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GLOBAL IN TIME EXISTENCE OF STRONG SOLUTION TO 3D
NAVIER-STOKES EQUATIONS

ABDELKERIM CHAABANI

ABSTRACT. The purpose of this paper is to bring to light a method through
which the global in time existence for arbitrary large in H! initial data of a
strong solution to 3D periodic Navier-Stokes equations follows. The method
consists of subdividing the time interval of existence into smaller sub-intervals
carefully chosen. These sub-intervals are chosen based on the hypothesis that
for any wavenumber m, one can find an interval of time on which the energy
quantized in low-frequency components (up to m) of the solution u is lesser
than the energy quantized in high-frequency components (down to m) or oth-
erwise the opposite. We associate then a suitable number m to each one of
the intervals and we prove that the norm ||u(t)|| 71 is bounded in both men-
tioned cases. The process can be continued until reaching the maximal time
of existence Timae Which yields the global in time existence of strong solution.

1. INTRODUCTION

Let us consider the following incompressible Navier-Stokes equations:

Ou —vAu+ (u-V)u+Vp=0, (z,t) €T3 xRy
(NSE) Vou=0, (x,t)eT?xRy

uli=o = uo(z), x €T3,
where the constant v > 0 is the viscosity of the fluid, and T3 = R3/Z3 is the three-
dimensional torus with periodic boundary conditions. Here u is a three-dimensional
vector field u = (uy,us, ug) representing the velocity of the fluid, and p is a scalar
denoting the pressure, both are unknown functions of the space variable z and time

variable t. We recall that the pressure can be eliminated by projecting (NSE) onto
the space of free divergence vector fields, using the Leray projector

P=1d—VA™'V..
Thus, it will be convenient using the following equivalent system

ou —vAu+Pu-Viu=0, (z,t) €T3 xRy
(NS) V-ou=0, (x,t)€T>xR,
ult—o = up(z), =€ T3,

We define the Sobolev spaces H*(T?) for s > 0 by the Fourier expansion

HY(T?) = Que L*(T%) : u(w):= Y a(k,t)e™, a(k,t) = a(k,t), |lullm: < ooy,
kez3
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where

lullFre o= ) (1 + [k[**)]a(k, )]
kez3
and

a(k,t) = /ﬂ‘3 u(z)e " dx.

We also give the definition of homogeneous Sobolev space:

H*(T3) = {u € L*(T%) : w(z) = Y a(k,t)e™, a(k,t) = a(k, 1), |lullz. < oo} ,
keZ3
and endowed by the norm

1/2
ull g == [[A°ul[z2 = (Z Ikl2slﬁ(k,t)l2> :

kezZ3

where by A we refer to the operator v —A.
We will also use the following function spaces:

Do = {p € [CZ(T°)]°: V-9 =0}
L2(T?) := closure of D, in L?
H(T3) := closure of D, in H!

For an initial data ug € L2(T?), it was proven by Leray and Hopf that there
exists a global weak solution u € L°(LZ) N LZ(H}).

Theorem 1.1. For every ug € L2(T?) there exists at least one global in time weak
solution u € L>(0,00; L2(T3)) N L2(0,00; H:(T?)) of the Navier-Stokes equations
satisfying the initial condition ug. In particular, u satisfies the energy inequality

1 ¢ 1
(1.1) §Ilu(t)llig<qrs> + V/O IVu(m)|[ 22 psydr < 5\\Uolligars>-

This result was proved by [6] as a generalisation of a previous existence theorem
due to [8] for the whole space R3.
It is also known that local in time strong solutions exist on the whole space due to
[8], while the case of a bounded domain is due to [7].

Theorem 1.2. There is a constant C > 0 such that any initial condition ug €
HL(T3) gives rise to a strong solution of the Navier-Stokes equations

_c
IVuoll7.

