
Article

Analysis of Random Scheduling Policy of
Multi-Server Parallel System with Redundancy:
Quality of Exponent

Jixiang Zhang
1 School of Information Science and Engineering, Southeast University; 230179077@seu.edu.cn
* Correspondence: 230179077@seu.edu.cn;

Abstract: A multi-server parallel system dispatches the incoming job, which contains kn tasks into
n servers. A job is considered to be computed if all the tasks associated with the job are processed.
One job’s tasks can be encoded into at least kn “replicas” such that the job is considered to be served
if any kn replicas finishing computation. In this paper, we analyze the random scheduling policy
of a multi-server computing system under discrete time model in terms of Quality of Exponent
(QoE), which is defined as the probability exponent that a typical job can be computed within a given
number of time slots. We let kn/n be a constant. Assuming that any task of any job can be randomly
dispatched by a “scheduler” to any server, and computing each task takes exactly one time slot. We
divide the calculation of probability exponent into two parts, exponent of numerator and exponent of
denominator. For the denominator, we give the almost exact exponent using Lagrange multiplier
method, while for the numerator, an upper bound of the numerator’s exponent is provided. In
addition, we also express the exponent in terms of information theoretical quantities and reconsider
both of exponents in the context of large deviation theory.

Keywords: probability exponent; multi-server parallel system; discrete time model; arrangement of
multiole sets; large deviation theory

1. Introduction

Parallel computing has become the mainstream for most computing platforms in order to support
today’s increasing demand for handling large-scale data and computational workloads. Splitting the
information processing job into multiple tasks and allocating them to multiple computing servers,
computing in parallel reduces the system delay due to the advantage of parallel processing of
job-associated tasks. Furthermore, the inherent scalability, which means that the servers can easily join
into or leave from the system as the demand for computing varies, leads parallel computing to the
prevailing standard for many modern computing architectures.

There are mainly two kinds of classical settings when considering parallel computing. In the
Fork/Join form, there is a fork point and a join point. When K independent tasks arrive at the fork
point, they are sent immediately to K parallel servers. The k−th task is sent to the respective server,
where it is served in first come first served (FCFS) fashion. That is, there may be some other task
dispatched to the same server and waiting for service in its queue buffer when a task is currently
in service. Completed tasks are saved in synchronization queues and waiting for the finishing of
their siblings. After all the tasks reach the synchronization queue, they are resynchronized in join
point and then, a Fork/Join computation is considered to be completed. Another setting is called
Split-Merge, which is different from the F/J queueing system in that all of the tasks of the former
job need to complete service before the next job can be processed. This feature is very important in
many information processing tasks, especially those computation tasks including multiple iterations,
where the former outputs are the inputs of current computing. For instance, training machine learning
model using gradient descent method needs to iteratively compute the gradient decreases, where the
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current obtained gradient vector is the input of the next iteration. F/J systems have been analyzed in
the context of queueing network models which are always complex due to the existence of multiple
parallel queues correspond to the servers, which are in general correlated with each other. SM system
is slightly easier to be dealt with in that the next job cannot be served before current job departs the
system, so that there is no interference between different tasks from different jobs or competition for
service resource which always exists in real computing systems. In [1] the author gives a detailed
overview of Fork/Join system in the context of network queueing model.

Using codes, for example MDS code, to facilitate various distributed computation problems or
distributed storage problems have been extensively studied in the last few years, such as [2–12] . The
advantage of introducing redundancy in multi-server systems are as follows. For each incoming job,
multiple servers are used to perform computing works in parallel. If the original tasks are directly
processed without coding, when any task is computed successfully and service output reaches the
synchronization queue in join point, the locations of this output in original sequence, need to be
recorded. Besides, if a task execution fails, then the task must be handled in some later service until
it has been completed successful. A task may be repeated multiple times and processed by several
servers simultaneously. In that case, the task is completed successful if the task execution is successful
on at least one of the servers. These repetitions greatly increase the workload of parallel computing
system and consequently impair system’s processing efficiency. On the other hand, due to the property
of certain codes, such as MDS codes or rateless codes, a predetermined number of “replicas” are
sufficient to reconstruct the original computation result. Thus, what matters is the number of replicas
that are served successfully and this threshold is independent of specific tasks, which provides great
facilitation during entire computations. The encoding and decoding overhead are ignored in this paper
due to excluding these factors do not affect our results. However, when considering practical design of
parallel computation system, they are both important factors.

Varieties of assessment metrics are used to evaluate the performance of such parallel computing
systems, including the mean of response time, moments of server queue lengths in the context of QNM,
the distribution of response time and their variations. For computing delays, most of the prior works
on parallel service systems with redundancy have been made in the case where, exactly a single job is
served every time under the continuous independent run-times model, which assumes that the time
each replica required to complete their service are i.i.d. and, independent of the correspond job. In
this model, lots of works have focused on characterizing the optimal mean response time of a typical
job [13,14]. In addition, in [15], the authors introduce a more realistic model where service times of
replicas associated with the same job can be correlated. In this model, the optimal scheduling policy
is much harder to analyze. A scheduling policy identifies the number of tasks that are dispatched to
each server and their service order. Parallel service system analysis based on a discrete time model
was considered in [16], where the service times of replicas are i.i.d. and geometrically distributed, and
where replicas can be created and deleted after each time slot, so that the number of servers working
on a job differs from slot to slot. In this setting, the results show that the delay is minimized when all
servers are used all of the time, and the numbers of servers handling each job are all equal or differ no
more than 1. Random analysis of multi-server parallel systems in asymptotic regime is also conducted
in recent works [17,18], which focus on the convergence of mean response time of a job to its maximum
task’s delay.

In this paper, we consider a random scheduling of a multi-server computing system in a simplified
way where we are not using the stochastic job arrivals model and assume that the arrival is predictable.
This can be achieved by using a large storage cache to save the stochastic arrival jobs. Suppose that
a “scheduler” dispatches the tasks from different jobs to n servers in a random manner. We make a
simple random analysis for a multi-server system in an asymptotic perspective under the discrete
processing time model. Unlike the common performance metrics used before, in this paper we intend
to characterize the exponent of the probability that a typical job is completed within a given number of
time slots. We define the obtained exponent as system’s Quality of Exponent (QoE).
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The rest of this paper is organized as follows. In Section II, we describe the multi-server computing
system model and give the problem formulation. In Section III.A, first we give the definition of QoE
metric. Then, Lagrange multiplier method is used in III.B and almost accurate exponent of denominator
is derived explicitly. For the exponent of numerator, in Section III.C, we propose an upper bound
in virtue of solving an arrangement of multiple sets problem. In the end of this section, we express
the exponent in terms of information theoretical quantities. Both of exponents of denominator and
numerator are reconsidered from a large deviation point of view in Section IV. Finally, in Section IV,
we conclude this paper and discuss some problems in future works.

