parameters is composed of two types of
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interactions: distance from the centre of mass and the difference from the averaged group direction
(explained in detail in section 2.2.1. Here, we focus on only the local parameter settings.
ON-OFF states for local parameter settings
Distance

Visual Field

1

Turning rate

1

1

3

3

3
2

2
2

4

4

4

1

2
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4

Time series of states

State of distance
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State of visual
field parameter
State of turning
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…
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…

(a) The definition of ON and OFF states for local parameter settings.

Δt = 2/120

v
v

v
Δt = 4/120

Raw Trajectory data
from video recording

Tracking data
Δt = 1/120

(b) Timescale rules for the analysis.
Figure 1. (a) Definition of ON and OFF states for local parameter settings. Three parameters are
used to determine a school’s state (Yellow: distance, Blue: visual field, Purple: turning rate). The
coloured individuals are in the ON state. We take a conjunction of the three school states to obtain the
final school state at time t. Subsequently, we compute Φ from a time series of these states using PyPhi.
(b) Timescale rules. The video recordings present each trajectory. The frame rate of our device is
120 fps. The velocity vectors of the time scale, ∆t, define every ∆t step-length when the time scale is
∆t = δt/120. The timescales are ∆t = 5/120, ∆t = 10/120, ∆t = 20/120, ∆t = 40/120, ∆t = 80/120,
and ∆t = 120/120 s. Large time scales eliminate subtle noise-like movements in a school (or support
the predictability of other fish’s movements).

After obtaining a binary state of those parameter settings for each individual, we apply conjunction
(or the AND operator) to the three bits of information as collective states at time t. For example, if the
states of distance, visual field, and turning rate are ON, OFF, and OFF, respectively, for fish i, then
i is in the OFF state. The application of the same procedure to all the N-fishes in the group gives a
collective state at time t. Note that the central interest of this study is not an individual’s perceptual
abilities (e.g., the fixed visual field) but the individual’s effective perceptions under the dynamical
interactions as parameter settings. More precisely, the interaction radius and visual field should be
interpreted as the ”effective” interaction radius and the ”effective” visual field, respectively [78].
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Figure 2. 3D distribution of the mean hΦ( N )i values with respect to the three parameters according
to the group size for all experimental data (∆t = 20/120 s). The ball size and shaded colours represent
the hΦ( N )i strength. For the sake of visibility, we only show the points over 0.4*hΦ( N )i MAX , where
hΦ( N )i MAX implies the hΦ( N )i values of the maximum cell for each group size. We measured the
hΦ( N )i values over the main complexes and full subsystems throughout our analysis. All the graphs
refer only to the main complexes. For similar distributions, please refer to [77]. Figures S1 and S2
include all the mean hΦ( N )i and mean σ2 (Φ( N )) values for all the timescales.

The application of conjunction has critical biological implications because an analogy from
the Boids model, referred by several researchers, was adopted in a collective animal behaviour as
collective states [32,79–83]. Almost every interaction in the general Boids model adopts the interaction
radius with blind spots, adding noise to the agent’s turning directions. The conjunction of the
above-mentioned three parameters replicates this statement; it would lose meaning if we replace
the AND operator with the OR operator. For instance, when the two parameters (distance and
visual field) are combined with AND, and the remaining (turning rate) are combined with OR [i.e.,
OR(AND(Distance, Visual Field), Turning parameter)], the system allows the ON states irrespective of
the states of either of the two parameters (distance or visual field). This example violates the notion of
the interaction distance with a blind spot.
In this study, the timescale has several implications in our analysis. In the timescale, the position
vectors for every ∆t step of each fish are considered (Figure 1(b)). The larger the timescale, the more
predictable and regular are the trajectories in this setting. In our previous study, we restricted our
primary focus to a very short timescale (∆t = 5/120 s) and more narrowly ranged parameter setting
(for the distance and visual field parameters only). A larger amount of parameter settings reveal more
precise and minute causal structures, as shown later in text. The transition probability matrix (TPM),
which is assumed to have conditional independence [57,62], is obtained from the entire sequence of
the collective states (Figure 1(a)). The PyPhi [70] computes all the IIT related values by using this
TPM. These bit sequences as collective states are not only sensitive to parameter selection but also
to timescale selection, i.e., the length of the time step. In this study, we examined a vast range of
timescales, such as ∆t = 5/120, 10/120, 20/120, 40/120, 80/120, and 120/120 s (see 4).
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In addition to the TPM, the network structure of the group must also compute IIT-related values.
Therefore, we set the network structure of the school (of fish) as all connected network without
self-loops. This is because the minimum distance between any pair of fish is less than 5 mm in our
experiment (see 4). It would be sufficient to suppose that some type of interaction occurs amongst all
the fishes by mutual contact throughout a series of an event (i.e., roughly 10–15 min of free swimming).
We chose this network structure in this study because according to the results of our previous study, for
the network structure including a self-loop, the MIP cut shows weak correspondence to the leadership
in the group compared with a non-self-loop network [77]. The self-loop, when included in a network,
reflects the past histories of each movement. Considering that the past movements to the network
may fail to determine the pure inter-relations among fishes in the group, the fully connected structure
without a self-loop is the most suitable structure for the IIT analysis.
Note that each collective state has a unique corresponding computed Φ value in the
above-mentioned procedure. For example, in the case of a two-fish school, in which all collective states
are (0, 0), (1, 0), (0, 1), and (1, 1), we have four values of Φ, that is, Φ00 , Φ10 , Φ01 , and Φ11 , respectively.
In this study, we mainly focused on the average Φ values (denoted as hΦ( N )i) for all collective states
(2 N for N fish schools). We also used σ (Φ( N ))2 as variance of all 2 N Φ values.
2.2.1. Φ values for local parameter settings across timescales
Figure 2 shows the example of hΦ( N )i distributions for the local parameter settings when the
timescale is ∆t = 20/120 s. The ball size and gradation of the blue colour represent the hΦ( N )i values
for each cell. We omitted the small hΦ( N )i values under specific values (Figure 2) from the graph
for the sake of their visibility. The dense location of hΦ( N )i is meaningful for our analysis because
the hΦ( N )i values represent the group’s integrity in the school (of fish). According to the definition
of IIT 3.0, the more the system of interest obtains the feedback information structure (i.e., mutually
connected with each other), the more that system has high hΦ( N )i values. In contrast, the areas with
low hΦ( N )i values correspond to few feedback structures (only feedforward or mutual independent)
as an autonomous system.
Before detailing our analysis, let us make note of some of the remarkable features that can be
observed in Figure 2. First, the distribution of a school of two fishes differs from other distributions.
Large hΦ( N )i values are concentrated on a low visual-field area (ξ VF < π/2) in a two-fish school. In
three- to five-fish schools, the hΦ( N )i distribution tends to be concentrated around a high ξ VF area.
In our previous study, under particular conditions (especially, in the region of π/2 < ξ VF < π ), we
confirmed the emergence of a leadership relationship. A large ξ TR value did not contribute to group
integrity for any of the group sizes. In high ξ TR regions of more than 0.05 rad, no high hΦ( N )i values
were confirmed. This tendency has two implications: signalling only the intense direction changes
(high ξ TR value) is not helpful for group integration, and the ON/OFF states are not symmetric owing
to the combination of other parameters. If the relation is symmetrical, hΦ( N )i values of the lower and
higher ξ TR regions would show the same distribution; this is not true. The interpretation of ON/OFF
could differ according to the given conditions. The latter will be discussed in ”followership” relation to
a school of two fish.
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(a)

