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A NEW GENERALIZATION OF FIBONACCI AND LUCAS TYPE
SEDENIONS

CAN KIZILATES AND SELIHAN KIRLAK

ABSTRACT. In this paper, by using the g—integer, we introduce a new generalization of Fi-
bonacci and Lucas sedenions called g—Fibonacci and g—Lucas sedenions. We present some
fundamental properties of these type of sedenions such as Binet formulas, exponential gen-
erating fuctions, summation formulas, Catalan’s identity, Cassini’s identity and d’Ocagne’s
identity.

1. INTRODUCTION

The set of Sedenions, denoted by S, are 16—dimensional algebra. Sedenions are noncom-
mutative and nonassociative algebra over the set of real numbers, obtained by applying the
Cayley—Dickson construction to the octonions. Like octonions, multiplication of sedenions are
not neither commutative and associative. Sedenions appear in many areas of science, such as
electromagnetic theory, linear gravity and the field of quantum mechanics [1-6].

A sedenion is defined by

15
p= Z 4i€i,
i=0

where qo,q1,-..-,q15 € R and eq, ey, ...,e15 are called unit sedenion such that ey is the unit
element and ej,es,...,e15 are imaginaries satisfying, for 4,5,k = 1,2,...,15 the following
multiplication rules:

€pe; = e;eq = €y, (ei)2 = —€yp, (1.1)
eiej = —ejei, 7 75 j, (12)
e; (ejey) = —(eej) ey, 1#j, ee; # tey. (1.3)

The addition of sedenions is defined as componentwise and for pi,ps € S, the multiplication
is defined as follows:

15 15
pip2 = g a;€; g bje;
i=0 j=0
15

= > aibj(ee)),

i.j=0

where e;e; satisfies the identities (1.1), (1.2) and (1.3). Interestingly, in [4] the authors defined
and studied an efficient algorithm for the multiplication of sedenions.
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For a,b,p,q € R, the Horadam numbers h, = h,(a,b;p,q) are defined by the following
recurrence relations
hn = phn—l + qhn—27 hO = a, hi =1b.

Some special cases of the Horadam sequence hy,(a, b;p, q) are as following table:

S

Sequence

Fibonacci sequence; F),

Lucas sequence; L,

Pell sequence; P,

Pell-Lucas sequence; PL,,
k—Fibonacci sequence; F}, ,,
k—Lucas sequence; Ly,
Jacobsthal sequence; J),
Jacobsthal-Lucas sequence; jj,
k—Pell sequence; P, ,,
k—Pell-Lucas sequence; PLy,,

oI OO oo
DO | | T T NN | S
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\]
\]
T

Table 1: Special cases of the Horadam sequence
The Binet formula of the Horadam number is given by, for n > 0,
Aa™ — Bg"
- 5
where A = b—af3, B =b—aa, a and 3 are the roots of the 22 — pz — ¢ = 0. We note that the
above numbers have been studied in the literature widely and extensively (see, for example,

[7-10]). Now, we talk about some notations related to g—calculus. For & € Ny, we give the
g—integer [z],

hn,

. =14+q+¢F+ ..+ (1.4)
From (1.4), for all =,y € Z, we can easily find that

[z +ylq = [zlg + 4" [yq-
Many of the papers on quantum (g—) calculus which has been provided by the mathematicians
in the past for the purpose of application to the branches of mathematics such as combinatorics,
differential equations as well as in other areas in physics, probability theory and so on. For
further information, we specially refer to books in [11, 12].

