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Abstract: Purpose of this article is to introduce a modification of Phillips operators on the interval

[%, oo) via Dunkl generalization. This type of modification enables to provide an error estimation on

the interval {%, oo) . We discuss the convergence results and obtain the degrees of approximations.
Furthermore, we calculate the rate of convergence by means of modulus of continuity, Lipschitz type
maximal functions, Peetre’s K-functional and second order modulus of continuity.

Keywords: Szédsz operator; Dunkl analogue; generalization of exponential function; Korovkin type
theorem; modulus of continuity; order of convergence.

1. Preliminaries and Introduction

Szész operators [20] provide an extension to Bernstein operators [4] on the interval [0, c0). In the
present years, several authors have studied the Dunkl type generalization of Szdsz operators (see
[1,2,9,10,12,13,15-17,21]).

In [11] the Phillips operator is defined by

(n2x)utu—1

Sulfix) = [ (i (_1)> f(t)dt + e £(0), M

u=1

degree of approximation in concerned, the behavior of this operator is close similar to that of Bernstein
polynomials and Szdsz operators. For details see also in [18].
Sucu [19] introduced Dunkl analogue of Szasz operators. That is, for f € C[0,00), x >0, v >0

andn € N,
1 & (nx)f (f + 2U9g>
SH(f;x) = , 2
where N is the set of all natural numbers and
W=y 3)
Eys(x) = . 3
’ =0 1o (£)
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The coefficients v, are given as
2266!1“ €+v+% 22€+l€|r E—FU—FQ
Y0(20) = ( 1 )r Yo(20+1) = ( 1 2) (4)
r (v n 7) r (v + 2)
with recursion (0+1)
Yol +
= f), 5
(C+1+200,,1) 7o(0) ®)
rw+n:/'f%m:a,e>o ©)
0
where
0 if¢=0,2,4,---,
6, = ' : )
1 if¢=1,3,5,---,.

Studies on Dunkl type generalizations [14] and previous studies of Szdsz type operators [6,7]
demonstrate an error estimation to the operators which allow us much faster approximation to the
function which is being approximated. In this paper, we modify the Phillips operators given by [14]
via Dunkl generalization. Our main idea is to approximate these operators by well known Korovkin’s
and weighted Korovkin’s theorems. We estimate the degrees of approximations and calculate the
rate of convergence by means of modulus of continuity, Lipschitz type maximal functions, Peetre’s
K-functional and second order modulus of continuity.

2. New operators and their moments

Let {xx(x)} be a sequence of nonnegative continuous functions on [0, ) as

1
Xn(x> - <x_ ﬂ)-‘r, n= 1/2/3/' Tty (8)
where
K ifx >0, ©)
KL =
T lo ifx<o.

Moreover, suppose
Eo(—nxn(x))

jn,v(x) = Ev(”Xn(x>) (10)
For f € C;(RT) = {f € C[0,00) :| f(t) [< K(1+1)¢ >0, K> 0}, wedefine
2 ) ¢ % —nt, (+200,—1 04206,
Puo(f;x) = Ev(n;n(x» ;0 (nfz((g))) /e & %(g)t f(H)dt, v >0 (11)

where E,(x), 7, and 0y are defined as in [19] by (3), (4) and (7), respectively.
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Lemma 1. Let ep=t"1,0=1,2,3,4,5and TInv(x) defined by (10). Then for x > 0, Pp(e1;x) = 1 and
forany x > 5. we have

(1) Poolenix) = x+ %

1 1
(2) Puules;x) = 2+ - (B+20Tnu(x)) x — s (1—4vTn0(x)),
(3) Puplesix) = x+ Zi (15 — 4v T 0 (%))

+ (39+16v +72075,0(%) ) x

_ 813 (7+160% + 6807,0(x) ),

(4) Ppules;x) = «x +1(14+4vjnv(x))x3
+ 53 (99 680 Tp0(x )+8v2) 2

= (47 + 2940710 (x) + 9602 + 160° T, (x) ) ¥

1
- (959+1ZOUJM( )+432v2+64v3jn,v(x)).

