
An alternative to PCA for estimating dominant patterns of1

climate variability, with application to US rainfall2

Stephen Jewson3

Risk Management Solutions Ltd4

Keywords:5

Principal Component Analysis, Directional Component Analysis, Empirical Orthogonal6

Functions, Extremes, US rainfall7

Correspondence:8

Stephen Jewson9

stephen.jewson@gmail.com10

Risk Management Solutions Ltd11

Peninsular House12

30 Monument Street13

London EC3R 8NB14

United Kingdom Mob: 07858 39337015

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 February 2020                   doi:10.20944/preprints202002.0073.v1

©  2020 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202002.0073.v1
http://creativecommons.org/licenses/by/4.0/


Abstract16

Floods and droughts are driven, in part, by patterns of extreme rainfall. Heat waves are driven, in part,17

by patterns of extreme temperature. The standard work-horse for understanding patterns of climate18

variability is Principal Component Analysis (PCA) and its variants. But PCA does not optimize for19

spatial extremes, and so there is no particular reason why the first PCA pattern should identify, or20

even approximate, the types of patterns that may drive these phenomena, even if the linear assumptions21

underlying PCA are correct. We present an alternative pattern identification algorithm that makes the22

same linear assumptions as PCA, but which can be used to explicitly optimize for spatial extremes.23

We call the method Directional Component Analysis (DCA), since it involves introducing a preferred24

direction, or metric, such as ‘sum of all points in the field’. We compare the first PCA and DCA patterns25

for US rainfall on a 6 month timescale, using the sum metric for the definition of DCA, and find that26

they are somewhat different. The definitions of PCA and DCA mean that the first PCA pattern has27

the larger explained variance of the two, while the first DCA pattern, when scaled appropriately, is both28

more likely and captures more rainfall. In combination these two patterns yield more insight into rainfall29

variability than either pattern on its own.30
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1 Introduction31

Principal component analysis (PCA), also known as Empirical Orthogonal Function (EOF) analysis, is32

often used in climate research and related fields for analysing correlated data in two or more dimensions.33

PCA is widely used because of its mathematical elegance, mathematical properties, and simplicity. It34

has various uses, such as filling gaps in historical data sets (Smith and Reynolds, 2002) and identifying35

patterns of variability (Kurnik et al., 2015). When being used to solve specific problems, however,36

limitations of PCA may become apparent, and this has led to the development of many extensions, each37

addressing a different issue. For instance, PCA patterns generally fill the domain being analysed, and in38

some cases it would be more appropriate to identify more localised patterns. This led to the development39

of rotated EOF analysis, as studied in, for instance, Mestas-Nunez (2000) and Lian and Chen (2012),40

and used in Chen and Sun (2017). In another extension, known as extended EOF analysis, PCA has41

been used to understand developments of patterns in time (Fraedrich et al., 1997), and in yet another42

has been adapted to better handle skewed data (Kim et al., 2017). PCA and related methods have been43

discussed in text books such as Wilks (1995), von Storch and Zwiers (1999) and Jolliffe (2002) and in the44

review paper Hannachi et al. (2007).45

In a recent project to develop methods to improve resilience of financial institutions to drought shocks46

by identifying the patterns of rainfall that might drive the largest droughts over the domain being anal-47

ysed (Carter and Moss, 2017) we have become aware of a property of PCA, that, in the context of the48

goals of this particular project, is a shortcoming. When applied to observed rainfall anomalies, the first49

PCA pattern maximises explained variance, by definition, but does not necessarily maximise the total50

rainfall anomaly. This is simply a result of the mathematical definition of PCA. As a result the first51

PCA pattern may not be particularly relevant in terms of its impact via floods (or droughts), which are52

likely to be, at least to some extent, related to the size of the total anomaly over the domain. One could53

imagine that other patterns, selected based on a total rainfall anomaly criterion of some sort, may be54

more relevant.55

Motivated by this observation, we have studied an alternative pattern identification scheme that we call56