2. Multi-Server Computing System Model and Problem Formulation

Assume that the arrived jobs are saved in large caches. Each job Jl contains kn identical tasks
{TK(l, j), j ∈ [kn]}. The parallel system processes these tasks using n servers si, i ∈ [n] and the system
computes M jobs at a time. A job Jl is considered to be completed if all the tasks associated with it
are computed completely. Meanwhile, coding techniques can be used, where “replicas”, other than
original tasks, are computed. By introducing extra redundancy, a job is considered to be completed as
long as at least kn replicas associated with it are processed.

In this paper, we assume that there is an auxiliary “scheduler”, who randomly dispatches each
task to a server independently according to the following predetermined probability distributions

{pl , l ∈ [M]}, {qt, t ∈ [n]} , (1)

satisfying

∑M
l=1 pl = 1 and ∑n

t=1 qt = 1, (2)

where
[M] = {1, . . . , M}, [n] = {1, . . . , n} (3)

Assume that the computing system was empty before computation starts. At the beginning of
each time slot, the scheduler chooses a task coming from job Jl according to the probability distribution
{pl , l ∈ [M]}, and with probability qt, this task is allocated to the server st. Probability distributions
{pl , l ∈ [M]} show the possible difference between M jobs, such as different response priorities. For
simplicity, we consider a homogeneous job model in this paper, i.e., pl = 1/M, l ∈ [M]. Multiple job
classification cases have been considered in a few of earlier works [19] and [20].

Dispatching a task to a potential server in a deterministic manner is inefficient in that a task may
be enqueued at a server, whereas other servers are idle. Instead, we assume a random dispatching
method and the optimal scheduling policy in the sense of QoE can be obtained by maximizing the QoE
metric of system over all the feasible schemes. Generally, the distribution {qt, t ∈ [n]} may depend on
the current state of each server and need to be adjusted in real time, such as its workload, the duration
of service time. It is very likely that the longer the server works, the worse the performance gets. For
example, we may regard probability qt as a nonincreasing function g(Lque) of queue length Lque in the
queue buffer of server st.

For each server st, dividing its processing timeline into multiple identical time slots, in which we
are interested is the QoE of system for a typical job, e.g., the exponent of the probability that a job is
processed spending time no longer than T time slots using n parallel servers. In the following, we give
its formal definition.
Definition 1. The Quality of Exponent (QoE) of a parallel system in discrete time model is the server-number n
normalized probability exponent that a typical job is completed within T time slots,

QoE =
1
n

log Pr {a typical job is completed within T time slots} . (4)
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3. QoE Metric in Random Scheduling

3.1. Probability of completion of job Jl within T time slots

In this setting, for any time slot of a server st, either exactly a task TK(l, j) of job Jl is processed or
this time slot is occupied by a task coming from another job. With probability qt/M, a task of job Jl
is delivered to a time slot of server st. Then, the probability that job Jl is finished within T time slots
equals the probability that there are at least kn replicas processed in no more than T time slots. We
have

Pr{job Jl is completed within T time slots}

=
∑nT

k̃=kn
∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}∏n
i=1(qi/M)di

∑nT
k̃=kn

∑(d1,d2,...,dn):∑n
i=1 di=k̃,d1,d2,...,dn∈N ∏n

i=1(qi/M)di
(5)

Since in this paper we consider the homogeneous job model, on average there are same number
of tasks coming from M different jobs in every server. Then, if job Jl is completed in no more than T
time slots, in each server, less than dT/Me time slots are occupied by tasks from job Jl . We sum up the
probabilities of all the feasible dispatches in numerator, which satisfy the condition that at each server,
at most dT/Me time slots are selected for tasks coming from Jl . In denominator, all the dispatching
policies using no more than nT time slot are added up.

3.2. Almost Exact QoE Metric Using Lagrange Multiplier Method and KKT Conditions

In this part, we determine the almost exact probability exponent using Lagrange multiplier
method and KKT conditions.

First, we have a brief discussion on the order of magnitude of T before providing the detailed
derivation. Since scheduler chooses a job from the M bulk arrivals in a random manner and in this
paper we consider the homogeneous job model, it is reasonable that typically, a task from job Jl will be
selected every M time slots. Suppose what the first task scheduler chooses is from job Jl . Then, before
the kth selection, on average, nT − (k− 1)M slots remain idle. At least one time slot is available for
the last task of job Jl to be served, so we have

nT − (k̃− 1)M ≥ 1. (6)

T has the lower bound

T ≥
⌈

1 + (k̃− 1)M
n

⌉
. (7)

On the other hand, in the worst case, all the tasks from all jobs are delivered to a single server. In this
case, we have

T ≤ k̃M. (8)

Practically, in order to maintain computing system stable, the number of bulk arrival jobs M is always
bounded. Here, we let M = O(1), and kn/n be a constant. Hence, the value of T satisfies⌈

1 + (k̃− 1)M
n

⌉
≤ T ≤ k̃M, (9)

The above estimation tells us O(1) ≤ T ≤ O(n), and with large probability T reaches the lower bound.
This result is useful in the calculation of the probability exponent.
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Theorem 2. The exponent of denominator in (5) satisfies

log
[
∑nT

k̃=kn ∑(d1,d2,...,dn):∑n
i=1 di=k̃,d1,d2,...,dn∈N ∏n

i=1(qi/M)di
]

≈ Ede(d∗1 , . . . , d∗n, log M), (10)

where function Ede is defined as

Ede(d1, . . . , dn, λ) =
1
2

log(2πk̃) + k̃ log k̃−∑n
i=1

[
1
2

log(2πdi) + di log di

]
+ ∑n

i=1 di log(qi/M) + λ(∑n
i=1 di − k̃), (11)

and d∗1 , d∗2 , . . . , d∗n are asymptotically determined by

d∗i
k̃

= qi, i ∈ [n]. (12)

We shall give the detailed derivation in Appendix A. In (10) we show that the exponent of
denominator approximately equals to Ede, because when using Lagrange multiplier method we relax
the condition where di/k̃ can be any real number.

