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1. Introduction

One of the most important analytical problems is the existence of fixed points for nonlinear
mappings. The well-known Banach contraction principle guarantees that every contraction on
a complete metric space has a unique fixed point. The existence of fixed point theorems for a
nonexpansive mapping in CAT(x) spaces was proved by Kirk [1,2] for x < 0, and by Espénola
and Fernandez-Leon [3] for k > 0. Nevertheless, any CAT(x’) space is a CAT (k) space for k¥’ < «, so
all results of CAT(0) spaces can immediately be applied to any CAT (k) with x < 0. Moreover, CAT («)
spaces with positive « can be treated as CAT(1) spaces by changing the scale of the space; see [4,5] for
more details. It therefore suffices to focus only on CAT(1) spaces.

There are several methods for approximating fixed points of a nonexpansive mapping T on a
complete CAT(1) space X such that F(T) := {x € X : x = Tx} # ©. In 2011, Piatek presented the

following result.

Theorem 1.1 ([6, Theorem 3.5]). Let u € X be fixed and suppose that d(u, F(T)) < 7t/4. Denote q := Pg(ryu,
where Py7y is the projection mapping from X onto F(T). Then for each t € (0, 1), there exists the unique fixed
point x; € B(q, 71/4) of the contraction x — tf(x) & (1 — t)Tx on B(q, t/4), that is,

Xy =tud (1 — t)Txt.
In addition, the net {x;} converges to the unique fixed point q of T which is nearest to u as t — 0.

In 2013, Kimura and Sat6 proved the following convergence theorem of Halpern’s type iterations
in a complete CAT(1) space X.

Theorem 1.2 ([7, Theorem 5.5]). Let X be a complete CAT(1) space such that d(v,w) < 7t/2 forallv,w € X,
and T be a nonexpansive mapping on X such that F(T) # @. Let {x,} be the sequence in X generated by
x1 =u € Xand

Xpi1 = anu B (1 —ay)Tx, forn €N,

© 2020 by the author(s). Distributed under a Creative Commons CC BY license.


http://www.mdpi.com
https://orcid.org/0000-0002-5310-5127
http://www.mdpi.com/journal/notspecified
https://doi.org/10.20944/preprints202003.0281.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 March 2020 d0i:10.20944/preprints202003.0281.v1

20f17

where {a,} is a sequence in [0,1] such that lim, e 0y = 0 and Y, 1 &, = o0o. Suppose that one of the
following conditions holds:

(a) sup{d(v,w):v,w e X} < 1/2;
(b) Y50 a2 = co.

Then the sequence {x, } converges to the unique fixed point q of T which is nearest to u.

In 2016, Huang [8] presented the following convergence result of Browder’s type iterations for a
family of nonexpansive mappings in a complete CAT(0) space.

Theorem 1.3 ([8, Theorem 4.5]). Let S be a nonexpansive mapping on a complete CAT(0) space X, and {Ty, }
be a family of nonexpansive mappings on X such that @ # Fix(S) = ;1 Fix(Ty). Let {x,, } be the sequence
in X generated by

Xp =gt ® (1 —ay)Tyx, forn €N,

where {ay } is a sequence in [0, 1] such that limy, e &y, = 0. If ({Ty }, S) satisfies the NST-condition, then the
sequence {xy } converges strongly to the point PF(S)u.

In 2012, Shi and Chen [9] presented a convergence result of Moudafi’s viscosity type iterations
for a nonexpansive mapping T on a complete CAT(0) space X such that F(T) # &. To be precise,
for a contraction f on X and t € (0, 1), there exists the unique fixed point x; € X of the contraction
x — tf(x) @ (1 —1t)Tx, thatis,

xp=tf(xt) ® (1 —t)Txe.

Moreover, the net {x:} converges to q := Pg(1)f(q) ast — 0™ in the framework of the space satisfying
the nice projection property, i.e., for all u, v, w1, w, € X, we have

d(0, Py u)d(v, w1) < d(x, Py g, u)d (v, w2) + d(v, u)d(wy, wy).

Next, Wangkeeree and Preechasilp [10] improved the above results of Shi and Chen without
assuming the nice projection property. Since then, many authors have worked on Moudafi’s viscosity
type iterations for different types of mappings on CAT(0) spaces; see, e.g., [11-15]. Unfortunately,
the result of Shi and Chen are still unknown in the framework of a CAT(1) space without the nice
projection property.

In this paper, we prove an existence and convergence theorem which supplements Theorem 1.1
of Piagtek. Furthermore, we present a strong convergent theorem for Browder’s type iterations of
a family of nonexpansive mappings, which extends Theorem 1.3 of Huang from CAT(0) spaces to
CAT(1) spaces. Next, we derive our results with Halpern’s type iteration of a family of nonexpansive
mappings, which extends Theorem 1.2 of Kimura and Sat6. Finally, Moudafi’s viscosity type methods
are also discussed without the nice projection property.