DCA (Directional Component Analysis). Rather than defining the first pattern as that which maximises57

explained variance, DCA defines the first pattern as that which is the most likely to occur for a given58

level of total rainfall anomaly. This pattern is also, conversely, the pattern with the highest rainfall59

for a given probability density of occurrence. Appropriately scaled, the first DCA pattern is both more60

likely to occur and contains more rain than the first PCA pattern, and as such may be more relevant for61

understanding extremes such as floods or droughts. Similarly, if applied to temperature anomalies, the62

first DCA pattern may have more relevance than the first PCA pattern for understanding heat waves.63

The first DCA pattern is only the same as the first PCA pattern in the degenerate case in which the data64

is fully correlated and the first PCA pattern is uniform rainfall throughout the whole domain.65

The definitions of PCA and DCA can be contrasted as follows. Patterns of variability of rainfall have66

various mathematical properties, including explained variance, length (based on considering patterns as67

vectors), total rainfall anomaly and probability density of occurrence. PCA is a mathematical method68

that considers two of these properties (explained variance and length) and finds the patterns with the69

greatest explained variance, among all patterns of the same length. The standard definition of PCA does70

not take account of the total rainfall anomaly or the probability density, although it can be reformulated71

in terms of probability density (see section 2.1 below). DCA considers a different pair of properties, and72

is derived by finding the pattern that has the greatest rainfall, among all patterns of the same probability73

density. The definition of DCA does not take account of explained variance and pattern length. We see74

from this that PCA and DCA maximise different aspects of a pattern, with different constraints.75

In section 2 we give a brief overview of PCA, as a basis for comparison with DCA. We give two derivations76

for PCA: the first, based on explained variance, is the more common. The second, based on maximising77

log-likelihood, is less usual, but makes a link to DCA. In section 3 we give two derivations of DCA. The78

first is similar to the log-likelihood derivation for PCA, while the second is based on regression. In section79

4 we apply both PCA and DCA to a rainfall data-set for the United States and compare the first patterns,80

which are somewhat different. In section 5 we summarize and conclude. In the supporting information81

we give two simple examples of PCA and DCA to illustrate the DCA method. The first (section S1) is a82

numerical example with a 2x2 covariance matrix. The second (section S2) gives the general solution for83

PCA and DCA for any diagonal 2x2 covariance matrix. In sections S3 to S8 we prove the orthogonality84

of the first two DCA patterns, and provide some proofs of the main optimality properties of DCA.85
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2 Principal Component Analysis86

We now briefly review PCA as a basis for comparison with DCA. Consider a space-time dataset X with87

spatial dimension s and temporal dimension t. In the example in section 4 below we will use gridded maps88

of monthly US rainfall anomalies for 114 years (from Harris et al. (2013)), for which the time dimension89

is 1363 (12 months, times 114 years, minus 5) and the space dimension is 3319. If the data X is projected90

onto an unknown s× 1 spatial pattern vector g the t× 1 time series p of amplitudes of the projection is91

given by the vector-matrix product:92

pT = gTX (1)

The variance v of this time series p is a scalar and is given by93

v = pT p = gTXXT g = gTCg (2)

where C = XXT is the s × s empirical covariance matrix of the data X. The scalar v is known as the94

explained variance of the pattern g in the data set X.95

We can imagine varying the vector g, subject to the constraint that g is unit length (i.e. that gT g = 1),96

and trying to maximise the variance v. Mathematically, this can be done by maximising the Lagrange97

function98

c = v − λgT g = gTCg − λgT g (3)

where c is a scalar cost function, and λ is a Lagrange multiplier that multiplies gT g, the variable that99

defines the contraint. In this equation gTCg is largest for long vectors that project highly onto the100

eigenvectors of C. The gT g term constrains length, but does not influence direction.101

Differentiating with respect to the vector g gives102

dc

dg
= 2Cg − 2λg (4)

Setting equal to zero to find the extrema gives the equation:103

Cg = λg (5)

the solutions of which are the eigenvectors of C, also known as the left singular vectors, or EOFs, of X.104

These eigenvectors can be interpreted as spatial patterns. The first eigenvector has the property that it105

maximises the explained variance in the data X, the second that it maximises the explained variance in106

what is left after the first eigenvector has been removed, and so on. The eigenvectors form an orthonormal107

set, and the time series associated with the eigenvectors also form an orthonormal set.108

