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Abstract: The Hertzian contact theory, as well as most of the other classical theories of
normal and tangential contact, provides displacements and the distribution of normal and
tangential stress components directly in the contact surface. However, other components of
the full stress tensor in the material may essentially influence the material behaviour in
contact. Of particular interest are principal stresses and the equivalent von Mises stress, as
well as the gradient of the hydrostatic pressure. For many engineering and biomechanical
problems, it would be important to find these stress characteristics at least in the contact
plane. In the present paper, we show that the complete stress state in the contact plane can be
easily found for axially symmetric contacts under very general assumptions. We provide
simple explicit equations for all stress components and the normal component of the gradient
of hydrostatic pressure in the form of one-dimensional integrals.
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1 Introduction

Solutions of contact problems should provide interrelations between applied macroscopic forces and
resulting macroscopic displacements of contacting bodies, as well as their stress state. However, the
"'stress state™ is in most cases limited to the normal stress component (which is typically called "pressure™)
and one (or, in some circumstances, two) tangential in-plane stress components. Theoretically, the
knowledge of the stress components in the contact surface is sufficient for calculating the complete stress
tensor in the whole volume of the contacting bodies. To this sake, one could utilize the fundamental
solutions by Boussinesq [1] and Cerruti [2] and use the superposition principle. Alternatively it is possible
to apply the solution in terms of elastic potentials given by Barber ([3], Appendix A). However, this
theoretical possibility is rarely realized practically. The reason is, that explicit closed-form solutions for
the stresses inside the contacting bodies are scarce and usually related to the Hertzian contact [4] — see the
works by Huber [5] and Sackfield & Hills ([6], [7]) on normal loading and the publications by Hamilton &
Goodman ([8], [9]) and Sackfield & Hills [10] on tangential loading.

In the general case, the stresses have to be calculated numerically which requires the evaluation of
integrals with computational complexity of the order N°, where N is the number of elements in one
direction of the contact plane. A "compromise™ approach could be to consider the complete stress tensor
directly in the contact plane. Such information would allow a better qualitative analysis of the stress state
and its influence on mechanical behaviour of the materials. In particular, the maximum negative principal
stress could indicate the positions of possible initiation of fatigue cracks. Moreover, the gradient of the
hydrostatic pressure could provide indications for intensity of mechanically induced diffusion (or in
biological systems, like natural joints, the intensity of "pumping" of the filling fluid — which is an essential
process determining the growth of tissue). However, determination of the stresses in the contact plane by
direct integration is still a numerical operation of complexity N*.

Of course, above mentioned explicit solutions ([5], [9]) contain the stress state in the surface as a
limiting case for z = 0 (note, that we don’t just refer to the traction vector at the surface, but the full stress
state). If the solution is in closed form, this limiting procedure can be done without difficulties. However,
these solutions are limited only to special geometries. In the general case, no simple expressions for the
stress state and related quantities in the contact plane can be found in the literature. In the present paper,
we will show that, in the case of axisymmetric contacts, all components of the stress tensor, as well as the
pressure gradient, can be given in a simple integral form, which can be used for both analytical solutions
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and numerical simulations. The derivation is based on a superposition idea, which stems from
Mossakovski [11] and which is detailed in the following section. Note, that an alternative but theoretically
and computationally more complex approach for determining the stresses inside the bodies in
axisymmetric contact problems is also the correspondence between axisymmetric and plane contact
problems, as demonstrated by HeR ([12], Chapter 2.4).

The present manuscript is organized as follows: First we will derive simple expressions for the stress
state and the gradient of hydrostatic pressure in the contact plane for axisymmetric normal and tangential
contacts within the Hertz-Mindlin approximations. This is done based on an appropriate superposition of
respective solutions for the cylindrical flat punch problem. After that, in Section 4, the conical contact is
studied in detail as an illustrative example for the general expressions given before, including stress
components, the von Mises equivalent stress and the gradient of hydrostatic pressure. A discussion and
some conclusive remarks close the manuscript.

2 Frictionless normal contact

In this section, we give simple analytic expressions for the stress state and the pressure gradient in the
contact plane for the axisymmetric Boussinesq problem. As first suggested by Mossakovski [11], the
solution for an arbitrary axisymmetric profile can be obtained, if the respective solution of a contact with a
flat-ended cylindrical punch is known. We thus first require the respective solutions for the indentation of
an elastic half-space by a rigid cylindrical flat punch. By superimposing incremental flat punch solutions,
we then can easily construct the general axisymmetric solution.

