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Abstract: Transition between free-surface and pressurized flows is an crucial phenomenon in many 

hydraulic systems, including water distribution systems, urban drainage systems, etc. During the 

transition, the force exerted on the structures changes drastically, thus it is meaningful to simulate 

this process. However, severe numerical oscillations are widely observed behind filling-bores, 

causing unphysical pressure variations and even computation failure. In this paper, some 

oscillation-suppressing approaches are reviewed and evaluated on a benchmark model. Then a 

new oscillation-suppressing approach is proposed to admit numerical viscosity when the water 

surface is at proximity of conduct roof which has first order accuracy. This approach adds 

numerical viscosity when water surface is at the proximity of conduct roof. It can sufficiently 

suppress numerical oscillations under an acoustic wave speed of 1000m/s and is simple to apply. In 

comparison with two experiments, the simulation results of this method show good agreement and 

little numerical oscillations. The results in this paper can help readers to choose an appropriate 

oscillation-suppressing method to improve the robustness and accuracy of flow regime transition 

simulations. 

Keywords: flow regime transition, finite volume methods, numerical oscillations, numerical 

viscosity, Preissmann slot model 

 

1. Introduction 

Water, one of the most important living resources on earth, exists in our daily life under 

free-surface condition or pressurized condition. Under certain circumstances, transition between 

two flow regimes may occur; it is referred to as the flow regime transition phenomenon. The 

simulation results can support substantial information for the design and management of several 

common hydraulic systems, including but not limited to: rivers with crossing bridges or ice caps, 

drainage and irrigation tunnels, water distribution systems [1-7]. When the transition happens, the 

force that is exerted on the structures changes so violently that serious structural damage occurs 

[8-10]. Therefore, it is meaningful to simulate the transient pressure variations correctly when such 

transition happens. 

The simulation of flow regime transition is a tricky problem because free-surface and 

pressurized flows are governed by different equations. To simplify this question, we can reduce the 

number of governing equations by adopting one set of governing equations for both flow conditions. 

Based on this idea, the Preissmann slot model (PSM) is proposed by Cunge [11] and it has been 

adopted by many researchers and commercial software packages for its simplicity and accuracy 

[12-18]. The gradient of piezometric head at the interface between two flow regimes are very steep 

which forms a discontinuity in flow, therefore the governing equations are normally discretized 

using the state-of-art finite volume method for it admits discontinuous solutions[19].  

In the transient mixed flow simulations, numerical oscillations are widely observed behind the 

filling-bore front causing unphysical transient pressure peaks and computation failures [12]. These 
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numerical oscillations are very similar to the “post-shock oscillations” in gas dynamics which have 

been studied by many researchers [20-22]. It is pointed out that the numerical oscillations in 

transient mixed flow simulations have the same sources as the “post-shock oscillations” in gas 

dynamics [23]. In realistic situation, the flow states at two sides of a shock wave satisfy the 

Rankine-Hugoniot condition, while in the finite-volume methods, a shock wave spreads over 

several computational cells, and the flow states at two adjacent cells do not satisfy the 

Rankine-Hugoniot condition, this causes discrepancies in the wave information at each cell 

boundary. Previous research has shown that high order finite volume methods cause more 

numerical oscillations because of low dissipation away from shocks [21], first order upwind finite 

volume methods such as the Godunov type methods fail to prevent numerical oscillations [24], 

while centered finite volume methods like LxF or FORCE scheme may significantly smear data and 

compromise the representation of filling-bore front [23]. 

  It needs to be noted that numerical oscillations do not only appear under the PSM, but also 

under other models, such as the two-component approach model and two equation model [25]. 

Many oscillation-suppressing methods have been proposed to solve this problem [12,23,24], 

however, there is no paper that evaluates the effects of these methods. In this paper, four 

oscillation-suppressing methods are tested on a benchmark model, their accuracy and robustness 

are rated, based on these approaches, a general idea to devise an oscillation-suppressing approach is 

revealed and then a new oscillation-suppressing method which can eliminate numerical oscillations 

under an acoustic wave speed of 1000ms-1 is proposed. This paper is arranged as follows: In section 2, 

we introduce a benchmark model which was adopted by Malekpour and Karney [24]. In section 3, 

some oscillation-suppressing methods are reviewed, their theories are illustrated and their effects 

are evaluated. In section 5, a new and simple modified HLL solver to suppress numerical oscillations 

is proposed. In section 6, the accuracy and robustness of this solver are validated against two 

experiments. Conclusions are drawn in the last section. 

