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Abstract –The recent measurement of a cutoff kmin in the fluctuation power spectrum P (k) of
the cosmic microwave background may vitiate the possibility that slow-roll inflation can simulta-
neously solve the horizon problem and account for the formation of structure via the growth of
quantum fluctuations in the inflaton field. Instead, we show that kmin may be interpreted more
successfully in the Rh = ct cosmology, as the first mode exiting from the Planck scale into the
semi-classical Universe shortly after the Big Bang. In so doing, we demonstrate that such a sce-
nario completely avoids the well-known trans-Planckian problem plaguing standard inflationary
cosmology, with some additional clues that may motivate further development of Kaluza-Klein
cosmologies, string theories and supergravity.

Introduction. – The Friedmann-Lemâıtre-
Robertson-Walker (FLRW) metric, based on the
cosmological principle and its assumption of isotropy
and homogeneity on large scales, is the backbone of
modern cosmology. All the available observational
evidence appears to support its essential spacetime basis,
so any conceptual or foundational hurdles arising with
the expansion of the Universe are attributed to other
factors—notably an incomplete understanding of the
physics underlying the evolution of its contents.

Over the past four decades, several crucial amendments
and additions have been introduced to the basic picture
in order to address some of these difficulties, chief among
them the well-known horizon problem associated with the
uniformity of the cosmic microwave background (CMB)
temperature, Tcmb. In the context of ΛCDM, CMB pho-
tons emitted near the surface of last scattering (LSS) at
redshift z ∼ 1100 from opposite sides of the sky would
be causally disconnected without an anomalous acceler-
ated expansion in the early Universe [1]. Yet Tcmb has the
same value in all directions, save for ∼ 10−5 variations as-
sociated with fluctuations seeded at, or shortly after, the
Big Bang.

A very elegant solution to this problem was introduced
in the early 1980’s [2], based on an expected phase tran-
sition in grand unified theories (GUTs), when the strong

and electroweak forces may have separated at an energy
scale ∼ 1016 GeV, or ∼ 10−35 seconds after the Big Bang.
As long as the scalar field, φ, associated with this sponta-
neous symmetry breaking had the ‘right’ potential, V (φ),
one could envisage an evolution at almost constant en-
ergy density, ρφ, producing a transient near-de Sitter cos-
mic expansion [3]. Such an inflationary phase would have
exponentially stretched all observable features well be-
yond the Hubble radius, Rh = c/H, where H(z) is the
redshift-dependent Hubble parameter, causally connect-
ing the spacetime throughout the visible Universe today.

Perhaps even more importantly, this event is believed
to have also produced the large-scale structure via the
seeding of quantum fluctuations in φ and their subsequent
growth to classically relevant scales during the inflated ex-
pansion [4]. A near scale-free spectrum P (k) would have
been generated as modes with comoving wavenumber k
successively crossed Rh and classicalized, freezing their
amplitude at a mode-dependent crossing time tk. Thus,
inflation appears to have simultaneously solved the Tcmb

horizon problem and provided an explanation for the ori-
gin of P (k).

In spite of this initial success, however, the inflation-
ary paradigm is nonetheless conceptually incomplete for
several reasons. For example, the recent discovery of the
Higgs particle [5] has reminded us that ΛCDM is subject to
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several horizon problems—at several different epochs—not
just one, so the GUT transition at ∼ 10−35 seconds is look-
ing more like an overly customized solution focusing solely
on Tcmb, rather than providing an over-arching paradigm
to account for our entire causally-connected Universe. A
second well-motivated phase transition should have oc-
curred when the electric and weak forces separated at
a critical temperature THiggs ∼ 159.5 ± 1.5 GeV, i.e.,
t ∼ 10−11 seconds after the Big Bang [6–10], too far
beyond the GUT scale to have been affected by the hy-
pothesized first transition [11]. This second spontaneous
symmetry breaking would have inevitably led to its own
horizon problem, having to do with the ‘turning on’ of the
Higgs field and its vacuum expectation value, which to-
day appears to be universal, even on scales exceeding the
regions that were causally connected at the time of the
electroweak phase transition.

