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A NOTE ON HORADAM HYBRINOMIALS

CAN KIZILATES

ABSTRACT. The hybrid numbers are a generalization of complex, hyperbolic and dual num-
bers. In this paper, we introduce the Horadam hybrid polynomials called Horadam hybrino-
mials. We also give some special cases and algebraic properties of the Horadam hybrinomials.
Finally we obtain some applications related to the Horadam hybrinomials in matrices.

1. INTRODUCTION

For a,b,p,q € Z, Horadam introduced the sequence W,, = W,,(a, b;p, q) by the recurrence

relation
Wp=pWnp 1+ qWy 2, n>2

with the initial values Wy = a and W; = b. This sequence is a generalization of several
well-known sequences such as the Fibonacci, Lucas, Pell, and Pell-Lucas sequences. These
sequences in combinatorial number theory have been studied by many mathematicians for
a long time. These sequences are also of great importance in many research areas such as
algebra, geometry, combinatorics, approximation theory, statistics, and number theory. For
more information, please refer to [1-3] and closely related references therein.

In [4], the Horadam polynomials h,(x) = h,(x;a,b;p,q) were given by the recurrence rela-
tion

hn(z) = pxhp_1(z) + ghp—2(z), n >3 (1.1)

with the initial values hi(x) = a and hg(z) = bz. Let a = %M and g = NV PETH ”;JCQH‘Z
be the real roots of the characteristic equation t?> — pxt — ¢ = 0. Then the Binet formula for
the polynomial h,(z) is given by

ho(z) = Aa™! + BB L, (1.2)

bx—apf aa—bx
where A = == and B = 2=,
Vp*a?+dq Vp*a?+4q

The generating function of the Horadam polynomials is

a+ xzt(b — ap)
B ( 1.3
1—pmt—qt2 Z ( )

Some special cases of the Horadam polynomials hn (1:) are as follows:
(1) For a = b = p = ¢ = 1, the Horadam polynomials h,(z) = h,(z;1,1;1,1) are the
Fibonacci polynomials F,(z);
(2) For a = 2 and b = p = ¢ = 1, the Horadam polynomials h,(z) = h,(z;2,1;1,1)
become the Lucas polynomials L,,_1(z);
(3) Fora =¢q =1 and b = p = 2, the Horadam polynomials h,(z) = h,(z;1,2;2,1) reduce
to the Pell polynomials P,(x);
Key words and phrases. Horadam number, Horadam polynomial, Complex number, Hyperbolic number,
Dual number, Hybrid number.
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(4) For a = b =p =2 and ¢ = 1, the Horadam polynomials h,(z) = hy,(z;2,2;2,1) are
the Pell-Lucas polynomials @Q,,—1(x);

(5) Fora=b=1, p=2, and ¢ = —1, the Horadam polynomials h,(z) = h,(x;1,1;2,—1)
are the Chebyshev polynomials of the first kind 7}, (z);

(6) Fora =1,b=p =2, and ¢ = —1, the Horadam polynomials h,(z) = h,(x;1,2;2,—1)
become the Chebyshev polynomials of the second kind Up,_;(x).

Ozdemir [5] introduced the set of hybrid numbers denoted by K which contains complex,
dual and hyberbolic numbers. The set of hybrid numbers

K={a+bi+ce+dh:abc,deR, i?=-1, =0, =1, ih=hi=e+i}.

Let Z1 = a1 + b1i+ c1e + dih and Zy = as + bai + coe + doh be any two hybrid numbers. The
equality, addition, subtraction and multiplication by scalar are defined as follows:

Zy = Zy only if a1 = ag, by = ba, ¢1 = co, dy = do (Equality),

Z1+ 2y = (a1 + CLQ) + (bl + b2) i+ (Cl + Cz) €+ (d1 + dg) h (addition),

Zy— Zs = (a1 —ag) + (by — ba) i+ (c1 — c2) €+ (dy —d2) h (subtraction),

sZ1 = saj + sbii + sc1€ + sdih (multiplication by scalar s € R).