2. Governing equations and discretization method 

In the PSM, pressurized flow is transformed into free-surface flow by positing a narrow slot at 

the top of cross-sections so that the piezometric head in two flow regimes can be represented by 

water depth, as shown in Fig 1. The slot width needs to be very small so that the gravity wave speed 

inside it is identical with acoustic wave speed.  

a. 

 

b. 

 

Fig 1. A rectangular pipe which is modified by the PSM, a. under free surface flow condition, b. under 

pressurized flow condition 

Under the framework of PSM, the governing equations of one dimensional free-surface and 

pressurized flows in prismatic conducts can be written in the conservation laws form [26]: 
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Where Q is the volume flow rate, A is the wetted cross-sectional area, g is the acceleration of 

gravity, h is the water depth, l is the cross-sectional width with l(x, h) = b(x) the water surface width, 

S0 is the bed slope, Sf is the friction slope which reflects the friction of bed and wall acting on flow, it 

can be computed using the Manning relation: 
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Where u is the flow velocity, n is the Manning coefficient, R is the hydraulic radius. For a 

rectangular cross-section with the slot on its top, b, A and I can be expressed as functions of h: 
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Where H and B are the cross-sectional height and width, Bsl is the width of slot. In order to make 

the gravity wave speed in accordance with the acoustic wave speed a, the slot width Bsl = g a-2Af, 

where Af is the full cross-sectional area of conduct and a is the acoustic wave speed [27]. Using the 

Godunov-type finite volume methods with first order accuracy, the governing equations are 

discretized as: 
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3. Review to current oscillation-suppressing approaches 

The benchmark model was proposed by Malekpour and Karney [24], it consists of a conduct 

with unit square cross-sections which is connected to a reservoir at the upstream end while the flow 

states at downstream end are unchanged. Under initial condition, 0.6m-deep stagnant water is in the 

conduct while the water level inside the reservoir is constant 4m as shown in Fig 2: 

 

Fig 2. Front view of the benchmark model. 

Where 1-1 and 2-2 are two cross-sections immediately upstream and downstream of the 

interface between reservoir and conduct. Under initial condition, flow states UL and UR in the 

conduct and reservoir are discontinuous which forms a dam break problem with geometric 

discontinuity at the interface: 
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The flow sates behind the filling-bore can be obtained by solving the following equations 

iteratively [24]: 
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Then a ghost cell is set at the upstream boundary adopting u2 and A2. Since U2 are connected to 

UR through a right shock, flow states inside the conduct will be replaced by U2 ultimately, which 

gives the analytical solution in this model. We study a mixed flow inside a this conduct, the acoustic 

wave speed is assumed to be constant 1000ms-1 and the according slot width is 9.8×10-6m. The size of 

each computational cell is 1m, the time step is 0.008s and the Courant number is 0.8.  

Numerical Filtering Methods 

Vasconcelos et al [23] proposed to suppress the numerical oscillations by smearing the flow 

states among three conjunct cells at each time step. The exact Riemann solver is adopted to solve the 

Riemann problem at each cell boundary. The flow states Ui+1/2 at xi+1/2 satisfy the following equations: 
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The solution to Ui+1/2 can be obtained by solving equations (12) and (13) iteratively, although the 

exact solver can compute the wave structure in each Riemann problem correctly, there are serious 

numerical oscillations in the simulation results. A filtering process is carried out after flow sates are 

updated in all computational cells,: 

( ) ( )1, 1 1 1

1 11 2 + + + +

− += − + +n f n n n

i i i iU U U U

 
(14)

 

The authors suggest ε to be between 0.025 and 0.050. This method is easy to implement, 

however, as pointed by the author, it will increase the spreading length of filling-bore front and 

remove any physical oscillations that appear in the solution, thus it is suitable only for limited 

applications. On the benchmark model, this method produces very unstable results using ε = 0.04, 

the simulation results are depicted in Fig 3. 

  

Fig 3. Simulation results of numerical filtering methods and analytical solution. 