(b)

Figure 3. (a) The mean distribution over 12 hΦ( N )i MAX , where ξ VF > π and ξ TR < .05. Each colour
corresponds to the group size, and each shape corresponds to the time scale: ∆t = 5/120 s (circle),
10/120 s (upward triangle), 20/120 s (downward triangle), 40/120 s (rectangle), 80/120 s (pentagon),
and 120/120 s (hexagon). hΦ( N )i MAX represents the maximum hΦ( N )i value of all the cells in the
hΦ( N )i distribution. The distributions of N = 2 and N = 3 for all the scales concentrated on the
complete visual fields (ξ VF = 2π). In contrast, the distributions of N = 4 and N = 5 for all the scales
concentrated on the lower right field (ξ VF < 2π). (b) The box plot for the mean normalised hΦ( N )i
values, where π < ξ VF < 2π for all datasets. Each datum is divided by the hΦ( N )i MAX in the region
of π < ξ VF < 2π and ξ VF < pi (note this graph uses all the hΦ( N )i values: no restriction such as
1
2 h Φ ( N )i MAX ). The h Φ ( N )i values of four- and five-fish schools are significantly higher than those of
two- and three-fish schools. For comparison, Figure S3 presents the same box plot for high turning
rates of ξ TR ≥ 0.05.

2.2.2. Leadership in the four- and five-fish schools
As the examination and comparison of all the scales and parameter settings are difficult, we
divided some regions in the parameter space for convenience. First, we divided the regions with
ξ TR < 0.05 and ξ TR ≥ 0.05 because the hΦ( N )i values are very low in the high ξ TR regions (≥ 0.05).
The difference in the hΦ( N )i distribution is mainly concentrated on the low ξ TR regions (Figure 2; the
overall results are shown in Figures S1 and S2.)
Figure 3 (a) presents one of the main essences in the local parameter settings. Each point in Figure
3 (a) represents the weighted average position at which the x-axis represents the distance (ξ D ) and
the y-axis represents the visual field (ξ VF ). We can visually divide the distributions into two groups:
N = 2, 3 and N = 4, 5. We call this discontinuity in the hΦ( N )i distributions between three- and
four-fish schools as ”the emergence of leadership” because the mean hΦ( N )i values with blind spots
(i.e., ξ VF 6= 2π) in the school are high only when the group size is more than four (Figure 3 (ii); the
statistical tests presented in Table S1: only two- and three-fish schools show no statistical difference).
We define ”leadership” in the group satisfying the following two properties: (i) the positional
leader (the head position along the average group direction) and (ii) the asymmetric information
lies between the leader and its followers. In fact, our previous analysis found that the head along
the average group direction (property (i)) is strongly correlated with MIP cuts, especially in a fully
connected network without self-loops [77]. This MIP cut position indicates a feedforward relationship
between the leader and its followers because the MIP cut is performed unidirectionally; this is selected
as the weakest link in the network structure (property (ii)). In other words, the opposite information
flows are always larger than the first cut. Indeed, Figure 3 (ii) supports our consideration. The average
hΦ( N )i value in π/2 < ξ VF < π regions increases when the group size surpasses four (satisfies
property (ii)). Furthermore, IIT-induced leadership (i.e., corresponding to MIP cut) highly correlates
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with the positional leadership [77]. Therefore, the groups with over four-fish schools satisfy all of the
leadership conditions.
(a)