For the exponent of numerator of probability expression (5), we have following Theorem.

Theorem 3. The exponent of (5) satisfies

log
[
∑nT

k̃=kn ∑(d1,d2,...,dn):∑n
i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}∏

n
i=1(qi/M)di

]
≈ Ene(d∗1 , . . . , d∗n, λ∗, µ∗1 , . . . , µ∗n) + log O(n2), (13)

where function Ene(d1, . . . , dn, λ, µ1, . . . , µn) is defined as

Ene(d1, . . . , dn, λ, µ1, . . . , µn) =
1
2

log(2πk̃) + k̃ log k̃

−∑n
i=1

[
1
2

log(2πdi) + di log di

]
+ ∑n

i=1 di log(qi/M)

+ λ
(
∑n

i=1 di − k̃
)
+ ∑n

i=1 µi (di − dT/Me) , (14)

and the parameters d1, . . . , dn, λ, µ1, . . . , µn are determined by
∂Ene
∂di

= 1
2 ln 2 (

1
k̃
− 1

di
) + log k̃

di
+ log qi

M + λ + µi = 0 i ∈ [n]

µi(di − dT/Me) = 0 i ∈ [n]
∂Ene
∂λ = ∑n

i=1 di − k̃ = 0

(15)

The calculation of this exponent can be found in Appendix B. Provided these results, we
immediately have

QoE =
1
n

log Pr{job Jl is completed within T time slots} ≈ 1
n
(Ene − Ede). (16)
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3.3. An Upper Bound of Numerator’s Exponent

Explicit optimal exponent of numerator cannot be obtained easily by solving (15). Instead, in this
subsection we establish an upper bound.

We know that the numerator is less than

O(n2) max
(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}
N2 · exp2

{
∑n

i=1 di log(qi/M)
}

, (17)

where
N2 =

∣∣∣{(d1, d2, . . . , dn) : ∑n
i=1 di = k̃, d1, d2, . . . , dn ∈ {0, 1, . . . , dT/Me}

}∣∣∣ . (18)

This quantity can be regarded as the number of nonnegative integer solutions (y1, y2, . . . , yn) of
following equation

y1 + y2 + · · ·+ yn = k̃, (19)

under conditions where
0 ≤ yi ≤ dT/Me, i ∈ [n]. (20)

In addition, since the servers are in general heterogeneous, we should consider the partition’s
permutation, other than combination. Furthermore, in this problem we do not assign the size of each
partitioned set, so that the number N2 is independent of specific assignment of yi, i ∈ [n]. Thus, the
numerator is upper bounded by

O(n2)N2 max
(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}
exp2

{
∑n

i=1 di log(qi/M)
}

. (21)

Obtaining the exact value of N2 and write it as an exponential is not easy, therefore we postpone
the derivation to Appendix C. Here, we first give a simple upper bound of the maximation problem in
(21) and then describe our upper bound.

max
(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}
exp2

{
∑n

i=1 di log(qi/M)
}

≤ exp2

{
∑dk̃M/Te

j=1 (dT/Me) log(qij /M)

}
. (22)

Because di ≤ dT/Me for all i ∈ [n], in order to get the above upper bound, we apply a simple
greedy strategy. Rearrange {qi, i ∈ [n]} in a decreasing order as

qi1 ≥ qi2 ≥ · · · ≥ qin , (23)

at most dk̃M/Te terms in summation if all the corresponding dij ’s achieve dT/Me.

Theorem 4. N2 defined in (18) satisfies

N2 ≤ n! ·∑n
t=0(−1)t

(
n
t

)(
k̃− t(dT/Me+ n− 1)

n− 1

)
(24)
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which is upper bounded by

1
2

n
k̃− t∗ (dT/Me+ 1) + n

(
1− n− t∗

t∗ + 1
exp2

{
− n (dT/Me) + 1

k̃− (t∗ + 1) (dT/Me+ 1) + n

})

· exp2

{
1
2

log
(n + 1)

[
k̃− t∗ (dT/Me+ 1) + n

]
(2π)t∗(n− t∗)

[
k̃− t∗ (dT/Me+ 1)

] + (n + 1) log(n + 1)− n
ln 2

+
[
k̃− t∗ (dT/Me+ 1) + n

]
H
(
t∗, n− t∗,

[
k̃− t∗ (dT/Me+ 1)

])
+ O(1/n)

}
. (25)

where H(t∗, n− t∗, [k̃− t∗(dT/Me+ 1)]) denote the entropy function

H
(

t∗

k̃− t∗(dT/Me+ 1) + n
,

n− t∗

k̃− t∗(dT/Me+ 1) + n
,

k̃− t∗(dT/Me+ 1)
k̃− t∗(dT/Me+ 1) + n

)
(26)

and t∗ can be obtained by solving equation

log
t∗ + 1
n− t∗

+ ∑dT/Me
l=0 log

(
1 +

n
k̃− t∗(dT/Me+ 1)− l

)
= 0. (27)

Combined Theorem 4 and simple upper bound (22), we have our upper bound of numerator’s
exponent.

Corollary 5. For the numerator of (5), we have

log
[
∑nT

k̃=kn ∑(d1,d2,...,dn):∑n
i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me }∏

n
i=1(qi/M)di

]
≤ log A + B + C + log O(n2) (28)

the parameter A, B and C represent the follows

A =
1
2

n
k̃− t∗(dT/Me+ 1) + n

(
1− n− t∗

t∗ + 1
exp2

{
− n(dT/Me+ 1)

k̃− (t∗ + 1)(dT/Me+ 1) + n

})
(29)

B =
1
2

log
(n + 1)

[
k̃− t∗ (dT/Me+ 1) + n

]
(2π)t∗(n− t∗)

[
k̃− t∗ (dT/Me+ 1)

] + (n + 1) log(n + 1)− n
ln 2

+
[
k̃− t∗ (dT/Me+ 1) + n

]
H
(
t∗, n− t∗,

[
k̃− t∗ (dT/Me+ 1)

])
+ O(1/n), (30)

where the entries in entropy function should be normalized, and

C = ∑dk̃M/Te
j=1 (dT/Me) log(qij /M). (31)

Remember that we let kn/n be a constant. when server number n tends to infinity, (1/n) log A
vanishes if n→ ∞.

