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ON BOUNDS OF THE SINE AND COSINE ALONG A CIRCLE
ON THE COMPLEX PLANE
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ABSTRACT. In the paper, the author finds bounds of the sine and cosine along
a circle on the complex plane in terms of two double inequalities for the norms
of the sine and cosine along a circle on the complex plane.
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1. MOTIVATIONS

In the theory of complex functions, the sine and cosine functions sin z and cos z
on the complex plane C are defined by
eiz _ e—iz eiz + e—iz
sinz=——— and cosz=——"—
24 2
respectively, where z = x + iy, x,y € R, and ¢ = /—1 is the imaginary unit. They
have the least positive periodicity 27, that is,

sin(z + 2km) =sinz and cos(z + 2k7w) = cos z

for k € Z.
When restricting z = x € R, the sine and cosine functions sin z and cos z become
sinz and cosz and satisfy

0<|sinz|<1 and 0<]cosz|<1.

When restricting z = iy for y € R, the sine and cosine functions sin z and cos z

reduce to
6—y J— ey

- = ¢sinhy — +ico
21

sin(iy) =
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and
e Y +eY
— = coshy — +00
as y — Fo0o. These imply that the sine and cosine are bounded on the real z-axis,
but unbounded on the imaginary y-axis.

In the textbook [8, p. 93], Excise 6 states that, if z € C and |z| < R, then

cos(iy) =

|sinz| < coshR and |cosz| < coshR.

In [6], a criterion to justify a holomorphic function was discussed.

In [5], the author discussed and computed bounds of the sine and cosine functions
sin z and cos z along straight lines on the complex plane C. The main results in the
paper [5] can be recited as follows.

(1) The complex functions sinz and cosz are bounded along straight lines
parallel to the real xz-axis on the complex plane C:
(a) along the horizontal straight line y = a on the complex plane C,

| sinh | < |sin(z + ia)| < cosha (1)
and
|sinh o < | cos(x + iar)| < cosh a, (2)
where a € R is a constant and x € R;
(b) the equalities in the left hand side of and in the right hand side
of hold if and only if x = k7 for k € Z;
(c) the equalities in the right hand side of (1) and in the left hand side
of (2) hold if and only if x = km + 7 for k € Z.
(2) The complex functions sinz and cos z are unbounded along straight lines
whose slopes are not horizontal:
(a) along the sloped straight line y = a + Sz on the complex plane C,
|sin z| > |sinh(a + Bz)| and |cosz| > |sinh(a + Bx)|,
where o € R and 8 # 0 are constants;
(b) along the vertical straight line 2 =« on the complex plane C,

|sinz| > |sinhy| and |cosz| > |sinhyl;

where 7 € R is a constant;

In this paper, we find bounds of the sine and cosine functions sin z and cos z
along a circle centered at the origin z = 0 of radius r on the complex plane C in
terms of double inequalities for their norms.

2. A DOUBLE INEQUALITY FOR THE NORM OF SINE ALONG A CIRCLE
In this section, we find a double inequality for the sine function.

Theorem 2.1. Let 7 > 0 be a constant and let C(0,7) : 2 = re'® for 6 € [0,27)
denote a circle centered at the origin z = 0 of radius r. Then

|sinr| < [sin(re®)| < sinhr, 6 € [0,2m). (3)
The left equality is valid if and only if @ = 0, while the right equality is valid if

and only if 0 = g,%’r
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Proof. The circle C(0,7) can be represented by
z=re’, 0ec|0,2n).

It is not difficult to see that, for fixed » > 0, ’sin(rei9)| = |sinr| for § = 0, ,
|sin(7‘ei9)| = sinhr for 0 = 7, 37", and |Sil’1(’)"€i0)| has a least positive periodicity 7
with respect to the argument 6.

Straightforward computation yields

sin z = sin (rew) = sin (r cos 0 + ir sin 0)

ei(r cos 0+irsinf) __ e—i(r cos 0+ir sin )

21
e—(rsin 0—ircos6) __ ersin 0—ircos6
B 2i
e " 0cos(r cos ) + isin(r cos §)] — e [cos(r cos §) — isin(r cos §)]
B 2i
B (emrsint — ersind) cos(r cos 0) + (e "0 4 €5 0) sin(r cos 6)]
21

= cosh(r sin #) sin(r cos #) + i sinh(r sin 6) cos(r cos §)

and

|sin (re'?) | = V/[cosh(rsin ) sin(r cos #)]2 + [sinh(r sin 6) cos(r cos 0)]2 .