This is not so much an argument against inflation per se,
though it does weaken the claim that a GUT phase transi-
tion could account for all of the major features we see to-
day; it apparently does not. A more serious problem with
the slow-roll inflationary paradigm has been uncovered by
another recent study of the angular correlation function
measured in the CMB by Planck [12]. The solution to the
Tcmb horizon problem, and a generation of a near scale-
free fluctuation spectrum P (k), are intimately connected
via the initiation and extent of the inflationary phase.
But the CMB angular-correlation function now provides
compelling evidence—at a confidence level exceeding 8σ—
that P (k) has a non-zero cutoff kmin = (4.34± 0.50)/rcmb,
where rcmb is the comoving distance to the LSS [13]. Since
kmin would have been the first mode crossing Rh during
inflation, it would signal the precise time, as a function of
V (φ), at which the de Sitter expansion started. Unfortu-
nately, its measured value shows that none of the slow-roll
potentials proposed thus far can simultaneously account
for the uniformity of Tcmb across the sky and the observed
P (k) in the CMB [14]. The conclusion from this is that,
if slow-roll inflation is to work, it must function in a more
complicated way than has been imagined thus far.

As we shall see in this Letter, the measurement of kmin in
the angular correlation function of the CMB not only con-
strains the time when inflation could have started, but ap-
parently provides direct evidence of quantum fluctuations
at the Planck scale. This topic broaches one of the most
serious fundamental problems with inflation, one that has
eluded satisfactory resolution for over three decades. It
is generally understood that to solve the horizon problem
in ΛCDM, a minimum of 60 e-folds of inflationary ex-
pansion must have occurred, even more in many variants
of the basic model. Thus, cosmological scales of obser-
vational relevance today must have expanded from sub-
Planckian wavelengths at the start of inflation [15–18].
But the physics we have today cannot adequately handle
such processes, a situation known as the ‘trans-Planckian
problem’ (TP) [20]. This signals a potentially fatal incom-
pleteness of inflationary theory at a fundamental physics

level.

Phenomenological Approach to TP Physics in
ΛCDM. – One can easily understand why this consti-
tutes a potentially insurmountable problem, given that
the Planck mass is defined by the equality of its Compton
wavelength and Schwarzschild radius. Since the former
increases as the latter shrinks towards the Big Bang, it
is simply not possible to characterize the behaviour of
modes below the Planck scale using quantum mechan-
ics and general relativity separately. The semi-classical
physics we use to describe the evolution of quantum fluc-
tuations as the Universe expands does not apply for mode
scales shorter than their Compton wavelength.

This problem manifests itself in several ways, partic-
ularly via the mode normalization that one must use to
calculate P (k) for a comparison with the CMB data. The
amplitude of the modes is typically inferred by minimizing
the expectation value of the Hamiltonian, but with a time-
dependent spacetime curvature at the Planck scale, the
frequencies themselves depend on time and non-inertial
effects. Early attempts at addressing this issue extended
the birth of fluctuation modes into the very distant con-
formal past, well below the Planck scale, arguing that the
simple harmonic oscillator is recovered there, allowing one
to impose a Minkowski vacuum—called the Bunch-Davies
vacuum in this context [19]—as the background for the
fluctuations. But given that the physics below the Planck
scale is unknown, we have a conceptual problem under-
standing whether or not the Bunch-Davies vacuum is even
the correct choice for sub-Planckian modes.

The consensus today is that Planck-scale physics proba-
bly should have created an imprint on the CMB, but with
no established theory of quantum gravity, no one knows
how to predict such features with any confidence. Instead,
the approaches taken over the past two decades have been
based on phenomenological treatments, including (1) mod-
ifications to the dispersion relation for quantum modes on
short scales [15, 16, 20–23]; (2) the use of string-inspired
changes to the Heisenberg uncertainty relation [17,18,24];
and (3) noncommutative geometry [25–27].