Hybrid Flux Approach 

Another two oscillation-suppressing approaches are sorted as hybrid fluxes because they use 

two numerical fluxes alternatively. The first one is based on the Roe solver [28] and the LxF scheme 

[23]. The Roe solver is written as: 
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The Roe solver is known vulnerable to numerical oscillations [21,29], while the LxF scheme is 

robust against numerical oscillations but it is too diffusive at free-surface regimes. To take the 

advantages of two schemes, Vasconcelos et al [23] proposed a hybrid flux, it imitates the LxF 

scheme at the cell boundary between two flow regimes, at other cell boundaries, it acts like the Roe 

solver: 
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Δci+1/2 = 1 at the cell boundary between free-surface and pressurized flow regimes, the 

parameter L ranges from o to 1, when it changes from 1 to 0, equation (22) switches from the Roe 

solver to the LxF scheme the cell boundary between free-surface and pressurized regimes. At other 

cell boundaries, it acts like the Roe solver. In this way, numerical viscosity is added at the cell 
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boundary where flow condition transition happens, while its amount increases with L. The 

simulation results of the hybrid flux with L = 0.6 are drawn in Fig 4. This flux overestimates the 

spreading length of filling-bore like other centered finite volume methods, which indicates that 

excessive numerical viscosity is added at the cell boundary between two flow regimes. Meanwhile, 

it fails to suppress the numerical oscillations on the benchmark model under an acoustic wave 

speed of 1000m/s. 

 

Fig 4. Simulation results of hybrid flux approach and analytical result (AR). 

Hyunuk et al [12] also provided a hybrid flux, it uses the FORCE scheme at the cell boundary 

between free-surface and pressurized flows and HLL solver elsewhere so that numerical viscosity is 

only added in there: 
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The HLL solver assumes the two waves in the Riemann problem are shock waves and then their 

wave speeds SwL and SwR can be obtained making use of the Rankine-Hugoniot condition: 
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In addition, an approximate Riemann solver is needed to compute Ui+1/2 [30]. We adopt the one 

proposed by Leno et al [31] which is meant to admit the minimum amount of numerical viscosity: 
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The solution is substituted into equation (25): 

wL i iS u= − , 1 1wR i iS u + += +   (27) 
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The choice of HLL fluxes are based on the direction of shock wave: 
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F (Ui+1/2) is derived after cancelling Ui+1/2 in Equ (25): 
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The FORCE flux is given by the algebraic average of LxF scheme and Lax-Wendorff scheme [32]. 

It is a diffusive scheme thus it is efficient in suppressing numerical oscillations, meanwhile, it is less 

diffusive than the LxF flux which can reduce the over-smearing at strong gradients [33].  
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The simulation results are depicted in Fig 5. 

 

Fig 5. Simulation results of hybrid flux approach and analytical result (AR). 

The two hybrid flux approaches are quite similar; they choose a diffusive flux at the cell 

boundary between two flow regimes, while at other cell boundaries, an upwind flux is adopted to 

introduce minimum numerical viscosity. However, they both fail to suppress the numerical 

oscillations on the benchmark model, under an acoustic wave speed of 1000m/s. Fig 4 shows that 

although excessive numerical viscosity at the cell boundary between two flow regimes, the 

numerical oscillations still persist. 
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Modified HLL Solver 

Numerical viscosity can efficiently suppress the numerical oscillations, however, one needs to 

add appropriate amount of numerical viscosity otherwise the spreading length of bore front will be 

over-estimated. Malekpour and Karney [24] pointed out that the amount of numerical viscosity in 

upwind methods increase with the estimates of wave speed in equation (29), when SwL and SwR 

equal Δx/Δt, the very diffusive LxF scheme is reproduced. The authors proposed an approximate 

Riemann solver, in which hi+1/2 is decided by the largest piezometric head within a couple of 

surrounding cells: 

( )1/2 1 1 1 1max , , , , , , , ,+ − − + − + + − +=  L Li a i NS i NS i i i i NS i NSh K h h h h h h h  (31) 

The two parameters Ka > 1 and NS ≥ 3. When the piezometric head at the surrounding cells is 

near the conduct roof, equation (31) produces a result of hi+1/2 higher than the conduct roof. 