Similarly,

lim
n→∞

1
n

B = log
n + 1

e
+

[
1 +

k̃− t∗(dT/Me+ 1)
n

]
H
(
t∗, n− t∗, k̃− t∗ (dT/Me+ 1)

)
. (32)
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and

lim
n→∞

1
n

C ≤ k̃
n

max
t∈[n]

log(qt/M). (33)

From our upper bound, we obtain

lim
n→∞

1
n

Ede ≤ log
n + 1

e
+

[
1 +

k̃− t∗(dT/Me+ 1)
n

]
H
(
t∗, n− t∗, k̃− t∗(dT/Me+ 1)

)
+

k̃
n

max
t∈[n]

log(qt/M). (34)

3.4. QoE Metric Using Information Theoretical Quantities

In the last part of this section, we express exponents of both numerator and denominator using
information theoretical quantities. We describe the results in the following corollary.

Corollary 6. Let the exponents of denominator and numerator be Ede and Ene, respectively. Then we
have the their upper bound

max
(d1,d2,...,dn)

[
n
2

D
(

Un ‖
(

d1

k̃
, . . . ,

d1

k̃

))
− k̃D

((
d1

k̃
, . . . ,

d1

k̃

)
‖ (q1, . . . , qn)

)
−n

2
log

2πk̃
n
− k̃ log M +

1
2

log(2πk̃) +
1

(12k̃) ln 2
+ log O(n2)

]
, (35)

and lower bound

max
(d1,d2,...,dn)

[
n
2

D
(

Un ‖
(

d1

k̃
, . . . ,

d1

k̃

))
− k̃D

((
d1

k̃
, . . . ,

d1

k̃

)
‖ (q1, . . . , qn)

)
−n

2
log

2πk̃
n
− k̃ log M +

1
2

log(2πk̃)− 1
(12) ln 2

n

∑
i=1

1
di

]
. (36)

according to different maximization problems. For exponent Ede, d1, d2, . . . , dn can take any integer from 0 to k̃,
while for the exponent Ene, each di cannot be larger than dT/Me.

Proof. We first handle the denominator. As shown above,

∑nT
k̃=kn ∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈N ∏n
i=1(qi/M)di

≤ O(n2) max
(d1,d2,...,dn):∑n

i=1=k̃,d1,d2,...,dn∈N

(
k̃

d1 d2 . . . dn

)
exp2

{
∑n

i=1 di log
qi
M

}
(37)

= O(n2) max
(d1,d2,...,dn):∑n

i=1=k̃,d1,d2,...,dn∈N
exp2

{
log k̃!−∑n

i=1 di! + ∑n
i=1 di log

qi
M

}
(38)

Using Sterling approximation, we have

log k̃!−∑n
i=1 log di!

≤ 1
2

log(2πk̃) + k̃ log k̃−∑n
i=1

[
1
2

log(2πdi) + di log di

]
+

1
(12k̃) ln 2

(39)

=
1
2

log(2πk̃)− 1
2 ∑n

i=1 log(2πdi)−∑n
i=1 di log

di

k̃
+

1
(12k̃) ln 2

(40)

=
1
2

log(2πk̃)− 1
2 ∑n

i=1 log(2πdi) + k̃H
(

d1

k̃
, . . . ,

dn

k̃

)
+

1
(12k̃) ln 2

, (41)
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where the second term in (41) is tackled below.

1
2 ∑n

i=1 log(2πdi)

=
1
2 ∑n

i=1 log
di

k̃
+

1
2 ∑n

i=1 log(2πk̃) (42)

=
n
2 ∑n

i=1
1
n

log
di

k̃
+

n
2

log(2πk̃) (43)

=
n
2 ∑n

i=1
1
n

log
di/k̃
1/n

+
n
2 ∑n

i=1
1
n

log
1
n
+

n
2

log(2πk̃) (44)

= − n
2

D
(

Un ‖
(

d1

k̃
, . . . ,

dn

k̃

))
+

n
2

log
2πk̃

n
(45)

Substituting (45) into (41), we obtain

log k̃!−∑n
i=1 log di!

≤ 1
2

log(2πk̃) +
n
2

D
(

Un ‖
(

d1

k̃
, . . . ,

d1

k̃

))
− n

2
log

2πk̃
n

+ k̃H
(

d1

k̃
, . . . ,

dn

k̃

)
+

1
(12k̃) ln 2

, (46)

where Un denotes the uniform distribution (1/n, 1/n, . . . , 1/n).
Next, for the last term in (38),

∑n
i=1 di log

qi
M

= ∑n
i=1 di log qi − k̃ log M (47)

= k̃ ∑n
i=1

di

k̃
log qi − k̃ log M (48)

= k̃ ∑n
i=1

di

k̃
log

qi

(di/k̃)
+ k̃ ∑n

i=1
di

k̃
log

di

k̃
− k̃ log M (49)

= − k̃D
((

d1

k̃
, . . . ,

dn

k̃

)
‖ (q1, . . . , qn)

)
− k̃H

(
d1

k̃
, . . . ,

dn

k̃

)
− k̃ log M. (50)

Combining two part of exponent, the denominator’s exponent is upper bounded by

max
(d1,d2,...,dn)

n
2

D
(

Un ‖
(

d1

k̃
, . . . ,

dn

k̃

))
− k̃D

((
d1

k̃
, . . . ,

dn

k̃

)
‖ (q1, . . . , qn)

)
− n

2
log

2πk̃
n
− k̃ log M +

1
2

log(2πk̃) +
1

(12k̃) ln 2
+ log O(n2), (51)

where d1, d2, . . . , dn can take any integer from 0 to k̃.
Similarly, we can also give a lower bound,

∑nT
k̃=kn ∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈N ∏n
i=1(qi/M)di

≥ max
(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈N

(
k̃

d1 d2 . . . dn

)
exp2

{
∑n

i=1 di log
qi
M

}
. (52)
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using the Sterling approximation, we obtain that the exponent of (52) is lower bounded by

max
(d1,d2,...,dn)

{
n
2

D
(

Un ‖
(

d1

k̃
, . . . ,

dn

k̃

))
− k̃D

((
d1

k̃
, . . . ,

dn

k̃

)
‖ (q1, . . . , qn)

)

− n
2

log
2πk̃

n
− k̃ log M +

1
2

log(2πk̃)− 1
(12) ln 2

n

∑
i=1

1
di

}
. (53)

The exponent of numerator differs from that of denominator in that the optimization problem in
numerator has extra restrictions that each di is not larger than dT/Me. The proof is completed.