2.1 The flat punch solution

As stated above, we require the solution for the desired stress components and the pressure gradient in
case of indentation by a flat cylindrical punch, to obtain the superposition expressions for arbitrary
axisymmetric indenter profiles. For convenience, we will start with the known results for the Hertzian
contact, to derive the respective flat punch solution.

According to Huber [5], the non-vanishing stress components in the contact plane z = 0 for the
frictionless indentation of an elastic half-space by a parabolic rigid body with the radius of curvature R in
the vicinity of the contact in physical polar coordinates {r, ¢, z} are given by the expressions
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Here E™ = E/(1-°) is the effective Young’s modulus and v Poisson ratio, and a denotes the contact radius.
The last expression is, of course, simply the Hertzian "pressure™ distribution. Due to the superposition
idea, the respective solutions for the indentation by a rigid cylindrical flat punch with the radius a can be
calculated from above expressions via
P s ﬁdin _s 80}? da _s5 80‘5' R
! os" oa ds* da 2a’
with the indentation depth ¢ and 0" = a?/ R in the Hertzian case. Hence,
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The last expression naturally reproduces the pressure distribution under the rigid cylindrical flat punch
given by Boussinesq [1].

With the stress components beneath the surface given by Huber, we can also calculate the gradient of
the hydrostatic pressure

dp df 1
O =E{—§(G” +0,,+0, )} (4)

for the indentation by a parabolic rigid body. In the contact plane z = 0, the expression reads
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where H(r — a) is the Heaviside step function. Thus, the pressure gradient for indentation by a rigid flat
cylindrical punch can thus be expressed as
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Dirac

(r—a) denotes the Dirac delta function.

2.2 Axisymmetric solution

Let us now consider the general axisymmetric case.
Let the indenting body have a convex smooth profile f = f (r), in which case the relation between
penetration depth and contact radius is given by a unique function

5=g(a). ©)

We can interpret the indentation process as a series of incremental flat punch indentations with increasing
contact radii. Hence,

a 9t a 5P
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and from Egs. (3) we obtain the stresses in the surface for the axisymmetric case (a prime denotes the
derivative),
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Here, the first relation is, of course, the solution by Galin [13] and Sneddon [14] for the "pressure"
distribution in the axisymmetric Boussinesq problem, and Fy is the total normal force,

Fo(a)= 2E*T(5— g(u))du. (10)

With Eq. (6), we also obtain expressions for the pressure gradient in the surface for the axisymmetric case
as shown in Appendix A. The resulting expressions read
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In the framework of the Method of Dimensionality Reduction [15], it is easily shown that the function g
can be obtained from the profile function f via the Abel integral transformation

(12)

g(x)=|x|j\/£d

3 Tangential contact in the Cattaneo-Mindlin approximation

Let us now calculate the stress state and the pressure gradient in the surface due to surface loads in the
form

c,=0,=00,#0 r<a (13)

Thereby the stresses oy, arise from arbitrary tangential loading in the Cattaneo-Mindlin approximation,
that is to say, they can be written as a finite superposition of contact pressure distributions resulting from
the frictionless normal indentation problem.

3.1 The flat punch solution

Again, we start with the Hertzian case. The contact is globally sliding, i.e. the tangential loading can be
written in the form

ax'j(rﬁa;a)zzﬂg Ja? —r?, (14)
T

with the coefficient of friction x. The resulting stresses in the surface were given by Hamilton & Goodman
[8] (note, that there is a factor = missing in Eqg. (10) of their paper). Within the contact area the non-
vanishing stresses are independent of the contact radius and given by
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Outside the contact area the stresses in the surface read
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Via differentiation with respect to a, we obtain the stresses for sliding of a flat punch, i.e. resulting from a
tangential load

(17)
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As the stresses inside the contact area are independent of the contact radius in the parabolic case, they
vanish for the flat punch. Hence, the non-vanishing stresses resulting from the tangential load (18) are
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A tangentially loaded cylindrical flat punch can, within the assumptions of the Cattaneo-Mindlin
approximation, either completely stick or completely slip, with no difference in the form (18) of the
tangential traction. Hence, the result for the sticking punch is elementarily given by the substitution

HE'§ >G'u,,, (20)

with the effective shear modulus G~ = 4G/(2—v) (G is the shear modulus) and the tangential rigid body
displacement uy.