Addition operation in the hybrid numbers is both commutative and associative. Zero 0 =
0 4+ 0i + Oe 4 Oh is the null element. With respect to the addition operation, the inverse
element of Z is —Z = —a — bi — ce — dh. This implies that, (K, +) is an Abelian group. The
multiplication of hybrid numbers is not commutative, but it has the property of associativity.
The multiplication table of the basis of hybrid numbers are as follows:

. ‘1 i € h
1|1 i € h
i|i -1 1-h e+i
ele h+1 0 —€
hlh —-e—i € 1

Table 1: The multiplication table for the basis of K

Recently, many researchers have studied related to hybrid numbers. For example, in [6]
Szynal-Liana and Wloch considered the Fibonacci hybrid numbers and obtained some prop-
erties of this numbers. In [7, 8] the authors also defined and examined the Jacosthal and
Jacosthal-Lucas hybrid numbers and the Pell and Pell-Lucas hybrid numbers respectively. In
[9] Szynal-Liana generalized their results and defined the Horadam hybrid numbers. In [10]
Kizilates defined the another generalization of hybrid numbers which called the ¢g—Fibonacci
hybrid numbers and g—Lucas hybrid numbers. Moreover, the author gave some important
algebraic properties of these numbers. For more information, please refer to [5-12] and closely
related references therein.

We now turn to a recent investigation by Szynal-Liana and Wloch [13], who defined and
studied a family of the special polynomials and the special numbers which are related to
the Fibonacci hybrinomials and Lucas hybrinomials. The Fibonacci hybrinomials and Lucas
hybrinomials are defined as follows:

FH,(z) = Fy(x) + Fry1(2)i+F12(z)e+Fo3(z)h,
and
LH,(z) = Ly(z) + Ly+1(2)i+Lyy2(z)e+Lpts(x)h.

For n > 2, the recurrence relations of the Fibonacci hybrinomials and the Lucas hybrinomials
are

FH,(x)=2FH, 1(x)+ FH,_2(x),
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and

LH,(z) =xLH,_1(z)+ LH,_2(x),
with the initial values FHy(z) = i+xe+(z? + 1)h, FHi(z) = 1 + zi+(2? + 1)e+(z® + 22)h,
LHy(z) = 2+ai+ (22 +2)e+ (23 +3z)h and LH;(z) = o+ (2®+2)i+ (23 +32)e+(z* + 422 +2)h,
respectively. The Fibonacci hybrinomials and the Lucas hybrinomials, namely polynomials,
which are a generalization of the Fibonacci hybrid and Lucas hybrid numbers.

Motivated by some of the above-cited recent works, we introduce here new polynomials
which are called Horadam hybrinomials. Our definitions give rise to a more general hybrid
polynomial sequence by receiving components from Horadam polynomials. Thanks to this gen-
eralization, we obtain the Fibonacci hybrinomials F'H,,(x), the Lucas hybrinomials LH,,_1(x),
the Pell hybrinomials PH,(z), the Pell-Lucas hybrinomials QH,,_1(z), the Chebyshev hybri-
nomials of the first kind T'H,,_; (x), the Chebyshev hybrinomials of the second kind U H,,—1 ().
We also obtain various results for the Horadam hybrinomials included Binet-Like formula, gen-
erating function, exponential generating function, Catalan-Like identity, Cassini-Like identity,
d’Ocagne-Like identity and summation formulas, respectively. Moreover, we give some appli-
cations of Horadam hybrinomials in matrices.