(b)

Figure 4. (a) The mean distribution over 12 hΦ( N )i MAX , where ξ VF < π and ξ TR < 0.05. Each colour
corresponds to the group size, and each shape corresponds to the time scale: ∆t = 5/120 s (circle),
10/120 s (upward triangle), 20/120 s (downward triangle), 40/120 s (rectangle), 80/120 s (pentagon),
and 120/120 s (hexagon). No value exceeds 12 hΦ( N )i MAX for the four- and five-fish schools. Some of
the three-fish school exceed this value; however, only in a few samples. (b) The box plot for the mean
normalised Φ values, where 0 < ξ TR < π for all datasets. The data were divided with the maximum
hΦ( N )i MAX in 0 < ξ VF < π and ξ TR < 0.05 (note this graph uses all the hΦ( N )i values: no restriction
such as 12 hΦ( N )i MAX ). The hΦ( N )i values in the two-fish school were determined as ”followership”,
which is the opposite of ”leadership”. For comparison, Figure S4 depicts the box plot for the high
turning rate, ξ TR ≥ 0.05, under the same condition. The statistical test is included in Table S1.

2.2.3. Followership in the school of two fishes
Next, we focus on the 0 < ξ VF < π regions. In these regions, only the schools of two fishes
show distributions for high hΦ( N )i values. The parameter distributions in Figure 4 (a) show a relative
contrast with the same distributions depicted in Figure 3 (a). Only two-fish schools show high hΦ( N )i
values over 0.4*hΦ( N )i MAX ; in contrast, no large hΦ( N )i values were observed in over four-fish
schools.
This visual consideration can be confirmed in Figure 4 (b). We normalised all the hΦ( N )i values
using hΦ( N )i MAX for each group size. The mean normalised Φ value of N = 2 (the mean hΦ( N =
2)i ' 0.29) in this region (Figure 4 (b)) is as high as the that in N = 5 (the mean hΦ( N = 5)i ' 0.27;
Figure 3 (b)). We found that only the mean hΦ( N )i in ξ VF lower regions showed significant difference
to those of the remaining group (see Table S1). Therefore, the high integrity of this lower ξ VF in the
region of two-fish schools suggests the existence of important properties in terms of group integrity.
We refer to this tendency, which is only observed in the school of two fishes, as ”followership”
owing to the following reasons. First, the narrow regions of ξ VF parameters correspond to large
hΦ( N )i values in the school of two fishes. Compared with the leadership in four- and five-fish schools,
the narrower ξ VF value in a two-fish school shows the tracking of the leader to avoid losing sight of
the leader. This leader always positions ahead of the follower by definition. Second, the MIP cut point
also functions as asymmetric information processing between the leader and its follower. As the MIP
cut in the school of two fishes functions exclusively to each other, the asymmetric information flow
always exists between the two fishes.
The above-mentioned fact seems to pass all of the leadership conditions; however, there is a
notable difference between the leadership and followership. The reversed relation never increases
the Φ values of the two-fish school as that in the low ξ VF regions. If the role between the leader and
followers is commutable (symmetric ON/OFF relation), the same high hΦ( N )i values in the two-fish
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school must also be observed in high ξ VF regions; however, this is not the case for two-fish schools
(Figure 3 (b) N = 2). Therefore, we can discriminate the concepts of ”followership” and ”leadership”
in this study.
2.3. Φ values for global parameter settings across timescales
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Figure 5. Definition of ON and OFF states for global parameter settings. Two parameters determine
a school’s state (Yellow: Centre of Mass and Blue: Average Direction). Coloured individuals are in the
ON state. We calculate the conjunction of the two school states and obtain the final school state at time
t. Subsequently, we compute Φ from a time series of these states by using PyPhi. We assume that the
network structure is the same as that for the local parameter settings, i.e., the fully connected network
without self-loop.

