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Abstract

The conjecture attributed to Norman L. Gilbreath, but formulated
by Francois Proth in the second half of the 1800s, concerns an interest-
ing property of the ordered sequence of prime numbers P. Gilbreath’s
conjecture stated that, computing the absolute value of differences of
consecutive primes on ordered sequence of prime numbers, and if this
calculation is done for the terms in the new sequence and so on, every
sequence will starts with 1. In this paper is defined the concept of
Gilbreath’s sequence, Gilbreath’s triangle and Gilbreath’s equation.
On the basis of the results obtained from the proof of properties, an
inductive proof is produced thanks to which it is possible to estab-
lish the necessary condition to state that the Gilbreath’s conjecture is
true.

1 Introduction to Gilbreath’s conjecture

Let the ordered sequence P = {2,3,5,7,11,13,17, ...} = {p1, ..., pn, ...} formed
by prime numbers, and set p? = |p2111 — p2~1| where b > 1. Gilbreath con-
jectured that every term p% = 1. In this notation, the elements of P should
be indicated with {p?,...,p2,...}. For brevity, the superscript with b = 0 is
omitted. It is likely that this conjecture is satisfied by many other sequences
of integers, so it is necessary to define the general properties of all sequences
that satisfy this conjecture.
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2 Gilbreath’s sequence

Definition 1. Let a sequence S = {s1, $2,S3,...,5,} a sequence formed by
integer number and sb = |str11 — sb7Y. S is defined a Gilbreath’s sequence if
s =1Vb > 1. If S is a Gilbreath’s sequence hence S € G, where G,, is the
set of all the Gilbreath’s sequences of length n.

Let, for example, S = {2,3,5,7,11,13,17} a sequence of length n = 7,
the Gilbreath’s triangle of S is defined by s& = [s?7} — s%=1|. Hence:

s1 S9 S3 54 Sn—3 Sp—2 Sn—1 Sn
s 53 53 S Sn—3 Sn—2 Sn1
sh2 sh?
st
or
1 2 2 4 2 4
1 0 2 2 2
1 2 0 0
1 2 0
1 2
1

The first term of every sequence is equal to 1, hence S € G.

Theorem 1. Let a sequence S = {s1,....,s,} € G, and a sequence S’ =
{s1, ..y 8n_1}, then S" € G,,_;.

Proof. The Gilbreath’s triangle associated with S:

S1 S2 53 54 Sn—3 Sn—2 Sn—1 Sn

S S S3 S Sn—3 Sn—2 Sn1

5'71:“2 sh?

st
where s} = ... = 5772 = 577! = 1 as a consequence of S € G,,. Removing the
last element of each sequence gives:

S1 52 53 S4 Sp—3 Sp—2 Sp—1

st osh o ostosb o sh . s,

.
which is the Gilbreath’s triangle of S’, st = ... = 572 = 1 as a consequence
of S € G, hence S’ € G,,_;. O
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Theorem 2. Let a sequence S = {s1,...,s,} € G, and a sequence S' =
{81, ..y 8n, k}, than S" € G, < k € Kg.

Proof. The Gilbreath’s triangle associated with S:

S1 S9 S3 S4 Snp—3 Sn—2 Sn—1 Sn

SISy Sy Sp . Spg Spy o Spg

:5:71.1_2 sh?

st
where s] = ... = 5772 = 577! = 1 as a consequence of S € G,. The
Gilbreath’s triangle of S:

$1 S S3 Sy Sp—3 Sp—2 Sp—1 Sp, k

st s s s4 sk o st st lsn — K|

si72 syt sy = s = L = shy = [sa — K]

st sy sy = s = e = Ishoy — [s — KL

[s771 = 1s5 7 = Is5 7 = 183" = oo = [snoy — I8 — Kl |...]]]]
where s} = ... = s77% = s]7! = 1 as a consequence of S € G,, and if also
st = |si = lsg7 = s = [si7" = [ = Ispoy — |sa — Al [l[Il = 1, then
S e Guyq-

s = 18372 = s5 7 = 8T = | = Ispmy = Isa = AL =1 (1)

is defined as the Gilbreath’s equation of S and Kg = {ky, ..., kon } is defined
as the set of all solutions for k. O

Corollary 1. Let a sequence S = {s1,....,s,} € G, and a sequence S’ =
{81, ..y Sn, k}, then there are 2" values of k that satisfy S’ € Gp41.