In order to calculate the pressure gradient for the tangentially loaded parabolic indenter in the surface,
the stresses beneath the surface are needed. These stresses are given as imaginary parts of a complex
function in Hamilton & Goodman [8]. However, they were later formulated, more conveniently, in explicit
form by Hamilton [9]. Again, in compact form, the resulting expression for the pressure gradient in the
contact plane is

dp" A 4uE (L+v) H(a—r) X

E(X’y,a) 37R afaz_rz .

The gradient vanishes outside of the contact area. Hence, the pressure gradient in the surface in case of a
sliding rigid flat cylindrical punch is

(21)

—-H(a-r)
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The result for a sticking flat punch is readily obtained with the substitution (20).

3.2 Axisymmetric solution for monotonic tangential loading

Let us consider an arbitrary axisymmetric sliding contact with a convex smooth profile. The contact
configuration can be determined from a superposition of incremental sliding flat punch contacts with
increasing radii. Hence, the stresses in the surface, resulting only from the tangential loading, are given by
(for brevity we omit the arguments of the stresses)
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For the full stress state, the stresses (9) resulting from normal loading must be added.

In the case of monotonic tangential loading (constant normal force, increasing tangential force), slip
will propagate from the edge of contact starting with the tangential loading. Due to the theorem by Jéger
[16] and Ciavarella [17] the stresses oy, (note that we operate within the Cattaneo-Mindlin approximation)
are a superposition

i’ (ra)=-u 0w’ (ra)-oi’(ric) |, @)

with the radius ¢ of the stick area. Hence, the stresses in the surface resulting from the tangential loading
in the partial slip case are given by

*
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Note that these stresses always vanish in the stick area.
With Eqg. (22), we also obtain expressions for the pressure gradient in the surface for the tangentially
loaded axisymmetric contact as shown in Appendix B. Considering an inner stick area, the expressions

read
dp™ (x y'r<C'a):2'”E*(1+V)X ag'(a) _cg'(c) tug”(u)du
@ 3t [Va NS N T (26)
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The pressure gradient always vanishes outside the contact area and the results for gross slip are readily
obtained setting ¢ = 0.

3.3 Axisymmetric solution for the stress state for arbitrary loading histories

For arbitrary loading histories the tangential loading is a finite superposition of the basic function (24) for
monotonic loading [18]. The correct superposition, depending on the loading history, is most conveniently
calculated with the method of dimensionality reduction (MDR, see for details [19], Chapter 4),

* a

ax’;s(r;a)=—Gj (U0 (U ] (27)

with the one-dimensional tangential spring displacements u,;p in the MDR model. Hence, with (20), the
stresses in the surface resulting from arbitrary tangential loading are given by
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For arbitrary loading, the function uy ;1 can only be obtained numerically.
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4 Example: Conical contact

A conical contact serves as a simple example for the application of the expressions for the general
axisymmetric contact that were derived above. We consider a rigid cone with the profile f (r) = r tané that
is pressed into an elastic half-space as shown in Figure 1. The relation between penetration depth and
contact radius for a cone has been found by Love [20],

o=g(a) =%atan 0. (29)

Figure 1: Rigid conical indenter pressed into an elastic half-space

With this relation, basically the contact problem is solved. Inserting the function g into the expressions
derived above, the solution for the stress components and the pressure gradient can be obtained, as given
in Appendix C.

—4 ! . T T
—1.5 —1.0 —0.5 0.0 0.5 1.0 1.5

z/a

Figure 2: Normalized stress o,y at the surface of the half-space in the plane y = 0 for a conical contact with
indentation depth ¢ and tangential displacement u, o = J / 4 as a function of the normalized x-coordinate for different
friction coefficients u.
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In Figure 2, the normalized stress o, for a conical contact with indentation depth ¢ and tangential
displacement uyo = 0 / 4 is plotted for different friction coefficients x. For all cases, v = 0.3 is used. In the
cases 1 = 0.3 and ux = 0.4, the inner area of the indenter is sticking. Here, the stress oy is equal to the case
without tangential loading (« = 0). For x = 0.1 and x = 0.2, the indenter is under gross slip.
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Figure 3: Normalized von Mises equivalent stress omises at the surface of the half-space in the plane y = 0 for a conical
contact with indentation depth ¢ and tangential displacement u,, = ¢/ 4 as a function of the normalized x-coordinate
for different friction coefficients .

