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Abstract

The conjecture attributed to Norman L. Gilbreath, but formulated
by Francois Proth in the second half of the 1800s, concerns an interest-
ing property of the ordered sequence of prime numbers P. Gilbreath
conjecture stated that, if we compute the absolute values of differences
of consecutive primes on ordered sequence of prime numbers, and if
this calculation is repeated for the terms in the new sequence and so
on, every sequence will start with 1. In this paper is defined the con-
cept of Gilbreath sequence, Gilbreath triangle and Gilbreath equation.
On the basis of the results obtained from the proof of properties, an
inductive proof is produced thanks to which it is possible to establish
the necessary condition to state that Gilbreath conjecture is true.

1 Introduction to Gilbreath conjecture

Let the ordered sequence P = (2,3,5,7,11,13,17,...) = (p1, ..., Pn, -..) formed
by prime numbers, and set

pb _ JPat1 = Pa ifb=1 W
‘ |p¢b1111 - p2*1| otherwise

where b € [1;n — 1]. Gilbreath conjectured that pt = 1. It is likely that this
conjecture is satisfied by many other sequences of integers, so it is necessary
to define the general properties of all sequences that satisfy this conjecture.
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2 Gilbreath sequence

Definition 1. Let a finite sequence of integers S = (s1, S2, 83, ..., Sp) and
Sq+1 — Sa ifb=1
So = btll b1 ! : (2)
|Seq1 — So | otherwise

where b € [1;n — 1]. S is defined Gilbreath sequence if s% = 1Vb.

Let, for example, S = (2,3,5,7,11,13,17) a sequence of length n = 7,
Gilbreath triangle of S is defined by (2). Hence

S1 So S3 Sq .. Sn—3 Sn—2 Sn—1 Sn
51 S3 53 s Sn—3 Sn—2 Sn—1
sh? sh2
spt
with values
1 2 2 4 2 4
1 0 2 2 2
1 2 0 0
1 2 0
1 2
1

We denote by G, the set of all Gilbreath sequences of length n. In our
example the first term of every sequence is equal to 1, hence S € Gy.

Lemma 1. Let S = (s1,...,8,) € G, and S’ = (s1, ..., Sp—1) finite sequences
of integers, then S’ € G,,_1.

Proof. Gilbreath triangle of S

S1 S2 53 54 e Sn—3 Sn—2 Sn—1 Sn
1 1 1 1 1 1 1
S1 S2 S3 S4 Sn—3 Sn—2 Sn—1
sp? sh?
syt
where s} = ... = 5772 = 577! = 1 as a consequence of S € G,,. Removing the

last element of each sequence gives
S1 52 53 S4 Sp—3 Sp—2 Sp—1
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1 1 1 1 1 1

51 S2 3 S4 Sn—3 Sn—2

sp?
which is Gilbreath triangle of S’ s} = ... = s772 = 1 as a consequence of
S € G,,. Hence S’ € G,,_;. O

Definition 2. Let S = (s1,...,8,) € G, and S" = (s1,..., Sn, k) finite se-
quences of integers. We denote with Kg the set of solutions for k that satisfy

S € Guya.

Gilbreath triangle of S is

S1 S2 53 54 Sn—3 Sn—2 Sn—1 Sn

5 S 53 s Sn—3 Sn—2 Sn1

;9‘71;’2 sh?

st
where s} = ... = 5772 = 577! = 1 as a consequence of S € G,. Gilbreath
triangle of S’ is

S1 S9 S3 S4 Sn—3 Sp—2 Sp—1 Sn k

Sl Sy Sy Si e Sag Spa Spa [sa— K|

sisy sy = s = e sy — s — KL

S — [t — [ — [ — [s1 — [, — Kl ]

57— [s5=2 = [s32 = |50 = e — |55 — [ — kil ]
where s! = ... = 5772 = 57! = 1 as a consequence of S € G, and if also
sto= 18170 — 857" — |s57 — [si7 = [ =[5,y — |sn — K[[]ll]| = 1, then
S e Gy

|70 =[5 =I5 = sy = L = sy = s — Kl =1 (3)

is defined as Gilbreath equation of S and Kg = (ky, ..., kan) is the set of all
solutions for k.

Gilbreath equation is a 2" degree equation, then there are 2" value of k
that satisfy the equation (3)

ki, on=dst ki P by P Esy E ksl s, 1 (4)

With respect to Kg, the largest value that solves (4) is maxKg = s~ +
s 24 st st 4 48l | 45, +1 and the smallest value that solves (4)
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isminKg = —s7 ' —sh 2 —sh 3 st~ —sl | +5,—1=2s, —maxKsg.

