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Abstract: A description of the motion in Non-Inertial Reference Frames by means of the inclusion of high 
time derivatives is studied. It is noted that incompleteness of the description of physical reality is a problem of 
any theory: both quantum mechanics and classical physics. The "stability principle" is put forward. We also 
provide macroscopic examples of Non-Inertial Mechanics and verify the use of high-order derivatives as non-
local hidden variables based the equivalence principle when acceleration is equal to the gravitational field. 
Acceleration in this case is a function of the higher derivatives with respect to time. The definition of Dark 
Metrics for matter and energy is presented to replace the standard notions of Dark Matter and Dark Energy.
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1. Introduction12

The problem of physics axiomatizing being one of Hilbert problems entails a search for unified13

axiomatic of both classical and quantum physics. In this paper the problem of incompleteness14

of quantum-mechanical description of the physical reality shall be replaced with the problem of15

incompleteness of classical physics. The implementation of the search for a unified axiomatic of classical16

and quantum physics is suggested through complementing classical physics as well. This is related17

to the fact that quantum physics is much richer in variables than classical one, and complementing18

classical physics with hidden variables is more reasonable than doing it with quantum physics, which19

has been practice for the last 100 years by numerous authors in the effort to sew together classical and20

quantum physics.21

2. Why Newton’s Law of Motion is Second-Order Derivatives Equation?22

Since 1935 the contradiction of classical and quantum mechanics and the search for a satisfactory23

quantum axiomatic were one of the important problems. But the search for this quantum axiomatic24

was unsuccessful. A more successful solution in providing the consistency of classical and quantum25

physics would be a unified axiomatic. According to Gödel’s theorem, in any theory there are provisions26

that cannot be proved in the framework of this theory. It can also add that no theory is complete. The27

axioms of any theory have not been proved, but guessed, so any system of axioms can be replaced by28

another. The main idea of Newton’s laws in Prisipia postulate a description dynamics of mechanical29

systems with second-order differential equations. Are there any cases of describing reality using higher30

order differential equations? The answer is yes, but this is not Newtonian mechanics. In fact, it is31

difficult to find an inertial reference frame, since there always exist random weak external fields and32

forces, but we can assume that an inertial reference frame exists theoretically. One possible example of33
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non-Newtonian mechanics is quantum mechanics. A non-inertial reference frames is needed in order34

to add one of the most important properties of micro-objects of quantum mechanics - non-locality.35

Non-locality in quantum mechanics has problems with a description and contradicts one of the basic36

physical postulates of the maximum speed of light. The use of non-inertial reference frames eliminates37

these difficulties. In this case, the role of non-local hidden variables is played by acceleration and38

its higher derivatives with respect to time. In a quivering frame of reference, the oscillations of two39

classical particles will correlate, since the acceleration and its higher time derivatives will not depend40

on their coordinates. The description of mechanical systems by non-inertial mechanics is performed41

using high-order derivatives differential equations.42

Definition. Non-Inertial Reference Frame is a Reference Frame with the generalised transformation43

of coordinates and time as44

Q = 〈q(t)〉 =
+τ∫
−τ

ψ∗qψdt45

T = t46

Here τ is a time interval for averaging and47

ψ = ψ0ei ∆p∆q+∆E∆t
h̄ = ψ0e

i
∆p
∆t −F

h̄
∆q∆t = ψ0e

i f0
fQ (1)

is wave function with the inertial force f0 depend of high-order derivatives coordinates on time48

and fQ corresponds of inertial forces and constant force.49

Non-Inertial Reference Frames are a method for describing the influence of random fields on50

both the particle to be described and the observer. The transition from a Non-Inertial reference51

frame to an Inertial one causes a free particle to oscillate randomly, correlating with vibrations of52

other free particles. Transformations of Non-Inertial Reference Frames differ from Galileo-Lorentz53

transformations by residual terms in the Taylor expansion. Then free particles in Inertial Reference54

Frames will be described with uncertainty in coordinates and momentum, time and energy, equal to55

the rest of the terms of the Taylor expansion. If the transformation of a Non-Inertial Reference Frame56

to another described by the Taylor expansion contains a remainder term with index N, then we can say57

that this free particle conserves its time derivative of the N-th order. Such a free particle is described58

by N derivatives and preserves this state until interactions with other bodies (forces) perturb this59

state. If such a particle interacts with other bodies (a force acts on it), then the dynamics of such a60

particle is described by differential equations of the (N + 1) -th order. In other words, the influence of61

force adds one more derivative to the description of particle dynamics. Considering a particle in an62

