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1. Introduction

Sequences have been fascinating topic for mathematicians for centuries. The Fibonacci and Lucas
sequences are very well-known examples of second order recurrence sequences. The Fibonacci numbers are
perhaps most famous for appearing in the rabbit breeding problem, introduced by Leonardo de Pisa in 1202
in his book called Liber Abaci. The Fibonacci sequences are a source of many nice and interesting identities.
A similar interpretation exists for Lucas sequence.

The sequence of Fibonacci numbers {F,,} is defined by
F,=F,1+F, 2, n>2, F=0,F=1.
and the sequence of Lucas numbers {L,,} is defined by
Lpy=Ln 1+ Lp o, n>2 Ly=2 L1 =1
The Fibonacci numbers, Lucas numbers and their generalizations have many interesting properties and

applications to almost every field. In 1965, Horadam [8] defined a generalization of Fibonacci sequence, that
1

© 2020 by the author(s). Distributed under a Creative Commons CC BY license.


http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 February 2020

2 YUKSEL SOYKAN

is, he defined a second-order linear recurrence sequence {W,,(Wy, Wy;r, s)}, or simply {W,,}, as follows:
(1].) Wn = 7"an1 + SWH,Q; WO = a, W1 = b, (n Z 2)

where Wy, W, are arbitrary complex numbers and r, s are real numbers, see also Horadam [7], [9] and [10].
Now these generalized Fibonacci numbers {W,,(a, b;r, s)} are also called Horadam numbers. The sequence

{W,}n>0 can be extended to negative subscripts by defining
T 1
W_,= _gW—(n—l) + ;W—(n—Z)

for n =1,2,3,... when s # 0. Therefore, recurrence (1.1) holds for all integer n.

For some specific values of a, b, r and s, it is worth presenting these special Horadam numbers in a table
as a specific name. In literature, for example, the following names and notations (see Table 1) are used for
the special cases of 7, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences.
Name of sequence Notation: W, (a,b;r, s) OEIS: [17]

Fibonacci F, =W,(0,1;1,1) A000045
Lucas L, =W,(2,1;1,1) A000032

Pell Py = Wy (0,1;2,1) A000129
Pell-Lucas Qn =W,(2,2;2,1) A002203
Jacobsthal Jn = Wp(0,1;1,2) A001045
Jacobsthal-Lucas Jgn = Win(2,1;1,2) A014551

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples are

n

Z F?2=F,F,

i=1

and
= 1
ZQ? = i(QnQn—i-l - 4)
1=1

In this work, we derive expressions for sums of second powers of generalized Fibonacci numbers. We present
some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers.

Name of sequence sums of second powers sums of third powers sums of powers
Generalized Fibonacci [1,2,6,11,12] [5,18] [3,4,13]
Generalized Tribonacci [15]

Generalized Tetranacci [14,16]

2. Summing Formulas of Generalized Fibonacci Numbers with Positive Subscripts

The following theorem presents some summing formulas of generalized Fibonacci numbers with positive

subscripts.
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THEOREM 2.1. For n > 1 we have the following formulas: if (s +1)(r+s—1)(r—s+1) # 0 then

(a):
Zn: w2 (L=s)W2io+ (1 —s—r2=r2)W2 | +2rsWy1iWyyo + (s = 1) Wi + 5% (s — 1) W§ — 2rsWi Wy
— L (s+D)(r+s—1)(r—s+1) '
(b):

zn:W' Wi — W2 o +rs* W2+ (1 =1 = s )Wy Wigo — WP —rs?WE + s(—1? + 2 — 1)W1 W,
e (s+D)(r+s—1)(r—s+1) '

i=1

Proof. Using the recurrence relation

Wn+2 = TWn-i—l +sW,

ie.
sWy =Whpo — Wit
we obtain
SW2 = W2 o+rWi —2rWo oW,
SWE ., = Wi +rW2 —2rW, W,
SW2 ., = W24rW2 | —2rW, W,
SW2 . = W2+ W2, —2rW, W,
SW2 , = W2 o+ W2 5 —2rW, oW, 3
SW2 = Wi+ r W2 — 2rW, W
SSWE = Wi+ r*Wi — 2rWsWs.

