Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 December 2019 d0i:10.20944/preprints201912.0389.v1

ON SOME INEQUALITIES FOR THE GENERALIZED EUCLIDEAN OPERATOR
RADIUS

MOHAMMAD W. ALOMARI

ABSTRACT. There are many criterion to generalize the concept of numerical radius; one of the most re-
cent interesting generalization is what so called the generalized Euclidean operator radius. Simply, it is
the numerical radius of multivariable operators. In this work, several new inequalities, refinements and
generalizations are established for this kind of numerical radius.

1. INTRODUCTION

Let % () be the Banach algebra of all bounded linear operators defined on a complex Hilbert space
(A5 (-,+)) with the identity operator 1, in % (). When ¢ = C", we identify & () with the algebra

M, xn of n-by-n complex matrices. Then, M is just the cone of n-by-n positive semidefinite matrices.

For a bounded linear operator T' on a Hilbert space 4, the numerical range W (T) is the image of the
unit sphere of J# under the quadratic form x — (T'z, z) associated with the operator. More precisely,

W(T) ={(Tz,z):x €, |z| =1}
Also, the numerical radius is defined to be

w(T)=sup{|A|: Ae W ()} = sup [(Tx,x)|.

llzll=1
We recall that, the usual operator norm of an operator T is defined to be
[T = sup{[|Tz| : « € H, [|z]| = 1}.

It is well known that w (-) defines an operator norm on % () which is equivalent to operator norm || - ||.
Moreover, we have

(1) STl < w(m) <7

for any T' € % () and this inequality is sharp.

It is known that w(A) is a norm on 2 (), but it is not unitarily invariant. But the numerical radius norm
is weakly unitarily invariant; i.e., w (U*TU) = w (T) for all unitary U. Also, let us don’t miss the chance to
mention the important property that w (T) = w (T*) and w (T*T) = w (TT*) for every T € B ().

Denote |T'| = (T*T)l/2 the absolute value of the operator 7. Then we have

w () = 1Tl

It’s well known that the numerical radius is not submultiplicative, but it satisfies

w(TS) < 4w (T)w (S)
for all T, S € # (). In particular if T, S commute, then

w(TS) < 2w (T)w(S9).
Moreover, if T, S are normal then w (-) is submultiplicative, i.e.,

w(TS) <w(T)w(S)
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In 2009, Popsecu [21] introduced the concept of Euclidean operator radius of an n-tuple T = (Ty,--- ,Ty) €
B(A)" == B(H) x - x B(H). Namely, for T1,---,T,, € B (). The Euclidean operator radius of
Ty,---,T, is defined by

1/2
we (T, -+ ,Ty) := sup (Z|Tmm > .

lzll=1 \;=1

Indeed, the Euclidean operator radius was generalized in [24] as follows:
1/p
wp (T, ,T) = sup <Z|T:c:c > , p>1.
lzll=1

If p =1 then wy (T1,- -+ ,Ty) (also, it is denoted by wg (11, - ,Ty)) is called the Rhombic numerical radius
which have been studied in [5]. In an interesting case, wy (C,--- ,C) =n-w (C).
The Crawford number is defined to be

c(M)=if{Al: AxeW (1)} = HH”lfl [(Tx,z)]|.

Consequently, we define the generalized Crawford number as:

1/p
cp Ty, Th ::|9161|r|1f1<Z|Txx > , p> 1.

In case p = 1, the generalized Crawford number is called the Rhombic Crawford number and is denoted by
CR (T17 e ;Tn>
We note that in case p = 0o, the generalized Euclidean operator radius is defined as:

Woo (T4, -+, T)) := sup Z| VT, T —H11H1f12| Tz, )|

lzll=15=1
:wR(Th"' ’Tn) 7CR(T1,... ’Tn),
Thus, the inequality
(1.2) Woo (T, ,T3) S wp (Th, -+, Ty) < wgr (T, -+, Ty)

for all p € (1,00). This fact follows by Jensen’s inequality applied for the function h(p) = w, (T1,---,Ty),
which is log-convex and decreasing for all p > 1.
On the other hand, by employing the Jensen’s inequality

n p n
(Tll Z ak) < % Z ay,
k=1 k=1

which holds for every finite positive sequence of real numbers (ax),_, and p > 1; by setting ar = [(Tyz, z)|
for all (k=1,2,---,n), we get

1
n n P
3 (Tiw,z)| <05 (Z I<Tkxvx>p> :
k=1 k=1

Taking the supremum over all unit vector = € 72, one could get

(1.3) wr (Th,-Ty) <n'“sw, (Th, -, ).

Combining the inequalities (1.2) and (1.3) we get

(1.4) Woo (Th, -+, T) < wp (Th, -+ Tp) Swg (Th, -+, Tp) < n' vy (Th, -+, Ty).

More generally, in the power mean inequality

1< , 1< “
- E p < | = E a <
<n ak) - <n ak) ’ vp a q
k=1 k=1
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if one chooses ay, = [(Tyx, x)| for all (k=1,2,--- ,n), then we have

(i > |<Tkx,:ﬂ>|”> p < <i > |(Tkx,x>q>
k=1 k=1

Taking the supremum over all unit vector x € 2, we get

1

q

(1.5) wy (Tr, -+ T) S v dwg (T, -+, T,),  Yg>p>1.