Meanwhile, the authors pointed out that a hi+1/2 larger than cross-sectional height makes equation 

(27) provide a wave speed that is not very different from the gravity wave speed except at the 

vicinity of conduct roof. In this way, numerical viscosity is added at the cell when the piezometric 

head at its vicinity is near the conduct roof. The simulation results of Ka =1.6 and NS = 5 are drawn in 

Fig 6. 

 

Fig 6. Simulation results of modified HLL solver and the analytical result (AR). 

Unlike the hybrid flux approaches, the modified solver adds numerical viscosity at multiple 

cells at the vicinity of the filling-bore front. Although the amount of numerical viscosity is far 

smaller than the hybrid flux approaches, it can suppress numerical oscillations on the benchmark 

model. Meanwhile, because this solver admits numerical viscosity at theses free-surface cells, it 

slightly increases the spreading length of filling-bore front. Compared to its 

oscillations-suppressing effect, this flaw is general acceptable. However, the two parameters in this 

solver demand a tuning process which hinders its application under realistic situations. 

4. A new modified HLL solver 

In this section, we present a new modified HLL solver to suppress the numerical oscillations, it 

is as efficient as the former one but is more convenient to use. In this solver, the solution to hi+1/2 is 

given under two situations: 
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When the water depths at cell i and i+1 are lower than a certain ratio (Pb) of cross-sectional 

depth H, equation (26) is adopted to admit minimum amount of numerical viscosity. As the water 

depths in two cells reach the proximity of conduct roof, we assume that flow condition transition is 

about to happen and the solution of hi+1/2 is constantly Pa * H which is larger than the highest 

piezometric head so that equation (27) can produce a larger wave speed and numerical viscosity is 

added. The two parameters Pa and Pb need to be defined by the users in advance, Pb must be smaller 

than one, a suggested value is between 0.7 and 0.9, while Pa * H needs to be larger than the highest 

piezometric head during the transient mixed flow phenomenon as stated before. 

The amount of numerical viscosity increases with the value of Pa but it is not sensitive to it. As 

a matter of fact, to make the modified solver as diffusive as the LxF scheme, Pa needs to be as large 

as 25000 to make equation (27) produce a wave speed that equals Δx/Δt on the benchmark model. 

Under realistic applications, one can always adopt a Pa that is sufficiently larger than the possible 

highest piezometric head without compromising the representation of filling-bore significantly. The 

simulation results of the modified HLL solver under different values of Pa and Pb are drawn in Fig 7: 

 

Fig 7. Simulation results of the new modified HLL solver under different values of Pa and Pb. 

5. Numerical tests 

5.1. Test case 1 

This test is meant to evaluate the accuracy of two modified HLL solvers under the presence of 

two filling-bores. It is conducted a 100m-long conduct with unit square cross-sections under an 

acoustic wave speed of 1000ms-1; two reservoirs are connected to the conduct at the upstream end 

and downstream end. At initial condition, water in the conduct is stationary with a depth of 0.6m, 

while the water depths at the upstream reservoir and downstream reservoir are 4m and 3m, 

respectively. At t = 0s, the two gates separating the reservoirs and the conduct are suddenly opened, 

forming two filling-bores that propagates in the opposite direction. The flow states and propagation 

speed of filling-bore at upstream boundary can be derived following equations (10) and (11), while 

those at the downstream boundary can be obtained by: 
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At the downstream end, 1-1 is the first cross-section in the reservoir and 2-2 is the last 

cross-section in the conduct. Two tests are conducted, the first test adopts the modified HLL solver 

proposed in this paper. The highest piezometric head in this case is 3.167m, while initially the water 

depth is 0.6 times of the cross-sectional height, accordingly, we choose Pa = 5 and Pb = 0.8. The 

second test adopts the modified HLL solver proposed by Malekpour et al, the values of Ka and NS 

are 1.4 and 5 as suggested by the authors. 

In two tests, the simulation area is divided into 100 computational cells; the time step is set for 

a Courant number of 0.8. The simulation results in two tests at t = 3s are drawn in Fig 8. In this 

paper, an error indicator based on L2-norm [34] is used to evaluate the accuracy of simulation 

results in comparison with the analytical result, in the following equation, hi stands for the 

piezometric head at ith cell in simulation result, while href stands for the analytical result. 