Several generalizations of the well-known sedenions such as Fibonacci sedenions, Lucas
sedenions, k—Pell and k—Pell-Lucas sedenions, Jacobshtal and Jacobshtal-Lucas sedenions,
and so on have been studied by several researchers. For example, in [13], the authors defined
the Fibonaccci and Lucas sedenions

15
F, = Z Fn+5957
s=0
and

15
L, = Z L s€s.
s=0

Then they also obtained the generating functions, Binet-Like formulas and some interesting
identities related to Fibonacci and Lucas sedenions. For more detailed information, please
refer to the closely related to the paper [13-16].
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Akkus and Kizilaslan [17], defined a more general quaternion sequence by receiving com-
ponents from complex sequences. Then, they gave some properties and identities related to
these quaternions. In [18] Kizilateg defined the another generalization of hybrid numbers which
called the ¢g—Fibonacci hybrid numbers and g—Lucas hybrid numbers. Moreover, the author
gave some important algebraic properties of these numbers.

Motivated by some of the above-cited recent papers, by the help of the g—integers, we define
here a new family of sedenions called g—Fibonacci sedenions and ¢—Lucas sedenions. We ob-
tain some special cases of the ¢—Fibonacci sedenions and g—Lucas sedenions studied by many
researchers before. We get a number of results for g—Fibonacci sedenions and ¢—Lucas sede-
nions included Binet-Like formulas, exponential generating functions, summation formulas,
Catalan’s identities, Cassini’s identities and d’Ocagne’s identities.

2. ¢—FIBONACCI SEDENIONS AND ¢g—LUCAS SEDENIONS

In this part of the our paper, we will introduce the ¢g—Fibonacci sedenions and the g—Lucas
sedenions. Then we also give some algebraic properties of these sedenions. Throughout the
paper, we take n € Nand 1 — ¢ # 0.

Definition 2.1. The g—Fibonacci sedenions and the q—Lucas sedenions are defined by the

following:
15
SE(0sq) = 3 0™ [+ 5], (21)
s=0
and

15 L 2(n+8)],

SLn<a;Q) = Zan [n+ S]
s=0 q

;. (2.2)

Some special cases of g—Fibonacci sedenions SF,,(«;q) or shortly SF,, and g—Lucas sede-
nions SLy,(a; q) or shortly SL,, are as following table:

« q | g—Fibonacci Sedenions q—Lucas sedenions

1+2‘/5 ;—21 Fibonacci sedenion; SF, Lucas sedenion; SL,,

14++v2 ;—% Pell sedenion; SP, Pell-Lucas sedenion; SPL,,
%ﬂ ;—21 k—Fibonacci sedenion; SF},,, | k—Lucas sedenion; SLy ,,

2 _71 Jacobsthal sedenion; SJ, Jacobsthal-Lucas sedenion; S7j,
1+vV1+k ;—§ k—Pell sedenion; SPy,, k—Pell-Lucas sedenion; SPLy,,

Table 2: Special cases for g—Fibonacci Sedenions and g—Fibonacci sedenions

Theorem 2.2. The Binet formulas for the q— Fibonacci sedenions SF,, and the g— Lucas sede-
nions SL,, are

_ a"a— (aq)"B
SF,, = ali—q) (2.3)
and
SL,, = a"& + (aq)" 3, (2.4)

where & = Ziio afes and B = Y12 Be,.
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Proof. Owing to (2.1) and (1.4), we find that

15
SF,, = Z a5 (n 4 5) e
s=0

=a" tn)eo +a(n+1)4e1+ ... + a" T (n + 15)e15

1 — g™ 1— n—+1 1— n+15
=a"! ( q ) ey + " (q ) e +..+a"t (q ) es
1-q 1-¢q 1—-q

1
~a(i—g) ((@" = (ag)")eo + (@™ = (aq)" Her + ... + ("1 — (ag)")ers)
a(l—gq
1
= ol —2) (a"(eg + aer + ... + a'®eis) — (ag)" (e + (ag)er + ... + (ag)Pers)
_ a"a—(aq)"B
a(l-q)
Similarly, equality (2.4) can be obtained. O
Corollary 2.3. The Binet formulas for the Fibonacci sedenions SF,, and the Lucas sedenions
SL, are
a*a — B*/Bn
Sk,=——70-— 2.5
" a—p8 (2.5)
SL, =a*a™ + 35", (2.6)

where o* = Ziio a’eg and B* = Ziio B’es, respectively.