In Figure [l we plot the 3D graph of [sin(re?)| for » € [0,5] and 6 € [0, 27).
In Figure [2| we plot the graph of |sin(we’)| for 6 € [0,27). These two figures are

FIGURE 1. The 3D graph of |sin(re?)| for r € [0,5] and 6 € [0, 27)

helpful for analyzing and understanding the behaviour of the sine function sin z
along the circle C'(0,r) centered at the origin z = 0 of radius r.
From Figure 2, we can see that the norm |sin(we’)| has only two maximums at

=73, 3?’7, while it has only two minimums at # = 0,7 on the interval [0, 27).
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FIGURE 2. The graph of |sin(me'?)| for 6 € [0, 27)

Differentiating the square of [sin(re'’)| yields

d|sin(rei9) ’2

T = r[cos  sinh(2r sin ) — sin O sin(2r cos 0)]

= r[sinh(2r sin §) — tan 6 sin(2r cos )] cos §

r[cot 6 sinh(2r sin §) — sin(2r cos )] sin 0

o[sinh(2rsinf)  sin(2r cos )
2rsinf 2rcosf

sin(20).

From the first three expressions above, we conclude that the derivative W
is equal to 0 at 0 = 0, 3, , 37” Considering the fourth expression above on the
intervals (k%,(k} + 1)%) for K = 0,1,2,3, in order that W # 0 for 0 €
(kZ,(k+1)%) and r > 0, it is sufficient to find

sinh(2r sin )
2rsinf )
and
sin(2r cos 0)
— <1
2r cosf < (5)

for € (k%,(k+1)%) and r > 0. Then, for fixed » > 0, the square |sin(re®)|?

and the norm |sin(r6w)‘ have only two maximums at 6 = 7, 37”, while they have

only two minimums at 6 = 0,7 on the interval [0,27). At § = 7, 37”, the values of

|Sin(rei9)| are both sinhr; at § = 0, 7, the values of |sin(re“9)| are both |sinr|.
Considering the odevity of sinht and sint, we see that two inequalities in @

and are equivalent to

inh ¢ int
PRS0 and %a (6)
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for t € (0,00). The first inequality in (6) follows from coshz > 1 for z # 0 and the
Lazarevi¢ inequality

(7)

in [2, p. 270, 3.6.9]. When t € (0, §), the second inequality in (6) follows from the
right hand side of the Jordan inequality

. 3
coshz < <s1nh ac)

0<ll< g ®)
in [2, Section 2.3] and the papers [I, B, 4, [7]. When ¢ > 7, the second inequal-
ity in (6) follows from sint < 1 on (0,00) and standard argument. The double
inequality (3)) is thus proved. The proof of Theorem [2.1]is complete. O

3. A DOUBLE INEQUALITY FOR THE NORM OF COSINE ALONG A CIRCLE
In this section, we find a double inequality for the cosine function.

Theorem 3.1. Let r > 0 be a constant and let C(0,7) : 2 = re'® for 6 € [0,27)
denote a circle centered at the origin z = 0 of radius r. Then

|cosr| < ’cos(rei9)| <coshr, 0¢€][0,2m). (9)

The left equality is valid if and only if 8 = 0,7 while the right equality is valid if
3

and only if 0 = 5, 5.

Proof. 1t is easy to see that, for fixed r > 0,

|cos(re'?)| = coshr for 6 = %, 3%,

with respect to the argument 6.
Direct calculation yields

cos(re'?)| = |cosr| for § = 0,7,
and |cos(re'”)| has a least positive periodicity =

COS Z = COS (rew) = cos (r cos f + irsin 9)

ei(r cos 0+ir sin 6) + efi(r cos @+irsin )

2
ef(rsin07ircose) _’_ersinefi'rcose
N 2
e 0cos(r cos ) + isin(r cos 0)] 4 €50 [cos(r cos §) — isin(r cos 0)]
N 2
(e‘”ine + e Sino) cos(r cosf) + i(e‘rsme —e Sine) sin(r cos 6)]
B 2

= cosh(r sin #) cos(r cos §) — i sinh(r sin 8) sin(r cos 6)

and

|cos (re'?) | = V/[cosh(r sin ) cos(r cos )]2 + [sinh( sin ) sin(r cos §)]2 .

In Figure 3] we plot the 3D graph of |cos(7‘ei9)| for r € [0,5] and 6 € [0, 27).
In Figure 4 we plot the graph of |cos(rew)| for r = m and 6 € [0,27). These
two figures are helpful for analyzing and understanding the behaviour of the cosine
function cos z along the circle C(0,r) centered at the origin z = 0 of radius r.

From Figure 4, we can see that the norm |cos(me'”)| has only two maximums at

0=7, 37”, while it has only two minimums at 6 = 0,7 on the interval [0, 27).
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FIGURE 3. The 3D graph of |cos(re*?)| for r € [0,5] and 6 € [0, 2)

1 2 3 ‘ 5 6
FIGURE 4. The graph of |cos(me'®)| for 6 € [0,2)