The existence of global in time strong solution is known to occur for small initial
data due to [5] and [2]. However, it remains the major open problem as to whether
these solutions can be extended to be global in time for arbitrary large in H!
initial data. Originally, the problem is the question of global existence of smooth
solutions to the Navier-Stokes equations satisfying bounded energy condition (i.e.:
ue C®(T? x Ry) and [ Ju(z)|*dz < o0) or otherwise a breakdown. The official
description has been given by [4]. The official Clay Millennium problem is to give
a proof of one of the four following statements:

u € L0, Trhax; H;) N L2(0, Tynaz; Hz), where Tyow =

(A) Existence and smoothness of Navier-Stokes solutions on R?
(B) Existence and smoothness of Navier—Stokes solutions on R?/Z3
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(C) Breakdown of Navier-Stokes solutions on R?

(C) Breakdown of Navier-Stokes solutions on R?/Z3
In this paper, we prove the statement (B) which can be alternatively formulated as
follows:

Theorem 1.3. For every ug € HX(T®) there exists a unique global in time strong
solution u € L®(0,00; HX(T3)) N L2(0,00; H2(T3)) of the Navier-Stokes equations.
The method used to extend the solution into a global one is to prove that on

an interval of strictly positive length [tg,%1] C (0, Tinas) under a first condition on
> kezs [4(k, t)| among two possible ones:

Do lak )l < Y fatk o) or Y Jatk ) < Y falk, o),

|[k|>m |E|<m |k|<m [k|>m

condition 1 condition 2

the solution will be controlled in H! by a suitable function defined in terms of
time t, |Vu(to)| L2, ||uollz2 and a finite number m (depending on the viscosity v
and ||Vu(to)||r2), until reaching ¢;. Otherwise, that is if condition 2 holds true
Vt € [to,t1], then the norm ||[Vu(t)||2, is non-increasing on [to,?1]. We continue
then in this vein until reaching T},,4.. To be more precise, we subdivide the interval
(0, Trnaz) into a series of successive sub-intervals each of them is akin to [tg, #1], i.e.:
on each of them either condition 1 or 2 holds. It should be emphasized that the
number m may change from an interval to another.

We quote the following two results, the proof of which is given in [9] and based on
that of (Theorem 10.6 [3]).

Theorem 1.4. Let u be a strong solution of the Navier-Stokes equations (N.S) on
the time interval [0, T), with initial condition ug € H'. Then for all 0 < e < T we
have u € C([e, T); HP) for all p € N. In particular, for all t € [0,T] the function
u(t) is smooth with respect to the space variables.

The Theorem 1.4 together with the following lemma constitute a cornerstone in
establishing the proof of Theorem 1.3.

Lemma 1.5. Let u be a strong solution of the Navier-Stokes equations on the time
interval [0,T]. Then for every e >0, and all p, | € N we have

ol € L™(e;T; HP).
The rest of the paper is dedicated to give the proof of Theorem 1.3.

2. THE PROOF

The analysis can be started by sketching the procedure through which the exis-
tence of local in time strong solution to (N.S) follows. To this end, let P, be the
projection onto the Fourier modes of order up to n € N, that is

Pn(z k) — Z Dreitk.
kez3 |k|<n
Let u,, = P,u be the solution to
Oyt — VAU, + Pyl(upn - V)u,] =0, (x,t) € T3 x Ry
(NS,) Vou, =0, (z,t)€T? xRy
Unli=o(z) = P, (u™)(x), =€ T3
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For some T},, there exists a solution u,, € C*°([0,T},) x T?) to this finite-dimensional
locally-Lipschitz system of ODEs. We take the L2-inner product of the first equa-
tion in (N S,,) against —Auw,, to obtain

thnwn( Wiz + v Aun@lfFe < [{(un - Vi), Aug) p2ers)|
< un @l zee (r2) [ Vn (8) || 2 (s) [| Awn (£) || L2 (73
< cllun(®) 1 r s lun (Ol g 1V tn (8)| 220y | At (8) | 22
(2.1) < el Vun O o | A (O] 750,

where we used Holder’s inequality together with Agmon’s inequality [1] and the
Poincaré inequality.
Using Young’s inequality with exponents 4 and 4/3 yields

v
|<(un : Vun)a AUTL>L2(TF3)| < C”v“nHﬁ + §||Aun(t)||%2,
where c is a positive constant that does not depend on n. It turns out that
d
TNVl + vl Aun @172 < el Vun®.