Proof of Lemma 1.

—nty (+208,—1 40+208,
Yo(£)
( e*tt@+2U9[
( 7o ()
1 & (nxu(x))  T(L+ 208, +1
(
(
(

2 (nxn(x)
Puple;x) = Z X" dt

dt

3
=
3
&~
J:
2
Q:
N
\_/ N
o\ o — 3
x

Eu<nxn<x>>g§0 W@ 10

dt

(x))ﬁ ® e tpl+200,+1
/ 'Yv(e)

YT (0 + 208, +2)
Yo (£)

14
) (£ +2v0,+1)

Pn,v (82; x) =

™

<

=

>

=

=

o~

Lre
=

™

< |

=

~—
o

(nxn(x

I
[1e

T

o
2
<

nEy(nxn(x))
1
nEy(nxn(x))
1
nEy(nxn(x))
1
nEy(nxn(x))

1
= xu(x)+ Py

R &
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=
=
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o
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o~
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e
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e y) 1 & (nxn(x))" 00,12
Pn,v( 3; ) = anv(an(x));) ’)/v(g) (5-5—2 95)
3 O (nxa(x))’ ;
M Rer e B SR R
2 O (nxa(x))’
t PR & 1D
= xn(x)+ % (2 + UEE”fa;Xn’Eixg)) xn(x) + %
Similar we have
Puy(eg;x) = X;jz(x) +% <9_2U((7170E(9)C)))> )cn(X) + = <9+2v+80 (( Zﬁ?;?) xn(x) + %

+ :3<63+26vz+2v(29+2v ”X”i )

O

Remark 1. Forall 0 < x < ﬁ,from (8), (9) and Lemma 1 we have P (e x) =
2 Puvles;x) =5 Puyles;x) = 3.

%} Pn,v (33; x) =

Here we also introduce the Stancu type generalization to the operators defined by (11). Thus, for
each f € C;(R*) the modified version of the operators (11) is defined as

Spo(fix) = (12)

(nxn(x)) = (0 n+p

where 0 < a < B. Note that if we take « = = 0 in (12), then the operators S;; , reduce to operators
defined by (11) and if take ), (x) = x in Py, then we get the operators defined studied in [14].

[e0)
n2 oo an x Z e Mty E+2v9[ 1t£+2U9[ nt+ o
dt
0

Lemma 2. Let f(t) = tk,for k=0,1,2,3,4in (12), then for all x > 0, S;; ,(e1;x) = 1 and each x > %, we

have
o * n 44

1 Sn,v(t;x) = n+ ’Bpn U(eZI ) + mr
2° S (Px) = LP (e3;x) + 2“7”73 (e2;x) + 7“2

n,v ’ — (T’l+‘B)2 n,v\€3, (n+‘3)2 n,v\€2, (n+‘3)21

3 2 2 3
° * 3. _ n ) 3an 3acn ) o
Sl = G g P ) Gy P ) G P ) G
o w 1.4 n* 4an’ 6a2n?
4 Sn,v(t ;x) = (I’l T ,3) Pn v( ) mpn,v(eél} x) + mpn,v(e&' x)
4030 ot

_|_

Pn,v (32; x) +

(n+p)* (n+p)*
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Proof of Lemma 2.
) ) T ety (+200,—140+206,
;U<nt+nc;x> _n 3 nxn(x) /e t it
“\n+p AT A n@ | O
N P 0 an(x) Z/e—nt plt200,—1 404200, a4
”"‘ﬁEv(”Xn(x) =0 Yol 5 v(£)
n o
= n+lBan(62/ )"’mpn,v(el;x)/
2 2 oo o
S;lkv <nt+ﬂ’,) x _ < n > n2 nxn x é/e nt €+21)9/ lthrZUe/ tZdt
’ n+p n+pB) Eu(nxn(x )) = r(d) )
2 0 Z nt, (+200)—14042060,
n 2na ; n 5 (Tan /e n t tdt
(n+p)? Eo(nyn(x)) (= 10(€) ) Yo(£)
é
dt

2 2 )
o n n)(nx
" ( ) Eul L0

ety e+2u9, 1tf+2U9/
n+8) Elnn(x) 5 0/

_ (nj_ﬁ>2pn,u(e3;x)+( iﬁ) Pnu(ez,x)+< iﬁ)zm,v(el;x).