Indeed, one can refine (1.3) by applying the Jensen’s inequality

(1.6) IS w) <2 @t -2 pxe2
"= It * "= st ’ a

which obtained from more general result for superquadratic functions [1].
Thus, by setting ay, = |{(Trz,z)| in (1.6) we get

(Z |<Tkx,x>|> <m0 S (T )P — S| (T, )|~ S [T
k=1 k=1 k=1

P

j=1
P
n n 1 n
<nPt Z (T, x)|P —nP~! Z |(Tyx,z)| — — sup Z Tz, )|
k=1 k=1 " llel=1;5
Taking the supremum again over all unit vector x € 7, we get
n P
sup (Z |<Tkx7x>|)
l=ll=1 \ (=
P
n n 1 n
< sup {0ty [Tz, @) =0Ty |[(Tea, )| — — sup Y [(Tya, @)
[l=|l=1 k=1 k=1 T ja||=1 j=1
<nP7! sup Z|<Tk:17,x>|p —nP~t inf [(Txx,z)| — — sup Z|<zj,x>|
lzll=17—, lzll=1 ;= Mzl =152
n p
:np_lwg (Ty,---,T,) —nP~ ! inf [(Tpx,z)| — —wr (T1,- -+, Ty)| ,
lel=1 =
which gives
wh (Ty, -+, Tp) < 0P~k (T, -+ Ty) — 0P~} Hh”lf1 (T, )| = —wr (T1,-- . Ta)
e
k=1

which refine the right hand side of (1.4). Clearly, all above mentioned inequalities generalize and refine some
inequalities obtained in [20]. For recent inequalities, counterparts, refinements and other related properties
concerning the generalized Euclidean operator radius the reader my refer to [5], [9] ,[12],[13], [21], [23] and[24].

2. BOUNDS FOR THE GENERALIZED EUCLIDEAN OPERATOR RADIUS

Lemma 1. We have
(1) The Power-Mean inequality

3 =

(2.1) a®b' " <aa+ (1 —a)b< (ad? + (1 —a)bP)

for all a € [0,1], a,b >0 and p > 1.
(2) The Power-Young inequality

a B pa ppB »
(2.2) ab<2+<(a +>
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for all a,b >0 anda,ﬁ>1withé+%:1 and ollp > 1.

Lemma 2. (The McCarty inequality). Let A € B ()", then
(2.3) (Ax,z)? < (APz z), p>1
for any unit vector x €

Lemma 3. Ifa,b >0, and p,q > 1 such that%—i—%:l, then form=1,2,3,...,

m

(2.4) (arb0)™ + 75 (¥ —b%)* < (a ! ) Tz,
p q
where rg = min {%, %} In particular, if p=q = 2, then
1.1.m 1 m m\9 —_m r 2
(a2b2) —|—2—m(a2 —b2)° <27 (a"+b")"
Form=1 1
1
(a%b%) + 5(a? —b3)* <27 (@ +07)7
In 1994, Furuta [11] proved the following generalization of Kato’s inequality (1.3)
2
(2:5) (T )| < (TP 22 (1177 3,

for any x,y € J# and o, 8 € [0,1] with o+ 8 > 1.

The inequality (2.5) was generalized for any a, § > 0 with a+ 8 > 1 by Dragomir in [8]. Indeed, as noted
by Dragomir the condition «, 8 € [0, 1] was assumed by Furuta to fit with the Heinz—Kato inequality, which
reads:

[(Ta,y)| < | A%a|| || By

for any z,y € # and a € [0,1] where A and B are positive operators such that | Tz| < ||Az|| and
|7y < | By| for any z,y € 2.
In the same work [8], Dragomir provides a useful extension of Furuta’s inequality, as follows:

(2.6) (DCBAz,y)|? < <A* |B|2Ax,x> <D [l D*y,y>

for any A, B,C,D € % () and any vectors x,y € S . The equality in (2.6) holds iff the vectors BAx and
C*D*y are linearly dependent in ¢. For other closely related version of Kato’s inequality see [2], [14], [15],
[18], [19] and [22].

2.1. Basic properties of the generalized Euclidean operator radius. Moslehian et al. [20], mention
without proofs the following properties of the generalized Euclidean operator radius:

(1) wy (Th,---,T,) =0if and only if T, =0 for each k =1,--- ,n.

(2) wp (AT, -+, AT) = (M wy (T, -+, Th).

(3) wp(Al +Bla"' aAn+Bn) < wp(Ala"' aAn)+wp(B1v"' 7Bn)

(4) wp (X* N X, -+, X', X) = || X wp (Tn, - -+, Tn).
for every Ty, Ay, Br, X € B(H#) (1 <k <n) and every scalar A € C.

Despite of the authors in [20], mentioned the above basic properties of the generalized Euclidean operator

radius, but it seems they missed some other important properties, rather than they left these properties
without proof. Sometimes, it’s nice to elaborate the proof of these elementary facts. Because of that we are

going to give a proof of each property. Clearly, the first two properites follows from the definition of the gener-
alized Euclidean operator radius. In what follows, and as the classical sense we have the following properties:
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Let Ty, - , T, U € B () such that U is a unitary. Then, the following properties of the generalized
Euclidean operator radius holds.