By comparing the function ||Vu,(t)||2, with the solution of the ODE:

d
= =ca®, 2(0) = [ Vuo |32,
we infer that as long as 0 < ¢ < W’ the following holds
L2
Vug||?
(2.2 [ 03 < —moolie
\/1 = 2¢t||Vuol|7 .
wi(t)

From (2.2) and (2.1) we now have uniform bounds on u,, € L>®([0, Tynas); H') and
on u, € L2([0, Tynaz); H?) where Tpap ~ W. Those uniform bounds together
2

with (NS,,) and a standard procedure allows to take the limit as n — oo (see [9]
and references therein). The standard method shows that the limit u is a strong
solution on [0, Tinaz). However, what happens after time T4, is unknown.

We turn now to the question of whether a local in time strong solution can be
extended into a global solution. To this end, let us make estimates directly for
u instead of using the Galerkin approximation. We know that ug gives rise to a
strong solution that exists at least on a certain time interval [0, Ty,q4.). On this time
interval for each time ¢ € (0, T},q:) we take the L?-inner product of (NS) against
—Au, we obtain

o O] A PO

(- V), Au) 2oy

()]l oo () [[ V() 2 w2 [ Aw(t)]| 2 (7).
The Fourier expansion of u(x,t) is given by

u(x,t) =Y ik, t)e”.

keZ3

INIA
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For a certain number m (to be discussed later on), we have

lu()llpesy < Y lalk,t)|
kezZs
= Y lakOl+ Y lak,t)l.
[k|<m |k|>m

Two possible natural cases may occur. The first is when the major amount of
energy at the instant t is quantized in low-frequency components. This case can be
represented by the following inequality:

(2.3) S Jak, )l < > Jadk,t).

|k|>m |kl <m

The second case is when the major amount of energy at time ¢ is quantized in
high-frequency components. That is to say:

(2.4) S Jak, )l < > Jalk,t).

|kI<m |E|>m

We state here the Agmon’s inequality [1] which reads:

A 1/2 1/2
Sk, )] < ellul) 37y ()2 s
kez3

By Theorem 1.4 we have u € C([0, Tyaz); H) and C((0, Tynaz); H?), then by a
continuity argument one can always find at least a small interval of strictly positive
length [to,?1] C (0,Tymqz) on which either (2.3) or (2.4) occurs for any positive
number m. Since [tg, 1] will serve as a test interval to examine case (2.3) and case
(2.4), one can choose without loss of generality ¢ very close to the instant zero. To
be more precise, let tg be the instant of time immediately after ¢ = 0, there exists
t1 > to such that we have either (2.3) for all ¢ € [to, 1] or (2.4) for all ¢ € [to, t1].
We need also to make use of Lemma 1.5, which combined with the fact that
dula(k,1)] < |0va(k, )] yields

(2.5) O Y ik, t)] € L(¢, Tynaas; HP), ¥p € N.
kez3

Property (2.5) is useful because it assures the smoothness of ), ;s |0(k, t)| with re-
spect to time and hence that of 3°;, ., |a(k, t)| and > -, [@(k,t)[. This prevents
the abrupt bends of the function t = F,(t) = 3 1 <,y [0k, )] = 32 5 50 [0(K, )]
Let us now discuss both cases on [tg,t1]. To be more precise, if (2.3) holds true on
[to, t1] what will happen and if (2.4) holds true on [t, 1] what will happen.