Proof. The Gilbreath’s equation is a 2" degree equation, then there are 2"
value of k that satisfy the equation (1). The solutions are:

ki, on=ds' s LSt s L Es) s, E 1 (2)
O

With respect to Kg, the largest value that solves the equation is max Kg =
S s 2 s s 45+, +1 and the smallest value that solves
the equation is minKg = —s7 ' — s 2 — sy — st — . —sl 45, —1=

2s, — maxKg. A remarkable relation is:

max Kg + min Kg = 2s,, (3)
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Corollary 2. Let a sequence S = {s1,...,$,} € G, and a sequence S" =
{81, s Sny Sn}, than S" € Gy yq.

Proof. The Gilbreath’s equations of S’ with k = s,, is:
877t — |72 — s — |si 7t — |... = [sL_|..]||]] = 1 which is true because

S € Gy, hence S’ € G, 1. O

It is useful, for the following proofs to introduce the definition of two
important Gilbreath’s sequences. Let a sequence S = {si, ..., s,}, from re-
lation (2), any value of k cannot be greater than maxKg, so the sequence
{s1, ..., sp, max Kg} is the upper bound sequence for the sequence {s, ..., s, }.
The new sequence S’ = {si,...,$,, maxKg, k} will have the upper limit
for & = maxK,, s, maxks}- Equally, let a sequence S = {si,...,5,},
from relation (2), any value of k cannot be smaller than minKg and the
new sequence S’ = {s,...,$,, minKg, £} will have the lower limit for k =
min Ky, s, minkg}- From this example, it is now possible to introduce the
definition of upper bound sequence and lower bound sequence.

Definition 2. Let the sequence S = {s1,...,s,} € G,

Us :={s1, ..., sp,max Ky, .1, max Ks, s, maxkp,, oy b oy =Aus,,...,us,,, ...}
(4)

is the upper bounds sequence for any S.

Definition 3. Let the sequence S = {s1,...,s,} € G,

Ls :={s1, ..., Sp, min K{Slmsn},minK{Sh”,,smminK{Sl ..... Y g ={ls, - 1ls,, .-}
(5)

is the lower bounds sequence for any S.

From definition 2, definition 3, corollary 2 and (3)

S={s1,.,50} €G, = sy, 5} < Smt1 < Ugsy,. 5}, Where m <n — 1

(6)

Lemma 1. Let a sequence S = {si1,...,s,} € G, where s; € 27, then
{59, .., 80} C (2Z 4 1)"

Proof. Let S; = {s1}, where s; € 2Z. From theorem 2, corollary 1: Sy =
{s1,k} € Gyif k = s;+1 € 2Z+1. Now let the sequence S3 = {s1,$1+1,k},
from theorem 2, corollary 1, S5 € Gy ifk = |+1|+(s; £ 1)£1 =145 £1+1.
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From the previous step, s;£1 € 2Z+1, hence 14+s;+1 € 2Z and 1+s,+1+1 €
27+1. Iteratively, this can be proved for every element of S. Hence if S € G,
and the first element of S is an even number, then all the other numbers of
the sequence must be odd. O

Lemma 2. Let a sequence S = {s1,...,$,} € G,, where s; € 2Z + 1, then
{s9,....s,} C (22)""

Proof. Let S1 = {s1}, where s; € 2Z + 1. From theorem 2, corollary 1: Sy =
{s1,k} € Gyif k = s;£1 € 2Z. Now let the sequence S3 = {s1, s1%1, k}, from
theorem 2, corollary 1, S5 € Gz if k = |+1]|+(s; £1)£1 = 1+s;+1+1. From
the previous step, s;£1 € 2Z, hence 1+s;£1 € 2Z+1 and 1+s; 141 € 2Z.
Iteratively, this can be proved for every element of S. Hence if S € G,, and
the first element of S is an odd number, then all the other numbers of the
sequence must be even. ]

Definition 4. Let Ay = 27 and Ay = 27Z + 1, both sets are represented as
Al =27+ (3 +3).

Lemma 3. Let S = {s1,...,s,} € G, where s; € 2Z + (1 +1), then
n—1

{s2,.., 80} C[2Z+ (3 F 3)]

Proof. Is a direct conseguence of lemma 1 and lemma 2. O]

Lemma 4. Let a sequence S = {s1,...,8,,k} € Guy1 where sy € 27 +

(2 +1), then Kg = {z €] minKg; maxKgs[Az € 2Z + (L 1) }

Proof. From theorem 2, corollary 1, there are 2™ values of k that satisfy
S € G,41 and from definition 2 and definition 3, min Kg < £ < maxKg. Kg
is defined as the set of all solutions of k, hence it contais elements between
min Kg and max Kg. From lemma 3 it has already been shown that if s; € 27,
than s, € 2Z+1,Va > 1 and if s; € 2Z+1, than s, € 2Z,Va > 1, the theorem
is proved from theorem 2, definition 2, definition 3 and lemma 3. m