If we add the above equations by side by, we get

n n+2 n+1 n+1
(2.1) S WE=Y W2+r2Y WP =2y Wi W,
i=1 i=3 i=2 i=2
Note that
n+2 n
SWP = WP WA W A Who+ Y W
i=3 i=1
n+1 n
SNWP o= WA WI+ > WP,
=2 =1
n+1

>WiaWi = —WaWi + WooWoia + > Wi Wi,
i=2 i—1
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We put them into the (2.1) we obtain

(2.2) Y WP = (WE WS W2 + Wi+ > WA+ (WP + Wi, + > W)
1=1

i=1 =1

—=2r(=WoWi 4+ Wi Wiy1 + Z Wi 1 W5).

i=1

Next we calculate Z?:l W;+1W;. Again, using the recurrence relation

Wn+2 = 71I/Vn+1 + sW,

ie.
SWn = Wn+2 - TWnJrl
we obtain
sWniaWn = WipoWii — TW3+1
SWoWho1 = WyuW,, —rW?2
Wy aWyho = WoW,_1 —r W2,
sWaWy = WyWs — rW3
sWoWy = WaWy —rW3.

If we add the above equations by side by, we get

n n+1 n+1
(23) S Z Wi+1Wi = Z W¢+1WZ‘ -Tr Z VVZ‘2
i=1 i=2 i=2
Note that
n+1 n
S WinaWi = —WalWi + WopoaWoga + > Wi Wi,
=2 i=1
n+1 n
SNWP o= SWEH W+ W
i=2 i=1
If we put them into the (2.3) then it follows that
n n n
(24) s Z Wiy W, = (—W2W1 + WhaaWhy1 + Z Wi—i-lWi) — T(—le + W3+1 + Z W;)
i=1 i=1 i=1

Then, using

Wy = (TWl + SW())

and solving the system (2.2)-(2.4), the required results of (a) and (b) follow.
Taking r = s = 1 in Theorem 2.1 (a) and (b), we obtain the following proposition.

ProproOSITION 2.2. Ifr =s =1 then for n > 1 we have the following formulas:
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(a) Zz 1 W2 %( 2W2+1 + 2Wn+2Wn+1 2W1W0).
(b) Zz 1 Wi Wi = (W2+2 + W — Wht1 Wi — W12 - W02 - W1W0)~

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci

numbers (take W,, = F,, with F; =0, F; = 1).

COROLLARY 2.3. Forn > 1, Fibonacci numbers have the following properties:

(a): Y0 F? = 3(=2F2, | +2F,12F,11).
(b): Yy Foi By = 5(Fpys + Fryy — Fryi Foga — 1),

Taking W,, = L,, with Ly = 2,L; = 1 in the last proposition, we have the following corollary which

presents sum formulas of Lucas numbers.

COROLLARY 2.4. Forn > 1, Lucas numbers have the following properties:
(a): 30, LY = 1( 207 11 +2Lp42Lny1 — 4).
(b): iy LivaLli = 5(Loyo + Loy — LypaLnga = 7).

Taking » = 2, s = 1 in Theorem 2.1 (a) and (b), we obtain the following proposition.

PROPOSITION 2.5. Ifr =2,s =1 then for n > 0 we have the following formulas:
(a): Dor W2 = 5(—2W2,, + WyuoWyi — WilW).
(b): Y Wi Wi = (W2+2 + W2 = 2Wy oWy — WE — W — 2W W).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers

(take W, = P, with Py =0, P, = 1).

COROLLARY 2.6. For n > 1, Pell numbers have the following properties:
(a): Y0, PP = %(*2135_5_1 + PoyoPoi) = %PnPn-l—l-
(b): X0, PPy = 3(Piyo + Pryy — 2Puia P — 1),

Taking W,, = @, with Qp = 2,Q1 = 2 in the last proposition, we have the following corollary which

presents sum formulas of Pell-Lucas numbers.

COROLLARY 2.7. For n > 1, Pell-Lucas numbers have the following properties:

(a): 2?21 sz = %(_2Q2 1+ QnioQny1 —4) = %(QnQnJrl —4).
(b): Y0 Qiy1Qi = $(Q2 15+ Q%11 — 2Qn+2Qns1 — 16).