As an often-used measure for the prediction of yielding, the von Mises equivalent stress has calculated as
well. It is the square root of the second invariant of the stress deviator tensor. Hence,

2 l{(axx -0, )2 + (ny -0, )2 + (O'ZZ -0, )2 + 6(02Xy + CTZXZ + Gzyz )}

> (30)

=
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_5 - ; ' I
15 10 05 00 0.5 L0 Lo
x/a

Figure 4: Normalized minimal and maximal principal stresses at the surface of the half-space in the plane y = 0 for a
conical contact with indentation depth ¢ and tangential displacement u,o = 6/ 4 as a function of the normalized x-
coordinate for different friction coefficients u.


https://doi.org/10.20944/preprints202003.0157.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 March 2020 d0i:10.20944/preprints202003.0157.v1

10.0 : l
— =00 i |
5 4 'l
TH51 p=0.1 : E‘ :
———- p=02 i §f
50 D .E
= —= =03 i
S a5t op=04 L4
& s i
Z 0.0 G
7 ]
= 251
= —5.01
—T751
~10.0 . . |
~15  —10  —05 0.0 0.5 1.0 15

z/a
Figure 5: Normalized gradient of the hydrostatic pressure at the surface of the half-space in the plane y = 0 for a

conical contact with indentation depth ¢ and tangential displacement u,o = J /4 as a function of the normalized x-
coordinate for different friction coefficients .

In Figure 3 and Figure 4 the normalized von-Mises stress and the maximal and minimal principal
stresses are shown in the line with y = z = 0 for fixed normal and tangential displacements uyo =6 /2 and
different values of the friction coefficient. Figure 5 visualizes the respective relations for the pressure
gradient.

5 Discussion

The concept of superposition of solutions for the rigid cylindrical flat punch is, of course, also applicable
for the stress state and pressure gradient beneath the surface. Starting with the respective full solutions for
the Hertzian problem the solutions for the axisymmetric case can be constructed without problems in the
same fashion as above. Thus, the problem is again reduced to the determination of one-dimensional
integrals. However, we omit the general expressions here for brevity. Moreover, note that the validity of
the superposition is only bound to the linearity of the problem. It is, for example, also valid for contact
problems of layered [21] or functionally graded media [22].

The equations characterizing the state of stress in a contact, presented in the present paper, can be of
interest, above all, for practical engineers. We provided the full stress tensor in the contact plane thus
going over the textbook equations for only normal and tangential stress components in the surface. For the
first time, the expressions are provided for an arbitrary axisymmetric profile with a compact contact area
thus giving the possibility of analyzing arbitrary processes of shape changes, e.g. due to wear or (in natural
joints) due to tissue growth. The full stress tensor gives much more detailed information about the stress
state than the usually used normal and tangential in-plane stress components. They allow immediate
determination of principal stresses and the maximum tangential stress and thus identification of the
endangered regions with respect to plastic failure or fatigue cracking.

For natural biological joints, it was found experimentally, that the appearance of a pressure gradient in
tissues and resulting fluid flow leads to the transport of macromolecular cytokines, growth factors,
enzymes, and other substances and thus intensifies the processes of tissue growth [23]. For analyzing these
processes, also the pressure gradient in the contact surface is of interest. It was derived in a general form.
In the present paper, we limited ourselves to the presentation of the normal component op/ oz .
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6 Conclusions

Using the superposition idea by Mossakovski [11] and Jager [24], we derived equations for the full stress
tensor and the normal component of hydrostatic pressure gradient in the contact plane in the form of one-
dimensional integrals. For the classical shapes as parabolic or conical profile, all integrals can be
evaluated analytically. Nevertheless, the most important point is that the stresses and pressure gradients
are provided also for arbitrary axisymmetric profiles with compact contact area. This allows for fast
numerical simulations of contact problems involving continuous change of shape (e.g. wear or growth).
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9 Appendix

9.1 Appendix A: derivation of the pressure gradient for the normal contact problem

Using Egs. (2) and (6), the gradient of the hydrostatic pressure for the axisymmetric contact is

dp”® (uj 1 u
r.a)=C r—u)| —arccos —— |-H(r—u)——+g’(u)du, 31
o (ria)= j oiec ){ | M )(rz_uzf” g'(u) (30)
where C = w Inside the contact this can be simplified to
T
AS r
dp (r<aja)=C Ilm[ g'(v) J f ug (u)3,2 du
dz u—r r —u? 0 _