Similar other estimates we can be obtained. [

Lemma3. For0 < x < %, we have

(1)°° Sp,(bx) = %
(20 Spu(fx) = %

2 3 4
(4)°° Spp(thx) = 24+4“+<nufﬁ;4a =

Proof of Lemma 3. For the proof this Lemma clearly, we use Remark 1 and Lemma 2. O
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Lemma 4. Suppose 17; = (ez — x)J for j = 1,2,3,4, where ey is defined in Lemma 2. Then, for x > % we have

1" Si,(nix) = <nz/3 —1> +2}n++2‘;),
28 S (x) = [ n—|—2[3 n+[5+1]
+ [ 5 (34 20T0,0(x)) + (nzf’;)z - zn”‘jﬁl]
T (zjg)z s (L 4 (),
o St = [y B nﬁ) *orariep
+ [ 7 (14 +4a+40Tn0(x)) — Uli;)g(15+6a—4v‘7n,v(x))
G +/3)2 (3 + 2 + 20Tp,0(x)) — 271142%3
+ {z(ni 5 (99 4600 + 1202 + 802 — 4(17+40()4an,v(x))
- (nfw (39 + 1602 + 36a + 1247 + 24(3 + a)ujn,u(x))
+ 2(711—1—,3)2 (—3+ 120+ 1262 + 120, (x)) ]xz
n [2(111!3)4 (47 + 784 + 3602 + 8% + 160° + 960 + 16av? + 24a (& + 6) 0T (x))
+ z(nlﬂg)g (7 +160% + 6 — 1202 — 803 + 4(17 — 6a)vjn,v(x)) } x
+ W(9594320256vc+240c2+320c3+16oc4

—  128av® — 8(15 4 68a + 1242 + 8uz)vjn,v(x)).

Proof of Lemma 4. In the light of Lemma 1 we prove it and we know

* n 4
Sn,v(nl;x) = n_'_ﬁpnv(le )+Tl+’3 — X,
N n? 2an 2 2nx 2nxu 5
Sn,u(ﬂzlx) mpn,v(e?nx) + mpn,v(ebx) + (n+;8)2 T +ﬁpn,v(32rx) 7 "‘ﬁ

Similarly in the light of Lemma 2 we obtain for S; ,(3; x) and S;; , (74, x). O
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Lemma 5. Suppose 17; = (ez — x)/ for j = 1,2,3,4. Then, forall 0 < x < % in the view of Lemma 3 we have

. * . _ a+1 _
(1) Sn,v(ﬂllx) = n—i—ﬁ X,

Kk * . . 2_2(06+1) 2+0€+0€2
(2) Sn,v(UZ'x) = X (714—[3) X+ (1’1 +‘3)2 ’

*% * 4 ! &2 :
() Siy(mx) = xi— (Efc:-ﬁ))x3+ ((:f;_)f)xz

4(6+ 60 +3a® +0a3) 24+ 24 + 1242 + 40> + a*
3 X+ 1
(n+p) (n+p)

Remark 2. In the light of Lemma 4 and 5 we use the notation

S;f,v (172, %) = gn,v(x)r (13)
where o)
at .
R e R T if 0<x<g,
2n 2
— =+ 1|x
= 2 [ (n+p)2 n+p
onov(x)) = 14
(n,v( )) 34207 o 2s (14)
H e B+ 20T0(x)) + GG — g | ¥
+inhe ~ mipe (1~ 407w (x); x>
and

if O§x<%,

15
nx—%); if xZ%. (15)

jn,v(x) = jrf,v(”Xn(x)) = {1;* (

3. Korovkin type approximation

In the present section the results related to uniform convergence of the operators defined by (12)
are given via well-known Korovkin’s and weighted Korovkin's type theorems.
Let RT = [0,00) and Cg(R™) denote the linear normed space with the norm

I ey, =500 | £

Let

H:={f: lim lf(x) exists, x € [0,00)}.

x—oo ] + x2

Theorem 1. Let the function f € C[0,00) N'H and the operators Sy, , defined by (12). Then

lim S, ,(f;x) = f(x)

n—oo

uniformly on U, where U is any compact subset of [0, o).