From lemma 4 is proved an important result regarding (2). (2) generates
2" solutions for a sequence S = {sy, ..., Sn, k}, but from lemma 43 it has been
proved that these solutions are only even or only odd according to the nature
of the sequence. Therefore, the number of distinct solutions generated by (2)
is 27! since half solutions between min Kg and maxKg are equally divided
between even and odd: dim Kg = 2" 1.
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Theorem 3. Let a sequence S = {s1,...,8,} € G, and S" = {s1,..., $n, k
where s1 € 27 + (% + %), then k €] mmKS,maxKg[/\k € 27 + (% %)
S e G

Proof. From definition 2 and definition 3, k£ €] min Kg; maxKg[ and from
lemma 4, k € 2Z + (1 F3). Hence it is true k¥ €] min Kg; maxKg[Ak €
224 (15 1) = 8 = (51,0050, k} € G,

Suppose that S" € G, 1 but k£ €] minKg; maxKg[Ak € 2Z + (%qﬁ %) is

false, so it is true k ¢]minKg;maxKg[Vk ¢ 2Z + (3 F1). From defi-
nition 2, definition 3 and lemma 4 it is not possible to have S" € G,
if £ > maxKgV k < minKg Vk ¢ 27Z + (% F %) Hence it is also true

k €] min Kg; max Kg[Ak € 2Z + (% F %) <S5 ={s1,.., 80, k} € G- ]

2.1 Notable upper and lower bound sequence

Definition 5. Let the sequence S = {s1, ..., 0} € Gy,

!/ !/
Ug == {max Ky, o, maxKeg, somaxkp,, o)t = (U oy Us, oo

,,,,,,

Definition 6. Let the sequence S = {s1,...,s,} € Gy,

Ly :={minKy, .3, min K, SsmminKge oy =l 0, (8)

From definition 5 and definition 6 Us = {S, U} and Lg = {S, Ls}. Let
S={s1}, Us={s1+1,s1+3,...,s1+2" =1} and LYy = {s; — 1,8, —
3,y 81 — 20+ 1)

No remarkable expression was found to be to analytically define the trend
of U§ and L for a generic sequence S but it was observed that the exponential
trend is preserved. However, this trend varies with the number of terms of
Ug and Ly so it does not seem possible to establish what will be the n + 1-th
term of Ug and L given the previus n terms through an analytical formula.
However, it is always possible use the recursive espression (2).

Let the sequence S = {s1,...,s,} € G,, using definition 2, definition 3,
definition 5, definition 6, the (3) can be rewritten as:

+ 18 = Us, + 15 =25, 9)

n+m

equivalent to (6).
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If it is true that exponential trend is preserved, elements of Ug can be
written in the form uf = ae’ or loguly = loga + fn.
The best fit for a dataset D = {dy, ..., d,} in a linear regression model is

»ilogd; — Y0 i logd; 12 n, 1
n Zi:l = (21‘21 i) n(n?—1) \ 4 2

loga = — Zlo d; — n+1) (11)

B(n+1) (ﬁ ) (12>

hence

3=

and the coefficient of determination is

R2=1- > (di — O‘eﬁi)2
" =2
Zi:l (di - d)

Note that in D if |d,| < |ds+1| and d, < 0, it is not possible to calculate log dj,

(13)

where b > a. To avoid this problem the transformation d; — di—l—%l (I ] 1)
is performed. In this way, if d; > 0, d; — d; and if d; < 0, d; — d; — d;.

After that, the fitting curve will be d,, = ae”" — d2—1 (é—h — >

Example 1. Let the sequence S = {2,3,5,7,11, 13} of length 6, the first 18

terms of the upper bound sequence are Uy = {21, 47,119, 297,705, 1595, 3475,

7365, 15309, 31399, 63823, 128961, 259577, 521203, 1044907, 2092829, 4189253,

8382751} and the first 18 terms of the lower bound sequence are Ly =

{5, —21,-93, —271, —679, —1569, —3449, —7339, —15283, —31373, —63797,

— 128935, —259551, —521177, —1044881, —2092803, —4189227, —8382725}.
According to (6) and to (9), 21 +5 =47 — 21 = 119 — 93 = 297 — 271 =
= 8382751 — 8382725 = 26 = 2s4. Let begin fitting U to aUéeﬁUén. From

( 0), By, = 5o (325 iloguly, — 2570 loguly, ) ~ 0.75,

- (TL2, ws,) 5 ~ 14.42. The model fits the trend of uy,

with R? ~ 0.92 from (13). As regards L, from (6), Iy = 2s5 — ongeBUén ~
26 — 14.42e% 7" ~ —7.97¢%8" with R? ~ 0.99.

from (12) ay, = e
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As explained above, the addition of a term to U leads to new values of
a and (3, therefore this analysis can be carried out without pretending to
evaluate the n 4 1-th element of a given Ug of length n.