If normalized by server number n and let n approach to infinity, the upper bound (51) of
denominator and its lower bound (53) asymptotically meet. Thus, we obtain

lim
n→∞

1
n

Ede = max
d1,d2,...,dn

{
1
2

D
(

Un ‖
(

d1

k̃
, . . . ,

dn

k̃

)
− k̃

n
D
((

d1

k̃
, . . . ,

dn

k̃

))
‖ (q1, . . . , qn)

)

− 1
2

log
2πk̃

n
− k̃

n
log M

}
. (54)

Recall that in Theorem 2, the maxima of (54) are reached by setting di/k̃ = qi, so that we have
following result,

lim
n→∞

1
n

Ede =
1
2

D (Un ‖ (q1, . . . , qn))−
1
2

log
2πk̃

n
− k̃

n
log M. (55)

Eventually, combing (34) and (55) we derive that

lim
n→∞

QoE ≈ lim
n→∞

1
n
(Ene − Ede) (56)

≤ log
n + 1

e
− 1

2
D (Un ‖ (q1, . . . , qn)) + D, (57)

where D is a constant not depending on n,

D =

[
1 +

k̃− t∗ (dT/Me+ 1)
n

]
H
(
t∗, n− t∗,

[
k̃− t∗(dT/Me+ 1)

])
+

k̃
n

max
t∈[n]

log qt +
1
2

log
2πk̃

n
. (58)

4. A Large Deviation Theory Analysis

In this section, we reconsider the probabilities of denominator and numerator of (5) in a large
deviation theory perspective. From Theorem 2 we know that for the denominator

log
[
∑nT

k̃=kn ∑(d1,d2,...,dn):∑n
i=1 di=k̃,d1,d2,...,dn∈N ∏n

i=1(qi/M)di
]
≈ Ede(d∗1 , . . . , d∗n, log M),

where (d1, d2, . . . , dn) satisfy d∗i /k̃ = qi, i ∈ [n].
Denote Pd = (d1/k̃, d2/k̃, . . . , dn/k̃) as the dispatch type of the allocating scheme adopted by

multi-server system. In fact, Theorem 2 tells that the probability of denominator is mainly determined
by those dispatch types approach probability distribution {qt, t ∈ [n]}, which is a direct result of Weak
law of large Numbers.

While for the probability of numerator, there are other restrictions for the selections of dispatch
policies where the number of tasks in each server cannot exceed dT/Me. This is a large deviation and
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the probability exponent can be determined by following Sanov Theorem.

Theorem 7. Assume that X1, X2, . . . , Xn are i.i.d. random variables that follow a probability distribution
Q(x). P denotes the collection of all the probability distributions and Pn is the collection of all the types. If
E ⊆ P , then we have

Qn(E) = Qn(E ∩ Pn) ≤ (n + 1)|X |2−nD(P∗‖Q), (59)

where
P∗ = arg min

P⊆E
D(P ‖ Q), (60)

is the distribution which is closest to Q in the probability distribution collection E. Furthermore, if the interior
of E is not empty, then

1
n

log Qn(E)→ −D(P∗ ‖ Q), (61)

Provided this Theorem, for the probability exponent of the numerator of (5), we have following
Corollary.

Corollary 8. Denote E as the collection of probability distributions defined below,

E =

{
Pd(Pd,1, Pd,2, . . . , Pd,n) : k̃ ·max

i∈[n]
Pd,i ≤ dT/Me

}
, (62)

Then the exponents of (52) and (53) for the numerator are the same when n → ∞ and are achieved when the
dispatch type P∗d satisfies

P∗d = arg min
Pd∈E
−D (Pd ‖ (q1, q2, . . . , qn)) (63)

This corollary is a direct application of Sanov Theorem. Recall that in Theorem 3, we can now
claim that the exponent Ene define in (14) reaches its maxima when set di/k̃, i ∈ [n] according to (64).

5. Conclusion and Discussion

In this paper, we considered the random scheduling problem in parallel computing with
redundancy. Based on a discrete time model, we characterized the exponent of the probability that a
typical job is completed within time slots. In this work, we gave an upper bound for the exponent of
numerator in probability expression to avoid using combinatorial expressions in computation. By the
way, our upper bound should be improved if we choose

max
t

[ f (t)− f (t + 1) + f (t + 2)− f (t + 3)], (64)

in (A39). Information quantities representations of both exponents and a large deviation theory
analysis are also provided in this paper.

There are still many open problems concerning parallel computing system. Queueing Network
Model based analysis is quite involved, however using discrete time model may avoid some hardship.
Analyzing scheduling policies under certain discrete time assumptions using reinforcement learning is
prevailing in recent works, such as minimizing age of information, which is an information timeliness
metric, in various settings. A possible further work is considering the case where tasks coming from the
same job are correlated, either in processing time or in the servers. Dispatching a job’s task to a large
number of servers shall inevitably increase communication load of the computing system. Considering
communication-delay tradeoff is also meaningful for practical design of computing systems.
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Appendix A

In this appendix, we give the detailed calculation of exponent Ede of denominator in (5).
Define

N1 =
∣∣∣{(d1, d2, . . . , dn) : ∑n

i=1 di = k̃, d1, d2, . . . , dn ∈ N
}∣∣∣ . (A1)

Then,

∑nT
k̃=kn ∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈N ∏n
i=1(qi/M)di

≤ O(n2) max
(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈N
N1 · exp2

{
∑n

i=1 di log(qi/M)
}

. (A2)

Because the external summation has at most O(n2) terms. It is known that

N1 =

(
k̃

d1 d2 . . . dn

)
= exp2

{
log k̃!−∑n

i=1 log d!
}

. (A3)

To continue, we apply the strengthen version of Sterling formula,

√
2πn

(n
e

)n
≤ n! ≤

√
2πn

(n
e

)n
e

1
12n , (A4)

which shows that

1
2

log(2πn) + n log n− n
ln 2
≤ log n! ≤ 1

2
log(2πn) + n log n− n

ln 2
+

1
12n(ln 2)

. (A5)

when n tends to be large, we have

log n! ≈ 1
2

log(2πn) + n log n− n
ln 2

. (A6)

Two expressions differ at most O(1/n). Thus, we have

log k̃!−∑n
i=1 log d!