2. HORADAM HYBRINOMIALS

In this section, we define the Horadam hybrinomials. Then we give some special cases of
Horadam hybrinomials such as the Fibonacci hybrinomials, the Fibonacci hybrid numbers, the
Lucas hybrinomials, the Lucas hybrid numbers, the Pell hybrinomials, the Pell hybrid numbers,
the Pell-Lucas hybrinomials, the Pell-Lucas hybrid numbers, the Chebyshev hybrinomials of
the first kind, the Chebyshev hybrid numbers of the first kind, the Chebyshev hybrinomials
of the second kind and the Chebyshev hybrid numbers of the second kind. Finally we obtain
Binet-Like formula, generating function, exponential generating function, summation formula,
Catalan-Like identity, Cassini-Like identity and d’Ocagne-Like identity, respectively.

Definition 2.1. For n > 1, the n'* Horadam hybrinomials are defined by
H,(z) = hp(2) + hpp1 ()i + hpyo(z)€e + hyys(z)h. (2.1)

Some special cases of Horadam hybrinomials are as follows:

(1) For a = b = p = q¢ = 1, the Horadam hybrinomials H,,(z) become the Fibonacci
hybrinomials F'H,(x),

(2) For a = 2 and b = p = ¢ = 1, the Horadam hybrinomials H,,(z) become the Lucas
hybrinomials LH,,_1(z),

(3) For a = ¢ = 1 and b = p = 2, the Horadam hybrinomials H,(xz) become the Pell
hybrinomials PH,(z),

(4) For a = b= p =2 and g = 1, the Horadam hybrinomials H,,(z) become the Pell-Lucas
hybrinomials QH,_1(z),

(5) For a = b =1, p = 2, and ¢ = —1, the Horadam hybrinomials H,,(z) become the
Chebyshev hybrinomials of the first kind TH,,_1(z),

(6) For a =1, b = p = 2, and ¢ = —1, the Horadam hybrinomials H,,(z) become the
Chebyshev polynomials of the second kind UH,,_1(z),

(7) For x = 1, the Fibonacci hybrinomials F'H,,(x), become the Fibonacci hybrid numbers
FHy,

(8) For x = 1, the Lucas hybrinomials LH,_1(z), become the Lucas hybrid numbers
LHTL*I?

(9) For z = 1, the Pell hybrinomials PH,(x), become the Pell hybrid numbers PH,,
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(10) For = = 1, the Pell-Lucas hybrinomials QH,_i(x), become the Pell-Lucas hybrid
numbers QH,_1,

(11) For x = 1, the Chebyshev hybrinomials of the first kind T'H,,_1(x), become the Cheby-
shev hybrid numbers of the first kind TH,,_1,

(12) For x = 1, the Chebyshev polynomials of the second kind UH,,_1(z), become the
Chebyshev hybrid numbers of the second kind UH,,_1.

From the recurrence relations (2.1) and (1.1), we obtain that for n > 2,
H,(z) = pxhp_1(z)+ qhn_o(z) + (prhy(z) + qhp_1(2))1i
+ (prhnti(2) + ¢hn(2)) € + (Prhnya(2) + ghnii(2)) B
= prH,-1(x) + qHp—2(z)
and so
Hy(z) = peH,—1(z) + ¢Hy—2(z),
with the initial values Hy(x) = a + bxi+(bpx? + aq)e+(bp?z® + (apq + bg)z)h and Ha(z) =

b + (bpa? + aq)i+(bp?z® + (apq + bq)x)e + (bpPx* + (ap?q + 2bpq)z? + ag?)h.
Now we give the Binet-Like formula for the Horadam hybrinomials.

Theorem 2.2. The Binet-Like formula for the Horadam hybrinomial H,,(x) is
H,(z) = Aa" & 4+ B 15, (2.2)
where @ = 1 + ai + a?e + o3h and 8 = 1 + i+ %€ + 5°h.
Proof. By virtue of (1.2) and (2.1), we find that
H,(z) = (Aa"'+ BA" 1) + (Ao + BA™)i+(Aa" + B ) e+(Aa"? + B 2)h
= A" '(1+ai+a’e+a’h)+ BB (1 + Bi+ B+ °h)
Ao ta + BB L.
O

We shall give the generating function and exponential generating function for the Horadam
hybrinomials.