( )
0.5

2

2 ref1

1
=

 
= − 
 


N

ii
L h h

N  
(1) 

The L2 of test one and two are 0.5405 and 0.5646, respectively. In test 1, the spreading length of 

the right filling-bore front is slightly longer than that in test 2, which denotes that the modified 

solver proposed in this paper is more diffusive at the right filling-bore. At the same time, the solver 

proposed in this paper has eliminated some minor numerical oscillations while the other one 

doesn’t. After all, both solvers are very robust and stable. 

 

Fig 8. Simulation results of two modified HLL solvers and the analytical result (AR). 

5.2. Test case 2 
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In test case 2, the two modified solvers are adopted to simulate a water hammer phenomenon 

is a 600m-long circular pipes with 0.5m diameter, the acoustic wave speed is 1200ms-1. The pipe is 

assumed to be horizontal and frictionless, under initial condition, a flow rate of 0.477m3s-1 is 

established in the pipe, a reservoir is connected at the downstream end where the water depth in it 

is 45m. At t = 0s, the inflow rate is decreased to 0.4m3s-1 which produces a water hammer in the pipe, the 

water hammer pressure is 48.05m according to Kerger et al [26]. Two tests are conducted, the modified HLL 

solver proposed in this paper is adopted in test one, the values of Pa and Pb are 0.8 and 100, the modified HLL 

solver proposed by Malekpour et al is adopted in test 2, while the values of Ka and NS are 1.2 and 12. The 

simulation domain is discretized into 1000 computational cells and the time step is chosen for a Courant 

number of 0.8. The history of piezometric head at the upstream end of pipe in simulation results and analytical 

result are drawn in Fig 9. Two tests get almost the same results and they captured the reflection of 

water-hammer wave in the pipe. The L2 of two tests are 6.3981 and 6.3986, respectively. 

 

Fig 9. Simulation results of two modified HLL solvers and the analytical result (AR). 

5.3. Test case 3 

This experiment was carried out by Vasconcelos et al [35] to study the filling process in a 

realistic storm-water storage tunnel. It is a 14.6m-long horizontal tunnel with circular cross-sections 

of 9.4cm diameter, under initial condition, stagnant water of 7.3cm depth is established in the 

tunnel. 

At the upstream end, a fill box with a 25cm × 25cm bottom and 31cm height above the bottom 

of the tunnel entrance is connected to the tunnel. At the downstream end, a surge tank with 

constant diameter of 19cm is connected to the tunnel. The surge is initiated by supplying constantly 

3.1Ls-1 flow into the fill box, when the water level inside the fill box reaches its top, water is simply 

spilled. A gate is installed at the tunnel exit, its opening is below the water surface, when the filling 

bore reaches the gate and it produces large water-hammer pressure variations which damp out with 

time. A ventilation tower is fixed at upstream of the gate so that no air pockets occur in the tunnel. 

The Manning coefficient, acoustic wave speed and local head loss at the tunnel exit are 0.016m1/6, 

300ms-1 and 12 as suggested by Malekpour et al[24]. 

The modified solver proposed in this paper is adopted for numerical simulation; the values of 

Pa and Pb are 5 and 0.7. The simulation domain is discretized into 146 cells, the time step is set for a 

Courant number of 0.8. At the upstream end, the three unknowns are the discharge, the wetted area 

at the first cell and the water level in the fill box. At the downstream end, the three unknowns are 

the discharge, wetted area at the last cell and the water level at the surge tank. At the two 

boundaries, the continuity, energy and characteristic equations are applied to obtain the three 

unknowns [36]. The history of piezometric head at x = 9.9m in simulation result is depicted in Fig 10. 
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 Fig 10. Simulation result of the new modified HLL solver and experimental data at x = 9.9m. 

The simulation result is in good agreement with the experimental data, the new modified solver 

has correctly computed the arrival time of filling-bore front at x = 9.9m. The pressure oscillations 

triggered by the water-hammer phenomenon is nicely captured (during t = 8s ~ 10s), although the 

simulation result shows a longer duration time of the pressure oscillations than the experimental 

data. Most importantly, this case shows that the additional numerical viscosity in the new modified 

HLL solver does not smear the physical pressure oscillations. 