If condition (2.3) holds:
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By using (2.3), the Cauchy-Schwarz inequality and Young’s inequality, we get

1d
S Va2 + vl|Aut)]7-
2dt

<2 Z [a(k, )|[[Vu(t) || 2 (re) | Au(t)|| L2 (1s)

[k|<m
1/2 1/2
<2( > 1 7 Jak,t)?
[E|<m [k|<m

X IV ()| L2 rs) | Au(t) || L2 s

1/2
<2 S|l V) e Au) | 2
Ik|<m
124
< Cm)[u(®l3Va(t) B o) + 2 1Au(t) 3 o)

2 1
where C(m) = @
v

and dropping the viscous term from both sides above, we obtain

. By using the energy inequality for weak solutions (1.1)

d
i 1Vu®Iiz < 2Cm)lluolZz [V 172 o).
The Gronwall’s inequality yields
[Vu(t)||32 < || Vu(to)]32 exp{2C (m)|juol|32(t — to)}, for all t € [to,t1].

If condition (2.4) holds:
By using (2.4) and the Cauchy-Schwarz inequality we infer that

1d
s—Vu@®)ll7: + vlAu(t)]7:
2dt
< 2 ) Jalk, O)lIVult) | L2 | Aut)]| L2 19
|k|>m
= 2 ) [k[PEPlalk, 0)]| Vet 22 o) | Ault) || L2 crs)
|k|>m
1/2 1/2
< 2 > KT > IkHadk, 1)
[k[>m |k|>m
X |IVu(t)|l 2 (rs) || Au(t)] L2 (13).-

Since 3k 5, |k[*a(k,t)* < 3z kY a(k, 0)]* = ||Au(t)||%2(T3), it turns out

1d
5 711 Ve®ze + {v = 2e(m)[[Vu(@)l| 2} Au(b)]72 <0,

where ¢(m) = (32 51> m |k|=%)/2. Notice that n}gnoo ¢(m) = 0, then one can choose

the number m such that

v _
(2.6) c(m) < §Hvu(t0)HL21(11‘3)'
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In such a way, the factor {v —2c(m)||Vu(t)| z>(rs)} would still positive at least over
a short interval of time [tg, 71] C [to,t1]. Consequently, it turns out that
d
S IVu® 723y <0, and [[Vu(®)]| L2 (rs) < [IVulto)l|z2rs) for all ¢ € [to, 7).
But as [|[Vu(t)|[z2(3) is continuous on [to, t1], we obtain
||Vu(t)HL2(T3) < ||Vu(t())||L2(T3) for all ¢t € [to,tl].

Thus, the condition on m has been determined successfully. To conclude, we have
proved that there exists t; > tg such that we have either

IVa(t)[32 < [Vulto)[32 exp{2C(mo) uo |3 (¢ — to)}, for all ¢ € [to, 1]

or
IVu@)lz2 < [IVulto)|Zz, for all ¢ € [to, ],
where
22 kj<my 1 , v
Clmo) = === and mo = inf §ms (Y [~ < ZIIVu(to)l 3

|k|>m

The statement above can be summarized by making use of the fact ||Vu(to)||7. <
[Vu(to)||3 2 exp{2C(mo)|luol|22(t — to)} as follows: there exists t; > to such that
we have

IVu®)lz2 < [IVulto) 22 exp{2C (mo)lluollZ2(t — o)}, for all t € [to, ta].

Continuing in this vein, in the next interval we know already that m must be
as large as c(m) < %||Vu(t1)|| 2 which guarantees by continuity that in case (2.4)
the function ||Vu(t)||z2 is non-increasing on this interval. There exists then to > ¢;
such that

IVu®)lz> < [IVu(t) 7> exp{2C(ma)|uollZ>(t = t1)}, for all t € [t t2]

or
[Vu(t)[[72 < [[Vu(ti)||72, for all t € [t1, ],
where
22 m 1 . v
Clm) = === and my = inf §ms (Y [™)"2 < IIVu(t) 73

|k|>m

Repeating this process as many times as needed to obtain [to, Traz—€] = Uj-vzo [t ts1]
(where € is an arbitrary small constant and [t;, ;1] are successive intervals), such
that for all ¢ € [t;,¢;4+1] we have either