(1) The generalized Euclidean operator radius is weakly unitarily invariant i.e.,
wy, (U'TYU, -\ UTU) =wp, (Th, -, Ty).
(2) Wp (Tl’ T aTn) = Wp (Tl*a T 7T*)

n

(3) wy (TFTy, -\ TiT,) = wy (VT - -+ T, T).

n

Proof. (1) The first property follows since

3

1/p
w, (UF Ty UL, -+ UST,U,) := sup <Z| (UFTUsz, )| )

lzll=1 \5=1

3

1/p
= sup (Z (T,Usz, Uix)|p>

lzl|=1 =1
n 1/p
= sup (Z |<Tz'y7y>|p>
llyll=1 =1
= wp(le"' ,Tn).

(2) By the definition of the generalized Euclidean operator radius we have

1/p n 1/p
wy (T1, -+ T,) = sup (Dm ) = sw <Z|<x,zz*x>|*’)

l=l=1 \;=1 lzll=1 \ =1
_ * *
_wP(Tlv"' ’Tn)'

(3) Similarly, by definition we have

1/p n 1/p
wy (T, -+, T, T sup <Z|TT$$ ) = sup (Z [{(x, T;T x)]| )

(4) Finally, employing the classical Minlowski inequality, i.e.,
we get

=

wp(A1+Bl7... ’An—i-Bn) = Z<(AZ+BZ):L‘7$>|IJ>

=

which proves the last property.
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It remains to prove w, (X*T1 X, -, X*T,X) = | X||w, (T1,--- ,T5). Form the definition of the general-
ized Euclidean operator radius, we have

n l/p
wy, (X*T1 X, , X*T,,X) := sup (Z (X*T; X, )| )

l=zl=1 \;=1

n l/p
= sup <Z| (T: Xz, X)) )

[lz|l=1
n 1/p
= sup <Z x| |<m,:c>|”>
=4 Ni=1

1/p
= IXI7 sup (chm )

= [Ix)” wp(le-,T;‘Z%

as required. O
Proposition 1. Let T,--- , T, € B(H ) and f,g are nonnegative continuous functions defined on [0, 00)
satisfying that f(t)g(t) =t ( >0). Then

(2.7) wy (Ty, -+, Tn) S wp (FF(IT0) -+ 7 (ITal) we (97 (ITTD) -+, 9" (IT31))

forallr > 2 and p,q > 1 with%—i—%:l.

Proof.
(Tiw,2)" < [If (1T:]) =" g (1T7°]) ]|
= (AT z,x)” (g° (T ]) x,2)?
<{f"(|IT:]) =, z) {g" (|T]]) =, z) (by the McCarthy inequality)
Taking the sum over all ¢ from 1 to n we get

n

Y (Tw,a)” <Y (fF (T z.2) (g7 (1T7]) @, )
=1 I=1

S

n a
(Z (" (IT)) , $>q> (by the Hélder inequality)

I=1

<<Zn:f” |T|H>

I=1

Taking the supremum over all vectors x € 5 such that ||z|| = 1, we get the desired result. O

Corollary 1. Let Ty,---,T,, € B () and f,g are nonnegative continuous functions defined on [0, 00)
satisfying that f(t)g(t) =t (t > 0). Then,

(2.8) wy (Ty, -+, Tn) S we (f7(IT30) -+, f7 (1Tw])) we (9" (ITT]) 5+, 9" (IT31))
for allr > 2.
Proof. Setting p=q =2 1in (2.7). O

Proposition 2. Let A;,B;,C;,D; € B(H) (i=1,---,n). Then,

(29) ’U)(Qa (DICIBlAla o 7DnCanAn)
< wy (A7 1Bif Av,--+ AL |Bul® An ) wy (D1 [CF D, Do |C3 D)
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Proof. Let y = x in (2.6), we get

sup Z | <D101BZAZ.’,E, SC> |2

lzl=13=1

< sup Z <A;k |B;|? Aix,x> <Di )P D;kx,x>

lzll=15=

< sup (i <A;k |B;|? Aix,m>p> ’ sup (i <Dlv P D;“x,x>q) g

lzll=1 \;=1 lzl=1 \=1

—wy (A7 B Av,- A5 Bul A) w, (D1 |G DY, Da G5 D}).

which is gives the desired result. O
Corollary 2. Let B; € () (i=1,---,n). Then,
(2.10) w? (B B2) <wy (1B 1Baf?) wy (1Bi2 - 1B )

for all p,q > 1 such that % + % = 1. In particular, for p = q =2 we have
(211) We (B%, aBTQL) < we (|Bl‘23"' 7|Bn|2>

Proof. Setting A; = U;, D; = U} (U; are unitaries for all i = 1,--- ,n) and C; = B; in the previous result.
Then

w? (U B3+ UL B2U,) < w, (UF [Byf Us, - Uy |Bal Un ) wy (U B U, U |BLP UL
Since wy, (+) is weakly unitarily invariant and
wy (1Bif - 1BiP) = wy (1B1f -+ 1Bal*).
Thus, the desired result is obtained. |
Corollary 3. Let T, € B () (i=1,---,n), a,8 >0 such that o+ > 1. Then,
(212) W (BT T ) <y (IBP T ) (1T TP
for all p,q > 1 such that % + % =1.