In this section, we examine the group integrity of two global parameters (Figure 5): the angle
difference (Ξ AD ) between each fish’s direction and the average group direction at time t, and the
distance (ΞCM ) between the position of a fish and the centre of mass of the group at time t. These two
parameters (Ξ AD and ΞCM ) determine the collective states in this condition. The collective state at
time t in the global parameter settings is determined after calculating the conjunction (AND operator)
of the two parameters as in the local parameter settings. Again, we compute TPM from a series of
collective states with a fully connected network (no self-loop included) and obtain the corresponding
Φ value to each collective state for the global parameters.
The two aforementioned averaged values are related to the measure of the collective behaviour
domain. The average group direction is often used as the group polarity (i.e., the degree of alignment)
[4,15,29,78], whereas, the centre of mass is a useful measure for group clustering [6,14,84–86]. These
interactions result in keeping a certain distance (direction) with the global state. For example, if a fish’s
distance from the centre of mass is always above its threshold (ΞCM ), then the fish cannot keep contact
with the belonging group. If a fish’s direction almost always differs from the average group direction
(Ξ AD ), then the fish again gradually diverts from the school to which it belongs. This is why the use of
the AND operator makes sense for the collective state in the global parameter settings. If we change
the AND connective to OR, then we cannot ensure this group coherence.
Note that there is a sharp difference between the local and global parameter settings in this
concept. To refer to the average values, a priori is needed to assume that the group members have
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already been determined in advance. The average values for comparison contain the information
of all the members at time t despite their apparent pairwise interactions (because ON/OFF state is
determined by the individual fish state and its global reference). In terms of a complex system, this
global parameter setting works as feedback information from the entire school to each fish.
We can interpret the difference between the local and global parameters as follows. First, the
collective state of the global settings works as a top–down system because the global reference can
play the role of a feedback system to each member. As such, the group integrity is determined by
the degree of connections with the central information (i.e., averaged values) through the continuous
adjustments with the global reference. In contrast, the collective state of the local parameter settings
works in a bottom–up approach because there is no assumption of the group in advance. Instead,
the corrective state is determined as a building block through local interaction (this concept matches
with the concept of Boid interaction). Both parameter settings represent typical ways of information
processing (i.e., bottom–up and top–down), widely observed in the collective behaviour [2,9,17,78].
Figure 6 shows some similarities and dissimilarities in the graph of the local parameter settings.
In terms of the hΦ( N )i values, both Figures 2 and 6 show an increase in hΦ( N )i according to the group
size. However, in terms of the relation of inter-distributions of heat maps, the discontinuity observed
in Figure 2 is not seen in Figure 6 (Table S1). Instead, the discontinuity of hΦ( N )i distributions in
Figure 6 appears between two- and three-fish schools (Table S1: the matrix distance).
These observations imply that both the degree of the group integrities in a school highly as
well as the discontinuity in the hΦ( N )i distribution depend on the choice of the parameter settings.
The local and global parameter settings suggest a different way that the agents recognise can their
environment. The first is the interaction between each fish (the local parameter settings), and the other
is the interaction at the global reference assuming that each fish in the group knows all the group
members a priori (the global parameter settings). These contrasts in the interactions lead to differences
in the integrity of their systems.
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Figure 6. Heat maps on the global parameter settings for each group size (∆t = 20/120 s). We took
the average of hΦ( N )i for all datasets (colour bar). The horizontal axis shows the distance from the
centre of mass (ΞCM ), and the vertical axis shows the difference from average direction (Ξ AD ). All
timescale figures are listed in Figure S5.

If the group integrities can contribute to their ways of forming aggregations, then it would be
helpful to examine the power balance on hΦ( N )i values between the local and global parameter
settings. Figure 7 shows the comparison between the peak hΦ( N )i values (top 20 for each) selected
from the heat maps along with the timescales. As observed, the local and global parameter settings
give qualitatively different hΦ( N )i values. For clarity, we denote Φlocal (say, the local group integrity)
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for the local parameters and Φ global (say, the global group integrity) for the global parameters. Φlocal
is an intrinsic causal power generated by Boid-like local interactions, while the Φ global is based on
the interaction with the global reference. For a longer timescale, we previously confirmed that Φ( N )
values for both parameter settings generally increase; however, they eventually saturate beyond a
specific timescale. Figure 7 shows how each hΦ( N )i value changes with timescales. The vertical axis
represents the difference between Φlocal and Φ global , while the horizontal axis represents timescales.
The difference between the two values gradually shifts from negative to positive. In other words,
group integrities induced by global parameter settings (global group integrity) become dominant in
the short timescales, while group integrities induced by local parameter settings (local group integrity)
become dominant in the large timescales. Finally, the differences between the local and global group
integrities diminish.
What does this mean to the fish’s collective behaviour in this case? For the short timescale, the
continuous adjustments among the fishes to their global reference are important for their integration,
as the global group integrity increases when the position and directions of all the fishes are in a specific
range with respect to their average information. However, in the long timescale, the local rather than
the global group integrity is prioritised for the schools. The local group integrity tends to be lower in
short time scales because the noisy movements of the fish weaken their predictabilities. This weak
predictability reduces their causal connections. However, in short timescales, these causal connections
of the global group integrity are relatively higher than that of the local group integrity because each
fish shares the global information through their average values. The sharing of the same information
sources can contribute to the increase in the causal connection among fishes.

Figure 7. Difference between the average top hΦ( N )i value of the local and global group integrities.
The horizontal axis shows the timescales (∆t = δt/120, where δt = 5, 10, 20, 40, 80, 120). The negative
and positive values on the vertical axis represent the global and local integrity dominance, respectively.
The peak value of N = 5 at ∆t = 20/120 is significantly larger than at the other peaks (Table 1).