All of these are really probes of the CMB to suggest
how basic theory ought to be modified rather than ro-
bust attempts at using a well-justified model of physics
at short distances to predict a trans-Planckian signa-
ture. To understand the scale we are considering here,
we define the Planck length λP to be the Compton wave-
length λC ≡ 2π/mP of a (Planck) mass mP for which
λC equals its Schwarzschild radius Rh ≡ 2GmP. The
Planck energy is therefore mP ≈ 1.22 × 1019 GeV. Es-
timates of how big trans-Planckian corrections might be,
based on the above phenomenological approaches, range
from (λP/Rh[tinf ])

2 (see, e.g., refs. [28, 29]) to as large as
λP/Rh(tinf) [18, 30–32]. In these expressions, Rh(tinf) is
the Hubble radius during inflation (which is more or less
constant in the slow-roll approximation).

Thus, if inflation is associated with a GUT phase transi-
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tion at ∼ 1016 GeV, these phenomenologically motivated
corrections fall in the range 10−6 to 10−3. Additional sup-
port for such a claim—especially towards the high-end of
this range—is provided by arguments [31, 32] that curva-
ture effects at the Planck scale probably produce devia-
tions of the φ quantum state from the local vacuum state
on the order of λP/Rh(tinf), but no one really knows for
sure. If reasonable, this range includes effects potentially
large enough to affect the primordial power spectrum P (k)
in measurable ways (see, e.g., [30]). Of course, a final res-
olution of whether or not trans-Planckian effects manifest
themselves observationally must await the formulation of a
well-motivated quantum gravity theory. We may find that
such corrections are larger than expected and inconsistent
with the data, thereby eliminating any possibility that the
quantum fluctuations were seeded below the Planck scale.

Certainly, the measurement of kmin already seems to ar-
gue against the premise that inflation might have started
early enough to solve the temperature horizon problem,
while simultaneously explaining the origin of P (k). As
shown in ref. [14], the interpretation of this cutoff as the
first mode to cross Rh once slow-roll inflation began is
inconsistent with the accelerated expansion required to
provide us with a causally-connected Universe today. In
the next section, we present an alternative interpretation
of kmin that avoids these conceptual problems and, at the
same time, completely eliminates the trans-Planckian in-
consistency.

A Resolution of the TP Problem in Rh = ct. –
The FLRW cosmology known as the Rh = ct universe

[33–37] has had a sustained level of success accounting for
over 25 different kinds of cosmological data at least as
well as the standard model. A recent summary of these
comparative tests may be found in Table 2 of ref. [38].
In this model, the cosmic fluid obeys the zero active mass
condition from general relativity, in which the total density
and pressure are related via the constraint ρ+ 3p = 0. A
notable feature of the expansion implied by this scenario
is that it lacks any horizon problem, eliminating the need
for an inflated expansion of the early Universe. Thus, if
the zero active mass condition was evident at the earliest
times, t, it is straightforward to show [39] that an incipient
(though non-inflationary) scalar field φ would have had the
well-defined potential

V (φ) = V0 exp

{
−2
√

4π

mP
φ

}
. (1)

φ is therefore a special member of the class of minimally
coupled fields explored in the 1980’s, that produced power-
law inflation [40–43] except that, with the zero active mass
equation-of-state, this φ produced a constant expansion
rate a(t) = t/t0 and did not inflate.

InRh = ct, quantum fluctuations in φ with a wavelength
λk < 2πRh, where k is the comoving wavenumber and Rh

is the Hubble radius, oscillate, while those with λk > 2πRh

do not [39]. Thus, mode k oscillated in the semi-classical
Universe once it emerged across the Planck scale. But
the critical question is “When did it emerge?” From the
expression k = 2πa(t)/λk(t), it is clear that the observed
value of kmin indicates the time tmin when the first mode
appeared. Therefore,

tmin =
4.34 tP

ln(1 + zcmb)
, (2)

in terms of the redshift, zcmb, at the surface of last scat-
tering.