Proof. Let U; be unitaries for all i = 1,--- ,n, setting D; = U;, B =14, C = |Ti|6 and A; = |T;|* for all
a, B > 0 such that « + 8 > 1 in (2.9), then we have

DiC;B; A; = Ui [Ty |T|* = U, |T3| TP~ = 1 |13 TP

also, we have A? |B;|> A; = |T,** and D; |C:|> D7 = U; | Ty U = |T;|*’ foralli=1,--- ,n. O
Corollary 4. Let T, € B(H#) (i=1,--- ,n). Then,
(213) ws (Tlv e 7Tn) < Wp (|T1| st |Tn|)wq (|T1*| Ty |T;|)

for all p,q > 1 such that % + % =1.

Proof. Setting o = 5 = % in (2.12). a
Corollary 5. Let T; € B () (i=1,---,n), o, B >0 such that a+ 5 > 1. Then,

(2.14) w2 (T3 |Ta] o T Tal) S wp (113 1Tl ) wy (1T 1T

for all p,q > 1 such that % + % = 1. In particular, for p = q = 2 we have

(2.15) W (T T Tal) < w? (IT3f o ITl?)

Proof. Setting a = § =1 in (2.12) and use the properties of w,, (-). O
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2.2. Inequalities for the generalized Euclidean operator radius.
Theorem 1. Let A;,B;,C;;D; € () (i=1,---,n). Then,

Z % [(A;" |Bi|2 Ai)(l—’y)p?“ N (Af |B¢|2 Ai)’ypr}

i=1
+2iq [(Di |C;‘2D;)7qr + (b |CZ‘I2DZ‘)(1_W} H

forallr>1,p,q>1 and v € [0,1] such that py > 2 and%+%:1,

(216) WR (chlBlAla"’ 7.DnCanAn) S

Proof. Let y =z in (2.6), then we have

i=1
n 1

_ Z<A; |Bi\2Aim,x>% <D¢ ICZ‘IQD?W”>2

i—1

1 1— Tpl— 1=y
,Z [<A;‘|Bi|2Aim,z> 7<D¢\CZ‘|2 D;"x,x>7 (since Vab < a4 J2ra )

=1

<

< |Bi|2Ai$7x>” (D; |c;‘|2D:-‘wvx>1_q

< %Zn: { <<Af |B;|” Az, x>(177)p + <A;k |B,|? Az, x>w>; ( by Holder inequality)
i=1
< (et piwa) + (pijer piaa) ) 3}
< % . (<(A: IBi|2Ai)“‘”)pxax> + <(A; B, 2 Ai)”’xw» ( by AM-GM)
i=1

+ 271q i <<(D1 Crf? Df)vq x,x> + <<D1 ek Df)(l_’y}q z, z:>>
i=1
=S ({5 [(rmra) T+ (arima) ]
i=1
+% [(Di ;P o;)" + (iles D;")qu} } :z:x> .

Taking the supremum over all unit vector z € 77 we get the required result. |

Corollary 6. Let A;,B;,C;,D; € B() (i=1,---,n). Then,

(217) WR (D101B1A1, te ,DnCanAn)

5 fllwmeay s ne ) (o) o))

i=1

for all v € [0,1]

Proof. Setting p=¢q =2 and r =1 in (2.16).
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Corollary 7. Let T, € B(H) (i=1,---,n). Then,

(2.18) wr (Tl Tyt T, |Tn|"+5‘1)

n

1 ) ) )
Z - |:|717;|20¢(1 Y)pr + |TH201’YPT:| +— I:u—vi*|2ﬁ7q7’ + |TZ*|2'8(1 'y)qrj|
2p 2(]

=1

<

forallr>1, p,g>1 and v € [0,1] such that py > 2 and%—i—%: 1.
In particular, we have

(219) wg (T[T T T )

<

| =

Z { |:|E|4a(1—’y)r + |ﬂ|4a’y’l“i| + I:‘jwz*|4ﬁ"y’r’ + |1—;*‘4ﬁ(1—’y)7”:| }H

=1

Proof. The proof is similar to the inequality (2.12) by employing (2.16). d

Remark 1. Settingy =1, a=p = % and r =2 in (2.19), so that we have

(2.20) wr (T, -, Th) <

| =

S { [l + 1] + [izel + w]}H

i=1

Corollary 8. Let T, € B(J) (i =1,---,n). Then,

atf— at+pB— 1| 8q 14 o8 ol
(2.21) wr (T[T T T < 4 Z[mw + T 77 8 7y 2]

Proof. Setting p=g¢=2,7=1and y=1 in (2.19). O

Corollary 9. Let T, € B(H) (i=1,---,n). Then,

R<T1|T1|% L T | T2 ) le

S (T + T2 + 1T+ 177 H

i=1

Proof. Setting o = § = = in (2.21). O

Theorem 2. Let A;,B;,C;,D; € B(H#) (i=1,---,n). Then,

(2.22) ’U)g (D101B1A1, e ,DnCanAn)
- * 2 *(2 yx p * 2 *12 yx p
> (W= A7 IBIP Ai 44D |C: P ;| + 1A 1B A+ (1 =) Dy |C; I D H

i=1

<

DN | =

for all v € [0,1] and p > 1. In particular, we have

1
(223) wif,’ (chlBlAla s ,DnCanAn) S -_—

3 (471 4+ Dy |7 D;‘)pH

i=1
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Proof. Let y = x in (2.6), then we have
wp (chlBlAh T aDnCanAn)