2. Some properties of CAT(1) spaces

Let (X, d) be a CAT(1) space such that d(v,w) < 7 for all v, w € X. Given points v,w € X and
t € [0,1], we use the notation tv & (1 — t)w for the unique point u in the geodesic segment joining v
and w such that
d(u,v) = (1 —t)d(v,w) and d(u, w) = td(v, w).

The following lemma yields a crucial inequality in CAT(1) spaces, which plays an important role
in this paper.
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Lemma 2.1 ([16, Corollary 2.2]). Let t € [0,1] and u, v, w be three points in a CAT (1) space (X, d) such that
d(u,v) +d(v,w) +d(w,u) < 27m. Then

cosd(tv® (1 —t)w,u) sind(v, w) > cosd (v, u) sin(td(v, w))
+ cosd(w, u) sin((1 —t)d(v, w)).

Let C be a closed convex subset of a complete CAT(1) space (X,d) such that d(v,C) :=
inf,ccd(v,w) < m/2 for all v € X. Then the metric projection Pc from X onto C is well defined;
that is, for each v € X, there exists the unique point Pcv € C satisfying

d(v, Pcv) = ui}relfjd(v, w).

Using the preceding lemma, we can now present the following characterization of the metric
projection in CAT(1) spaces.

Proposition 2.2. Let (X,d) be a CAT(1) space such that d(v,w) < 7/2 forall v,w € X, and let C be a
nonempty closed convex subset of X. If u € X and w € C, then

w = Pcu if and only if cosd(u,v) < cosd(u, w)cosd(v,w) forallv e C,
where Pc is the metric projection from X onto C.

Proof. Assume first that cosd(u,v) < cosd(u,w)cosd(v, w) for all v € C. It follows that d(u, w) <
d(u,v) for all v € C. Then we conclude that w = Pcu.

Conversely, assume that w = Pcu and let v € C. If v = w, then the result follows. Now, suppose
that v # w. For each t € (0,1), by the convexity of C, we have tv @ (1 — t)w € C. This implies that
d(u,w) < d(u,tv® (1 — f)w). It follows from Lemma 2.1 that

cosd(u, w) > cosd(u,tv @ (1 —t)w)

sin td(v, w) sin(1 —t)d(v, w)
> sinalo,w) .
> cosd(u,v) sind (o, w) + cosd(u, w) sind (0, w)
Hence, we have
sin(l _ t)d(v, w) sin td(v,w)
_ B B smntdio, w)
0.5 cosd(nw) (1~ AR ) —cosdlu ) o
_ 2sin(t/2)d(v,w) cos(1 — t/2)d(v,w) sin td (v, w)
= cosd(u,w) sind (0, w) — Cos d(u,?))m.

Dividing both sides of the above inequality by ¢ and letting ¢ tend to 0, we obtain

d(v, w)
< — —_—.
0 < (cosd(u,w)cosd(v,w) — cos d(u’v))sind(v,w)
Consequently, we have cos d(u,v) < cosd(u,w) cosd(v, w), and the proof is finished. [

Lemma 2.3 ([17, Lemma 3.10]). Let vy, v1, wo, wy be four elements in a CAT(1) space (X, d) such that
d(v,w) < 1t/2 forall v,w € {vy, v1, wo, w1 }. Then

cosd(vg, w1 ) + cosd(v1, wy) — cosd(vg,v1) — cosd(wy, wy) < d(vy, wo)d(vy,wr).


https://doi.org/10.20944/preprints202003.0281.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 17 March 2020 d0i:10.20944/preprints202003.0281.v1

40f17

In CAT(1) spaces, it is known that the metric projection is a Lipschitz mapping although it may
be expansive [18]. The following lemma can be deduced from the proof of [17, Theorem 4.1] together
with the above lemma.

Lemma 2.4. Let X be a complete CAT(1) space such that M := sup{d(v,w) : v,w € X} < 71/2,and let C
be a nonempty closed convex subset of X. Then

M2
4sin? (%) cos M

d(Pcv, Pcw) < d(v, w)

forallv,w € X, where Pc is the metric projection from X onto C.
Proof. Let v,w € X. By Lemma 2.2, we have
cosd(Pco,w) < cosd(w, Pcw) cosd(Pcv), Pcw)

and
cosd(Pcw,v) < cosd(v, Pcv) cosd(Pcv), Pcw).