Ifr=1,s=2then (s+1)(r+s—1)(r—s+1) =0 so we can’t use Theorem 2.1 directly. Therefore
we need another method to find Y7 ; W2 and i Wip1W; which is given in the following theorem.

K3

THEOREM 2.8. Ifr =1,s =2 then for n > 1 we have the following formulas:

(a): Sop W2 = 3(W2,, — W2, —4(Wo + Wy) W + (2W, — W1)*n).
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(b): S0 Wi Wi = = (BW2 5 + AW2, | + (—9WF — 20W3 — 20W, Wo) — 4 (W — 2W5)* n).

Proof.

(a): The proof will be by induction on n. Before the proof, we recall some information on generalized
Jacobsthal numbers. A generalized Jacobsthal sequence {W,,}n,>0 = {W,,(Wo, W1)},>0 is defined

by the second-order recurrence relations
(25) Wn = Wn,1 + QWn,Q; WO =a, W1 = b, (n Z 2)

with the initial values Wy, W7 not all being zero. The sequence {W,},>0 can be extended to

negative subscripts by defining
1 1
W_p=—W_( “W_(n_
o W=(n-1) T 5W-(n-2)

for n = 1,2,3,.... Therefore, recurrence (2.5) holds for all integer n. The first few generalized

Jacobsthal numbers with positive subscript and negative subscript are given in the following Table

1.
Table 1. A few generalized Jacobsthal numbers
n W W_n
0 Wo
1 4%} —3sWo+3W1
2 2Wo+ W SWo— 3
30 2Wo+3Wr  —3Wo+ 2w
4 6Wo+5W1  1tWo— Wi
5 10Wo+11Wy —2W,+ 4wy

=)

22Wo 4+ 21W,  BW, - AW,
Binet formula of generalized Jacobsthal sequence can be calculated using its characteristic

equation which is given as

2 —t—2=0.
The roots of characteristic equation are

a=2, f=-1
and the roots satisfy the following

a+pB=1 af=-2, a—pF=3.
Using these roots and the recurrence relation, Binet formula can be given as
Aa™ - BB"  Ax2" - B(-1)"

(2.6) W= = 5= .

where A=W; —WyB8 =W+ Wy and B =W, — Woa = W1 — 2W,,.
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We now prove (a) by induction on n. If n = 1 wee that the sum formula reduces to the relation

(2.7) Wi = %(Wg — W3 + Wi — 8W, Wh).
Since
Wy = 2Wy + Wy,
Wy = 2W,+ 307,

(2.7) is true. Assume that the relation in (a) is true for n = m, i.e.,

= 1

> W= 5(1/[/3“2 — W2, — 4 (Wo + W) Wo + (2Wy — Wi)*m).
1=1

Then we get

m+1

Z WP = Wi+ ZWE
=1 =1
1
= W2 ., + §(W3L+2 — W2 —4(Wo + W) Wo + (2Wy — W1)> m)
1
= §(W72n+2 +8W2 . — 4 (Wo + Wh) Wy + (2W, — Wi)%m)

1
- §(an+2 +8W2 . — (2Wo — W1)? — 4 (Wo + W) Wo + (2Wo — W1)? (m + 1))

1
= §(Wi+3 - W3
1

§(W(2m+1)+2 — W1y — 4 (Wo + Wh) Wo + (2Wo — W1)? (m + 1))

o — A(Wo + Wh) Wo + (2Wo — Wh)? (m + 1))

where
(2.8) W0+ 8Wh = (@2Wo —Wi)? = W25 — W2

(2.8 ) can be proved by using Binet formula of W,,. Hence, the relation in (a) holds also for n = m+1.