2.1 PCA alternative derivation109

An alternative derivation of PCA, which makes the link to the first of the derivations of DCA given below,110

is to assume the dataset X is distributed with a multivariate normal distribution, and then to try to find111

the unit vector that is most likely to occur, instead of that which explains the most variance. We can112

measure ‘most likely to occur’ using log-likelihood, and considered as a function of the unknown pattern113

g the log-likelihood for the multivariate normal is proportional to minus one times the Mahalanobis114

distance M2 = gTC−1g, where C−1 is the inverse or pseudoinverse of the matrix C (the connections115

between PCA, the multivariate normal distribution, and the Mahalanobis distance are discussed in detail116

in Wilks (1995) and von Storch and Zwiers (1999)). The Lagrange function for this new problem has two117

terms: one for the log-likelihood −M2, and one for the total rainfall anomaly constraint as before, and118

is given by:119

c = −M2 − λgT g = −gTC−1g − λgT g (6)

In this equation the −gTC−1g term is largest (most positive) for short vectors, and vectors that project120

highly onto the eigenvectors of C−1 and C. The solutions of this equation are also the eigenvectors of C,121

and so are also the PCA patterns.122

The data does not in fact have to be multivariate normal for this derivation to make sense. Minus one123

times the Mahalanobis distance gTC−1g is a reasonable general measure for consistency of a vector g124

with a covariance matrix C, and can be considered a multivariate generalisation of z values, the number125

of standard deviations from the mean (Wilks, 1995). In non-normal cases, PCA, by this derivation, finds126

the unit vector that maximises this Mahalanobis consistency, −M2.127
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2.2 2 dimensional example128

PCA is illustrated in figure 1 for a simple case. The two axes represent rainfall anomalies in two locations.129

The ellipse represents a contour of constant probability density from the joint probability distribution of130

rainfall at these locations. The principal axis of the ellipse, illustrated by the double arrow, is tilted slightly131

to the left of vertical, indicating a negative correlation between precipitation at these two locations. The132

first PCA pattern is a scaled version of this principal axis vector (scaled to be a unit vector), and consists133

of negative rainfall anomalies at location one, and positive rainfall anomalies at location two, reflecting134

the negative correlation. In this example we will assume that the ellipse has been chosen so that the PCA135

arrow shown is the exact unit-scaled PCA pattern. The two diagonal lines represent contour lines of total136

rainfall anomaly, summed across the two locations, and the highest total rainfall amounts are in the top137

right hand corner of the figure. The total rainfall anomaly of the first PCA pattern is not particularly138

large since there is a cancellation of rainfall anomalies to some extent between the two locations.139

3 Directional Component Analysis140

Having reviewed PCA, we now describe DCA. Considering the same space-time data set X, again con-141

sidered to be multivariate normal, and a new unknown pattern g, we derive DCA by solving a different142

maximisation problem, which is to look for the most likely pattern given a certain level of total rainfall143

anomaly. Alternatively, but equivalently, we could say we are looking for the pattern with the highest144

rainfall given a certain value of the probability density of occurrence. Essentially we are trying to find the145

pattern with the most rainfall, while factoring in the requirement that the pattern has a high probability146

density of occurring. We include the probability density because the pattern with the most rainfall, not147

factoring in probability density, is simply uniform rainfall everywhere, which is not an interesting result.148

The DCA method generalizes to non-normal data in the same way that the second derivation of PCA149

given above in section 2.1 does: for non-normal data we can restate the problem by saying we are looking150

for the pattern that shows the highest Mahalanobis consistency with the covariance matrix, for a given151

level of rainfall, or, alternatively, the pattern with the most rainfall, for a given level of Mahalanobis152

consistency.153

A scaled version of the first DCA pattern is illustrated in figure 1 by the dotted arrow. The scaling154

has been chosen so that the dotted arrow hits the same contour of probability density as the first PCA155

pattern, and so occurs with the same probability density. The first DCA pattern points to a greater156

extent towards the region of highest total rainfall anomaly in the top right hand corner of the diagram,157