It follows from Lemma 2.3 that

d(v, w)d(Pcvu, Pcw)

> cosd(Prv,v) + cosd(Prw,w) — cos d(Prv, w) — cosd(Prw, v)

> cos d(Prv,v) + cosd(Prw,w) — cos d(w, Prw) cos d(Prv), Prw)
— cosd(v, Prv) cosd(Prv), Prw)

= (cosd(Prv,v) + cosd(Prw,w)) (1 — cosd(Pcv, Pcw))

= (cosd(Prv,v) + cosd(Prw, w)) 2 sin’ (EZ(PCUZ’PCw))
5 (M (d(Pco, Pcw) |
> 2 (MY (alfco, Few) \
> 4 cos M sin <2> ( M
Consequently, we have
MZ
d(Pcv, Pcw) < d(?], w),

4 sin? (%) cos M
and the proof is finished. O

The following lemmas are required for our main results.

Lemma 2.5 ([7, Lemma 5.4]). Let u,v,w be three points in a CAT(1) space (X,d) such that d(u,v) +
d(v,w) +d(w,u) <2m. Let x =tu® (1 —t)yvand y = tu & (1 — t)w for some t € [0,1]. Ifd(u,v) < M,
d(u,w) < M, and sin((1 — t)M) < sin M for some M € (0, ), then

d(xy) < sin(1 — )M

-  sinM d(v,w).

Lemma 2.6 ([19, Lemma 2.3]). Let 1, v, w be three points in a CAT(1) space (X, d) such that d(v,u) < 7t/2
and d(w,u) < 7t/2, and let t € [0,1]. Then

cosd(tve® (1 —t)w,u) > tcosd(v,u) + (1 —1t)cosd(w, u).

Moreover, we have d(tv & (1 — t)w,u) < max{d(v,u),d(w,u)} [20, Lemma 3.4].
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Lemma 2.7 ([21, Lemma 2.5]). Let {a,} and {c,} be sequences of nonnegative real numbers, {b,} be a
sequence of real numbers, and {7y, } be a sequence of real numbers in [0, 1] such that

ay1 < (1 - 'Yn)“n + Yubn + cn
foralln € N. Iflimsup,_, by <0, Y07 ¢y < oo, and Y77 1 vy = 0o, then limy, ;00 1, = 0.

Let /. denote the Banach space of bounded real sequences. Recall that a continuous linear
functional y on { is said to be a Banach limit if ||u|| = u(1,1,...) =1 and py(a,) = pn(a,41) for all
{a,} € leo.

Lemma 2.8 ([22, Proposition 2]). Let {a,} € lo be such that p,(a,) < 0 for all Banach limits y. If
limsup, (4,41 —an) <0, then limsup,,_, . a, < 0.

3. Strong convergence theorem for Browder’s type

Throughout the rest of this paper, let X denote a complete CAT(1) space with d(v, w) < /2 for
allv,w € X and M := sup{d(v,w) : v,w € X} be the diameter of X. Recall that a mapping T : X — X
is nonexpansive if

d(Tov, Tw) < d(v,w) forallv,w € X.

A sequence {v, } C X is said to be an approximating fixed point sequence of T if

lim d(v,, Tv,) = 0.

n—o0

The approximating fixed point sequence plays an important role in the study of fixed point theory
of nonexpansive mappings. We begin with the existence and some properties of approximating fixed
point sequences of nonexpansive mappings.

Proposition 3.1. Let T : X — X be a nonexpansive mapping and u € X be fixed. Given a point t € (0,1),
define Sy : X — X by
Six=tu® (1—+t)Tx forx e X.

Then St has a unique fixed point x; € X, that is,
=tu® (1 —1)Txy. (3.1)
In this case, we have d(x;, Tx¢) — 0as t — 07. Moreover, the following statements hold:

1. If0 <s <t <1,then
cosd(u,xs) < cosd(u,xt) cosd(xg, xs).

2. IfF(T) # o, then
cosd(u,p) < cosd(u,x;) cosd(xt, p)

forallp € ¥(T)and t € (0,1).
Proof. Given points x,y € X and t € (0,1), by Lemma 2.5, we obtain
d(Six, Sty) = d(tu @ (1 - t)Tx tu® (1—1t)Ty)

sin ~——— > d(Tx, Ty)

(s
(sm UL >d(x,y).

IN

IN
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Then S; is a contraction. It follows from the Banach contraction principle that there exists exactly one
point x; € X such that
xp=tu®(1—1)Tx;.

Moreover, we have
d(xt, Txy) = td (u, Txy) and d (u,x¢) = (1 — £)d (u, Txy) .