(D;CiB; Az, z)|”
<<A:-‘ |B;|? Aix,x>% <Di o2 Dmm>;>”
7
; ; (a1 2™ (o i) o 20,
+ (<A2‘ |B;|? Az-ac,a;>7 <Di 2 D:x7x><1v))r

[((1 —7) <A;‘s |B;[? Aim,x> + <Di C? Dfx,x>)p (by AM-GM inequality)

M:

1

o
Il

M=

7

IN
|~

A\
DN =

s
Il
-

+ (1{431B.P Aw.2) + (1 =) (Di1CF Df. )|

<[(1 =) A7 |Bil* Ai + D3 [CF 7 Dﬂ x, 90>p

“

1
2

i=1

+ iqmz‘ [Bil* A + (1 = %) Di C; D} “>p

i=1

1
2

IN

sx
I M:
I,

1 * 2 12 x| . .
5 <[(1 — ) AT |B;|° Ai +vD; |Cf| Dl} x, w> (by McCarthy inequality)

S ([v4:1B:2 Ai + (0~ 7) D103 P 7| )

i=1

_;<i{[ ) A7 B A +Di|C; P D7}

i=1

DN | =

+ [ 1B A+ (1 =) DijC; P D 0,

Taking the supremum over all unit vector = € J# we get the required result. The particular case is obtained
by setting v = % in (2.22). O

Corollary 10. Let T; € B () (i=1,--- ,n). Then, for all a, 8 > 0 such that o+ 8 > 1 we have

i P
> (1mPe + ) |

i=1

« 1 o 1 1
(2.24) w? (T1 Ty T [T ), =

for allp > 1.

Proof. Let U; be unitaries for all § = 1,--- . n, setting D; = U;, B =14, C = |Ti|B and A; = |T;|” for all
a, B > 0 such that o + 8 > 1 in (2.23), then we have

DiCiBiA; = Ui [T\ |Ti|* = Ui T | T3P~ = Ty [Ty
also, we have A? |B;|> A; = |T;,/** and D; |C;|> D; = U; |T;|*° Uy = |T;|*’ foralli=1,--- ,n. O
Corollary 11. Let T, € () (i=1,--- ,n). Then, we have

i(m +177P)" H

Proof. Setting o = § = 5 in (2.24). O

(2.25) Wl (T3 [Ty] - T | T]) <
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INEQUALITIES FOR THE GENERALIZED EUCLIDEAN OPERATOR RADIUS 11
Theorem 3. Let A;,B;,C;,D; € B(H#) (i=1,---,n). Then, form €N andr,p>m >1,

(226) ’U)g (DlClBlAl, te ,DnCanAn)

m

S\ﬁ

i((AqBM) +(pilcir o))

where
n D = D = 2
Epm _2‘mz<<(A*|B| A)’” > —<<Di|C’f|2D;“>mx,x> > .
Proof. Let © € 7 be a unit vector. Let y = = in (2.6) then we have

Z | <DlCIBZAz$, Z‘) |p

i=1

[N

<A;f |Bi|? Az, x>7 <Di C? Dz, x>
(<A* B[? Ay x> <D IC7 2 Dra x>m>m
<<(A*B| A) x x>é<(Di|Cf|2DZ)£x,m>é>m (by McCarthy inequality)
(3{(ar1BF 2) ) +( (Dajer ;) >) (by (2.4)

)"

[

N
Il
-

I
NE

1

.
Il

NE

1

-
Il

M:

1

_Q—mzn:<<(A*|B| A xx>
=1
Si(;<(A* B[ A)“p >+<<D 071 ;) >> (by McCarthy inequality)
=1
2mi<<(A*|B| A mx,x> < Di\C;‘|2D )mx:c>>
=1
<" Y (3{(amra) o)+ ((Dircir ) F o)) (by concavity of 1%)
)

=1
2 T 2
~((pilcif o) " e

n r
—2_mz<<(A*|B| A; mm,x
i=1
Theorem 4. Let T, € () (i=1,---,n), o, >0 such that a+ 5 >1, meN and r,p >m > 1. Then

(¥ )

i=1

-
Il

m
2

<DC* D;

it

m
P 2

m
2

|

— inf wpma”@’( )

2arp
m 4 Tf"
’ Iz 2l =1

(2.27) w? (Tl Ty T, \Tn|‘*+5‘1) <

r

where

m

n my 2
m 209 3 . 262 7
Vpm,a,p (T) =2 E <<|E| m x,x> - <|TZ | ™™ x,x> ) )
i=1

for all o, 8> 0 such that o+ g > 1.
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Proof. Let U; be unitaries for all t = 1,--- ,n, setting D; = U;, B =14, C = |Ti|ﬁ and A; = |T;|” for all
a, 8 > 0 such that @ + 8 > 1 in (2.26), then we have