and even though it is shorter, it thus achieves a higher total rainfall anomaly amount than the first PCA158

pattern.159

One can imagine scaling the lengths of the two patterns in figure 1 and we now use this to illustrate160

various properties of PCA and DCA. For instance, if we were to scale the length of the first PCA pattern161

so that it would hit the same total rainfall line as the first DCA pattern, it would extend outside the162

elliptical contour, and would hence occur with a lower probability density than the scaled DCA pattern163

shown. Conversely if we were to scale the DCA pattern to be slightly shorter, then it can be seen that it164

would still achieve higher rainfall than the first PCA pattern, but would be more likely. These illustrations165

show general properties of PCA and DCA that are discussed further below, proven in the supplementary166

materials and illustrated in the example in section 4.167

We can derive an expression for the first DCA pattern as follows. The total rainfall anomaly in the168

pattern g is given by the sum of the individual components in g. It can be written in a general form as a169

linear function of the components in g as the vector dot product gT r, where r is a normalised version of170

the vector (1, 1, 1..., 1), a pattern of uniform rainfall. The analysis below also applies to any other value171

for the vector r, other than uniform rainfall, hence the name ‘directional’ component analysis: the use172

of r introduces a preferred direction, or metric, in addition to the directions defined by the eigenvectors173

of the covariance matrix C and its inverse C−1. The inclusion of a preferred direction distinguishes this174

method from EOF and rotated EOF methods.175

We can maximise log-likelihood, for a given level of total rainfall anomaly , by combining −M2 and gT r176

in the Lagrange function:177

c = −M2 + 2λgT r = −gTC−1g + 2λgT r (7)

We have added an arbitrary factor of 2 in the definition of λ to simplify the algebra later. In this equation178

both terms are influenced by both the length and direction of g. Compared with the Lagrange function179

used to derive PCA in section 2.1, only the second term is different.180
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Differentiating with respect to the vector g gives181

dc

dg
= −2C−1g + 2λr (8)

and setting equal to zero gives:182

C−1g = λr (9)

or183

g = λCr (10)

To make the solution unique g can be be normalized to unit length, giving the definition of the first DCA184

pattern g1, as:185

g1 =
Cr

|Cr|
=

Cr√
rTC2r

(11)

The second derivative of c is:186

d2c

dg2
= −2C−1 (12)

and so we see that the solution is a maximum.187

3.1 Derivation of the second DCA pattern188

We can derive a time-series corresponding to the first DCA pattern by projecting the original data X189

onto it, giving gT1 X. An approximate reconstruction of X can then be created by combining the first190

DCA pattern with this time series, giving g1(gT1 X), and the residuals X2 from this approximation can191

be derived as:192

X2 = X − g1(gT1 X) (13)

The second DCA pattern can be derived by repeating the entire DCA analysis given above on this second193

data-set X2, using C2 = X2X
T
2 , and giving g2 = C2r

|C2r| . This process can be continued to derive a series of194

patterns, and as with PCA the number of patterns is equal to the rank of X. This series of patterns will be195

mutually orthonormal, by construction, and so together will form an orthonormal set. The orthogonality196

of the first two patterns is proved in the supporting information (section S3).197

There are in fact an infinite number of possible orthonormal sets of patterns, of which PCA and DCA are198

both examples. However, there is only one orthonormal set for which the time-series of different patterns199

are uncorrelated, which is PCA. The time-series for different DCA patterns are correlated, except in the200

degenerate case when the DCA patterns are the same as the PCA patterns.201

The set of DCA patterns are empirical, and orthogonal, and so one could refer to them as empirical202

orthogonal functions (EOFs). However, the term EOF is currently used synonymously with PCA, and203

so should perhaps reserved for that usage.204

3.2 Regression-based derivation205

An alternative regression-based derivation of the DCA patterns proceeds as follows.206

First, we construct a time series T of the total rainfall anomaly at each point in time, by projecting the207

data X onto the uniform rainfall vector r:208

T = XT r (14)

We then regress the data X onto this time series, to give regression slopes b:209

X = bTT + ε (15)

The standard estimator for b is given by:210

b = XT (TTT )−1 (16)