Differentiating the square of |cos (reie)} with respect to 6 gives

d]cos(rew) |2
deo

r[sin 6 sin(2r cos ) + cos 6 sinh(2r sin §)]

r[tan @ sin(2r cos 0) + sinh(2r sin )] cos 0
= r[sin(2r cos 0) + cot 0 sinh(2r sin )] sin 6
5[ sin(2rcos@)  sinh(2rsind)

p— i 29 .
" 21 cos 6 + 2rsin 6 sin(26)

i0y|2
From the first three expressions above, we conclude that the derivative W

is equal to 0 at 0 = 0, 5, , 37” Considering the fourth expression above on the
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intervals (kZ, (k+1)%) for k = 0,1,2,3, in order that W # 0, it is sufficient

to show
sinh(2r sin 6)
7 10
2rsin 6 (10)
and
sin(2r cos 6)
—_— > 1 11
27 cos 6 (11)
for € (k%,(k+1)%) and r > 0. Then, for fixed 7 > 0, the square |cos(re®)|?
and the norm ’cos(reie)’ have only two maximums at 6 = 7, 37”, while they have
only two minimums at 6 = 0,7 on the interval [0,27). At § = 7, 37”, the values of

|COS(T€i0)| are both coshr; at § = 0,7, the values of |cos(rei9)| are both |cosr|.

Considering odevity of sinht and sint, two inequalities in and are
equivalent to

inh ¢ int

= >1 and T > - (12)
for t € (0,00). The first inequality in follows from coshx > 1 for = # 0 and
the Lazarevi¢ inequality (7). When ¢ € (0, %), the second inequality in (12) follows
from the left hand side of the Jordan inequality . When t > 7, the second
inequality in (12) follows from sint > —1 on (0,00) and simple argument. The
double inequality @D is thus proved. The proof of Theorem is complete. ([l

4. REMARKS

From Figures 1 and 3, it is not easy to see the difference between |sin(rei9)|
and |COS (rei9)|. In fact, the difference |Sin(rei9)| — |cos (rew)} for r € [0,27] and
0 € [0,27) can be showed by Figure

FIGURE 5. The difference |Sin(rei9)| — |cos(rei9)} for r,0 € [0, 27)

From Figures 2 and 4, it is not easy to see the difference between |sin(re*)| and
|cos(me™)|. In fact, the difference |sin(me™)| — |cos(me™)| for 6 € [0,27) can be
demonstrated by Figure [6]
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FIGURE 6. The difference ’sin(wew)’ — ‘cos(weie)’ for 6 € [0, 2)

REFERENCES

(1] Z.-H. Huo, D.-W. Niu, J. Cao, and F. Qi, A generalization of Jordan’s inequality and an
application, Hacet. J. Math. Stat. 40 (2011), no. 1, 53-61.

[2] D. S. Mitrinovié¢, Analytic Inequalities, Springer-Verlag, New York/Heidelberg/Berlin, 1970.

[3] D.-W. Niu, J. Cao, and F. Qi, Generalizations of Jordan’s inequality and concerned relations,
Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 72 (2010), no. 3, 85-98.

[4] D.-W. Niu, Z.-H. Huo, J. Cao, and F. Qi, A general refinement of Jordan’s inequality and a
refinement of L. Yang’s inequality, Integral Transforms Spec. Funct. 19 (2008), no. 3, 157-164;
available online at https://doi.org/10.1080/10652460701635886.

[5] F. Qi, On bounds of the sine and cosine along straight lines on the complex plane, Acta Univ.
Sapientiae Math. 11 (2019), no. 2, 371-379; available online at https://doi.org/10.2478/
ausm-2019-0027.

[6] F. Qi and B.-N. Guo, A criterion to justify a holomorphic function, Glob. J. Math. Anal. 5
(2017), no. 1, 24-26; available online at https://doi.org/10.14419/gjma.v5i1.7398|

[7] F. Qi, D.-W. Niu, and B.-N. Guo, Refinements, generalizations, and applications of Jordan’s
inequality and related problems, J. Inequal. Appl. 2009, Article ID 271923, 52 pages; available
online at https://doi.org/10.1155/2009/271923.

[8] Y.-Q. Zhong, Fubian Hanshulun (Theory of Complex Functions), 4th Ed., Higher Education
Press, Beijing, China, 2013. (Chinese)

COLLEGE OF MATHEMATICS, INNER MONGOLIA UNIVERSITY FOR NATIONALITIES, TONGLIAO
028043, INNER MONGOLIA, CHINA; SCHOOL OF MATHEMATICAL SCIENCES, TIANJIN POLYTECHNIC
UNIVERSITY, TIANJIN 300387, CHINA; INSTITUTE OF MATHEMATICS, HENAN POLYTECHNIC UNI-
VERSITY, JIAOZUO 454010, HENAN, CHINA

Email address: |qifeng6180gmail.com, |qifeng6180hotmail.com, |qifeng618@qq.com

URL: https://qifeng618.wordpress.com


https://doi.org/10.1080/10652460701635886
https://doi.org/10.2478/ausm-2019-0027
https://doi.org/10.2478/ausm-2019-0027
https://doi.org/10.14419/gjma.v5i1.7398
https://doi.org/10.1155/2009/271923
mailto: F. Qi <qifeng618@gmail.com>
mailto: F. Qi <qifeng618@hotmail.com>
mailto: F. Qi <qifeng618@qq.com>
https://qifeng618.wordpress.com
https://doi.org/10.20944/preprints202003.0261.v1