≈ 1
2

log(2πk̃) + k̃ log k̃−∑n
i=1

[
1
2

log(2πdi) + di log di

]
. (A7)

Define Lagrange function

Ede(d1, . . . , dn, λ) =
1
2

log(2πk̃) + k̃ log k̃−∑n
i=1

[
1
2

log(2πdi) + di log di

]
+ ∑n

i=1 di log(qi/M) + λ
(
∑n

i=1 di − k̃
)

, (A8)

and take the partial derivatives of Ede with respect to di and λ, let
∂Ede
∂di

= 1
2 ln 2

(
1
k̃
− 1

di

)
+ log k̃

di
+ log qi

M + λ = 0
∂Ede
∂λ = ∑n

i=1 di − k̃ = 0
(A9)
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we obtain the optimal di’s satisfying

log
k̃
di

=
1

(2 ln 2)k̃

(
k̃
di
− 1
)
+ log

M
2λqi

. (A10)

Set
k̃
di

= x, (A11)

then, (A10) is rewritten as

log x =
1

(2 ln 2)k̃
(x− 1) + log

M
2λqi

. (A12)

In the above expression, LHS is logarithmic function of x, while RHS is a line passing through
fix point (1, log(M/2λqi)), whose slope 1/(2 ln 2)k̃ tends to be 0. So, the two curves intersect
approximately at

(
M/2λqi, log(M/2λqi)

)
, which shows that the optimal di’s asymptotically satisfy

d∗i
k̃

= qi, i ∈ [n]. (A13)

Thus, the denominator is upper bounded by

exp2

{
Ede(d∗1 , . . . , d∗n, log M) + log O(n2)

}
, (A14)

At the same time,

∑nT
k̃=kn ∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈N ∏n
i=1(qi/M)di

≥ max
(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈N
exp2 {Ede} (A15)

= exp2 {Ede(d∗1 , . . . , d∗n, log M)} . (A16)

When normalized by n and let n be sufficiently large, both upper and lower bounds are asymptotically
tight.

Appendix B

In the follows, we deal with the numerator of (5).

∑nT
k̃=kn ∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}∏
n
i=1(qi/M)di

= ∑nT
k̃=kn ∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me} exp2

{
∑n

i=1 di log(qi/M)
}

. (A17)

Define
N2 =

∣∣∣{(d1, d2, . . . , dn) : ∑n
i=1 di = k̃, d1, d2, . . . , dn ∈ {0, 1, . . . , dT/Me}

}∣∣∣ . (A18)

As discussed before, T ≤ O(n), then there are no more than O(n2) terms in external summation, (A17)
is less than

O(n2) max
(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}
N2 · exp2

{
∑n

i=1 di log(qi/M)
}

. (A19)
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Define Lagrange function

Ene(d1, . . . , dn, λ, µ1, . . . , µn) =
1
2

log(2πk̃) + k̃ log k̃

−∑n
i=1

[
1
2

log(2πdi) + di log di

]
+ ∑n

i=1 di log(qi/M)

+ λ(∑n
i=1 di − k̃) + ∑n

i=1 µi(di − dT/Me). (A20)

Due to the KKT condition, the optimal solution (d∗1 , . . . , d∗n) and other parameters satisfying
∂Ene
∂di

= 1
2 ln 2

(
1
k̃
− 1

d∗i

)
+ log k̃

d∗i
+ log qi

M + λ∗ + µ∗i = 0 i ∈ [n]

µ∗i (d
∗
i − dT/Me) = 0 i ∈ [n]

∂Ene
∂λ = ∑n

i=1 d∗i − k̃ = 0

. (A21)

In fact, we have the following result,

exp2 {Ene(d∗1 , . . . , d∗n, λ, µ∗1 , . . . , µ∗n)}

≤ ∑nT
k̃=kn ∑(d1,d2,...,dn):∑n

i=1 di=k̃,d1,d2,...,dn∈{0,1,...,dT/Me}∏
n
i=1(qi/M)di (A22)

≤ exp2

{
Ene(d∗1 , . . . , d∗n, λ, µ∗1 , . . . , mu∗n) + log O(n2)

}
. (A23)

Appendix C

We give the cumbersome derivation of computing N2 in this appendix.
Denote Ñ2 as the combination counterpart of N2. We have

N2 ≤ n! · Ñ2. (A24)

If some partitioned set is empty, then N2 is strictly smaller than n! · Ñ2. Because in these cases,
less than n partitioned set need be permuted. It is glad that Ñ2 can be determined exactly using
Inclusion-Exclusion Principle.

Let S be the set of all nonnegative integer solutions of equation (19) without any other restriction.
It is easy to obtain

|S| =
(

k̃ + n− 1
n− 1

)
. (A25)

Denote Pi is the property that di ≥ dT/Me+ 1, let

Ai = {(d1, . . . , dn) ∈ S : (d1, . . . , dn)satisfiesPi} , i ∈ [n]. (A26)

then we have
N2 =

∣∣Ā1 ∩ Ā2 ∩ · · · ∩ Ān
∣∣ , (A27)

According to inclusion-exclusion principle,

∣∣Ā1 ∩ Ā2 ∩ · · · ∩ Ān
∣∣ = |S| −∑ |Ai|+ ∑

∣∣Ai ∩ Aj
∣∣

−∑
∣∣Ai ∩ Aj ∩ Ak

∣∣+ · · ·+ (−1)n |A1 ∩ A2 ∩ · · · ∩ An| , (A28)
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where
∣∣Ai1 ∩ Ai2 ∩ · · · ∩ Aim

∣∣ is the number of nonnegative integer solutions that are coincident with
properties Pi1 , Pi2 , . . . , Pim . Substituting y1, y2, . . . , yn by z1, z2, . . . , zn,

zi =

{
yi − (dT/Me+ 1) , i ∈ {i1, i2, . . . , im}
yi, otherwise

, (A29)

the equation turns
z1 + z2 + · · ·+ zn = k̃−m (dT/Me+ 1) . (A30)

The number of nonnegative integer solutions of this new equation is exactly that of original equation
with given restrictions. This quantity is(

k̃−m (dT/Me+ 1) + n− 1
n− 1

)
. (A31)

Provided above results, we can compute Ñ2 now.

Ñ2 =
∣∣Ā1 ∩ Ā2 ∩ · · · ∩ Ān

∣∣ = |S| −∑ |Ai|+ ∑
∣∣Ai ∩ Aj

∣∣
−∑

∣∣Ai ∩ Aj ∩ Ak
∣∣+ · · ·+ (−1)n |A1 ∩ A2 ∩ · · · ∩ An| , (A32)

which equals

(
k̃ + n− 1

n− 1

)
−
(

n
1

)(
k̃− (dT/Me+ 1) + n− 1

n− 1

)
+

(
n
2

)(
k̃− 2 (dT/Me+ 1) + n− 1

n− 1

)
−
(

n
3

)(
k̃− 3 (dT/Me+ 1) + n− 1

n− 1

)
+ · · ·+ (−1)n

(
n
n

)(
k̃− n (dT/Me+ 1) + n− 1

n− 1

)
(A33)

= ∑n
t=0(−1)t

(
n
t

)(
k̃− t (dT/Me+ 1) + n− 1

n− 1

)
. (A34)

From (A34) we have an upper bound of N2.