(2.7) IVu®)Z2 < [ Vu(t;)|Z2 exp{20(my)]luoll72(t — ;)}
or
(2.8) IVu®)l|Ze < [IVult))]ze.
where
2% 1
k| <m, . . _ v _
C(m;) = — and m; = inf < m; ( Z |k|~)1/2 < ZHVU( e

|k|>m
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We remark that the number m; may change from an interval [t;,¢;11] to the next
one [tj41,tj42], but it remains finite as long as |[|[Vu(tj41)||z2 is finite which is
guaranteed by the estimates (2.7) or (2.8). This process would certainly control the
norm ||[Vu(t)||2, and rules out the blowup of u in H*(T?) as ¢ approaches T},qq.
Therefore, the solution w can be extended into a global in time strong solution.

3. DISCcUsSION

An interesting observation is the following: it suffice that (2.4) occurs only
once on an interval of strictly positive length [to,t1] C (0, Tynas) for m such that

1/2
(Z\k\>m |k|_4) < %||Vu(to)|| ;2 to extend the solution onto a larger interval of

time [0, Thnae + t1 — to). In fact, estimate (2.2) tells us that an initial data as large
as ||Vugl|pz gives rise to a solution u that would remain bounded on an interval
[0, Tinaz) of length Thar — 0. Let tg € (0, Thnaz), inequality (2.2) also tells us that
A /172ct0|\Vu0H‘22
bounded on an interval of length 1,4, — tg. According to the proof given in the
previous section, if condition (2.4) holds true on [tg, t1], it turns out

an initial data as large as gives rise to a solution w that remains

d
@”V/“(t)”%?(ﬂ“) < 0, and ||Vu(t)||L2(T3) < ||Vu(t0)||L2(T3) for all t € [to,tl].

Now since
Vo3

V1= 2eto][Vuo 11,

therefore by starting from ¢; the solution v would now still bounded on an interval
of time of length T),4, — tg. In other words, the solution w is extended to the
interval [0, T}qz + t1 — to) which means that w(T},4.) € H(T?).

At this point, one may ask the question under which condition the norm ||Vu(t)|| .2

keeps decreasing for all positive time ¢ € R, . In fact, this is possible when the distri-
bution of energy in the initial data is extremely unbalanced (i.e. 34 <, [i(k, 0)] <<
2 (kj>m [@(k, 0)[). In that case, by smoothness of the function » ;7 |4(k, t)| with
respect to time, condition (2.4) keeps for a long interval of time until potentially
[IVu(t)|| L2 satisfies the smallness condition of [5].
Another aspect to discuss here is the motivation behind choosing the instant g
very close to zero. In fact, by doing so one can ensure via (2.2) the closeness of
|Vu(to)||z2 to ||Vugl||z> while holding the necessary regularity (u(to) € HP(T?) for
all p € N). This also guarantees the minimum worsening to |Vu(t1)|/rz in case
(2.3). However, it is needless to say that this was optional and that one can choose
any instant tg € [0, Tinae) as initial time.

IVu(ty)|2 < [IVu(to)||7> <

4. CONCLUSION

We have already proved that the local in time strong solution to (NS) can
be extended to be global in time strong solution. This was done via making
estimates to u in H! on a series of time intervals requiring that the function
t= Fou(t) = 3 jy<m [0k, 1) = 32 4 5m [@(F, )] keeps its sign constant (either pos-
itive or negative) on each of them. It is worth noting that when the major amount
of energy is located in high-frequency components (i.e. F,,(t) < 0), the norm
IVu(t)| Lz decreases with time. This is in fact consistent with the phenomenology
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of the turbulent cascade which states that energy is dissipated at the small scales
(i.e. higher frequencies).
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