= XXT r(TTT )−1 (17)

= Cr(TTT )−1 (18)

∝ Cr (19)

and we see that b is parallel to the first DCA pattern g.211

Once again, the second pattern can be produced by removing the data explained by the pattern b, and212

repeating the process, and the series of patterns thus obtained will be the same as those derived in the213

previous section.214
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3.3 Properties of DCA215

We now summarise some of the mathematical properties of the first DCA pattern, with the assumption216

that X represents rainfall anomalies as illustration. From the derivations of the first PCA and DCA217

patterns we can say that:218

• Since PCA is designed to maximise explained variance, the explained variance of the first DCA219

pattern will be less than or equal to the variance explained by the first PCA pattern. The explained220

variance will only be equal to that of the first PCA pattern in the degenerate case that the first221

PCA pattern equals the vector r, in which case the first DCA pattern will also equal r.222

• Since DCA is designed to maximise total rainfall anomaly (for a given value of probability density223

or Mahalanobis distance) the total rainfall anomaly gT1 r for the first DCA pattern will be greater224

than or equal to that of the first PCA pattern. Once again it will only be equal in the degenerate225

case. One can say that this property is obvious, by comparing the definition of DCA with the second226

defintion of PCA given above. It is also is proven more carefully in the supporting information,227

sections 4 and 5.228

• If the first DCA pattern is scaled to have the same amount of total rainfall anomaly as the first229

PCA pattern, it will have a higher or equal log-likelihood (or Mahalanobis consistency), equal only230

in the degenerate case. Again one could say that this property is obvious from the definitions of231

PCA and DCA, but again it is proven in the supporting information, section 6.232

• If the first DCA pattern is scaled to have the same log-likelihood, or Mahalanobis consistency, as the233

first PCA pattern (as in figure 1) it will have a greater or equal value for the total rainfall anomaly,234

equal only in the degenerate case. Again one could say this is obvious from the definitions, but is235

also proven carefully in the supporting information, section 7.236

• In the non-degenerate case, the first DCA pattern can be scaled to the in-between case where it237

has both more rainfall and a higher log-likelihood (or Mahalanobis consistency) than the first PCA238

pattern. This is the most interesting property of DCA, and the property which justifies its use for239

identifying spatial extremes. It is proven in the supporting information, section 8.240

We now illustrate these properties with an example.241

4 Application of DCA to observed US rainfall242

We now derive the first PCA and DCA patterns for an example dataset. We use the CRU data for US243

rainfall from 1901 to 2014 (Harris et al., 2013) from which we calculate anomalies from the 114 year time244

mean. We then smooth the data with a 6 month running mean, to emphasize a 6 month timescale. We245

do not separate the seasons, since our goal is to identify the overall pattern of highest rainfall anomalies246

irrespective of when they occur during the year, although one could apply a similar analysis to rainfall247

for shorter periods such as certain seasons or months.248

We calculate the first PCA and DCA patterns on the anomalies, and we assume the data is multivariate249

normal. The multivariate normal assumption is not essential, but allows us to relate the values of the250

Mahalanobis consistency to the log-likelihood / probability density, with which readers are likely to be251

more familiar.252

4.1 Unit vector scaling253

The first PCA and DCA patterns for the 6 month rainfall data are shown in figure 2 and figure 3. The254

patterns are shown as unit vectors, corresponding to the definitions. The explained variances are 43%255

and 35% respectively: as would be expected from the definition of PCA, the first PCA pattern has higher256

explained variance. The PCA pattern has a total rainfall anomaly of 16.6, and the DCA pattern has a257

total rainfall anomaly of 38.1: as would be expected from the definition of DCA the DCA pattern has258

higher total rainfall anomaly, which in this case is higher by a factor of 2.3. The Mahalanobis distance259

values are M2
PCA = 1.32 × 10−6 and M2

DCA = 2.60 × 10−6, respectively. In summary the DCA pattern260

has more rain, but is less likely (since it has a higher Mahalanobis distance), which is not particularly261

remarkable: the interesting properties of the first DCA pattern only emerge after appropriate scaling.262