N2 ≤ n! ·∑n
t=0(−1)t

(
n
t

)(
k̃− t (dT/Me+ 1) + n− 1

n− 1

)
. (A35)

It is relative cumbersome to obtain an exponential bound of (A35). We give the details below.

N2 ≤ n! ∑n
t=0(−1)t

(
n
t

)(
k̃− t (dT/Me+ 1) + n− 1

n− 1

)
≤ (n + 1)!

2
max

t

[(
n
t

)(
k̃− t (dT/Me+ 1) + n− 1

n− 1

)
−
(

n
t + 1

)(
k̃− (t + 1) (dT/Me+ 1) + n− 1

n− 1

)]
.

(A36)

Define

f (t) =
(

n
t

)(
k̃− t (dT/Me+ 1) + n− 1

n− 1

)
, (A37)

be a function defined on t ∈ [n] ∪ {0}. With this definition, N2 does not greater than

(n + 1)!
2

max
t

[ f (t)− f (t + 1)] . (A38)
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Furthermore,

f (t) =
(

n
t

)(
k̃− t (dT/Me+ 1) + n− 1

n− 1

)
=

n!
t!(n− t)!

[
k̃− t (dT/Me+ 1) + n− 1

]
!

(n− 1)!
[
k̃− t (dT/Me+ 1)

]
!

(A39)

= n
[
k̃− t (dT/Me+ 1) + n− 1

]
!

t!(n− t)!
[
k̃− t (dT/Me+ 1)

]
!

(A40)

=
n

k̃− t (dT/Me+ 1) + n

[
k̃− t (dT/Me+ 1) + n

]
!

t!(n− t)!
[
k̃− t (dT/Me+ 1)

]
!

(A41)

=
n

k̃− t (dT/Me+ 1) + n

(
k̃− t (dT/Me+ 1) + n

t n− t k̃− t (dT/Me+ 1)

)
(A42)

So far, we write f (t) as a form of trinomial coefficient. Continue,

f (t) =
n

k̃− t (dT/Me+ 1) + n

[
k̃− t (dT/Me+ 1) + n

]
!

t!(n− t)!
[
k̃− t (dT/Me+ 1)

]
!

(A43)

=
n

k̃− t (dT/Me+ 1) + n

[
k̃− (t + 1) (dT/Me+ 1) + n

]
! ∏
dT/Me
l=0

[
k̃− t (dT/Me+ 1) + n− l

]
(t+1)!

t+1 (n− t)!
[
k̃− (t + 1) (dT/Me+ 1)

]
! ∏
dT/Me
l=0

[
k̃− t (dT/Me+ 1)− l

]
(A44)

=
n

k̃− t (dT/Me+ 1) + n
t + 1
n− t

(
∏dT/Me

l=0
k̃− t (dT/Me+ 1) + n− l

k̃− t (dT/Me+ 1)− l

)
·

[
k̃− (t + 1) (dT/Me+ 1) + n

]
!

(t + 1)!(n− t− 1)!
[
k̃− (t + 1) (dT/Me+ 1)

]
!

(A45)

=
n

k̃− t (dT/Me+ 1) + n
t + 1
n− t

(
∏dT/Me

l=0
k̃− t (dT/Me+ 1) + n− l

k̃− t (dT/Me+ 1)− l

)
·
(

k̃− (t + 1) (dT/Me+ 1) + n
t + 1 n− t− 1 k̃− (t + 1) (dT/Me+ 1)

)
(A46)

=
n

k̃− t (dT/Me+ 1) + n
t + 1
n− t

(
∏dT/Me

l=0
k̃− t (dT/Me+ 1) + n− l

k̃− t (dT/Me+ 1)− l

)
· k̃− (t + 1) (dT/Me+ 1) + n

n
f (t + 1) (A47)

=
k̃− (t + 1) (dT/Me+ 1) + n

k̃− t (dT/Me+ 1) + n
t + 1
n− t

(
∏dT/Me

l=0
k̃− t (dT/Me+ 1) + n− l

k̃− t (dT/Me+ 1)− l

)
f (t + 1). (A48)

That is, we have obtained the following relation

f (t) =
k̃− (t + 1) (dT/Me+ 1) + n

k̃− t (dT/Me+ 1) + n
t + 1
n− t

(
∏dT/Me

l=0
k̃− t (dT/Me+ 1) + n− l

k̃− t (dT/Me+ 1)− l

)
f (t + 1). (A49)
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Thus,

f (t)− f (t + 1)

= f (t) [1− f (t + 1)/ f (t)] (A50)

= f (t)

{
1− k̃− t (dT/Me+ 1) + n

k̃− (t + 1) (dT/Me+ 1) + n
n− t
t + 1

dT/Me

∏
l=0

(
1− n

k̃− t (dT/Me+ 1) + n− l

)}
. (A51)

When n tends to be large enough,

k̃− t (dT/Me+ 1) + n
k̃− (t + 1) (dT/Me+ 1) + n

= 1 +
dT/Me+ 1

k̃− (t + 1) (dT/Me+ 1) + n
≥ 1, (A52)

and
1− n

k̃− t (dT/Me+ 1) + n− l
≤ 1− n

k̃− t (dT/Me+ 1) + n
, (A53)

for all l ∈ {0, 1, . . . , dT/Me}. we continue the derivation as follows.