We also confirm the outstanding property of a school of five fishes at ∆t = 20/120 s. Interestingly,
this timescale approximately corresponds to the reaction time of the fishes [42]. The graph shows that a
school of five fishes at ∆t = 20/120 s is because of the dominance of the local group integrity compared
with that in other school sizes (Table 1). Besides the local group integrity being based on Boid-like
interactions, the peak shows that the Boid-like interactions completely take over the global interaction
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Table 1. Tukey–Kramer method for Figure 7 at ∆t = 20/120 (s). The notation, DG− L (Φ( N )),
represents the difference between Φlocal ( N ) − Φ global ( N ) for group size N.
N = 2−M = 3
N = 2−M = 4
N = 2−M = 5
N = 3−M = 4
N = 3−M = 5
N = 4−M = 5

DG− L (Φ( N )) − DG− L (Φ( M ))
-0.049
0.193
2.31
0.242
2.36
2.12

p-value
0.999
0.69
< 10−7
0.48
< 10−8
< 10−7

with respect to the average values (Table 1). Note that no remarkable difference was observed among
two-, three-, and four-fish schools. Only the school of five fishes showed strong local group integrity.
2.4. Correlation between hΦ( N )i and σ2 (Φ( N ))

Figure 8. Correlation relation between hΦ( N )i and its Fano scales, σ2 (Φ( N ))/hΦ( N )i (normalized
variance) for the local parameter setting. Each colour corresponds to timescales. The correlation
coefficients are 0.66 (∆t = 5/120 s), 0.71 (∆t = 10/120 s), 0.61 (∆t = 20/120 s), 0.72 (∆t = 40/120 s),
0.75 (∆t = 80/120 s), and 0.61 (∆t = 120/120 s). For all the Pearson correlation tests, p < 10−30 . For
the global parameter settings, see Figure S6.

It is worthy to note the positive correlation between the mean Φ values and its variance in a
real school, especially in the local interaction systems. Figure 8 plots all hΦ( N )i values and their
Fano factors σ2 (Φ( N )) (normalised variance) of all parameter settings. Those of the global parameter
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settings show the same result (Figure S6) but show a relatively weak tendency compared with the local
systems. The strong correlation between hΦ( N )i and its variance in real fish bears critical implications.
This correlation suggests that the schools with large hΦ( N )i values contain two extremes: small
Φ( N ) values and large Φ( N ) values (recall each collective state has unique a Φ( N ) value and hΦ( N )i
represents the average of those 2n Φ( N ) values for n-fish school). The real school systems tend to
have small Φ( N ) values even if the group integrity (i.e., average Φ( N ) values of all collective states) is
significant. Note that the pure stochastic model, such as that generated using Markov process, never
shows such a tendency (its variance is around 0.4 at most [77]). Their variances remain small even if
the hΦ( N )i increases. The high variances in a highly integrated system are one of the characteristic
properties observed in a real school.
2.5. New classification of schools as different autonomous systems
As explained earlier, the aim of this study was to discriminate between the qualitatively different
autonomous systems in terms of several parameter settings. Most studies on the collective behaviour
rarely focus on small groups (as different systems from each other) and target information processing
inside the groups ([51]).
The high group integrity regions (i.e., hΦ( N )i values’ cells) connect the group forming structure
in terms of the internal causal structures, such as the leadership for the four-fish school. Here,
we succeeded in classifying all schools consisting of two to five fishes and described four distinct
autonomous systems (Figure 9). (I) The two-fish group shows followership relations in long timescales;
(II) The three-fish group shows fission–fusion dynamics; and (III) the four-fish group has leadership as
an autonomous system. Our analysis suggests that this autonomous system would have high intrinsic
causal power owing to the presence of leadership. (IV) The five-fish group, in addition to leadership,
shows dominating boid-like local interactions for long timescales. The intrinsic causal power of local
Fig.interactions
5
overwhelms the global interactions.
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Figure 9. Classification of the schools. The first column classifies the existence of a leader (L), a
follower (F), or neither (N). The second column classifies the three dominant interaction modes: local
interaction (L), global interaction (G), or neither (N). The same classification applies for short and long
timescales.