(b): We now prove (b) by induction on n. If n =1 wee that the sum formula reduces to the relation

(2.9) WoW, = %(5%2 +4AWF — 13W} — 36Wg — 4W, Wy).
Since
Wy = 2Wp+ Wy,
Ws = 2Wy+3Wy,

(2.9) is true. Assume that the relation in (b) is true for n = m, i.e.,

" 1
> Wi Wi = %(5W§H2 FAWR L+ (ZOWE — 2003 — 20W, W) — 4 (W — 2Wo)? m).

i=1
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Then we get

m+1 m

Z WipiW; = WipoWihga + Z Wi W

i—1 i=1

= 36 (5W2 o HAWE 4 36Wo s Wiy + (—OWE — 2002 — 20W, Wo) — 4 (W — 2Wp)* m)

= (5W2 o FAWE 4 36Wo s Wi + 4 (W — 2W0)% + (—9W2 — 20W3 — 20W, W)

74(W1 —2Wo)* (m + 1))

= 36 (5W3HS FAWR o+ (—9W2 — 20W2 — 20W, W) — 4 (W — 2Wp)? (m + 1))
= o (5W(m+1) 2 HAWE, 1)+ (9WF = 2005 — 200, W) — 4 (Wy — 2Wp)? (m + 1))
where
(2.10) SW2 4o +4AW2 | 4 36Wo oW1 +4 (W — 2W0)° = 5W2 5 +4W2 .,

(2.10) can be proved by using Binet formula of W,,. Hence, the relation in (b) holds also for
n=m+ 1.

From the last theorem we have the following corollary which gives sum formulas of Jacobsthal numbers

(take W,, = J,, with Jo =0,J; = 1).

COROLLARY 2.9. For n > 1, Jacobsthal numbers have the following property:

(a) Zz 1 ’L %(J2 7JZ+1 +Tl)
(b): Yy Jivadi = 35(5J2, 0 + 42, — 9 —4n).

Taking W,, = j,, with jo = 2,71 = 1 in the last theorem, we have the following corollary which presents

sum formulas of Jacobsthal-Lucas numbers.

COROLLARY 2.10. For n > 1, Jacobsthal-Lucas numbers have the following property:
(a): 20,57 = %(]n+2 Jag1 — 24+ 9n).
(b): 21:1 JiyrJi = %(5jr2b+2 + 4j721+1 — 129 — 36n).
3. Summing Formulas of Generalized Fibonacci Numbers with Negative Subscripts

The following theorem presents some summing formulas of generalized Fibonacci numbers with negative

subscripts.

THEOREM 3.1. Forn > 1 we have the following formulas: If (s+1)(r+s—1)(r—s+1) #0 then
(a):
(s—=DW2, 4+ (2 +r2s+s—1)W2 —2rsW_, W, + 2rsWi Wy + (1 — s)W}

- +(1—s—1%—r2s)W2
; e (s+1)(r+s—=1)(r—s+1)
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(b):

—rW2, . —rsW2, + (2 + 2 = )Wy Wy, + (1 — 172 = )W W + r W + rs* W5
(s+1)(r+s—1)(r—s+1)

Z W_ipaW_; =

=1

Proof. Using the recurrence relation
r 1
W_n+2 = TW—n-&-l +sW_,=W_, = _gW_nJ,_l + ;W_n+2

ie.
SW_pn=W_ o —rW_n 1

we obtain

SW2, = W2 o +r2W2, L —2rW oWy
W2, = W2 o+ W2 L —20Wo 3Wo e
W2, = W2+ W2 5 —20W_, (aW 45
W25 = W2 s+7W2 L —20W_ sWe s

SW2, = W2 +r2W2, —2rW_ W,

SSW2, = W§+r*W2, — 2riWoW_,

SW2 = WE+r*WeE — 2rW W

If we add the above equations by side by, we get
n n n
(3.1) 52 Z W2 = (WP+Wg W2, - W2, + Z W2) + 12 (Wg = W2, + Z w2)
i=1 i=1 i=1

—2r(WiWo = W Wep + Y WoiWoy)
=1

Next we calculate Z?zl W_;11W_;. Again using the recurrence relation
T 1
W—n+2 = 7"VV—n-‘,-l + SW—n = W—n = _gw—n+1 + ;W—n+2

ie.
SW—n = W—n+2 - 7AVV—n+1

we obtain
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2
5W7n+1W7n = W7n+2W7n+1 - ernJrl
2
SW—n+2W—n+1 = W—n+3W—n+2 - TW_n+2
2
SW—n+3W—n+2 = W—n+4W—n+3 - TW_n+3
2
SWongaWonys = WongsWonpa —rWZ, 1y
sW_oW_3 = W_ W_y—rW?2,
SW,1W,2 = W()W,l — ’I“ng
sSWoW_, = WiW, —rWg.