NP u:e[ﬁ(“) J I e @

dp : 9'(0) 9"(u)
o & (r<a,a)=C{ +j\/ du}

where the limits are understood in the sense of Cauchy principal values to cancel them out. Outside the
contact area, the only non-vanishing term in Eq. (31) is
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—“9 (ORI (33)

9.2 Appendix B: derivation of the pressure gradient for the tangential contact problem

Using Egs. (2) and (22), the gradient of the hydrostatic pressure for the axisymmetric contact resulting
only from the tangential loading is

AS a 2 2
—-H(u-r)

p _ X r r
ra)=uC— |4 (U—1)—F——x= ————+g'(u)du.

—(r2)=u rzl (=0 s (uz_rz)g,zgu

Hence, it vanishes outside of the contact area. Inside the contact area, we can simplify the expression to

dp”® X |, r’g’'(u) torlg (u)
(r<a;a)=uC—<lim ( du
dZ r2 Uosr u U —I’ !l _ 3/2

dp”® v~ X r’g'(u) agi@ . [ ug ug"(u)
™ (r<a;a)=uC rz{m(u% — j+4a2_r2 I”Lf{«/u ] j du} (35)

a g (a) I ug"(u) du}

(34)

AS

dp (r<aja)=uC—
z r

where the limits again are understood as Cauchy principal values.

9.3 Appendix C: solution for stress components and pressure gradient in conical contact

Using Egs. (9), the non-vanishing stress components of the normal contact problem are

2
a |a
oy (r<a;a)=-p, In[F+ F_l}

CN ca) E a_z_ _(1—21/)&_2 _ _ﬁ _ ;
o' (r<aa)= po{ln[r+ - 1} > [rz[l 4,1 azJ In(a+\/ﬁﬂ}

(1 2v)a

r>a;a 36
o (r>aia)=p—— (36)
on o a |a (1-2v) r r
o (r<aa)= —DO{ZV"][F-FJ’_—Z—].] 5 [rz[l_'/l_? ~In el
_ (1-2v)a’
o (r>aa)= P
with p, =E tan@/2. Using Egs. (11), the pressure gradient of the normal contact problem is
dp" 2(1+v) 1
EZ (r<aa)=p, (3 )F'
37
dp" _ 21+v)(1 1 (37)
" (r>a;a)=p, 3 \r )

If the cone is displaced tangentially by uy,, partial or gross slip will occur. In the case of partial slip,
the radius of the inner stick area c is determined by the condition ([19], Eq. (4.27))
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.
Heo (38)

Gu,=uE(6-9(c) = c=a——1 22—,
w0 =HE (6-9(c)) Ertand

Using Egs. (24) and (25), the non-vanishing stress components of the tangential contact problem are

a |[a c |c?
o, (r<ca) =upo{ln[;+,/r—2—1]—|n[?+4/r_2-1]},

oy (r>aa)  =-upyv
oy (c<r<aja) =-up, X{
Xy ' 0

o, (r>a;a) =—ﬂpol{

2 2
A:,/l—% and cz,/l—:—z. (40)

With Egs. (26), the pressure gradient for the tangential contact is

1—2vx—J(C—A)—2V 1—4XZJ(C3—AS)}, (39)

with the shortcuts

dp©’ 2(1+v) X a c
— (r<cja = — - ,
g ) M3 JaZ—r? e —r? (41)
d_pCT(C<r<a_a) o 2+v)  xa
1 _,Llpo .
dz 3 r2 az_rz
In the case of gross slip, that is
G'u
*0 1, (42)
HE O

one has to set ¢ = 0 in Eqgs. (39) and (41). The full stress state and pressure gradient for the tangentially
loaded contact is given by the superposition

CN CT

=0, N+0," and dp _dp +d_p } (43)
o ! dz dz dz
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10 Summary for table of contents

As solutions of contact problems, often only the stress components in the contact surface are given.
However, for various applications, e.g. yield or biological growth laws, the full stress tensor or the
pressure gradient are of interest. Here, we present simple integral expressions for the stress tensor and
pressure gradient in the contact plane of axisymmetric Boussinesq and Cattano problems.
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