(I) Two-fish school as ”followership”: the distribution of the school of two and three fishes has a
wide similarity in the short timescales; however, this is not the case for longer timescales (Figure 9). The
hΦ( N )i values concentrated in the lower ξ VF parameters are as high as in the intact ξ VF parameters.
The low ξ VF in the two-fish school shows one fish following the other within their narrow visual field.
Recall that the MIP cuts always divide each other in the two-fish school. The MIP in the two-fish
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school suggests the existence of asymmetric information between them; this differs from the leadership
relations. In particular, for the followership, if the same situation is reversed, it never generates the
same hΦ( N )i values (Figure 3 (b) and Figure 4 (b)). Therefore, we should discriminate the followership
from the leadership.
(II) Three-fish school as ”fission–fusion”: Compared with other group size cases, this school can
be characterised negatively. Unlike the two-fish school, there is no display of followership in this group
size. Furthermore, there is no leadership relation as in the four- and five-fish schools and no local
interaction dominance as in the five-fish school. The only confirmed fact observed in this study was
that the three-fish school prefers to use the complete visual field (Figure 3 (a) and (b)). These parameter
settings indicate that the collective states mainly depend on the distance. The relative distance is with
respect to the group integrity of the three-fish school (i.e., hΦ( N )i). Therefore, the classification of
”fission and fusion” seems to be suitable for the three-fish school.
(III) Four-fish school as ”leadership”: The leadership relation emerges only after the four-fish
school. ”Leadership” has been explained in detail in our previous study [77]. The selection of a fully
connected network without a self-loop is based on our previous result because the MIP cut fits the
group leader. Note the difference in leadership compared with preceding studies [42–44,49]. The
derivation of the leadership is not based on the external group behaviour but on the internal causal
structure. For example, the transfer entropy captures leadership as this school’s behaviour but not as
its autonomous system.
(IV) Five-fish schools as ”Boid-like interaction”: From our previous observation, only the five-fish
school is able to show higher group integrities in the local parameter settings. Unlike the global
parameter settings, the local parameter settings are defined as the bottom–up interactions. The group
integrity in the global parameter settings tends to achieve high hΦ( N )i values because each fish can
access its global information. However, sharing the precise global information (example, average
direction) becomes difficult when the size of the group increases. This difficulty seems to allow the
local group integrity to overcome the global group integrity.
3. Discussion
The IIT analysis for the collective behaviour forces us to shift out focus from an external
perspective (information transfer) to an internal perspective (internal causal structure). The former
represents the events occurring in the system, while the latter represents the functions of the system
[51,57,69,70]. Until now, the latter approach, from an internal perspective, barely applies to collective
behaviour of animals. Transfer entropy is a representative method of the former approach, especially
in a small group [42–44,49]. The transfer entropy approach first constructs by selecting a pair of
individuals from the given group, then it measures the degree of information and misinformation
[42], and finally determines the leadership relation in the group. From the external perspective, the
leadership in the group is itself a ubiquitous property. All these approaches aimed to reveal the
properties of the system behaviour of the group.
The importance of our approach is mainly based on two aspects: the shift from an external to
an internal perspective, and a tentative answer to the question, ”what is the criterion of the group?”.
Next, these aspects are discussed in detail.
First, the representative analysis from the external perspective is the transfer entropy analysis
[42–44,49]. As discussed earlier, this method is constructed by selecting a pair of individuals from the
group; however, this method only represents the predictability of each pair of individuals from their
external behaviours in a series of events.
The analysis based on the internal perspective provides us with different perspectives because the
collective behaviour from external perspectives is needless. The cellular automaton study in [51] could
help in understanding this phenomenon. In this study, although IIT 3.0 can discriminate from Class I
to Class IV, the cell number for their analysis was restricted to six. This number is significantly small to
discriminate the external cell behaviour with respect to their corresponding rules. Therefore, there is
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no room here to determine the system by using the very little information of the cells behaviour. The
discrimination becomes possible only if the cellular automaton’s intrinsic causal structures of IIT 3.0
are considered but not their external behaviour.
The critical point is that the IIT-induced leadership corresponds to the positional leadership in the
group without referring to the external behaviour. The correspondence with the IIT-induced leadership
and external leadership (e.g., the positional leadership) is a posteori but not a priori. In fact, the
transfer-entropy-induced leadership never generates the IIT-induced leadership. Our previous study
indicates that the transfer entropy approach does not discriminate the leadership as an autonomous
system. Therefore, the pairwise interaction analysis is not suitable for the autonomous system.
Until now, throughout our IIT analysis in this study, we defined two interactions: the local
and global parameter settings. These interactions have qualitatively different meanings. The former
represents the group integrity from the bottom–up perspective, while the latter represents the group
integrity from the top–down perspective. We observed disagreements regarding the integrity between
them, and this disagreement maximised at a certain timescale in the certain size of the group. In
addition to the result of our previous study (i.e., Emergence of the leadership over the four-fish
school), the timescale and new interaction are beneficial in understanding two new properties: the
followership for the two-fish school and the local interaction dominance for the five-fish school. The
fission–fusion property for the three-fish school can be defined negatively. Therefore, we can succeed
to show the classification from the two- to five-fish schools, that is, the followership, fission–fusion
dynamics, leadership, and Boid-like interaction. This is one of the most significant achievements of
our study. Some studies have indicated the difference between two- and three-fish schools; however,
their methods rarely discriminate a larger group size.
Furthermore, our IIT analysis led us to reconsider the fundamental question: ”what is the criterion