This implies that

t
lim d (x, Tx;) = lim ——d =0.
Ji o o T = ligy, 33 1) =0

To prove the statement (1), let s, € (0,1) be such that s < t. Consider a comparison triangle
A (1, Txs, Tx;) for A(u, Txs, Tx;) in S, Put zs := su @ (1 — s) Tx;. It is obvious that zg lies in [x;, Tx¢].
Applying Lemma 2.5 with M = 71/2, we obtain

d(xs,zs) =
<

(su @ (1 —5)Txs,su® (1—t)Txy)
(TixfrTixS) = d(TxS/ Txt) < d(xS/ xt) < d(TSITt)

This together with the spherical law of cosines for A (X, X7, z;) yields

0 < cosd(X;5,%;s) — cosd (X5, Xr)
< cosd(Xs,zs) — cosd (X5, Xt) cos d(Xt,Zs)

= sind (X5, X¢) sind (X, Zs ) cos £z (X5, Zs),

where /5, (Xs,Z;) is the angle between edges [X7, X5| and [X7, Z;]. This implies that /¥ (%s,2z5) < /2,
and hence
L (%, U) = 0 — Ly (%5,%5) > 70/2.

Consequently, we have

cosd(u,xs) = cosd(u, Xs)
= cosd
< cosd

< cosd

Xs
1, X¢) cos d (X, Xs) + sind (1, Xp) sind (X¢, Xs ) cos Zx(Xs, 1)

—_— o~~~

)¢
1, X¢) cos d (X, X5 )
)

u, xt) cosd(xt, xs).

To verify the statement (2), fix p € F(T) and t € (0,1). Consider a comparison triangle A (i, p, Tx;)
for A(u, p, Tx;) in S?. The nonexpansiveness of T implies that

d(p, Tx;) = d(p, Tx) < d(p,xi) < d(p,Xr).

In a similar way to the proof of the first statement, by the spherical law of cosines for A(p, Xz, Txt), we
obtain
Lz(pu) =m— Lx(p, Txy) > /2.

As a result, we have cosd(u, p) < cosd(u,x;) cosd(x;, p). This completes the proof. [
As an immediate consequence of Proposition 3.1, we obtain the following result.
Corollary 3.2. Every nonexpansive mapping T : X — X has approximating fixed point sequences.
The statement (1) of the following theorem was proved by Piatek in [6] under the condition

d(u,F(T)) < 71/4 (see Theorem 1.1). We present here another version of its proof which is modified
from Saejung’s proof in [23] under suitable conditions.
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Theorem 3.3. Let X, T, u be as in the preceding proposition and let {x;} be a net given by the formula (3.1).
Then ¥(T) # @ if and only if

rady ({x:}) == inf Sl(lp)d(xt,Z) < 7/2.
te(0,1

In this case, the following statements hold:

1. The net {x;} converges to a unique fixed point q of T which is nearest to u ast — 0%
2. For all Banach limits p and all approximating fixed point sequences {y,} of T, we have cosd(u,q) >

pincosd(u, Yy ).

Proof. Suppose first that F(T) # @. Fix p € F(T) and let t € (0, 1) be an arbitrary element. By Lemma
2.6, we have

cosd(xt, p) = cosd(tu @ (1 —t)Tx, p)
> tcosd(u,p)+ (1 —t)cosd(Txt, p)
> tcosd(u, p)+ (1 —t)cosd(x, p).
This implies that cosd(x, p) > cosd(u,p). It follows that d(x;, p) < d(u,p) < 7/2, and hence
radx ({x:}) < /2.

Conversely, suppose that radx({x;}) < 71/2. Let {t;} be any sequence in (0,1) such that
limy_, o tx = 0 and define g : X — [0,1] by

g(z) = li;ninfcos d(xt,z) forze X.
—00

By the assumption, we have A := sup{g(z) : z € X} > 0. Let {z,} be a sequence in X such that

lim, 0 §(z4) = A. Form,n € N, if z,, = z,, then we obtain

1 1 /1 1
cos Ed(zm,zn) > a <2g(zm) + 2g(zn)) .

On the other hand, if z,;, # z;,, then we have

2 2
sin %d(zm,zn)
sind(zm, zn)

1 1
= (2 cosd(xt,, zm) + 5 Cos d(xtk,zn)>

1 1
cosd | X1, =zm D 5zn

sin %d(zm,zn)
sind(zy, zn)
1
cos %d(zm,zn)

> cosd(xt,, zm) + cosd(xt,,zn)

for all k. Thus, if we take the limit inferior to both sides of the above inequality as k — oo, we obtain

.. 1 1
A > 11l£r_1>g1fcosd (xtk, Ezm & 22n>

1
cos 3d(zm, zn)
1
cos %d(zm,zn)

> lim inf <; cosd(xt,, zm) + écosd(xtk,zn))

k—c0

1
> (2 li,?lglfcos d(xt,, zm) + %hgglfcos d(xtk,zn)>
1

cos %d(zm,zn)’

— (Gten) + 33(n) )
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and hence . 1 /1 .
cos Ed(zm,zn) > a <2g(zm) + zg(zn)) .