A remarkable relation is
max Kg + min Kg = 2s,, (5)

Lemma 2. Let S = (s1,...,5,) € G, and S" = (s1, ..., Sn, Sn) finite sequences
of integer, than S" € G, 1.

Proof. Gilbreath equations of S" with k = s,, is
877t — s — s — |si* — |... — |sL_|...]||l| = 1 which is true because
S € G, hence S’ € G,,41. O

It is useful, for the following proofs to introduce the definition of two
Gilbreath sequences. Let a finite sequence of integers S = (s1, ..., s,), from
(4), any value of k cannot be greater than max Kg, so the sequence (sq, ..., s,, max Kg)
is the upper bound sequence for the sequence (sq, ..., s,). The new sequence
S" = (s1, ..., 5n, max Kg, k) will have the upper limit for ¥ = max K, . . maxks)
ans so on. Equally, let a finite sequence of integers S = (s, ..., s,), from (4),
any value of k& cannot be smaller than min Kg and the new sequence S' =
(81, ..., 8p, min Kg, k) will have the lower limit for £ = min K, s, minks) and
so on. From this it is now possible to introduce the definition of upper bound
sequence and lower bound sequence.

Definition 3. Let a finite sequence of integers S = (s1,...,8,) € G,, we
denote with Ug the upper bounds sequence for S and with Lg the lower bounds
sequence for S. Also, we introduce U and L'y as below.

Ug := (51, ey Spymax Kig, sy maXK( ) ) = (Ugyy -y U, 5 -

51,...,sn,maxK(sl

Lg := (sl, vy Sp,min K, 0y, min K(sl,...,sn,minK(sl """" o)’ ) = (lgyy eyl -

)

)

Ug = (maXK(Shm,sn),maXK( ) ) = (uigl, U, )
)

sl,...,sn,maxK(Sl

! . : _ / !/
g = (mm]K(Slw_,sn),mm]K(SlV_qsn,minK(s1 o)’ ) = (Sw ol o

..... o

From lemma 2 and definition 3

S =(51,-,50) € Gr, = sy, 5m) < Smt1 < Usy,..s), Where m € [1;n — 1]

(7)
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Lemma 3. Let a finite sequence of integers S = (s1,...,8,) € G, where
sy € 27, then (s, ..., 5,) C (2Z +1)"

Proof. Let S; = (s1), where s; € 2Z. From definition 2, Sy = (s1,k) € Go if
k =s1t1 € 2Z+1. Now let the sequence S3 = (s1,s1 £ 1, k), from definition
2,9 €Gsifk=|x1+(s1x1)+1=1+s 1+ 1. From the previous
step, s;£1€2Z+1,hence 1l +s1£1€2Zand 1+s1+1+1€2Z+ 1.
Iteratively, this can be proved for every element of S. Hence if S € G,, and
the first element of S is an even number, then all the other numbers of the
sequence will be odd. O

Lemma 4. Let a finite sequence of integers S = (s1,...,8,) € G, where
s1 € 27+ 1, then (sa, ..., 5,) C (2Z)"

Proof. Let S = (s1), where s; € 2Z+ 1. From definition 2, Sy = (s1, k) € Gy
if k = s, +£1 € 2Z. Now let the sequence S5 = (s1,s; + 1, k), from definition
2,5;€Gyifk=|£1|+(s1 £ 1)1 =14s,+£1+1. From the previous step,
s1x1€2Z,hence 1 +s1£1€2Z+1and 1 +s; £1+1 € 27Z. Iteratively,
this can be proved for every element of S. Hence if S € G, and the first
element of S is an odd number, then all the other numbers of the sequence
will be even. O]

Definition 4. Let Ay = 27 and Ay = 27 + 1, we denote both sets with
A, =27+ (1 +1).