Proof. This follows from substituting o = %, 8= _?1 and ¢ = ;—21 in the Equation (2.3)

and (2.4), respectively. O

Corollary 2.4. The Binet formulas for the Pell sedenions SP,, and the Pell-Lucas sedenions
SPL,, are

PP e

Sp, = 1+—22 2.7

" rH —T9 ( )

SPL, =rir] +riry, (2.8)

* 15 s * 15 S ;
where v} =Y 2 ries and ry = )2 rie,, respectively.

Proof. This follows from substituting a = = 1 + /2, 1o = ;—11 and ¢ = ;—21 in the Equation

(2.3) and (2.4), respectively. O

Corollary 2.5. The Binet formulas for the Jacobsthal sedenions SJ, and the Jacobsthal—-
Lucas sedenions Sj,, are

3 )
Sjn = a*2" + g*(—-1)", (2.10)

where o = Eiio a’eg and 8% = Eiio B’es, respectively.

Sy =

(2.9)

Proof. This follows from substituting @ = 2, § = —1 and ¢ = %1 in the Equation (2.3) and
(2.4), respectively. O
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Theorem 2.6. The exponential generating functions for the g— Fibonacci sedenions and ¢q— Lucas
sedenions are

o n ~ QT _ 2,0qT
N SF, o = % (2.11)
o n! a(l—q)
and
o0 xn _
> SLp— = @e™ + fe*. (2.12)
n!
n=0

Proof. From the Binet formula for the g—Fibonacci sedenions, we obtain

> R oa"a — (aq)"B "
2 SFup = Z<a(1_q)>m

n=0
_ & i (az)" B i (aqx)”
a(l —q) — n! a(l —q) ~= nl
ae*r — Beaqm
- a(l-g)
Equality (2.12) can be similarly derived. O

Corollary 2.7. The exponential generating functions for the Fibonacci sedenions and the
Lucas sedenions are

& n * ar _ %, B

S shL - ore™ — fre (2.13)
= n! a—pf

and
[o¢] :L‘n
g SLy— =a’e™ + Brel. (2.14)
n!
n=0

2
and (2.12), respectively. O

Proof. This follows from substituting a = 1+\/37 8= %1 and ¢ = ;—21 in the Equation (2.11)

Corollary 2.8. The exponential generating functions for the Pell sedenions and the Pell-
Lucas sedenions are

0 n X T1T __ 2%k ,ToT

ngnii' _ne Then (2.15)
n. T —Tg

n=0

and

% 2"

Z SPy— =rie™" +rye™. (2.16)
n.

n=0

Proof. This follows from substituting o = = 1+ v/2, ry = ;—11 and g = ;—21 in the Equation

(2.11) and (2.12), respectively. O

Corollary 2.9. The exponential generating functions for the Jacobsthal sedenions and the
Jacobsthal-Lucas sedenions are

> n * 20 Q% ,—T
S5 = et - e (2.17)
= n! 3
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and
o0 xn
Z Sin— = a*e?® 4 Bre ", (2.18)
= n!
Proof. This follows from substituting o = 2, § = —1 and ¢ = _71 in the Equation (2.11) and
(2.12), respectively. O
Theorem 2.10. For n,k > 0, we have
n n . .
n —i AzSF if n is even,
Z() (—a%q)" " SFyiyy, = et F f . (2.19)
5\t A2 SLyyr  if nis odd,
n n . .
i A2SL
(n) (_agq)n ZS]LQiJrk _ é ntk an Z? even, (2.20)
g\t A2 SF, 1 if n is odd,
) n—
> (1) -0 (o) SFa = (-al2),)"SFu (221)
=0
ln n i n—i n
3 <2> (—1)" (—a2q)" ™ Slgys = (—a [2]q) SLn 4. (2.22)
i=0

where A = (o — aq)? .