Since limy, ;0 §(z1) = A, it follows that

1
lim cos d(zm,zn) =1.
m,n—o0
As a result, the sequence {z, } is a Cauchy sequence in X. Then it converges to a point Z € X and it is
easy to check that ¢(z) = A. Suppose that z is a point in X satisfying g(z) = A. In the same way, one
can replace (z;;, z,) with (Z,Z) in the above equation, that is,

cos %d(f,i) =1

Consequently, we have z = Zand also zZ € F(T). In fact, Theorem 3.3 implies that d(x;,, Txt,) — 0 as
k — oo. It then follows that

A > liminfcosd(x;, TZ)
k—roc0

> liminf T
> liminf cos(d(xy, Txy)
)

> ligninfcos( (xt, Txy, ) +d(x4,2))
— 00

+d(Txy, TZ))

=liminfcosd(x;,2) = A,
k—o0
and hence g(Tz) = A. Thus, we can conclude that Z is a fixed point of T.
Next, we will verify the statement (1). For s, f, such that 0 < s < t < 1, by Proposition 3.1, we
have
cosd(u,xs) < cosd(u,xt) cosd(xt, xs) < cosd(u,x;)

and
cosd(u,z) < cosd(u,x;)cosd(x;,z) < cosd(u, x¢).

Therefore, the net {d(u, x;) } is monotonically decreasing and

lim d(u,x;) <d(u,z) <
t—=0T

NN

Consequently, we have
cosd(u, xs)

—1lass, t— 0.
cosd(u, xt) as

cosd(xt, xs)

It follows directly from the above inequality that {x;} converges to a point 4 € X and it is easy to check
that ¢ is a fixed point of T. Furthermore, one can see ¢ is the point of F(T) which is nearest to u. To see
this, let p be any fixed point of T. For t € (0,1), by Proposition 3.1 (2), we have

cosd(u, p) < cosd(u,xt)cosd(x¢, p).
Letting t — 0" yields
cosd(u,p) < cosd(u,q)cosd(q,p).

Hence, the conclusion follows from Proposition 2.2.
Finally, we will prove the statement (2). Let {x;, } be a sequence given by the formula (3.1) with
limy o tx = 0. Then the sequence {x¢, } converges to g := Pgr)u. Let y be a Banach limit and {y, } be
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a sequence in X such that limy, e d(yn, Tyn) = 0. If u € F(T), then x; = u for all t € (0,1) and the
result follows. On the other hand, if u ¢ F(T), then Tx; # u for all t € (0,1). By Lemma 2.1, we have

cosd(yn, xt,) = cosd(yn, tu ® (1 — t;) Txy,)
sin tkd(u, Txtk)
sind(u, Txy, )

sin(1 — tg)d(u, Txy,)
sind(u, Txy, )

> cosd(yu, u) +cosd(yn, Txt,)

sin td (u, Txy, )

> SIn B d i, 1 X )

> cosd(yn 1) sind(u, Txy, )

sin(1 — t)d(u, Txy,)

+ c0s (d(Yn, Tyn) + d(Tyn, Txy,)) sind (s, Txr)
4 k

sin tyd (u, Txy, )
> cos d(yn/”)m
7 k
sin(1 — t)d(u, Txy,)

sind(u, Txy, )

+ cos (d(yn, Tyn) + d(yn, xt,))

for all k,n € N. This implies that

sin tyd(u, Txy, )

fncosd(yn, Xy ) > tn cosd(yn, 1)

sind(u, Txy, )
sin(1 — t;)d(u, Txy,)
sind(u, Txy,)

tncosd(yn, xt,).

Hence, we have

sin tkd(u, Txtk)
sind(u, Txy, ) — sin(1 — tx)d(u, Txy,)
sin td(u, Txy, )

= tn cosd(yn, 1)
2sin tj"d(u, Txt, ) cos ( — %") d(u, Txy,) ! !

pncosd(Yp, xp ) > pncosd(yn, u)

for all k € N. Letting k — oo yields

tin cosd(yn, 1)

>
tncosd(Yn,q) > cosd(u,q)

Consequently, we have cosd(u,q) > p, cosd(yn, u), and the proof is finished. [

Let S, T, : X — X be nonexpansive mappings for all n € N. Recall that ({T,}, S) satisfies the
NST-condition [24] if F(S) = ;1 F(Tx) and

nlgr;o d(xp, Tuxn) =0 implies nlgr.}o d(xy, Sxn) =0
for any sequence {x,} in X.
Next, we will prove Browder’s type convergence theorem for a family of nonexpansive mappings.

Theorem 3.4. Let S, T, : X — X be nonexpansive mappings for all n € N. Let u € X be fixed and {x, } be a
sequence in X defined by
Xn =t ® (1 —way)Tyx, forn €N,

where {ay, } is a sequence in (0,1) such that limy, e &y, = 0. If ({T,}, S) satisfies the NST-condition with
F(S) = My=1 F(Ty) # @, then {x, } converges strongly to the point Pg(g)u.
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Proof. Note that F(S) is closed and convex. We have d(x,,, Tyxn) = ayd(u, Tyx,) — 0 as n — oo. Then
the NST-condition asserts that
lim d(x,, Sx,) = 0.

n—oo

Let {z;} be a net in X defined by
z=tu®(1—1)Sz forte (0,1).