Theorem 2.3. The generating function for the Horadam hybrinomial H, (z) is

HZ_O Hn(ﬂﬁ)tn — IHIO (33) +1(IEH1;§2 __;'TQHO ($)) 3 ] (2‘3)

Proof. We begin with the formal power series representation of the generating function for
{Hn ()}

o
> Hp(2)t" = Ho(x) + Hy(2)t + - - + Hy(z)tF + - - . (2.4)
n=0
Hence
o0
pxt ZHn(sv)t” = paHo(z)t + prHy (z)t2 4 - - - 4 paHy(z)tF 4. (2.5)
n=0

o
at? Yy Ha(@)t" = qHo(x)#? + qHi (@)t + -+ + gHe(a)t" 2 4 (2.6)
n=0
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From (2.4), (2.5) and (2.6), we find that

(1 — pxt — qt?) Z H, (z)t" = Ho(z) + (Hy(z) — pxHp(z)) t.

n=0
So
= H Hy () — paHo(z)) ¢
S H (1) = o(z) + (Hi (x) pe o())t
= 1 —paxt — gt
[l
Corollary 2.4. (13, Theorem 2.10]) The generating function for the Fibonacci hybrinomial
FH,(x) is
> i 24 )h+(1 h
ZFHn(x)t” _ iHzet(@+ Dh+ (1 + etz )t'
1—at—1t2
n=0
Proof. This follows from substituting a = b =p = ¢ = 1 in the Equation (2.3). O

Corollary 2.5. ([13, Theorem 2.11]) The generating function for the Lucas hybrinomial
LH,(x) is

o0
LH LH —xLH t
S Lty oy — LHole) + (LH(@) — 2LHo()) 1
1—at—1t2
n=0
Proof. This follows from substituting a = 2 and b = p = ¢ = 1 in the Equation (2.3). O

Theorem 2.6. The exponential generating function for the Horadam hybrinomial H,(x) is
[e.e] tn 5
E Hip (z)— = Ao~ taet + B3Rt
n!
n=0

Proof. By virtue of Binet formula for the Horadam hybrinomials, we have

(o) o [ee) s s n
S Hi@)o = Y (Aa"a+ BET R
n=0 ’ n=0 ’

|
(67 =0 n:

AG or BB g
B
= Ao lae™ 4+ BB

n

_ Ad S (at)" +Bj§:(5t)"
ﬁ n=0 !

So the proof is completed. O

By virtue of Binet-Like formula of the Horadam hybrinomials, we give the following inter-
esting identities.

Theorem 2.7. (Catalan-Like Identity). Let n and r be arbitrary positive integers such that
n > r. Then we have

B ) (o) — B0) = (o ap (a3 ((2) 1) +8a ((5) 1)) e

d0i:10.20944/preprints202001.0116.v1
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Proof. By using the Binet formula of the Horadam hybrinomials, we have the left hand-side
of the equality (2.7),

Hp g (2)Hp—r () — Hi(x) = (Aanfrfld + B,BnﬁilB) <Aan+r71& 4 BBnqule)
o1 ~\ 2
_ (Aan_ld—i-Bﬁ 16)
— AB (O[B)n_l a—r/B’l‘dB + BA (/Ba)n—l IB_TaTBd
—AB(aB)" &B - BA(Ba)" pa.
After some elementary calculations, we get

H, () (2) — H2(2) = (—q)" L AB (aB ((i ) - 1) +pa ((g) - 1)) |

Theorem 2.8. (Cassini-Like Identity). For n > 1, the following equality holds:

Hy 1 (2)Hp_1 (z) — H2(2) = (—q)" ' AB <a[3 (ﬁ - 1) + Ba (g - 1)) (2.8)