DiCiB;iA; = U |Ty|° |Ti|* = U; | T3] | T3 |7~ = 13 |13 |01

also, we have A% |B;|* A; = |T;[** and D; |C;|> Df = U |Ti[*P Ur = |T,|* for alli = 1,--- ,n. 0
Corollary 12. Let T; € B(H) (i =1,---,n), o, > 0 such that a+ 8 > 1, m € N and r,p > m > 1.
Then
_ A B R .
(228)  w (TR T T ) < S ST (I ) | e s (),
i=1
where
1< ) 3 ) 32

s @)= 330 (2 = 0) )
for all a, 8 > 0 such that a4+ 8 > 1.
Proof. Setting m =r =1 in (2.27). O

Corollary 13. Let T; € B(5) (i=1,--- ,n). Then, form €N and r,p>m > 1,

s3

1—m n
n r r g
(2.29) wp (T, ) < o g (7™ + 1T )| = ink g4 (@),
where
n m » m\ 2
By 3 @ =2 Y ((mlF o) = (i71F o))
i=1
for all a, 8 > 0 such that a4+ 8 > 1.
Proof. Setting a = 8= 1 in (2.27). O

Corollary 14. Let T; € B () (i=1,--- ,n). Then, form € N andr,p > 1,

i n 7
(2.30) wp (Ty, -+, Tn) < ”1; Zl (TP T = nf 08 (2),
where

Uy @)= 5 3 (TP 22 — (172, 0)?)
i=1

for all o, 8> 0 such that o+ 3 > 1.
Proof. Setting o = 8= and m = 1 in (2.29). O
Corollary 15. LetT; € B(H) (i=1,---,n). Then, form €N andp>m >1,

1 n
(2.31) wh(Tr,- T) < 5 ; (TP +ITEP)| = inf o,y (@),
where

3
EH
w3

P
<|T*|Mz :17>

Proof. Setting m = r in (2.29). O

2
“m 2 P
Vpm,1,1 (2) =2 Z<<|Ti|mx,$> — (T, > :
=1
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Corollary 16. Let T, € B() (i=1,---,n). Then, form € N and r,p > m > 1, we have

m

n

2rp o 272
> (I + i)

i=1

nt—w

(2.32) wy (T |Tal, -+ Tu | To]) < = nf Yy (@),

S

where

n m
2

in
lzl=1
_ 2p w22 7\
B @) =23 (% ) {1zl ¥ ) )
i=1
for all o, 8 > 0 such that o+ g > 1.
Proof. Setting o = =1 in (2.27). O

Corollary 17. Let B;,C;,U;,V; € B () (i = 1,---,n) such that U;,V; unitaries. Then, for m € N and
r,p>m > 1, we have

(233) w? (UfCLBUL, -+ Ui CBaUsy)

nl=%
<
- 27

rp

g ((UZ* |Bi|2 Ui)ﬁ + (Ui* |C£k\2 UZ)ZS) H _ ”gicr||1£1§p’m (z),

where

(0= <<(Ui* )" ”>m ~((orieerv)” m>m>2
=1

Proof. Setting A; = U; and D; = U} in (2.26) and using the fact that . O
Corollary 18. Let A;,D; € B(H) (i=1,--- ,n). Then, form € N and r,p>m > 1,

m

1—m &
(2.34) Wl (D1 Ay, -+, Dy Ay) < ”Zﬂ

T

— inf & (),

llzll=1

z": ((AfAi)% + (DiD;‘k)%>

i=1

where

s

pam (¢) 1= 2’";; (<<A;‘Ai>r’2 ra)’ — (D)) x,x>g)2.

Proof. Setting B; = C; =1y foralli=1,--- ,nin (2.26). a
Corollary 19. Let A;,D; € B(H) (i=1,--- ,n). Then, form € N and r,p>m > 1,

m

n il

(2.35) wh (Af Ay, ARAL) <ot =7 |13 (A7 4"
i=1
In particular, form =r
wh (AT Ay, -, AL A,) < z”: (AT AP
i=1
Proof. Setting D; = Af for alli=1,--- ,n in (2.34). O

3. UPPER AND LOWER BOUNDS FOR THE GENERALIZED EUCLIDEAN OPERATOR RADIUS

In this section we provide some lower and upper bounds for the product of the generalized Euclidean
operator radius. In order to to prove our results we need to recall the the following Holder type inequality,
which reads:

n n

1
(3.1) Syt < D] sl >yl
j=1

=1 =1

Q=

S =

for all complex numbers z;,y; (1 < j <n) and all p,¢,r > 1 such that % +

Q=
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14 M.W. ALOMARI

Theorem 5. Let D;,C;, B, A; € B(H) (i=1,---,n), r>1andp,g>1 with%—l—%: % Then

2r
1 n
n2r—1 ZDiCiBiAi
i=1
(3.2) <wl (A]‘ Bi? Ay, A% |Bn|2An> w (D1 (C:2 Dt ..., D, |c;|2D;;)
ror n 2 p 2 q X
< max<{ —, — (Af B; Ai) —|—<Di Cr D:) — inf A(z,y),
(5| (o cif or)'| - gt A

where,

n 5 q
(Di[C; P Dya,y)
b gq —

=1

A(z,y) = min{T,r} zn:<A2‘\Bi|2Aix,y>p—
i=1

Proof. Let x,y € 2. Applying inequality (3.1) and the convexity of t>", we have

=
e 2
= =1 ;((DiCiBiAi)x,w
< (Z <<Dz-ciBiAi>x,y>|)2r
< (zn: |(D;CiBi A;) 2, ) |2T> (by Jensen’s inequality)
Pt
< <§_j ((4:1B. Aa.y) (Di[C:? Dm»r) (by (26))
33) < (i: <A;‘ |Bi|2Aim7y>p>; (2”: <D¢ |C;‘|2Dfx7y>q>2
= pa
<7 _ (4 1B Asw,y) + qg (Di[Ci [ Day)” by (2.4)
2
~min {221 é(m B Awy) — ; (Dijc:P Day)’
< ; f: <<A;‘ By Ai>p z, y> + g f: <<Di leAli D;‘)q z, y> (by McCarthy inequality)

i=1 =1

2
(Jf}(AﬂBiFAix,y)p > (Dl Diay)’