By Theorem 3.3, it follows that {z;} converges strongly to Z = Pp(gyu as t — 0. If u € F(S), then we
are done. On the other hand, if u ¢ F(S), then for given points n € Nand t € (0,1), it follows from
Lemma 2.1 that

cosd(xp,z¢) sind(u, Sz;)
> cosd(x,, u)sintd(u,Sz;) 4+ cosd(xy,, Sz¢) sin(1 — t)d(u, Sz¢)

+ cos (d(xy, Sxp) + d(Sxy, Sz¢)) sin(1 — t)d(u, Sz;)
+ cos (d(xn, Sxpn) + d(xp,z¢)) sin(1 — t)d(u, Sz)

= cosd(xp,u)sintd(u, Sz;) + cosd(xy, Sxn) cosd(xp, z¢) sin(1 — t)d(u, Sz¢)

—sind(x,, Sxy) sind(xy,, z¢) sin(1 — t)d(u, Sz),

> cosd(x,, u)sin td(u, Sz

> cosd(xy, u)sin td(u, Sz

~— — ~— ~—

and thus

cosd(xp, zt)
-, cos d(xp,u)sintd(u,Sz;) — sind(x,, Sx,) sind(xy, z¢) sin(1 — t)d(u, Sz;)
- sind(u, Sz;) — cosd(xy,, Sxy,) sin(1 — t)d(u, Sz;)

Taking the limit inferior to both sides of the above inequality as n — oo, we obtain

lim inf cos d(xy,, z¢)
n—o0
sintd(u, Szy) L
>
~ (sind(u, Sz¢) — sin(1 — t)d(u, Sz¢)) hzﬂglfCOSd(x”’u)
sintd(u, Szy)

= 2sin(t/2)d(u, Sz;) cos (1 — £/2) d(u, Sz;) hr{gglfCOSd(x”’u)'

Taking the limit as  — 0% yields

liminf cosd(x,, X) > lim inf%x"'f).
P n—co  cosd(u,X)

Note that cosd(u,X) < cosd(u, x,) cosd(x,,X) for all n € N by Proposition 3.1. This implies that

liminfcosd(x,, x) > 1.
n—,oo

As a result, the sequence {x, } converges strongly to the point X = Pggyu. O

Now, we can extend the above theorem to viscosity approximations. To be precise, the following
theorem yields an implication of the Browder’s type convergence theorem on viscosity approximations
in CAT(1) spaces.

Theorem 3.5. Let X, S, {T,} be as in the preceding theorem and f : X — X be a contraction with a constant
k. Define a sequence {x, } in X by

Xn = 0nf(xn) ® (1 —an)Tux, foralln €N,
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where {ay, } is a sequence in (0,1) such that limy, e &y, = 0. Suppose that M < 711/2 and

4 gin? % cos M

k< ——2n

If ({Tu}, S) satisfies the NST-condition with F := ;> 1 F(T,) = F(S) # @, then the sequence {x, } converges
strongly to the point p = Prf(p).

Proof. By Lemma 2.4, we know that Pr o f is a contraction, so there exists a unique fixed point p of
Pr o f. Define a sequence {y, } by

Yn =0nf(p)® (1 —ay)Tay, foralln e N.

The strong convergence of {y, } to p = Prf(p) is assured by Theorem 3.4. For n € N, it follows from
Lemma 2.5 that

d(xu, Yn)

<d(xn,anf(p) ® (1 —an)Tuxy) +d(anf(p) ® (1 — an) Tuxn, Yn)

< SOy ), £ ) + SR ), £ )

< SO ), £ ) + () £p)) + S EOM ), i)

sina,; M sinayM  sin(1 —a,)M
sin M (Ynp) + (k sin M + sin M d(xn, Yn)

_ (1 B (1 B ksinoch B sin(1 — an)M)> d(n ) + Simx"Md(yn,p)

IN

sin M sin M sin M
ayM [(sin M —sin(1 —a,)M sina, M
=(1- —k d
( sin M ( M M (. )
ayM (sina, M
d
sinM< anM (y”’p)>’

which implies that

(sinM —sin(1 —ay)M

sina, M - k> d(xn, Yn) < d(Yn, p)-

Notice that k < cos M. Hence, we have

lim
n—,oo

(smM —.sm(l — )M _ k) =cosM —k > 0.
sina, M
Consequently, it follows that lim, ;e d(X,, ) = 0, and the proof is finished. O

4. Strong convergence theorems for Halpern’s type

Throughout this section, we define the following conditions:

(e )
(C1) lim ay =0and ) &y = oo;
n—00
n=1
3 Kn+1
(C2) Z |y — ay41] < coor lim =
n=1 n—oo Ny
(o)
(C2) Y |an — aps1| < coor lim 2L —
n—1 n—ro0 0(%
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Let {T,,} be a sequence of nonexpansive mappings on X with a common fixed point, and {«, } be a
sequence in (0, 1) satisfying the condition (C1). We say that (X, {T,,}, {a}) has the Halpern property
[25] if for each u € X, a sequence

{xn} — {xl € X,

Xpp1 = &uu @ (1 —ay)Tyx, (forn € N)

converges strongly.
We first discuss Halpern’s type convergence.

Proposition 4.1. Suppose that (X, {T,}, {an}) has the Halpern property. For each u € X, define a mapping
P:X— Xby
Pu := lim x,,
n—oo
where {xy, } is the sequence defined by (4). Suppose, in addition, that M < 7t/2 or Y00 a% = co. Then P is
well defined, that is, it is independent of the choice of the initial x1.

Proof. Fix x; = u € X and let y; be an arbitrary element in X. Define sequences {x, } and {y,} in X
by
Xp+1 = api @ (1 — ay) Tyxy and vy = ayu @ (1 — ay)Tyy  forn € N.

Foreachn € N, let
. sin(1 — a, )M
Pui=1 sinM

It follows from Lemma 2.5 that

sin(1 —a,)M
d(Xn 1, Ynt1) < %d(Tnmenyn) < (1-B)d(xn,yn)-

To apply Lemma 2.7, it suffices to show that ), ; B, = co. Assume first that M < 7r/2. Then

b=t () (1 3) )

caves (1) )

>, cos M.

Since Y0° ; &y = 00, we have Yo ; B, = o0. On the other hand, assume that Y ; a2 = co. Note that

pe 1 -sin (LL=2)
-t (47)
Zoc% sin? (g) .

Thus, we obtain }_;° ; B, = co. By Lemma 2.7, we have lim;, o d(xy, yz) = 0, and hence Pu is well
defined. O

Recall that a countable family of nonexpansive mappings {T, : X — X} satisfies the
AKTT-condition [26] if Y ;" ; sup{d(T,11x, Tux) : x € X} < oc. In this case, it follows that Sx :=
lim;, o Ty x exists for all x € X, and we also say that ({T,, }, S) satisfies the AKTT-condition.

We are now ready to prove the Halpern’s type convergence theorem for a family of nonexpansive
mappings.
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Theorem 4.2. Let S, T, : X — X be nonexpansive mappings for all n € N such that ({T,,},S) satisfies the
AKTT-condition with F := ("1 F(T,) = F(S) # @. Let u = x1 € X be fixed and {x, } be a sequence in X
defined by

Xpi1 = aptt & (1 —ay)Tyx, foralln €N,

where {ay, } is a sequence in (0, 1) satisfying the condition (C1). Suppose that one of the following conditions
holds:

(M1) The sequence {w,} satisfies the condition (C2) and M < 7t/2.
(M2) The sequence {ay} satisfies the condition (C2) and ¥5°_; a2 = oo.

Then {x, } converges strongly to the point Pgu.

Proof. Foreachn € N, let
sin(1 — a,)M
=1 ——
P sin M

In the same way as in the proof of Proposition 4.1, we have ) ;” ; B, = 0. By Lemma 2.5, we obtain

d(xpa1,xn) < d(ayu ® (1 — ay) Tpxp, aqu @ (1 — ay) Tyxy 1)
+d(anu ® (1 —an)Tuxy—1, 00u ® (1 —ay)Ty—1X,-1)
+d(anu @ (1 —an)Ty1Xp1, 0014 S (1 —ay 1) T 1X4-1)
< sin(1 — a,)M
sin M
+ | — aygq|d(u, Ty—1x4-1)
< (1—PBn)d(xy_1,x0) + sup d(Tuz, Ty_12) + |an — a1 |M

d(Tnxnflr Tnxn) + d(Tnflxnflr Tnxnfl)

ze{xy}
= (1-Bn)d(xp_1,x,) + sup d(Tyz, T,—12z) + P (“”) ‘1 _ Bl g
ze{xy} ﬁn [18%
a% Ap — Oyl
= (1 Bn)d(xn_1,%n) + sup d(Tuz, Ty 12) + B | 22 | | g1 M
ze{x,} Bn oy
for all n € N. Note that if M < 77/2, then
lim %" — lim ay sin M _ sinM
neo By n—eo o (G _n - McosM’
n 251n<2M>cos(<l Z)M)
On the other hand, if M = 71/2, then
o o 16

lim - = lim —%—— = =
— . Ap Tt 2"
n—00 ‘Bn n—00 smz ( :1 ) 7T

Therefore, we can apply Lemma 2.7 with the conditions (M1) or (M2) to obtain

lim d(x;41,x,) = 0.