Proof. Since the Cassini-Like identity is a special case for r = 1 of Catalan-Like identity, the
proof is trivial. O

Theorem 2.9. (d’Ocagne-Like Identity). Let n be a nonnegative integer and m a natural
number. If m > n + 1, then we have

Hin (2)Hy 1() = Hon1 (1) () = VAAB(=q)" ™" (87 "Ba—a™"aB),  (29)
where A = p?x? + 4q.
Proof. By using the Binet-Like formula of the Horadam hybrinomials, we have
Hy (2)Hp1 (z) — Hon1 (2)Hp(z) = (Aam—ld + Bﬂm—lé) (Aa"& + Bﬁ”B)
_ <Aam& n BﬂmB) (Aa"’ld n Bﬁ”*lé)
= ABa™'p"aB — ABa™B" a8
+BAa" B Ba — BAQ™ ' ™ Ba.
After some calculations, we can easily see that
Hy (@)1 (2) = Hyp (2)H (2) = VAAB(=q)" ™ (87" 3a — o™ "a5B)
O

If we take a = b =p=¢q=11n (2.7), (2.8) and (2.9), we obtain the Catalan-Like, the
Cassini-Like and the d’Ocagne-Like identities for the Fibonacci hybrinomials [13, Theorem
2.4], [13, Corollary 2.6] and [13, Theorem 2.7], respectively. Similarly, if we take a = 2 and
b=p=¢q=1in (2.7), (2.8) and (2.9), we obtain the Catalan-Like, the Cassini-Like and the
d’Ocagne-Like identities for the Lucas hybrinomials [13, Theorem 2.5], [13, Corollary 2.6] and
[13, Theorem 2.9], respectively.

d0i:10.20944/preprints202001.0116.v1
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Theorem 2.10. Let n > 2 be an integer. Then we have
n—1
H —H, H —H,_
1 —pzr—gq
Proof. By using the Binet-Like formula of the Horadam hybrinomials, we find that
n—1 n—1 ~
S Hi(x) = (Aoak_ld n Bﬁk_lﬁ)
= k=1
SO WERED W
1— 5n71
= B | ————
(7 s (125
_ 4a(- 512 ) 4 B — ) (1 5
l1—pr—q '
Utilizing the last equation, we have
n—1
_ Hi(z) —Hn(z) + g (Ho(z) — Hp(2))
> Hi(z) = .
1—pz—q
O
Corollary 2.11. ([13, Theorem 2.13]) Let n > 2 be an integer. Then we have
FH,_ FH — FH
ZFHk Hy(w) + FHy () ~ FHo(x) ~ FH ()
x
Proof. This follows from substituting a = b = p = ¢ = 1 in the Equation (2.10). ([
Corollary 2.12. ([13, Theorem 2.15]) Let n > 2 be an integer. Then we have
LH,_ LH — LH
ZLHk Ha() + LHy 1(x) ~ LHo(x) ~ LHy(z)
x
Proof. This follows from substituting a = 2 and b = p = ¢ = 1 in the Equation (2.10). ([

Theorem 2.13. For nonnegative integer n, we have

qniz”; (:‘) (p;“)n_i]mm( ) = Han (). (2.11)


https://doi.org/10.20944/preprints202001.0116.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 January 2020 d0i:10.20944/preprints202001.0116.v1

8 CAN KIZILATES

Proof. By virtue of the Binet-Like formula of the Horadam hybrinomials, we have the left
hand-side of the equality (2.11),

qn ZD <7Z) (px)nfi qi (Aan—i—ld + Bﬁn—i—15>

= Ada"') (7;) (pza)" " q'+ BBB™Y (7;) (pzB)" " ¢’
=0 1=0

= Aaa”! (pra+q)" + BBS~ (pB +q)"
= Aaa® '+ Bpp*!
= Hay,(z).
Thus the proof is completed. U

3. AN APPLICATION OF HORADAM HYBRINOMIALS IN MATRICES

In this section, we derive the matrix representation of the Horadam hybrinomials. Then we
obtain closed formula for the Horadam hybrinomials H,, (z), in terms of tridiagonal determinant
by using same methods that were used earlier in [15] (see also [16, 17]).