=1 i=1

A 1B A) + (Dile; P D7)

‘ (properties of max)

2

“12 1k 1
<Di |C;] Dix’y>
1

/N —~

n e -
;<Ai |Bl| Alx,y>

n

7
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Taking the supremum over x,y € 4 with ||| = ||ly|| = 1, then the left and right hand side follows
immediately the middle term of the inequality follows by (3.3), and thus the desired result is obtained. [

Corollary 20. Let D;,C;,B;, A; € () (i=1,---,n), r>1. Then

2

1 n
— 1> DiC;B;A;
n ||«
i=1
(3.4) < we (A3 |Bif* A+, Ay [Bal® Ay) we (D1 G D3, -+, Dy C3 D)
1| 2 2 2 2 .
<3| X {(armra) s (pacro) Y -t A,
i=1 S
where
2
Aayy) = o Zn:<A*f Bi|* Az >2 - Zn:<D- C7 2 Dt >2
YY) B £ i 1Di ily Y 2 i|Ug i LY
Proof. Setting p=¢=2and r =1 in (3.2) we get the desired result. O

Corollary 21. Let D;, A; € B(A) (i=1,---,n), r>1 and p,q > 1 with £ + + = L. Then

n 2r
(3.5) # S DiAi|| < wp(AjAy, - AL AL w) (Dy DY, Dy D)
i=1 )
<max{%. 2} S (A4 + (DI = it M),

where,

- - 2

A(2,y) i= min {p q} S (4 1B Awwy) = |30 (Diles Diay)

i=1 i=1

Proof. Setting B; = C; = 1, in (3.2) we get the required result. O

T

Corollary 22. Let D;, A, € B() (i=1,---,n),r>1and p,g>1 with%—&—%: L Then

2r
1 . * r * * r * *
(3.6) T SOATA| S wp (ATAy, - AL A W (AGAT - AGAY)
i=1
ror -
< max<{ —, — AFADY + (A AN — inf A (z,vy),
{P q} ;( s ) lzl=1 (=:9)
where,
2
Aa.y) = mm{’",’"} S (A A ) — | S (At )
Py i=1 i=1
Proof. Setting D; = A; and B; = C; = 1, in (3.5). O

Corollary 23. Let D;,A; € B() (i=1,---,n),r>1 and p,q > 1 with % + % =1 Then

S a2
=1

n

D (ATA) + (447)°

i=1

2
(3.7) Su? (AL AL <

1
— A
n (‘Tay)a

— inf
llzll=llyll=1
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16 M.W. ALOMARI

where,
2

1 n n
A, y) =5 Y (ArAizy)® — (| (AiAfz,y)?
=1

i=1
Proof. Setting p=¢ =2 and r =1 in (3.6). O
1,

Theorem 6. Let T, € B () (i = -,n), r>1,pqg>1 with % —l—% = % and o, 8 > 0 such that
a+p>1. Then

2r
1 . atp-1 . 2a 20\ o 12 12
(B8) g | TITIT N < (TP TP ) g (17T )
=1
T r "
<max{ —, — TP + || in Az, y),
{p q} ;' ! Iz ot (59
where,

2

Az,y) = mln{; ;} i<|Ti|2a$7y>1’7 i<|n*‘2ﬁx’y>q

i=1 i=1

Proof. Let U; be unitaries for all = 1,--- ,n, setting D; = U;, B =14, C = |Ti|ﬂ and A; = |T;|* for all
a, B > 0 such that « + 8 > 1 in (3.2), then we have

D,C;B;A; = Uy T\ T4 = UL | T | T3P = 1 )P
" 2 _ 20 %12 % 28 pre 28 -
also, we have A¥ |B;|” A; = |T;|"™" and D; |C}|" D} = U, |T;|" U = |T;|"" foralli =1,--- ,n

(]
Corollary 24. Let T; € B () (z =1,---,n), r>1and p,q > 1 with % + % = % Then
(3.9) n‘” ; ZT S wy (1] | Tal) wy (117, - -+ [T5])
i=1
< max{ } + |17 inf  A(z,y),
H I=llyll=1
where,
2
ror
e —mm{ S POSLEIEN N SN ENE
pq i=1 i=1

Proof. Setting « = = = in (3.8). O
Corollary 25. Let T; € %"(%) (i=1,---,n), o, >0 such that « + > 1. Then

N 2

a+p-1 2c 2c %2 * |2

(3.10) ST < we (1T TP ) we (1P TP

i=1

LIS ot :
<o T - iE M),
i lall=lyl=1

where,

n

S () — (S (11 )

i=1 =1

Proof. Setting p=¢ =2 and r =1 in (3.8). |
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Corollary 26. Let T, € B(H) (i=1,---,n). Then

1 - * *
(3.11) ~ DT < we (Tl | Tl we (T IT3)
i=1
1 n
2 ; ot =Y
where,
2
1 n ) n .
M) =5 (S Bz - |3 (1)
i=1 i=1
Proof. Setting o = 8 = £ in (3.10). O
We note that, in 2005, Kittaneh in [16] proved that
1 1
(3.12) T 7T < w? (T) < SIT°T + 17|

for Hilbert space operator T € % (). These inequalities are sharp. These inequalities were also reformu-
lated and generalized in [10] but in terms of the Cartesian decomposition.