Proof of Theorem 1. We apply the well-known Korovkin’s theorem to prove the uniform convergence
of operators S;; ,. Therefore, for £ = 1,2,3, we see lim;, o S; ,(€y; x) = xt-1 uniformly. Therefore, we
have

2

lim S (e;x) =1 lim Sy (ez;%) = x;  lim Sy, (e3; ) = 27

Which completes the proof of Theorem 1. [
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We recall the weighted spaces defined by Gadziev [8]. We write B,(R™) for the set of all functions
such that

| f(x) [< mgo(x),
()]

where 11y is a constant depends on f and ||f||c = sup,~ ZOR Let x — ¢(x) be a continuous and

strictly increasing function such that o(x) = 1+ ¢?(x) and limy_,c 0(x) = co. Consequently, we
suppose Cy(R") = B,(RT) N C(R™). From [8] we note that the sequence of positive linear operators
{Ln}y>1 maps Co(R™) into B, (R™) if and only if

La(033)] < Ke(),
where o(x) = 1+ ¢?(x), x € R* and K is a positive constant. Let C2(R*) be a subset of C;(R*) such

that
lim 4 %)
X—00 O’(x)

= kf < o0,
Theorem 2. Let Sy, be the sequence of positive linear operators acting from Cy(R™) into By(R™) such that
lim || S;,(¢%) =" lo=0, k=0,1,2.

Then for all f € CO(R"), we have
lim || So(f) — f o= 0.

Proof of Theorem 2. Consider ¢(x) = x, o(x) = 1+ x? and

CHOE

Sioler) = |
=sup ——————
leg 1+ x2

Sio(e) —x'|| =0, fort¢ =012

g

Then by Korovkin’s theorem, it is easily proved that lim, ‘

Hence for any f € CJ(R*), we get
nlEIc}o | |'S;;,v(f> _f| |¢7 =0.
O
Theorem 3. Let S, be the operators defined by (12). Then for every f € CI(R™), we have
Tim || §u(F53) — f lo=0.
Proof of Theorem 3. We prove this theorem in the light of well-known Korovkin’s theorem. Take
f(t) = 5 for k = 0,1,2, defined by Lemma 2. Then, for any f(t) € CI(R*), S; ,(t;x) —
(k =0,1,2,) uniformly as n — co. For k = 0, by applying Lemma 2, we get S;; ,(1;x) = 1, so that

lim |[S;, (Lx) — 1], = 0. (16)

Takek =1 and x > %,we get
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S0 (&%) = x]|,
_ |Sii (5 x) — x|
_Sup—l+x2
x>0
#ﬁpn,v(EZ} X) — X+ |
=su
leg 1+ x2
n X 1+ 2« 1
< —1)su + .
B (n+l3 ) x2%1+x2 211 P) x>o D12
Incaseof 0 < x < 2n,weget
|| S0 (£x) = x|,
Sna(t:x) — 1]
_O<x<1 14 x2
< max S (€25 x) — x|
0<x< 2n
x+1 ‘
< max —x
o<x<h I+ p
1
:mmaX{N‘Fl, (X—%'}
Then
lim [|S;, (x) — x|, =0. (17)

In similar way if take k = 2 and x > 211’ we get

‘ Sh. (tz;x> — x?
’ o
S o (175 %) — x?]

= sup

*>0 1+ x2
2 2
— sup pp Pro(ei2) + G Puo(en ) + gy —
s 1+ x?

<<n—2—1)su x + 0 (20 + 34+ 20Ty (x)) su o
“\Gvpr ™) T2 T By R e

1 X 1
G gy (100 ) s
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1

Incaseof 0 < x < 5.,

we get

Spv (t2; x) —x
[

| o (e2;x) — x|
= max S
OSXS% 1+x

IN

max_ |S; (e x) — x|
0<x<g

2+0(+0(2 2
(n+B)>

24+ +a?