In the concordance ΛCDM model, zcmb ∼ 1080, for
which tmin ∼ 0.6tP. With the expansion scenario implied
by Rh = ct, this redshift could be quite different, but the
dependence of tmin on the location of the last scattering
surface is so weak, that even a redshift zcmb ∼ 50 would
result in an initial emergence time of tmin ∼ 1.1tP. There-
fore, it appears that kmin in Rh = ct represents the first
mode exiting the Planck region at about the Planck time,
a compelling indication that the cutoff kmin corresponds
to the first mode that could have physically emerged into
the semi-classical Universe after the Big Bang.

Unlike the situation with an inflaton field, in which these
modes were seeded in the Bunch-Davies vacuum and os-
cillated across the trans-Planckian region, the quantum
fluctuations associated with a non-inflationary scalar field
in the Rh = ct cosmology could well have been formed at
the Planck scale and then evolved according to standard
physical principles in the semi-classical Universe. Such an
idea—that modes could have been created at a particular
(perhaps even fixed) spatial scale—is not new. It has been
proposed and discussed by several other workers, princi-
pally Hollands and Wald [44], but also in refs. [24, 27],
among others.

Assuming that all subsequent modes continued to
emerge across the Planck scale with a wavelength λk =
2πλP, though at progressively later times tk ≡ kλPt0, it is
trivial to show [39] that the resultant power spectrum is
almost scale free, with an index ns slightly less than one,
consistent with the value measured by Planck [12]. Thus,
a non-inflationary scalar field in the Rh = ct universe can
account for both the measured cutoff kmin and for the
observed distribution of fluctuations in the CMB. Most
importantly for the main theme of this paper, the first
reliable measurement of a minimum cutoff in the power
spectrum P (k) signals a direct link between the CMB
anisotropies—and the subsequent formation of structure
in the Universe—and quantum fluctuations at the Planck
scale. In so doing, this interpretation eliminates one of the
principal inconsistencies with the basic slow-roll inflation-
ary model, i.e., the well-known trans-Planckian problem.

Conclusion. – In this paper, we have discussed the
implications of the fact that, in addition to the well-
studied power spectral index ns and amplitude of the
CMB fluctuations, we now have a robust measurement of
a third parameter characterizing the primordial perturba-
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tion spectrum, i.e., the wavenumber cutoff kmin, which dif-
fers from zero at a confidence level exceeding 8σ. This cut-
off appears to invalidate basic slow-roll inflationary models
attempting to simultaneously account for the 60 e-folds of
exponential expansion at the GUT scale and the genera-
tion of anisotropies in the CMB from quantum fluctuations
in the inflaton field. An additional well-known inconsis-
tency with this scenario is the trans-Planckian problem,
referring to the required transition of modes from below
the Planck scale into the semi-classical Universe, a process
that cannot adequately be described by quantum mechan-
ics and general relativity separately.

Contrasting with this deficiency in the standard model,
we have also demonstrated that the interpretation of kmin

in the Rh = ct cosmology suggests it corresponds to
the first quantum fluctuation that could have physically
emerged from the Planck scale shortly after the Big Bang.
This scenario thus avoids the trans-Planckian problem if
one invokes the idea that all fluctuations in the incipi-
ent scalar (though non-inflationary) field were seeded at a
fixed spatial scale—in this case, the Planck scale—though
at progressively later times depending on the wavenumber
k of the mode. This interpretation is fully consistent with
the quantum mechanical meaning of the Planck length,
representing the shortest physical size of any causally con-
nected region in the early Universe.

Looking to the future, this interpretation of kmin may
offer clues concerning how to extend our current semi-
classical description of the early Universe to scales be-
low the Planck length, thereby heralding the initiation of
an observationally-motivated quantum gravity theory. In
concert with such ideas, we point out that, if the Rh = ct
cosmology is the correct description of nature, the poten-
tial of the (non-inflationary) scalar field present just after
the Big Bang is precisely known (Eq. 1). Interestingly,
such exponential forms are well motivated in string the-
ories, Kaluza-Klein cosmologies, and supergravity. This
work may therefore offer a deeper, more meaningful de-
velopment in these areas.
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