Theorem 3.1. Let n > 1 be an integer. The following equality holds:
Hor3(z) Hpso(z) | _ [ Ha(z) Ha(z) ][ pz 11" (3.1)
Hyy2(z) Hpyi(z) Ho(z) Hi(z) [ ¢ 0]~ '

Proof. For the proof, we use induction method on n. The equality holds for n = 1. Now
suppose that the equality is true for n > 1. Then we can verify it for n + 1 as follows:

EE R I
_ [ H,i3(z) Hypo(z) ] [px 1 ]
| Hoyo(z) Hopa(z) [ [ ¢ O
- [ Fe ]
Thus the proof is completed. - O

Corollary 3.2. ([13, Theorem 2.16]) Let n > 1 be an integer. The following equality holds:

r e | = e ][5 e]

Proof. This follows from substituting a = b =p = ¢ = 1 in the Equation (3.1). O
Corollary 3.3. ([13, Theorem 2.17]) Let n > 1 be an integer. The following equality holds:

[ Eed o)) - [ 2 ][4 4]

Proof. This follows from substituting a = 2 and b = p = ¢ = 1 in the Equation (3.1). ([

The n'" term of Horadam hybrinomial can be obtained via the computation of the deter-
minant of the tridiagonal matrix M,,_1(z).
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Proposition 3.4. The n x n tridiagonal matrices

Ha(z) Hi(z)
—q px 1
—-q pr 1

—q pr 1
—q pT
satisfy
| Mp(2)] = Hpt1(x).
Note that, Horadam hybrinomial can be obtained using the another tridiagonal matrix.

Proposition 3.5. Forn > 1, we have

Hy(x) Hy(z) 0 0 --- 0 0
-1 0 qg 0 --- 0 O
0 -1 pzxr ¢q --- 0 O
Hn(z) = . . c ) S
0 0 O 0 - pxr gq
0 0 0 O -1 px
nxn

4. CONCLUSION

In our present investigation, we have introduced and studied systematically Horadam hybri-
nomials which are defined by means of the Horadam polynomials. We have derived several in-
teresting properties of Horadam hybrinomials such as Binet—Like formula, generating function,
exponential generating function, Catalan—Like identity, Cassini—Like identity, d’Ocagne—Like
identity and summation formulas, respectively. Finally in Section 3, with the help of the two
different tridiagonal matrix, we have obtained the n'" term of Horadam hybrinomials. The
Horadam hybrinomials that we have defined include previously introduced the Fibonacci hy-
brinomials F' H,(x), the Fibonacci hybrid numbers F' H,, the Lucas hybrinomials LH,_;(x),
the Lucas hybrid numbers LH,,_1, the Pell hybrinomials PH, (z), the Pell hybrid numbers
PH,, the Pell-Lucas hybrinomials QH,,—1(z), the Pell-Lucas hybrid numbers QH,,_1 (see,
[13, 14]). From the definition of the Horadam hybrinomials, we also have obtained the Cheby-
shev hybrinomials of the first kind T'H,,_1(x), the Chebyshev hybrid numbers of the first kind
TH,,_1, the Chebyshev hybrinomials of the second kind U H,,—1(x) and the Chebyshev hybrid
numbers of the second kind UH,,_1. Indeed, for the interested readers of this paper, results
presented here have the potential to motivate further researches of the subject of the Tri-
bonacci hybrinomials and Tribonacci-Lucas hybrinomials, i.e. Tribonacci hybrid polynomials
and Tribonacci-Lucas hybrid polynomials including (for example) Tribonacci hybrid numbers
and Tribonacci—Lucas hybrid numbers.
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