Lemma 5. Let a finite sequence of integers S = (s1,...,8,) € G, where
s1€2Z+ (3 £3), then (s2,...,5,) C [2Z+ (3 F %)]n_l

Proof. From lemma 3 and lemma 4. O

Lemma 6. Let S = (s1,...,8,) € G, and S" = (s1, ..., 8p, k) € G,y finite
sequences of integers where sy € 27, + (% + %), then

Kg = {z € [min Kg, maxKg| A z € 2Z + (% ¥ %)}

Proof. From definition 2, there are 2" values of k that satisfy S € G,,; and
min Kg < k£ < maxKg. Kg is defined as the set of all solutions of &, hence it
contais elements between min Kg and max Kg. From lemma 5 it has already
been shown that if s; € 2Z, than s, € 2Z 4+ 1,Vn > 1 and if s; € 2Z + 1,
than s, € 2Z,Vn > 1. O
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From lemma 5 is proved an important result regarding (4). (4) generates
2" solutions for a finite sequence (sy, ..., Sp, k) € G,yq Where (sq, ..., 5,) € Gy,
but from lemma 5 it has been proved that these solutions are only even or only
odd according s;. Therefore, the number of distinct solutions generated by
(4) is 2"~ since solutions are divided between even and odd: dim Kg = 2771,

Theorem 1. Let S = (s1,...,8,) € G, and S" = (81, ..., $p, k) finile sequences
of integers, where s, € 27 + (% + %), then k € Kg < S € Gpiq

Proof. Prove the right implication first. From definition 2, & € [min Kg, max K]
and from lemma 5, k € 27 + (% F %) Hence k € Kg = 5" € G, 1. Prove
the left implication by contraddiction. Suppose that S” € G, but k ¢ Kg,
so k € {z ¢ minKg, maxKg] Vz ¢ 2Z + (1 F1)}. From definition 2 and
lemma 5 it is not possible to have S’ € G, 41 if k > maxKgVk < min KgVk ¢
27+ (3 ¥ 3). Hence it is also true k € Kg < ' € Gy41. O

2.1 Notable upper and lower bound sequence

From definition 3, Us = (S,U§) and Lg = (S,L%). Let S = (s1), Ul =
(s14+ 1,81+ 3,81 +2" ' —1)and Ly = (s — 1,81 — 3,...,851 — 2" L+ 1).
No remarkable expression was found to analytically define the trend of
Ug and Ly for a generic sequence S but it was observed that the exponential
trend is preserved. However, this trend varies with the number of terms of
U and Ly so it does not seem possible to establish what will be the n + 1-th
term of Ug and Ly given the previus n terms through an analytical formula.
However, it is always possible use the recursive espression (4).
Let the sequence S = (s, ..., $,) € G, using definition 3, the (5) can be
rewritten as:
Us, i + s = ug +15 =25, (8)

equivalent to (7).

If it is true that exponential trend is preserved, elements of Ug can be
written in the form ufy = e’ or loguy = loga + fn.

The best fit for a dataset D = (dy, ...,d,) in a linear regression model is

nY " ilogd; — SO0 iS00 log d; 12 - n+1 g

B = 2im f‘i . z_anEI 8di _ 5 Zzlogdi— Zlogdi
nZi:M _(Zizl i) n(n? —1) i=1 2 i=1
9)
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B(n+1)

. (10)

1 n
loga =~ logd; —
og« nzzl 0og

hence

1
R (H di) (11)
i=1

and the coefficient of determination is
n i\ 2
R2 _ 1 . Ei:l (dl B aeﬁ ) (12)
Z?:l (di - 3)2

Note that in D if |d,| < |d.+1| and d, < 0, it is not possible to calculate log d,
where b > a. To avoid this problem the transformation d; — dri—%l (% —
is performed. In this way, if d; > 0, d; — d; and if d; < 0, d; — d; — d;.

After that, the fitting curve will be d,, = ae”" — d2—1 (Ifil_il —

Example 1. Let a finite sequence S = (2,3,5,7,11,13) of length 6, the
first 18 terms of the upper bound sequence are

Ui = (21,47,119,297, 705, 1595, 3475, 7365, 15309, 31399, 63823, 128961,
259577, 521203, 1044907, 2092829, 4189253, 8382751)

The first 18 terms of the lower bound sequence are

Ly = (5,—21,-93, —271, —679, —1569, —3449, — 7339, —15283, —31373,
—63797, —128935, —259551, —521177, —1044881, —2092803, —4189227, —8382725).

Note that (S,U§) € Gaq and (S, Ly) € Goy. According to (5), 21 +5 =

47—21 =119—-93 = 297—271 = ... = 8382751 — 8382725 = 26 = 2s¢. Let fit-
ting Ug to ozU/SeBU'Sn. From (9), Bu:, = % (Zil ilogug, — % Zilil log ugl) ~~
0.75,

1
from (11) oy, = e (Hzli ug,)™ A 14.42. The model fits the trend of uly_
with R? ~ 0.92 from (12). As regards Lj, from (8), I = 2s5 — aUée’BU’s" 7
26 — 14.42e%7" ~ —7.97e080" with R? ~ 0.99.
As explained above, the addition of a term to U leads to new values of
a and [, therefore this analysis is carried out without pretending to evaluate
the n + 1-th element of a given U} of length n.