for forming a group?”. This question is rarely asked but simply assumed. How? The information
transfer in the group, for instance, assumes the individual’s collective behaviour as one collection
[38,42]. The other example can be seen in the criticality arguments [14,15,78]. The analysis of the
scale-free correlation in the birds can only be possible when we define the average values (for example
mean directions or speeds). The computation of these average values implicitly contains the decision
group’s criterion of the observer because we assume the given data set already forms the group.
We do not insist that their assumption on the group’s criterion is itself inappropriate. Rather, this
assumption seems inevitable for group analysis. A sufficient number of individuals is likely to satisfy
those criteria. However, in the case of a small group similar to the transition from two- to five-fish
school, this problem is not negligible because there is still no consensus on the group criterion for
such sizes. The question of what kind of the difference exists among these small groups has remained
untouched up to the present.
We consider that the heap paradox would help to shape the core of this problem [30]. The heap
paradox is constructed by adding each grain on the floor sequentially when the aggregation of grains
becomes a heap. The key of this paradox is in the fact that the same successive procedure (i.e. grain
dropping) can make the system different, qualitatively. The paradox asks us when does qualitative
difference begin and how can we know that. This paradox can be observed all over the domain
of complex systems concerning with parts and whole relations (e.g., Neurons-build consciousness
[56,57,60,61] and individuals’ build-group behaviour [27,34,87]). The paradox overlaps our arguments
of collective behaviour on the issue: ”the criterion of the group behaviour”.
The clue for understanding the heap paradox is in the way the grain is distributed. To understand
this, it is sufficient to confirm that the random distribution of the grain never constructs the heap;
rather, the heap is constructed by the distribution of flat grain. In other words, the agent doing the
same procedure inevitably commits his/her decision on where to drop the grain, anticipating the
forthcoming unbuilt heap. The heap paradox implicitly includes the agent’s commitment to grain
droppings. The paradox begins when we forget these agent’s ontological commitments.
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The agent’s commitment can be considered in the context of a manipulative view in IIT 3.0. As
Tononi claims, ”something can be said to exist only if it has cause–effect power”[61]; the causal–effect
structure of an autonomous system represents ”what causes what”, considering all counterfactual
states. Lombardi et al. correctly pointed out that the central idea of ”differences that make differences”
represents the potential intervention (manipulation) in the cause–effect structure of the system [71].
We can also apply this argument to collective behaviour. The intrinsic causal structure in a school
represents how each fish virtually affects one another to maintain an aggregation. The manipulative
view in IIT 3.0 involves the agent’s commitment to the intrinsic causal perspective.
Now we are ready to give the two tentative answers to the paradox from IIT 3.0: from the
inner-system perspective and the inter-system perspective.
Figure 8 corresponds to the former answer. As we have discussed earlier, the strong correlation
between hΦ( N )i and Fano factor σ2 (Φ( N ))/hΦ( N )i is innate for a real school (no observation in the
artificial condition, such as the random Markov networks.) This correlation indicates that the high
average group integrity in a real school has both low and high Φ values, simultaneously. In other
words, the real school group coexists in tightly mutual connected with feedback (united: high Φ)
and weak connections with no feedback (separated: low Φ) individuals exist in the same fish school.
Unlike other methods, the ability of multiple Φ( N ) values in the same group is critical in IIT 3.0. This
coexistence in IIT 3.0 can prevent the paradox’s assumption because a law that excluded the middle
(i.e. any proposition must be true or true for its negation: in this case, we mean that the grains would
be united or not) becomes invalid. This is one possible answer to the paradox.
The latter answer (inter-system) can be obtained from the classification of schools as autonomous
systems. Our finding is that the difference in group size, differs the autonomous system. This
classification itself makes the paradox’s assumption invalid because the properties of the group change
according to the group’s size from IIT 3.0 perspective. There is no definitive point where the group
behaviour begins, but its definition may be different for the way of forming the group in a given
environment. In other words, the question of when the school begin becomes invalid. This is another
possible answer to the paradox.
We investigated the schools. By applying IIT 3.0, there are possibilities for new approaches to the
problem of the collective behaviour which remains unsolved. We believe that our approach sheds light
on not only the collective behaviour but also the application of IIT 3.0.
4. Materials and Methods
4.1. Ethics statement
This study was carried out in strict accordance with the recommendations in the Guide for the
Care and Use of Laboratory Animals of the National Institutes of Health. The protocol was approved
by the Committee on the Ethics of Animal Experiments of the University of Tsukuba (Permit Number:
14-386). All efforts were made to minimise suffering.
4.2. Φ computation
All computations, in this study, were performed using the PyPhi software package with the
CUT_ONE_APPROXIMATION to Φ.
4.3. Experimental Settings
We studied ayus (Plecoglossus altivelis), also known as sweetfish, which are common and widely
bred in Japan. Juvenile ayus (approximately 7-14 cm in body length) display typical schooling behaviour,
though adult ayus tend to show territorial behaviour in environments where fish density is low. We
purchased fingerlings from Tarumiyoushoku (Kasumigaura, Ibaraki, Japan) and housed them in a
controlled laboratory. Approximately 150 fish lived in a 0.8 m3 tank of continuously filtered and
recycled fresh water with a temperature maintained at 16.4◦ C. They were fed with commercial food
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pellets. Just before each experiment was conducted, fish were randomly chosen and separated to form
a school of each size and were moved to an experimental arena without pre-training. The experimental
arena consisted of a 3×3m2 shallow white tank. The water depth was approximately 15 cm so that
schools would be approximately 2D. The fish were recorded with an overhead grey-scale video camera
(Library GE 60; Library Co. Ltd., Tokyo, Japan) at a spatial resolution of 640 × 480 pixels and a
temporal resolution of 120 fps.
4.4. Data Summary
Table 2. Data Summary. N: Number of individuals (Unit: None), x: Average distance (Unit: (mm)), v:
Average velocity (Unit: (mm) per second), Error (S.D.) (Unit: Degrees (rad)), dmin : Minimum distance
(Unit: (mm)), Total Time Steps (steps)
N