The numerical analysis of the values of the upper limit sequence was
added only to show that no analytical formula has been found for the gener-
ations of the values of this sequence, with exception of (2).

3 Proof of conditions for P = {pl,....p,}

Let S = {s1,...,8,} = {f (n)}, from theorem 1 and 2, is true the following.
The relationship s, = s; == 1 must be true, otherwise it would not be true
that s = 1, hence f (2) = f (1) & 1. As a consequence of theorem 3, for all
elements subsequent to s, the absolute difference of two successive elements
must be an integer multiple of 2 so as to maintain the absolute difference
of two successive elements as an even value. So, if the first element in the
sequence is even, the subsequent elements must be odd and if the first element
is odd, the subsequent elements must be even.

As a consequence of theorem 2, solution of the Gilbreath’s equation (2)
and definition 2 and definition 3: each n-th element of a sequence S must
be within the range between the upper and the lower sequences calculated
on all the elements prior to the n-th ones. Hence, from theorem 2 and
according to the solution of the Gilbreath’s equation at (2), cannot exists a
Gilbreath’s sequence in which the n-th is larger than maxKy,, 3, since
max Ky, . s,_,) is the maximum value that the n-th value can take according
to (2). The same goes for min Ky, . 3, since it is the smallest value that
the n-th value can take, according to (2). Hence:

l{sl,.,.,sn_1}n < f(n) < u{sl,.,.,sn_1}n (14)

Following the results obtained in the previous paragraphs about Gilbreath’s
sequence and Gilbreath’s equation, let proceed discussing the Gilbreath’s
conjecture. The results obtained so far will be used to establish if theorem
(4) is true for an ordered sequence of prime numbers P.

Theorem 4. For every n-th prime number, n > 1 it is true that l,, .,y <
DPn < u{pl,...,pnfl}n-
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Proof. By definition of L and U, Iy, .. p, 3, = minKyg,, o, yandug, 5 3 =
max Ky, . 5. .31, hence the statement becomes:

minKey o) S o S maxKy,, 00y (15)

Let S = {p1,p2} = {2,3} € G, a Gilbreath’s sequence formed by the first
two prime numbers. As S € Gy, from (3), it is true that min Ky, ,,1 < p2 <
max Ky, 1.1, it is also true, for theorem 2 corollary 3, that {pi,ps, p2} € G3
and for every prime number is true that p, > p,_;. Since min Ky, ;.3 < pa,
it is certainly true that min Ky, ,,3 < ps. The left inequality of (15) is proved
for n = 3.

If p3 < maxKy,, ,,), then, subtracting the quantity 2p, from both sides,
ps — 2pp < max Ky, 5,1 — 2p2. From Bertrand’s postulate, p, < 2p,_;, hence
p3 — 2p2 < 0. Replacing (3) in the previous inequation: minKy,, ».3 < a,
where a > 0. Hence, exist a value @ > 0 such that min Ky, ,,; < a. The
value of min Ky, ,,1 can be replaced using (2): minKy,, 5,3 = —pj +p2 — 1
where —pi —1 < 0 and py > 0. If & = po, the relation min Kpi py < @, where
a > 0 is true, hence it is true that p3 < max Ky, ,,1. The right inequality of
(15) is proved for n = 3.

At this point the proof can process showing that (15) is true for n = 4.
Since, py > p3 and minKy, ,, .y < p3 < maxKy, ,, sy, it is true that
min Ky, 1o psr < pa. Again, the statement py < maxKy,, . 0,1 1S equivalent
to the statement minKy,, p, s} < @, where a > 0. From the equation (2),
min Ky, p,ps} = =P — ps + p3 — 1 where —p7 — p} —1 < 0 and p3 > 0. If
a = p3, the relation min Ky, ,, .3 < «, where a > 0. Iteratively, this can be
proved to verify (15) for every prime. O

Lemma 3 is already proved since p; = 2 is even and all other elements are
odd: by definition of prime number, there are no even prime numbers except
for 2. From theorem 4 and lemma 3 is proved theorem 3 for P.
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