If we add the above equations by side by, we get

(3.2) $Y W_iaW_i=(WiWo = Wep Wy + > WoipWoy) —r(Wg = W2, + ) W2))
=1

i=1 1=1
Then, solving the system (3.1)-(3.2), the required results of (a) and (b) follow.
Taking r = s = 1 in Theorem 3.1 (a) and (b), we obtain the following proposition.

ProroSITION 3.2. Ifr =s =1 then for n > 1 we have the following formulas:
(a): Yl W2, =102W2, —2W_,,  W_, + 2W Wy — 2W3).
(b): S Wi Wy = 5 (W2, = W2, + W Woy, = WiWo + WY+ W),

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci

numbers (take W,, = F,, with F; =0, F; = 1).

COROLLARY 3.3. For n > 1, Fibonacci numbers have the following properties.
(a) Y\ F?, = J2F2, — 2F_ i Fy),
(b): Z?:l F—i+1F—i = %(_anJ’,l - FE,,.L + F—n+lF—n + 1)

Taking W,, = L,, with Ly = 2,L; = 1 in the last proposition, we have the following corollary which

presents sum formulas of Lucas numbers.

COROLLARY 3.4. Forn > 1, Lucas numbers have the following properties.
(a): X, L2 = %(2L%n —2L_pp1 Loy —4).
(b): X0 Loii Ly = 5(=L2 1y — L2 + L1 Ly +3).

Taking r = 2, s = 1 in Theorem 3.1 (a) and (b), we obtain the following proposition.

PROPOSITION 3.5. Ifr =2,s =1 then for n > 1 we have the following formulas:

(a): 1 W2, = L@W2, W, W, — 2WZ + W Wy).
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(b): S Wi Wy = 2(=W2, = W2, 4 2W W, + WP+ WE — 2W, ).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers

(take W, = P, with Py =0, P, = 1).

COROLLARY 3.6. For n > 1, Pell numbers have the following properties.

(a): Z:'LZI PEZ' = %(QPEn - P—n-‘rlP—n)-
(b): Z;L:l Pfi«}»lP,i = %(—Pzn_,'_l — Pzn —+ 2an+1pfn + 1)

Taking W,, = @, with Qp = 2,1 = 2 in the last proposition, we have the following corollary which

presents sum formulas of Pell-Lucas numbers.

COROLLARY 3.7. For n > 1, Pell-Lucas numbers have the following properties.

(a): Z?:] sz = %(2Q2—n - Q—n-l—lQ—n - 4)
(b): >0 Qit1Q—i = 2(—Q%, 11 — Q% +2Q_,11Q_).

Ifr=1,s=2then (s+1)(r+s—1)(r—s+1) =0 so we can’t use Theorem 3.1 directly. Therefore
we need another method to find -7 | W2, and Y7, W_; 1 W_; which is given in the following theorem.

THEOREM 3.8. If r =1,s =2 then for n > 1 we have the following formulas:

(a): S, W2, = §(=W2, 0 + W2, + (WP = W) + (W — 2Wo)* n).
(b) ZZ 1 W_ipW_; = 77( 2W2n+1—|-4W —7W_n+1W_n+(Wl + 4WO) (2W1 — Wo)—3 (Wl — 2WQ)2 n)

Proof. (a) and (b) can be proved by mathematical induction.

(a): The proof will be by induction on n. If n =1 wee that the sum formula reduces to the relation

1
(3.3) w2 = §(2WO2 — AW Wy + 2W2 + W2))

Since
1 1
W_1 = (—§W0 + §W1)

(3.3) is true. Assume that the relation in (a) is true for n = m, i.e.