Average distance (mm)

2

3

4

5

Average velocity (mm/s)

Error (S.D.)

Minimum distance (mm)

Total Time Steps

166.3

268.8

0.18

1.90

106961

90.67

271.68

0.23

0.10

99431

122.0

256.08

0.18

1.60

107206

170.8

301.2

0.23

1.80

90051

159.1

343.2

0.14

1.83

83654

173.1

300.0

0.13

2.82

97446

132.0

240.0

0.19

1.67

93931

164.3

270.72

0.14

1.18

106327

141.5

190.8

0.12

1.38

103226

114.9

148.56

0.38

1.83

98126

143.8

259.92

0.28

0.79

102895

146.0

213.12

0.12

1.16

97346

143.7

259.2

0.28

1.44

92116

4.5. Timescales
We prepared the trajectory data in different time intervals (In Python X [:: δt]) and applied
smoothing by convolving three data points to reduce noise. δt is a timescale in δt/120.
4.6. The definition of ON and OFF state for each parameter
We define a function for each parameter that returns either 0 (OFF) or 1 (ON), for any given input
value. Generally, we denote a function as Fit (·), where F is the name of the function, i is the index of
the individual, and t is the time. The arguments of the function can be either in the position vectors,
xi (t), or the velocity vectors, vi (t), of each individual, at time t. In general, the dimensions of these
vectors are d ≤ 3; the experimental setup used here gives d = 2, and the number of individuals is N.
4.6.1. Local parameters
• Distance function Dit ( x1 (t), x2 (t), · · · , xn (t)): Rd × Rd × · · · × Rd −
→ {0, 1}
For each individual, i, we obtain a set Sit = { j|d( xi (t), x j (t)) < ξ D , j 6= i } of all other individuals
within a specified distance, ξ D . Here d( x, y) gives the Euclidean distance between x and y. Then,
Dit ( x1 (t), x2 (t), . . . , xn (t)) = 1 when |Sit | > 0 and is 0 otherwise, where |S| denotes the number
of elements of the set, S.
• Visual field function Bit ( x1 (t), x2 (t), ..., xn (t), v1 (t), v2 (t), · · · , vn (t)) : Rd × Rd × · · · × Rd −
→
{0, 1}
For each individual we form the set Oit = { j| arg(vi (t), xi (t) − x j (t)) < ξ VF , j 6= i } of all
other individuals whose velocity vectors point in a direction within an angle ξ VF of the focal
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individual. The function arg(x1 (t), x2 (t)) gives the angle between the two vectors. Then,
Bit ( x1 (t), x2 (t), ..., xn (t), v1 (t), v2 (t), · · · , vn (t)) = 1 when |Oit | > 0 and is 0 otherwise.
• Turning rate function Tit (vi (t), vi (t − ∆t)) : Rd × Rd −
→ {0, 1}
The turning rate function returns 1 when an individual’s turning rate exceeds a specified
threshold, δ. That is, Tit (vi (t), vi (t − ∆t)) = 1 when arg(vi (t), vi (t − ∆t)) ≥ ξ TR and is 0
otherwise. The time step used in this study is from ∆t = 0.05 to ∆t = 1.0 s.
To obtain the states of the school, we take a conjunction of this result, that is,
Dit ( x1 (t), x2 (t), · · · , xn (t)) ∧ Bit (v1 (t), v2 (t), · · · , vn (t)) ∧ Tit (vi (t), vi (t − ∆t)) for each individual,
i. The conjunction is given as ∧ : {0, 1}2 −
→ {0, 1} where 1 ∧ 1 = 1 and is 0 otherwise.
Thus the state of each individual i at time t is si (t; ξ D , ξ VF , ξ TR ) ∈ {0, 1} which depends
on the three parameter values (ξ D , ξ VF , ξ TR ). The state of the school at time t is a vector
s(t) = (s1 (t), s2 (t), . . . , sn (t)) ∈ {0, 1}n , where the parameter dependence has been omitted
for simplicity.
4.6.2. Global parameters
• Average direction function Avdit (V (t), vi (t)) : Rd × Rd −
→ {0, 1}
V (t) is the average of {v1 (t), v2 (t), ..., vn (t)}. If an individual’s direction of motion deviates from
the average by more than a threshold amount, Ξ AD , then the individual is in the OFF state: that
is, Avdit (V (t), vi (t)) = 1 when arg(V (t), vi (t)) ≤ Ξ AD , and is 0 otherwise.
• Centre of mass function Comit ( X (t), xi (t)) : Rd × Rd −
→ {0, 1}
X (t) is the average of { x1 (t), x2 (t), · · · , xn (t)}. If an individual is further from X (t) than a
specified threshold ΞCM then the individual is in the OFF state: that is, Comit ( X (t), xi (t)) = 1
when d( X (t), xi (t)) ≤ ΞCM and is 0 otherwise.
To obtain the state of the school, we take a conjunction of these results to obtain a state for
each individual, which depends on the pair (Ξ AD , ΞCM ):, si (t; Ξ AD , ΞCM ) = Avdit (V (t), vi (t)) ∧
Comit ( X (t), xi (t)) ∈ {0, 1}. The state of the school at time t is then a vector s(t) =
(s1 (t), s2 (t), . . . , sn (t)) ∈ {0, 1}n , where the parameter dependence has been omitted for
simplicity.
Supplementary Materials: The following are available at http://www.mdpi.com//xx/1/5/s1, Figure S1:
hΦ( N )i for all timescales, http://www.mdpi.com//xx/1/5/s2, Figure S2: σ2 (Φ( N )) for all timescales,http:
//www.mdpi.com//xx/1/5/s3, Figure S3: The box plot of Figure 3 (ii) where ξ TR ≥ 0.05. http://www.mdpi.
com//xx/1/5/s4, Figure S4: The box plot of Figure 4 (ii) where ξ TR ≥ 0.05. http://www.mdpi.com//xx/1/5/s5,
Figure S5: hΦ( N )i for all timescales for the global parameter settings. http://www.mdpi.com//xx/1/5/s6,
Figure S6: The correlation between hΦ( N )i and σ2 (Φ( N ))/hΦ( N )i for the global parameter settings. Table S1:
All statistical tests on Figure 3, Figure 4, Figure 7 and Figure 8 are included.
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