5.4. Test case 4 

In this test case, we study the experiment carried out by Aureli et al [25]. It is a 12.12m-long 

pipe with 19.2cm-diameter and 4mm-wall thickness. The pipe is divided into two parts at about 7m 

from the inlet, the first part has a slope of about 8.4% (downward) while the second part has a slope 

of -27.7%(upward). A sluice gate is installed approximately 5m from the inlet and is closed at initial 

condition. Six piezometric transducers are installed at the pipe bottom, their longitudinal distance to 

the tunnel entrance are 1m, 3m, 4.5m, 6.8m, 7.06m and 8.52m. Under initial condition, stagnant water 

with 22.5cm piezometric head at transducer 1 is established behind the sluice gate while other area 

in the pipe is dry. At the beginning of the experiment, this gate is lifted within 0.2s, sets flush into the 

tunnel. The tunnel entrance is blocked so that no water flows through it, while the tunnel exit is 

totally open. 

The simulation result using the original HLL solver is referred to Aureli et al [25] where severe 

numerical oscillations are present. To suppress the numerical oscillations, we use the modified HLL 

solver proposed in this paper; the values of Pa and Pb are 4 and 0.6. The simulation domain is 

discretized into 303 cells, the acoustic wave speed is 200ms-1 and the time step is set for a Courant 

number of 0.8. At the upstream end, a reflective boundary condition is adopted, while a 

trans-missive boundary condition is adopted at the downstream end. At the boundary between wet 

and dry cells, the wave speed are given following Leon et al [27]. The piezometric head at x = 6.8m 

and x = 7.06m in simulation result are drawn in Fig 11 and Fig 12. 
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 Fig 11. Piezometric head at x = 6.8m in 

simulation result and experimental data. 

 

Fig 12. Piezometric head at x = 7.06m in 

simulation result and experimental data. 

In this test case, the modified HLL solver proposed in this paper nicely captured the wetting 

and drying process in the pipe, the simulation result is in good agreement with the experimental 

data the numerical oscillations are sufficiently suppressed. 

6. Conclusions 

Numerical oscillations is a critical problem in transient mixed flow simulations, in this paper, 

some researches on the numerical oscillations are reviewed. These numerical oscillations arise from 

the discrepancies between the propagation of filling-bore front under realistic situations and in 

numerical simulations. High-order finite volume methods may cause more serious numerical 

oscillations, while first order finite volume methods have failed to suppress them while capturing 

the filling-bore front. 

By now, several approaches have been proposed to suppress these numerical oscillations, their 

methodologies are reviewed and they are tested on a benchmark model in this paper. From their 

performances, we can see that the numerical oscillations can be suppressed by adding numerical 

viscosity. However, it is not sufficient if numerical viscosity is only admitted at the cell boundary 

between free-surface and pressurized regimes. Instead, to suppress the numerical oscillations, one 

needs to admit numerical viscosity if the water level is at the vicinity of the cross-section roof. The 

amount of numerical viscosity needs to be appropriate to avoid increasing the spreading length of 

filling-bore front. Following this idea, this paper presents a new modified HLL solver, it has two 

parameters, Pa needs to be larger than the highest piezometric head while Pb needs to be between 

0.7 and 0.9. When the water surface is at the vicinity of cross-sectional roof, the modified solver 

produces larger wave speeds so that numerical viscosity is added. The amount of numerical 

viscosity is not sensitive to the value of Pa, one can always choose a Pa that is large enough in 

realistic applications. 

The accuracy and robustness of this new modified solver is validated in several numerical tests. 

The simulation result of this new modified solver is in good agreement with the analytical result or 

experimental data in four test cases. The new solver has sufficiently suppressed the numerical 

oscillations, more importantly, it has accurately captured the propagation of filling-bore front and 

wet/dry interface. Compared to the modified HLL solver proposed by Malekpour et al, the solver 

proposed in this paper is more convenient to use and it can eliminate some minor numerical 

oscillations while the former one may not, see test case 1 for instance. 

The result in this paper can provide useful information for readers to design an 

oscillation-suppressing approach. Meanwhile, one may choose the modified solver proposed in this 

paper or proposed by Malekpour et al alternatively to improve the accuracy and robustness in 

transient mixed flow simulations. 
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