7
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The numerical analysis of the values of the upper limit sequence was
added only to show that no analytical formula has been found for the gener-
ations of the values of this sequence, with exception of (4).

3 Proof of theorem 1 for P = (pl,...,p,)

Let a finite sequence of integers S = (s, ..., 8,), from theorem 1 is true the
following. The relationship s; = s; = 1 must be true, otherwise it would
not be true that s} = 1. As a consequence of theorem 1, for all elements
subsequent to s;, the absolute difference of two successive elements must
be an integer multiple of 2 so as to maintain the absolute difference of two
successive elements as an even value. So, if the first element in the sequence
is even, the subsequent elements must be odd and if the first element is odd,
the subsequent elements must be even.

As a consequence of definition 2, solution of Gilbreath equation (4) and
definition 3, each n-th element of a sequence S must be within the range
between the upper and the lower sequences calculated on all the elements
prior to the n-th ones. Hence, from definition 2 and according to the solution
of Gilbreath equation (4), cannot exists Gilbreath sequence in which the
n-th is larger than maxK, s, ), since max K, 5, ,) is the maximum
value that the n-th value can take according to (4). The same goes for
min K, . ,), since it is the smallest value that the n-th value can take.
Hence:

Ustrmsno1), < Sn < U(sy,.osnr), (13)

Following the results obtained in the previous paragraphs about Gilbreath
sequence and Gilbreath equation, let proceed discussing Gilbreath conjecture.
The results obtained so far will be used to establish if theorem 1 is true for
the ordered sequence of prime numbers P.

Theorem 2. For every n-th prime number, n > 1, it is true that [, <

Pn < u(plv---vpn—l)n .

--7pn71)n

Proof. By definition of L and U, l(pl,__,pnfl)n =minK, . ,. ;) and Upy,pn_i), =
max K, ... ), hence (13) becomes
min Ky, p._) <SP S maxKe, 5. ) (14)

Let S = (p1,p2) = (2,3) € Gy Gilbreath sequence formed by the first two
prime numbers. As S € Gy, from (5), minK,, ,,) < p2 < maxK,, ,,) and

8
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from lemma 2, (p1,p2,p2) € Gs. By definition of P, p, > p,_1. Since
min K, 5,y < p2, it is certainly true that minK,, ,,) < p3. The left inequal-
ity of (14) is proved for n = 3. If p3 < maxK,, ,,), then, subtracting the
quantity 2py from both sides gets

p3 — 2p2 < max Ky, ,,) — 202 (15)

Let Bertrand postulate
DPn < 2pn—1 (16)

Replacing (5) and (16) in (15) gets
min K, p,) <o, « € N (17)

Hence, exist a value o € N such that minK,, ,,) < a. minK, ,,) can be
written using (4) as minKy,, ,,) = —p}+p2—1 where —p} —1 < 0 and p, > 0.
If @« = py, (17) is proven. Hence the right inequality of (14) is proved for
n =3 and (p1,p2,p3) € G3.

At this point the proof can process showing that (14) is true for n = 4.
Since, py > p3 and minK,, 4,5, < p3 < maxK,, p,p,), it is true that
min K, o ps) < P4 Again, py < maxK,, 5, 5, s equivalent to

min K(m,pz,ps) <a,aeN (18)

From the equation (4), min K, ,, ps) = —pi—ps+ps—1 where —pi—pi—1 < 0
and p3 > 0. If a = p3 (18) is proved for n = 4 and (p1, p2, p3, p4) € Gy.
[teratively, this can be proved to verify (14) for every prime. O

Lemma 3 is already proved for P since p; is even and all other elements
are odd: by definition of prime number, there are no even prime numbers
except for 2. Theorem 2 prove theorem 1 in the case of P.

4 Conclusions

Lemma 1, 2, 3, 4, 5 and 6, about foundamental properties of Gilbreath
sequence, are used to prove theorem 1. This theorem summarizes previous
results stating that if and only if the first element of a finite sequence of
integers (si,...,$,) € G, is even, any odd integer k between Ug and Lg
makes the sequence (si, ..., Sp, k) € G411 and if and only if the first element
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of a finite sequence of integers (si,...,$,) € G, is odd, any even integer k
between Ug and Lg makes the sequence (si,...,Sp,k) € Gpy1. The most
important result of this paper is contained in theorem 2 in which theorem 1
is proved for the particular case of the ordered sequence of prime numbers

P.
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