The ratio of probability densities of the two patterns can be calculated from the Mahalanobis distance263

values as pdDCA/pdPCA = exp (M2
PCA −M2

DCA), and is extremely close to 1 i.e. the patterns have264
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almost the same probability density. This is because both patterns are scaled to represent very small265

anomalies by the requirement that they are unit vectors, and because the density of a multivariate normal266

distribution is almost flat near the origin. If the patterns were scaled to represent larger anomalies then267

the difference in probability densities would be larger: this is explored below in section 4.5.268

4.2 Equal total rainfall anomaly scaling269

The interesting properties of the first DCA pattern, as compared to the first PCA pattern, become270

apparent when we adjust the scaling of one or both of the patterns. One possibility is equal total rainfall271

anomaly scaling. Since the ratio of DCA rainfall to PCA rainfall is 2.3, if we multiply the DCA pattern272

by the inverse of 2.3, which is 0.43, then the two patterns will have the same rainfall. The Mahalanobis273

distance scales by the scaling factor squared, and so the Mahalanobis distance for this new scaled DCA274

pattern is 4.91 × 10−7, which is 0.432 times less than before. This is now lower than the Mahalanobis275

distance for the unit-scaled PCA pattern, and hence we have derived a pattern which has the same rainfall276

as the first PCA pattern, but is more likely.277

4.3 Equal probability density scaling278

Another possibility is equal probability density scaling, in which we scale the DCA pattern so that it has279

the same probability density as the PCA pattern. Since the ratio of the Mahalanobis distances for the280

unit vector patterns is 1.97, if we scale the DCA pattern by inverse of the square root of 1.97, which is281

0.71, then the Mahalanobis distances of the PCA pattern and the scaled DCA pattern will be the same.282

The rainfall of the DCA pattern will scale to 0.71 times its original value, and becomes 27.2, which is283

still 1.64 times the rainfall of the PCA pattern. We have therefore derived a pattern which has the same284

probability density as the PCA pattern, but higher total rainfall anomaly.285

4.4 Intermediate scaling286

We can also scale the DCA pattern to an intermediate case in between equal total rainfall anomaly scaling287

and equal probability density scaling. For instance, if we apply a scaling of 0.57 to the DCA pattern,288

which is half way between the scalings used above, then we achieve a total rainfall anomaly of 21.9289

(1.31 times the rainfall of the PCA pattern) and a Mahalanobis distance of 8.55× 10−7 (0.65 times the290

Mahalanobis distance of the PCA pattern). We see that we have created a pattern which both contains291

more rainfall and is more likely (has a lower Mahalanobis distance) than the first PCA pattern. In fact292

any scaling between the two scalings used above, and so any scaling in the range (0.43,0.71), would have293

this property. The existence of such an intermediate scaling in all cases is proven in S8.294

4.5 Equal total rainfall scaling at larger amplitude295

For the scalings discussed above in sections 4.1, 4.2 and 4.4 the ratio of actual probability densities is296

very close to one, because the amplitudes of the patterns are very small. To create patterns with larger297

differences in probability density, we have to scale both patterns to larger amplitudes. For instance, if we298

start with the patterns that resulted from the intermediate scaling described in section 4.4 above we can299

then apply an additional scaling to both patterns so that the Mahalanobis distance of the PCA pattern300

is 1. This is a way to achieve a reasonable amplitude for the patterns. A Mahalanobis distance of 1 is the301

multivariate equivalent of being one standard deviation from zero (and hence of typical amplitude). This302

scaling can be accomplished by scaling both intermediate patterns derived in section 4.4 by the inverse303

of the square root of the Mahalanobis distance of the PCA pattern, giving a scaling of 870. The rainfall304

anomaly totals for the PCA and DCA patterns increase to 14,417 and 19,029. The ratio of rainfall for305

the two patterns stays the same, at 1.31. The Mahalanobis distances are 1 and 0.648, and the ratio of306

probability densities for the two patterns is then 1.42. In this case we have created a DCA pattern that307

has more rainfall than the scaled PCA pattern, and has a greater probability density by a clear margin.308