(n+p)? "

Snv (tZ; x) — x?

IN

max
1
nggﬂ

lim
n—oo

=0. (18)

g

This proves the theorem. O

4. Order of approximation of S;; ,(-; -)

We denote the set of all uniformly continuous functions by C[0,0). Let @(f;5) denote the
modulus of continuity of f € C[0,0), i.e.

@(f;0)= sup | f(x1)—f(x2)]; x1,x2 €[0,00), 6 > 0. (19)

1 —x2| <6

which satisfies that lims ;. @(f;6) =0, and

| Fr) — fw) |< ( " 1) o(f;6). 20)
Theorem 4. Forany f € C[0, ),

| Sno(fix) = f(x) |< 20 (f;0n0(x)),
where &y, ,(x) is defined by (14).

Proof of Theorem 4. Using (19) and (20), we get

Spo(fix) = f(x) = Spo(fix) = f(x)8,(1;x)
= Suo (f() = f(x);x)
< S (IF() = fF()] %)
Since Sj; ,(1;x) = 1, by (20) we get
Siatfin) — ] < i (141555 0) i)
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From the Cauchy-Schwarz inequality we conclude that

Nl=
N=

Sio((E=0)1x) < Spy((E=2)x)7 Sy ((E-2)%%)

N=

= Sy ((t —x)%; x)

Therefore,

N—

Sialfin) = F)] < (14 3500 O} ) @(:0).

Choose 8 = b,,0(x) = /S;;, (112; x), then we get the result. [

Here we use the usual class of Lipschitz functions and obtain the rate of convergence of the
sequence of positive linear operators S; ,, (12). For £ > 0, 0 < ¢ <1 and for the continuous functions
f on [0, 00), the class of Lipschitz functions Lip, o(f) is

Lipe,o(f) ={f:1 fle) = fle2) [S L1611 =624 L>0,0<e <1 (cr,62€[0,00))}  (21)
Theorem 5. Forany f € Lipy, o, we have
| S (fix) = f(x) |< L (bo(2))*
where &y ,(x) is defined by (14).

Proof of Theorem 5. By Holder inequality and (21), we get

|Siolfi0) —f) | < 1S5~ f(0)|
< S (£~ () )
< L85, (1 (=) [9x)
< L(8,10) T (8,0 (- Bv)’

Q

- (s:;,l,((t - x)z;x)) ’
O

The space of all that continuous and bounded functions on R™ is denoted by Cg(R™) and
CR(RT) = {p € C(R™) : ¢/, € Cp(R)}. (22)
The norm on C3(R") is given by
I e @ny=Il¥" lcy@+) + 11 ¢ lcy@s) + I 9 llcywe). (23)

where the norm for Cg(R™) is
19 [lcprey=sup [ p(x) | . (24)
x>0

Theorem 6. Let € C3(R™). Then

| S () = $(x) [< o ()9l 3. m
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Proof of Theorem 6. By Taylor series expansion for ) € C3(R™) we obtain

—_ )2
P(t) =p(x)+ ¢ (x)(t—x) +9"(p) (t ZX)

9() — p()| < | (= x) | +5th(t - 22,

where
U = sglg }1[1’(3()’ = Ht/)’HCB(RJr) < ||1/JHC123(R+)/
x>

Uy = sup [ (x)| = [[¥"llcyr+) < [1¢llcz me)-
x>0
Therefore,
1
90 =900 < (1= | +5(-02) [l oo

By using linearity of S;; , we get

* * 1 *
50000 = 90| < (Shall (£=3) )+ 38500 = 1753) ) Wl
From Cauchy-Schwarz inequality,

1
2

Siall (=) ) < (g (- 0%) )