(n + 1)!
2

max
t

[ f (t)− f (t + 1)]

≤ (n + 1)!
2

max
t

f (t)

[
1− n− t

t + 1

(
1− n

k̃− t (dT/Me+ 1) + n

)dT/Me+1
]

. (A54)

In order to determine above maxima, set

g(t) = f (t)

[
1− n− t

t + 1

(
1− n

k̃− t (dT/Me+ 1) + n

)dT/Me+1
]

. (A55)

We estimate

g(t)
g(t + 1)

=
f (t)

f (t + 1)

1− n−t
t+1

(
1− n

k̃−t(dT/Me+1)+n

)dT/Me+1

1− n−t−1
t+2

(
1− n

k̃−(t+1)(dT/Me+1)+n

)dT/Me+1
. (A56)

When n→ ∞,

lim
n→∞

1− n−t
t+1

(
1− n

k̃−t(dT/Me+1)+n

)dT/Me+1

1− n−t−1
t+2

(
1− n

k̃−(t+1)(dT/Me+1)+n

)dT/Me+1
= 1, (A57)

Thus, in asymptotic regime,

g(t)
g(t + 1)

≈ f (t)
f (t + 1)

=
k̃− (t + 1) (dT/Me+ 1) + n

k̃− t (dT/Me+ 1) + n
t + 1
n− t ∏dT/Me

l=0
k̃− t (dT/Me+ 1) + n− l

k̃− t (dT/Me+ 1)− l
(A58)

≈ t + 1
n− t ∏dT/Me

l=0

(
1 +

n
k̃− t (dT/Me+ 1)− l

)
. (A59)

which is an increasing function of t. We can see as t increases, g(t)/g(t + 1) is less than 1 and when t
exceeds some point t∗, the ratio becomes larger than 1. This fact shows that function first goes up and
then it goes down as t increases. Let

g(t)
g(t + 1)

≈ t + 1
n− t ∏dT/Me

l=0

(
1 +

n
k̃− t (dT/Me+ 1)− l

)
= 1. (A60)
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we can determine the point t∗ by equation

log
t∗ + 1
n− t∗

+ ∑dT/Me
l=0 log

(
1 +

n
k̃− t (dT/Me+ 1)− l

)
= 0. (A61)

Finally, we derive

N2 ≤ n! ∑n
t=0(−1)t

(
n
t

)(
k̃− t (dT/Me+ 1) + n− 1

n− 1

)
(A62)

≤ (n + 1)!
2

max
t

[ f (t)− f (t + 1)] (A63)

=
(n + 1)!

2
[ f (t∗)− f (t∗ + 1)] (A64)

≤ (n + 1)!
2

f (t∗)

{
1− n− t∗

t∗ + 1

(
1− n

k̃− (t∗ + 1) (dT/Me+ 1) + n

)dT/Me+1
}

(A65)

≤ (n + 1)!
2

f (t∗)
{

1− n− t∗

t∗ + 1
exp2

{
− n (dT/Me+ 1)

k̃− (t∗ + 1) (dT/Me+ 1) + n

}}
. (A66)

where

(n + 1)!
2

f (t∗) =
(n + 1)!

2

(
n
t∗

)(
k̃− t∗ (dT/Me+ 1) + n− 1

n− 1

)
=

(n + 1)!
2

n
k̃− t∗ (dT/Me+ 1) + n

[
k̃− t∗ (dT/Me+ 1) + n

]
!

t∗!(n− t∗)!
[
k̃− t∗ (dT/Me+ 1)

]
!

(A67)

which equals

1
2

n
k̃− t∗ (dT/Me+ 1) + n

exp2

{
∑b∈{n+1,k̃−t∗(dT/Me+1)+n} log b!−∑d∈{t∗ ,n−t∗ ,k̃−t∗(dT/Me+1)} log d!

}
.

(A68)
Since

1
2

log(2πn) + n log n− n
ln 2
≤ n! ≤ 1

2
log(2πn) + n log n− n

ln 2
+

1
12n

1
ln 2

. (A69)

we have

∑b∈{n+1,k̃−t∗(dT/Me+1)+n} log b!−∑d∈{t∗ ,n−t∗ ,k̃−t∗(dT/Me+1)} log d!, (A70)

is upper bounded by

1
2

log
{
(2π)2(n + 1)

[
k̃− t∗ (dT/Me+ 1) + n

]}
+ (n + 1) log(n + 1)

+
[
k̃− t∗ (dT/Me+ 1) + n

]
log
[
k̃− t∗ (dT/Me+ 1) + n

]
− n

ln 2
+ O(1/n)

− 1
2

log
{
(2π)3t∗(n− t∗)

[
k̃− t∗ (dT/Me+ 1)

]}
− t∗ log t∗ − (n− t∗) log(n− t∗)

−
[
k̃− t∗ (dT/Me+ 1)

]
log
[
k̃− t∗ (dT/Me+ 1)

]
. (A71)
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=
1
2

log
(n + 1)

[
k̃− t∗ (dT/Me+ 1) + n

]
(2π)t∗(n− t∗)

[
k̃− t∗ (dT/Me+ 1)

] + (n + 1) log(n + 1)− n
ln 2

+ O(1/n)

− t∗ log
t∗

k̃− t∗ (dT/Me+ 1) + n
− (n− t∗) log

n− t∗

k̃− t∗ (dT/Me+ 1) + n

−
[
k̃− t∗ (dT/Me+ 1)

]
log

[
k̃− t∗ (dT/Me+ 1)

]
k̃− t∗ (dT/Me+ 1) + n

. (A72)

=
1
2

log
(n + 1)

[
k̃− t∗ (dT/Me+ 1) + n

]
(2π)t∗(n− t∗)

[
k̃− t∗ (dT/Me+ 1)

] + (n + 1) log(n + 1)− n
ln 2

+
[
k̃− t∗ (dT/Me+ 1) + n

]
H
(
t∗, n− t∗, k̃− t∗ (dT/Me+ 1)

)
+ O(1/n). (A73)

The entropy term denotes the following expression,

H

(
t∗[

k̃− t∗ (dT/Me+ 1) + n
] ,

n− t∗[
k̃− t∗ (dT/Me+ 1) + n

] ,
k̃− t∗ (dT/Me+ 1)[

k̃− t∗ (dT/Me+ 1) + n
]) . (A74)

Substituting (A73) into (A68) eventually we obtain an upper bound of N2,

N2 ≤
1
2

n
k̃− t∗ (dT/Me+ 1) + n

(
1− n− t∗

t∗ + 1
exp2

{
− n (dT/Me+ 1)

k̃− (t∗ + 1) (dT/Me+ 1) + n

})

· exp2

{
1
2

log
(n + 1)

[
k̃− t∗ (dT/Me+ 1) + n

]
(2π)t∗(n− t∗)

[
k̃− t∗ (dT/Me+ 1)

] + (n + 1) log(n + 1)− n
ln 2

+
[
k̃− t∗ (dT/Me+ 1) + n

]
H
(
t∗, n− t∗, k̃− t∗ (dT/Me+ 1)

)
+ O(1/n)

}
. (A75)
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