Proof. Let’s first prove the equality (2.19). Similarly (2.20), (2.21) and (2.22) can be obtained.
From Binet formula (2.11), we find that

n

32 () et tsmn = 32 (0) (ot G

i=0 1=0
- o _1aq (a2 N a2q)” afa — (‘)‘2‘12 - O‘2q)n (aq)kB
(avA)" a*d — (~aqVA)"(ag)"B

- : 2.23
P (2.23)

If n is even in (2.23), we have

n o nozkd— o VPV Y:
Z(?> (_OZQQ)n_iS]F‘ziJrk = ( ﬂ) a_(a;]\/g) (aq)"

=0

NN a6 — (ag)" R
a(l—q)
= AZSF, 4.

If n is odd in (2.23), we obtain

n , av/A)" aka + (aaVA) (ag)k
55 () oo - VAL VA

=0

= \/Zn_l(a”““d + ()" )
— A"F SLo
Thus the proof is finished. U
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Corollary 2.11. For n > 0, we have
" /m 5%SFm+k if m is even,
E SF2n+k == m—1 . .
= \n 52 SLpyr ifm is odd,

m 5%SLm+k if m is even,
SLQr,H.k = m+1 . .
n 5 2 SF,4+r ifm is odd,

NE

n=0
Ui m
> (n> (=1)"SFonik = (=1)"SFyk,
n=0

and

Em: (m) (=1)"SLontk = (—=1)" S Lt

n
n=0

Proof. This follows from substituting a = # and ¢ = ;—% in the Equation (2.19), (2.20),
(2.21) and (2.22), respectively. O

Corollary 2.12. Forn > 0, we find that

m S%SPm_HC if m is even,
SPZTL+]{? = m—1 . . )
n 8 2 SPLy4k tf m is odd,

m S%SPLm+k if m is even,
SPL2n+k = m+1 . .
n 8 2 SP,+r if m is odd,

zm: <m) (—1)"SPonk = (—1)™S Prsks

n=0 n
and
" (m
Z <n> (=1)"SPLoy it = (—1)"SPLy s
n=0
Proof. This follows from substituting o = r; = 1 + /2 and ¢ = ;—21 in the Equation (2.19),
(2.20), (2.21) and (2.22), respectively. O

Corollary 2.13. For n > 0, we obtain

" (m 9% S.J,, if m is even,
Z(n)SJQn—HCZ{ — +k f )

m—1 . . .
o 972 Symar  if m is odd,

i m Soman = %ﬁfs’jerk if m is even,
n e 972 SJyyr  if mis odd,

n=0
Z (:) (=1)"2" " STk = (=1)" ST sk
n=0

and

" (m e ma
> (n> (=1)"2" " Sjontk = (=1)" Sjmk-
n=0

Proof. This follows from substituting o = 2 and ¢ = 5* in the Equation (2.19), (2.20), (2.21)
and (2.22), respectively. O
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Theorem 2.14. Forn > 0, we get

n

) C) (a+ag)’ (—a?q)" "' SF; = SFay, (2.24)
=0
> (?) (a + ag)’ (—a?q)" "' SL; = SLay. (2.25)
=0

Proof. Using the Binet formula for the the g—Fibonacci sedenions (2.3), we have

n

> (:L) (a+aq) (—a?q)" " SF;

1=0

= i (:b) (a + ag)' (—a?q)"™ o'a — (aq)'B

i=0 a(l—q)

_ z": (7;) (a+ aq);((l—_ai]cg)“ old

1=0

& () (@t ag) (—a2q)" T (aq)'B
zz; (z) a(l—q)
(@®(1+ q) — a?q)"&
a(l—q)
(a2q(1+q) — a®q)"B
a(l—q)

= SFa,.
Equality (2.25) can be similarly derived. O
Theorem 2.15. Forn > 0, we get

S (m> SF, = SFom,
n
n=0
and

Em: (7:) SL, = SLoy,.
n=0

Proof. This follows from substituting o = 12—‘/5 and ¢ = =3 in the Equation (2.24), (2.25). O