Z W2, = _(=W2, .+ W2 4+ (WE=W2) + (Wy —2Wp)*m).
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Then we get

m—+1 m
i=1

1=1
1
= W2, .+ 5(—W3m+1 + W2, + (WE = W) + (W — 2W,)% m)
1
= 5(—Wim+1 W2, +OW2, |+ (W2 = W)+ (W — 2W,)° m)
1 2 2 2 2 2 2 2
= 5(—W,m+1 + W,m + 9W,m,1 — (W1 — 2WO) + (Wl — WO) + (W1 — 2Wo) (m + 1))
1
= 5(—W3m W2+ (W2 =W+ (Wy —2W)? (m + 1))

1
= 5(_Wg(m+l)+l + W2y + (W= WE) + (W — 2Wo)” (m + 1))

where

(34> - E17”Hrl + Wzm + 9I/Vszl - (Wl - 2W0)2 = _ng + WE

m—1-

(3.4) can be proved by using Binet formula of W,,. Hence, the relation in (a) holds also for n = m+1.
(b): We now prove (b) by induction on n. If n = 1 wee see that the sum formula reduces to the

relation

1
(3.5) WoW_, = ﬁ(—wf — 18WG + 4W2, + 19W, Wy — TWoW_1).

Since
W_i=(— —1 W + —1 1%
1 ( 2 0 9 1)7

(3.5) is true. Assume that the relation in (b) is true for n = m i.e.,

o 1
Z W,Z‘Jer,i = ﬁ(_2WEm+l + 4W3m - 7W,m+1W7m + (Wl + 4W0) (2W1 - Wo) -3 (W1 - 2W0)2 m)
i=1
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Then we get
m+1 m
Z W_oitiWo = W_gmsny+aW_ims1) + ZWﬂ'HWﬂ'
i=1 =1
= W W1 + %(—2W3m+1 AW~ TW W,
+ (W + 4Wo) (2Wy — W) — 3 (W1 — 2Wy)* m)
= %(—QWEmH +AW? = TW W + 2TW Wy
+ (W1 + 4Wy) (2W; — W) — 3 (Wy — 2Wo)2 m)
- %(_szm+1 FAW2, = TW i W + 2TW_ ) W1 + 3 (W — 2W)?
+ (W +4W,) (W — W) — 3 (W — 2Wp)? (m + 1))
= 2%(*2me AW = TW Wy + (W + 4W,) (2W — W)
—3 (W1 —2Wp)? (m + 1))
- 2i7(—2WE(m+1)+1 FAW2 sy = TW 1y 1 W) + (Wi + ATW) (23 — Wo)
—3 (W1 — 2Wp)® (m + 1))
where
(3.6)

—OW2 AW TW e AW 4 2TW W 1 43 (W — 2W)? = —2W2 +4W?2  —TW ., W, 1.

(3.6) can be proved by using Binet formula of W,,. Hence, the relation in (b) holds also for n = m+1.
From the last theorem, we have the following corollary which gives sum formula of Jacobsthal numbers
(take W,, = J,, with Jy =0,J; = 1).
COROLLARY 3.9. Forn > 1, Jacobsthal numbers have the following property:
(a): iy J2 = 5(= 2+ 2, + 14 n).
(b): 0 Joipdoi = 2—17(—2J3n+1 +4J%, =TI _pi1J_p +2—3n).
Taking W,, = j, with jo = 2,71 = 1 in the last proposition, we have the following corollary which

presents sum formulas of Jacobsthal-Lucas numbers.

COROLLARY 3.10. For n > 1, Jacobsthal-Lucas numbers have the following property:
(a): Yi 42 = §(—=52 0 + 4%, — 34 9n).
(b): Yoy jmirid—i = 25 (=242 i1 + 452, = Tint1j—n — 270).
4. Conclusion
Recently, there have been so many studies of the sequences of numbers in the literature and the sequences

of numbers were widely used in many research areas, such as architecture, nature, art, physics and engineer-

ing. In this work, sum identities were proved. The method used in this paper can be used for the other linear
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recurrence sequences, too. We have written sum identities in terms of the generalized Fibonacci sequence,

and then we have presented the formulas as special cases the corresponding identity for the Fibonacci, Lucas,

Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers. All the listed identities in the corollaries may be

proved by induction, but that method of proof gives no clue about their discovery. We give the proofs to

indicate how these identities, in general, were discovered.
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