4.6 Discussion of pattern structure309

The PCA pattern in figure 2 shows large regions of positive and negative anomalies. Some of the same310

regions appear in the DCA pattern in figure 3, but the large-scale eastern dipole has disappeared, and311

the DCA pattern shows more uniform rainfall over a larger area. We can measure this within-pattern312

variability using the spatial standard deviation of each pattern. The PCA pattern has a spatial standard313

deviation of 1.3 × 10−4 while the DCA pattern has a smaller spatial standard deviation of 7.0 × 10−5.314
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Combined with the fact that the DCA pattern for equal level of probability density has 1.64 times the315

total rainfall anomaly, one might imagine that the DCA pattern is the more relevant indicator of possible316

driving patterns for flood or drought on the spatial scale of this domain. The PCA pattern is, however,317

perhaps a better indication of the overall patterns of variability in rainfall and how they correlate in318

space. Taken together, the two patterns give more insight into the variability in the rainfall data than319

either pattern taken on its own.320

5 Discussion321

We have described a method for pattern identification in correlated multivariate space-time datasets,322

that we call DCA. For multivariate normal data the method finds patterns with the highest log-likelihood323

subject to a linear constraint. For non-normal data the method can be described as finding the patterns324

with the highest Mahalanobis consistency subject to the same constraint. In the example we have325

presented we used rainfall data, and a sum-of-all-data-points constraint that represents total rainfall326

anomaly, in order to find the rainfall anomaly pattern with the highest log-likelihood for any given level327

of total rainfall anomaly. Applying the method to US rainfall we were able to derive a pattern of rainfall328

that, within a certain range of scalings, is both more likely and contains more rainfall than the first PCA329

pattern. The PCA pattern is dominated by regions of positive and negative rainfall, while the DCA330

pattern is more uniform.331

The original motivating project for this work involved designing a simple methodology to identify repre-332

sentative extreme flood and drought scenarios in various parts of the world, for use in risk management,333

and the DCA patterns seem like they may form part of a promising solution to this problem. The first334

DCA pattern could be used as part of a methodology for simple quantification of extreme flood and335

drought scenarios via the following steps:336

• A target spatial domain and timescale needs to be identified (in our example: the continential US337

for a 6 month timescale)338

• A target return period would be identified (such as 200yr return period)339

• Standard methodologies from extreme value theory could be used to estimate the total rainfall340

anomaly or total drought index over the domain at that return period.341

• Given this total rainfall anomaly amount the first DCA pattern could be scaled to give exactly that342

rainfall amount. It would then represent the highest likelihood pattern for that rainfall total and343

as such would be an appropriate pattern to represent possible rainfall at that return period344

• The DCA pattern so derived could then be used to drive impact models345

One could imagine similar applications for deriving patterns of extreme temperature for understanding346

heatwaves. In both cases (rainfall or temperature) we emphasize that the use of single forcing patterns is347

an extreme simplification, relative to more complex models of flood, drought or heatwaves that are based348

on the full distribution of possible outcomes, not just a single pattern.349

One limitation of basic DCA patterns in this context is that, like PCA patterns, they are linear in350

that they are based entirely on the correlation matrix of the data, and do not account for correlations351

that change with the intensity of rainfall. To account for that effect, a more detailed analysis would be352

necessary. That might consist of deriving PCA or DCA patterns based on data censured to only include353

more extreme values, for instance.354

DCA patterns also shed interesting light on the use of truncated PCA for simulating surrogate data, in355

which the first n PCA patterns are retained, and the remaining patterns are discarded and replaced by a356

simple noise model such as white or red noise (Wilks, 1995). If the first DCA pattern projects onto the357

discarded PCA patterns, then simulated data from truncated PCA will fail to capture that pattern. In358

other words, in the context of rainfall simulation, the simulated data may not even capture the pattern359

that maximises the rainfall at a given probability density of occurrence. This may be unfortunate if the360

simulation of extreme scenarios with large total rainfall anomaly is important. To avoid this one could361

consider basing simulation on a truncation of the series of DCA patterns instead, as follows. First, the362

data X would be decomposed using DCA into:363

X = GLQT (20)
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where the matrix G contains the DCA patterns, the matrix L is diagonal, and the matrix Q contains364

time series for each pattern. The time series in Q may be correlated. To model Q one might therefore365

use PCA, giving:366

QT = EΛPT (21)

where the new time series P are now uncorrelated and easy to replace with simulated values. Combining367

these expressions gives:368

X = GLEΛPT (22)