Corollary 2.16. For n > 0, we obtain

m
> (Z) SP, = SPo,

n=0

3 (m> SPL, = SPLy,,.
n

n=0

and

Proof. This follows from substituting o = r; = 1 + /2 and ¢ = ;—% in the Equation (2.24),
(2.25). O
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Corollary 2.17. For n > 0, we have

zmj CZ) MG T = .o,

n=0

3 (:’;) MG = Sion.

n=0

ve

Proof. This follows from substituting o = 2 and ¢ = 5" in the Equation (2.24), (2.25). O

Theorem 2.18. (Catalan’s Identity). For positive integers n and r, with n > r, then the
following identity is true:

a?2¢"(1 — ¢")(Ba — g "ap)
(1-q)? ’

SLu4sSLn—y — SL2 = a2"¢""(1 — ¢") (dB . qTBd) . (2.27)

SF,.++SF,,_, — SF2 = (2.26)

Proof. From the Binet formula of the g—Fibonacci sedenions, we have the LHS of the equality
(2.26),

SF,.;SF,,_, — SF2

a"Ta — (aq)"t B (o TE — (aq)" B
a(l—q) a(l—q)

S\ 2
_[a"a—(aq)"B
( a(l —q) > '

After some calculations, we get

2n=2,n(1 _ o7 ax o —Tx0
SF,,,SF, , — SF2 — &4 ( <1q )()ﬂ;& g rab)
—q

The result (2.27) can be similarly obtained. (]

Theorem 2.19. (Cassini’s Identity). For n > 1, the following equality holds:

o 2¢"(Ba — g~ 'ap)

SF,,.1SF,, 1 — SF? = = , (2.28)
SLp41SLy,—1 — SL, = o®"¢" (1 — q) (&B - qB&) (2.29)
Proof. If we take r =1, in (2.26) and (2.27), we obtain the assertions of the theorem. O

Theorem 2.20. (d’Ocagne’s Identity). Suppose that n is a non-negative integer number and

m natural number. If m > n+ 1, then the expression of the d’Ocagne’s identities are given by

the following:

a™ Tl (graf — g™ Ba)
(1-4q)

SLySLyt1 — SLpny1SLy, = o™ (g — 1)(¢"aB — ¢™Ba). (2.31)

SF,,SFn41 — SFpn41SF, = , (2.30)
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Proof. Using the Binet formula of the g—Fibonacci sedenions, we obtain

SF,,SFpn+1 — SF41SF,,

o™ — (OCQ)mB an+1d _ (aq)n—FlB

a(l—q) a(l—q)
a"1a — (ag)™ 1B a"d — (ag)"
a(l—q) a(l—q)
Thus 3 }
SF,SF,,1 — SFyp41SF, = ™t g aB — qmﬁa)'
(1-q)
Equality (2.31) can be similarly derived. O

3. CONCLUSION AND DISCUSSION

In our present research, we have defined and examined systematically ¢—Fibonacci sedenions
and g—Lucas sedenions which are defined by means of the ¢g—integer. We have obtained
several quirky properties of g—Fibonacci sedenions and g—Lucas sedenions such as Binet-Like
formulas, exponential generating functions, summation formulas, Cassini’s identities, Catalan’s
identities and d’Ocagne’s identities. According to the special cases of a and ¢, all the results
given in Section 2 are applicable to all Fibonacci-type sedenions and Lucas-type sedenions
mentioned in Table 2. On the other hand, a trigintaduonion is defined by

31
t=ap+ E a;e;,
i=0

where {a;}, i =0,1,...,31 are real numbers and {e;}, i = 0,1,...,31 are imaginary units.
Detailed information about the trigintaduonion have been presented in the literature. (for
example, see [19]). Indeed, for the interested readers of this work, results presented here have
the potential to motivate further researches of the subject of the g—Fibonacci Trigintaduonions
and g—Lucas Trigintaduonions.
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