In 2009, Popescu [21] proved that

n n 2
> T > LTy
k=1 k=1

As noted in [20], and as a special case of (3.13); if A = B +iC is the Cartesian decomposition of A, then

1

(3.13) <we (T, 7T,

w2 (B,0) = swp {|(Ba,a) + (Co,a)*} = sup [(Aw,)| = w? (4).

llzll=1 llzll=1

But since A*A + AA* =2 (32 + C’z), then we have
1 1
(3.14) 1—6||T*T+TT*H <w? (T) < 5||T*T+TT*||.

It should be noted here that, the case when n = 2, was also studied by Dragomir in [9] where he obtained
some very interesting results regading Euclidean operator radius of two operators w, (11, T2).

Next, we give a generalization of (3.12) and refine (indeed improve) (3.13) (and thus (3.14)) to the
generalized Euclidean operator radius.

Theorem 7. Let Ty, € B () (k=1,---,n). Then
P
Swgp(Tla"'v

n

1
Z Ty Ty + T T7)P

Z TE Ty + T Ty

1
2
=1

forallp > 1.

Proof. Let By + iC}, be the Cartesian decomposition of Ty, for all k =1,--- ,n. As in the proof of (3.12) in
[16], we have

|<Tkxv$>|2p = <<ka,l‘>2 + <Ckx,x>2)p

(|(Bra, )| + [(Crx, 2) )™

v

%
R = R[=R -

|<Bk1',$> + <Ckm7x>|2p

|<Bk:|:Ck.’L‘ l‘>‘ p.
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18 M.W. ALOMARI
Summing over k and then taking the supremum over all unit vector x € 7, we get

1
wy, (T, -+ ,T)Zﬁ sup Z| (By, £ Ch, z)|*P

l=]|=1 k=1
11 3
> 1 ) .
2 S e H H 1 <;| By + Crz, )| > (by Jensen’s inequality)
11| :
2
= 55 ot || 2o (B £ Ck)
k=1
Thus,
{1 n P n P
2
2w§p(T17""T”)Z§np71 I;(Bk-i-cig) % 7T kz (By, — Ci)*
> L LIS~ B a0 S (B - )
> oot |20 B+ G’ + 3 (Bi = i)
k=1 k=1
11| 3
2 2
= 55 1 Z {(Bk +Ci)" + (B — Cy) }
k=1
n P
1 TET, + T Ty
T opp-l Z 2
k=1
1| :
T S T + TeTy||
k=1
and hence,
n P
wh (Th,--  Tp) > ww DT+ ||
k=1
which proves the left hand side of the inequality in (3.15).
To prove the second inequality, for every unit vector x € J# we have
n n P
S (T 2) [ =3 ((ka,x>2 + <ckx,x>2)
k=1 k=1
Z (<ka 1:> + <C’k$ 1:>)
k=1
n
(B + ) )
k=1
which implies that
sup Z|Tkarx P =wh, (Th,---,T1) < sup Z<Bk+0k)xm>
l=ll=1 =1 lzll=1 =
S NCEk
k=1

)

20

> (T + T T3
k=1
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which proves the right hand side of (3.15). O
Remark 2. Clearly, by setting n =1 in (3.15) we recapture (3.12).

A very interesting case of (3.15) is considered in the following corollary.

Corollary 27. Let T,S € B (). Then

(3.16) 2% |T*T + TT" + 575 + §57|” < ut, (T, 5)
< 2% (T*T + TT*)” 4+ (S*S + SS*)7||
for all p > 1.
Proof. Setting n = 2 in (3.15). O

Remark 3. In particular, setting p =1 in (3.16) we get
1
1 I T*T + TT* + S*S 4+ SS*|| < we (T, S)

1
< 3 |T*T +TT* 4+ S*S + SS™| .

Moreover, if we choose T = S, then

1

5 I T*T +TT*|| < we (T, T) < || T*T +TT™| .
Remark 4. A lower and upper bounds for the Rhombic numerical radius could be deduced as follows:

In (1.4) the inequality holds for any p > 1. Setting p = 2q, then (1.4) reduces to
waq (Tr,+ T) S wp (Th, -+ T) S 0! By (Ty, -+, Th).

which implies that
(317) wgq (Th"' aTn) < (Tlv"' ’Tn) aniéwgq (Tla"' 7Tn)'

wh
Combining the inequalities (3.17) with (3.15) we get
q

1 n
ZT,:T]C—I—T/.;T]: Swgq(Tla"'aTn>
k=1

922q+1pqg—1

<nf 2w(2]q (Tla )Tn)
1 n
n 2 * *\q
< T2 S s )
k=1
1
for any q > 5.
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