n—oo
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This implies that limy, e d(TyXp, x,) = 0, and hence

lim d(x,, Sxp) < lm (d(xy, Tyxy) + d(Tuxn, Sxn))

n—o0 n—o00

d(xn, Taxn) + sup d(Tpz, Sz)>

( z€{xn}
< lim (d(xn, Tuxn) + Z sup d(Tz, Tk+1z)>
nree k=nze{x,}
Let {x;} be given by the formula (3.1), that is,

Xy =tud (1 - t)Sxt

forall t € (0,1). By Theorem 3.3, we know that p := lim,_,y+ x; is the point of F(S) which is nearest to
u. Foreachn € N, let

cosd(u,p)
sind(u, Tyx,) tan Z—nd(u, Tuxn) + cosd(u, Tyxy)

In fact, we obtain from Lemma 3.1 in [7] that
apr1 < (1= Bn)an + Bnbn
for all n € N. Since limy, 00 d(x;,11, Xn) = 0, we have
limsup ((cosd(u, x,) — cosd(u, p)) — (cosd(u, x,+1) — cosd(u, p)))

n—oo

= limsup (cosd(u, x,) — cosd(u, x,41))

n—00
— imoupin (L 0501 g (Atr) 0002)
n—oo 2 2

=0.

By Theorem 3.3, we have p,, (cosd(u, x,) — cosd(u,p)) < 0 for all Banach limits y. It follows from
Lemma 2.8 that

limsup (cosd(u, x,) — cosd(u,p)) < 0.

n—oo

Note that lim, 0 d(xp, Tpx,) = 0. Consequently, we have

. . cosd(u, p)
limsup b, = limsup X
n—00 n—00 sind(u, Tyx,) tan ?”d(u, Tuxpn) + cosd(u, Tyxy)
L cosd(u,p)
= limsup (1 cosd (i, xn>>
<0.

Finally, Lemma 2.7 guarantees the strong convergence of {x,} to p, which is the desired result. [
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Finally, we will discuss viscosity approximations for a family of nonexpansive mappings using
the above theorem. To be precise, the following theorem show that the Halpern’s type convergence
theorem implies viscosity approximations in CAT(1) spaces.

Theorem 4.3. Let X, S,{Ty,} be as in the preceding theorem and f : X — X be a contraction with a constant k.
Let {xy} be a sequence in X defined by x1 € X and

Xpi1 = &nf(xn) ® (1 —ay)Tyx, forn €N,
where {ay, } is a sequence in (0, 1) satisfying the conditions (C1) and (C2). Suppose that M < 711/2 and

4sin? % cos M

k< —2

Then {x, } converges strongly to the point p = Prf(p).

Proof. By Lemma 2.4, we know that Pr o f is a contraction, so there exists a unique fixed point p of
Pr o f. Define a sequence {y, } in X by y; = f(p) and

Yni1 = anf(p) ® (1 —an) Ty, forallm € N.

Hence, the strong convergence of {y, } to Prf(p) is assured by Theorem 4.2. Applying Lemma 2.5, we

obtain
d(Xp+1,Yns1)
< d(xps1, 00 f(p) ® (1 — an) Tuxn) + d(anf(p) & (1 = an) TuXn, Yns1)
< SOy ), 1)) + SR ), £ )
< SO A ), ) + () £ )+ UM 53, )
sina,; M sinayM  sin(1 —a,)M

IN

sin M A(yn p) + (k sin M + sin M )d(xn'yn)
_ (1 B <1 B ksmoch B sin(1 — ocn)M>> d(n, ) + Sm{ngd(yn,P)

sin M sin M sin M
ayM [sinM —sin(l —a,)M  sina,M
=(1- —k d
( sin M ( M M (s yn)
ayM (sina, M
o (T )

for all n € N. Since k < cos M, we have

lim

n—o0

sinM —sin(1 —ay)M ksinanM
ayM apM

M
2sin cos(l —a,/2)M

~ lim 2 _sinayM
oo g M ayM
=cosM —k > 0.

Hence, Lemma 2.7 guarantees that lim,, e d(x,, ) = 0, and this completes the proof. [
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5. Conclusions

In this paper, we present an existence and convergence theorem for a nonexpansive mapping on
a complete CAT(1) space. Furthermore, we prove a strong convergent theorem for Browder’s type
iterations of a family of nonexpansive mappings. We also show that the Browder’s type convergence
theorem implies viscosity approximations. Next, we derive our results with Halpern’s type iteration of
a family of nonexpansive mappings. Finally, Moudafi’s viscosity type methods are also discussed in
the framework of the space without the nice projection property.
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