Truncation can then be applied via the DCA patterns, by retaining just the first m columns of G.369

Truncating using DCA in this way will ensure better retention of patterns with large total rain amounts370

than truncation using PCA. On the other hand, it will lead to the retention of less total explained variance371

as compared to truncated PCA with the same level of truncation. Which is to be preferred depends on372

the application.373

There are various possible extensions of this research. One would be to consider other directions for the374

direction vector r than uniform rain. An obvious choice would be to use r to weight the different grid375

points so as to reflect different levels of possible impacts at different locations. For instance, when con-376

sidering extreme wind one might want to use r to weight populated areas more heavily than unpopulated377

areas.378

One could also mix concepts from PCA and DCA. Using two Lagrange multipliers, it is possible to379

derive patterns that maximise variance subject to both a linear and a normalisation constraint, using the380

Lagrange function:381

c = gTCg + λ1g
T r − λ2gT g (23)

The solutions to this equation lie in-between the PCA and DCA patterns (in some sense), depending on382

the values of the Lagrange multipliers.383

It is also possible to consider DCA but with non-linear constraints on the unknown pattern. For instance,384

with a quadratic impact function of the form gTMg, where M is a matrix, we have:385

c = −gTC−1g + λgTMg (24)

the solutions of which are the eigenvectors of the matrix product CM .386

One could also consider using a cost function of the general form:387

c = −M2 + λf(g) (25)

Non-linear constraints for f(g) may make sense in applications where impact is a nonlinear function of388

the variable, as it often is. If f(g) is then approximated using f(g) ≈ rT g + gTMg we have389

c = −M2 + λ(rT g + gTMg) (26)

which has the solutions g ∝ (I − λCM)−1λCr.390

It would be possible to consider applying some of the variations and extensions used for PCA, such as391

application to correlation matrices rather than covariance matrices, to DCA patterns. Finally, one could392

investigate the weather and climate patterns associated with the first DCA pattern by regression of other393

weather and climate fields, such as mean sea level pressure, onto the time series T .394

6 Supporting Information395

There are 8 sections of supporting information.396

• S1 applies PCA and DCA to an example of a 2x2 covariance matrix397

• S2 applies PCA and DCA to a general diagonal 2x2 matrix398

• S3 contains a proof that the second DCA pattern is orthogonal to the first399

• S4 contains a proof that the first DCA pattern contains more rain than the first PCA pattern,400

directly from the Lagrange cost functions401

• S5 contains an alternative proof of the result proven in section S4, but via the method of expanding402

the DCA pattern in terms of PCA patterns403
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• S6 contains a proof that, if PCA and DCA patterns are scaled to a given total rainfall anomaly,404

then the DCA pattern has a higher Mahalanobis consistency.405

• S7 contains a proof of the converse: that if the PCA and DCA patterns are scaled to a given value406

of the Mahalanobis consistency, then the DCA pattern contains more rain407

• S8 contains a proof that there is always a scaling of the first DCA pattern than means it has both408

more rain and a greater Mahalanobis consistency than the first PCA pattern409
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Figure 1: PCA and DCA patterns in a space with two dimensions. The axes are the two dimensions,
which might be, for instance, rainfall at two locations. The diagonal lines then show lines of constant
rainfall. Assuming that the two variables are multivariate normal distributed, the ellipse shows a contour
of constant probability density or constant Mahalanobis distance. The double arrow shows the first PCA
pattern, while the dotted arrow shows the first DCA pattern. In this case the two patterns are normalized
to have the same likelihood. The PCA pattern is longer and captures more explained variance, while the
DCA pattern is shorter but captures more total rainfall anomaly.
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Figure 2: The first PCA mode for 6 month US rainfall anomalies.

Figure 3: The first DCA mode for 6 month US rainfall anomalies.
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