Thus, we have

2
55000, = 90| < (8o + 220 gy,

O

5. Peetre’s K-functional and Direct theorem of S ,

In 1968 a potential research work given by J. Peetre and known as Peetre’s K-functional. Peetre
investigate the interpolation between two Banach spaces and obtained an interactions to the real
interpolation on K-functional. For any f € Cg(R™), the Peetre’s, well-known K-functional is defined
as:

Ka(f,8) = i { (I f = gy +6 11" legr) - 9 € W2}, (25)

where
W2={y| ¢,y and ¢" € Cp(R")}. (26)

For any § > 0 and a positive constant C one has K5 (f;9) < Cwa(f; 51 ), where

wz(f;g%): sup stu103|f(t+2h)f2f(t+h)+f(t)|. (27)
0<h<5% 2

Theorem 7. Let f € Cg(R™). Then there exists a positive constant D such as
|S;,v(f; x) - f(x)|
P (x) : Hnp (%)
< 2D{w2 <f, ; ) + min (1, > I llcp@t) ¢
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where Yy, (x) is given by 6 and w, (f, ”’“’T(x)) is given by (14).
Proof of Theorem 7. Take ¢ € C5(R™). Thus we get

(S0 (fi) = F)| < S5 (f = 5 0)| + S (53) — ()| + |f(x) — ()]
<2/[f = ¥lleyme) + o (OWllez @+

no(X
=2 (1F = plleyrn + 228 gl g ey ).

By taking the infimum over all € C3(R ") and by using (25), we get

* o(x
Sialfin) = 0] < 2 (12520,
Now, for an absolute constant D > 0 in [5], we use the following relation:
Ka(£;8) < D{wa(f; V8) + min(1;8)[ £y m)}

where § = £ ”'E(X). This completes the proof. [

For an arbitrary f € Ck(R™) the following weighted modulus of continuity was defined in [3]

) | fxt+h) — f() |
Qo= \hlgsz;,lpxzo (1+x2)(1+h2)’ 29)
satisfying
lim O(f;4) = 0, (29)
0—0
and
£ £ 1= 2 (M55 ) @ @) (=274 1) a5, 0)

Theorem 8. Forany f € CK(RT), we have

s 1S o (fix) — f(x)] §A<1+O(An,v)>0<f;o(\/v47n,v))/

€[0,Ano) 1+x2

where A is a positive constant and for x > %

2 2n a + o2 1

n
Aue = | T Bt )
n 2an 20 +1
AR O W)+ G =

and for 0 < x < %,

2
Any = maX{LZ(oc—l-l) 244w }

(n+p)" (n+p)?
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Proof of Theorem 8. We prove it by using (28), (30) and Cauchy-Schwarz inequality. We have
| S0 (fi %) = f(x)]
A N t—
gx1+ﬂx1+ﬁxuﬁ®<1+s;(a—xﬁm)+&;«1+u—xﬁﬂ(éf)ﬂ@>. (1)
From the Lemma 4, 5 we easily conclude that,

S (= x)?; x)

IN

Ay O(-An,v> (1 +x+ xz)
< A(1+x+x?)
where A and A, are positive constants, and for x > -

A —max{ n? _ 2n 41 o+ a? _ 1
" (n+p)? n+p T (n+p)?  4n+p)?
n 2an 20c+1}

m (3+2an,v(x)) + (n+[{,)2 B 1’l+,E’

an,u (x)/

(32)

and for0 < x < %,

2 1) 2 2
An,v:max{l, (a+1) 24a+a }

(n+p)" (n+p)?
By apply the Cauchy-Schwarz inequality we easily see that

sia((1+ 0= 5L

<2 (5??,1;(1 +(t—x)% X)) : (35{,1; ((t}f)z;x» %. (33)

Similarly for the constants A3 > 0 and .44 > 0, we have

2

(S,’jlv(l + (t—x)4;x)) < A3(1 +x2+x3+x4> i

I % ]
(S:Z,v<(t gzx) /'x)) S%AAL O(-An,v) <1+x+x2>

Finally, in view of (31), (32) and (33), and choosing § = O <\ / .An,v> yand A =2(14+ Ay +2A43.A,),

we easily led to the desire result. [
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