Inertial Reference Frame instead of Non-Inertial ones, one shall either introduce inertial forces, that63

is, change from higher-derivative description to the description without higher derivatives, but with64

inertia forces, or take into account remainder terms of Taylor expansion.65

Modern physics (both classical and quantum) is the physics of Inertial Reference Frames. The66

case of a Non-Inertial Reference Frame usually comes down to the introduction of inertia forces into67

the Inertial Reference Frame. The use of inertia forces makes it possible to reduce the problems of the68

dynamics of a physical system in a Non-Inertial Reference Frame to the tasks in an Inertial Reference69

Frame by artificially introducing inertial forces or applying the Alembert principle. At the same time,70

an Inertial Reference Frame does not exist in nature, since any reference frame is always influenced71

by infinitesimal disturbing fields or forces. In this study, we propose to consider only non-inertial72

reference frames as real. Since the introduction of the d’Alembert principle to the present, the reality73

of the forces of inertia has been a debatable issue. We believe that the question of the reality of74

inertia forces can be reduced to the question of the reality of Inertial Reference Frames. How can75

one describe physical systems in non-inertial reference systems without introducing inertia forces?76

The reference frame is called Inertial, if Newton’s laws hold. They postulate description of physical77

systems by second-order differential equations. The rejection of higher order derivatives of coordinates78
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is associated with the problem of inertia forces in Inertial Reference Frames. Thus, in order to answer79

the question posed above, we must consider a more general case of higher order differential equations80

and expand classical physics with a description using higher order derivatives. The transition from an81

Inertial Reference Frame to a Non-Inertial one without introducing inertia forces means a transition82

from a description of physical systems of second-order differential equations to their description using83

higher-order differential equations. The rejection of the use of higher order derivatives with respect to84

coordinates in classical Newtonian physics does not mean that they do not exist. They exist in certain85

cases. But this is not Newtonian physics.86

In the most general case, a transformation from the Non-Inertial Reference Frame to another one87

can be expressed as:88

Q = q(τ,
·
q,
··
q,
···
q , ..., q(n))89

T = t90

Conversion of coordinates of a point particle between two Non-Inertial Reference Frames provided91

τ is a time interval for averaging, shall be expressed as92

Q = q(t) +
·
q(t)τ + ∆q(t),93

∆q(t) = ∑n
k=2(−1)k 1

k! τ
kq(n)(t)94

same holds for momentum95

P = p(t) +
·
p(t)τ + ∆p(t),96

∆p(t) = ∑n
k=2(−1)k 1

k! τ
k p(n)(t)97

〈P〉 = 1
2
[p(t + τ) + p(t− τ)] (2)

Here, ∆q(t), ∆p(t) are remainder terms of the Taylor expansion. The remainder terms ∆q(t), ∆p(t)
in Non-Inertial Reference Frame may be interpreted as uncertainties of coordinate and momentum
of a point particle in this reference system. In quantum mechanics, uncertainties of coordinate and
momentum of a micro particle obey to the rule

∆q(t)∆p(t) ≥ h̄/2 (3)

In Non-Inertial Physics can be introduced an General Uncertainty Relation, as there always exist98

random small fields and forces influencing either the very system to be described or an observer, that99

is100

[∑n
k=2(−1)k 1

k! τ
kx(k)(t)][∑n

k=2(−1)k 1
k! τ

k p(k)(t)] ≥ H/2101

inertial one.102

The supremum of the difference of the action function in Non-Inertial Reference Frames (with103

higher time derivatives of the generalized coordinate) from the classical mechanics action functions104

(without higher derivatives) is: In this case, higher derivatives are non-local additional variables and105

disclose the sense of the classical analogue H of the Planck’s constant. The H constant defines the106

supremum of the influence of random fields onto the physical system and the observer. We shall107

analyse this case in terms of Non-Inertial Reference Frame. In this case, H defines the supremum of108

the difference between a Non-Inertial Reference Frame and an inertial109

sup
∣∣∣S(q,

·
q,
··
q,
···
q , ..., q(n), ...)− S(q,

·
q)
∣∣∣ = H. (4)
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Action functions in higher-derivative of Non-Inertial Reference Frame describe physical systems110

dynamics and differ from the action function neglecting random fields, which are accounted for111

via Non-Inertial Reference Frame. In our case, the classical space is featured by infinite number of112

variables, same as Hilbert one. In the search for a unified axiomatic the classical constant H shall113

coincide with the quantum one, i.e. the Planck constant }. In this approach, the estimate of the Planck114

constant may be determined by higher derivatives, playing the role of non-local hidden variables.115

In this case the state of quantum object can be describe116

|ψ(t)〉 =
∣∣∣q,
·
q,
··
q,
···
q , ..., q(n)

〉
= |Q(t)〉 .117

The transfer object from point 1 to point 2 is118

〈Q1, t1|Q2, t2〉 =
∫ t2

t1
DQ exp( i

h̄ L(Q))dt.119

And introduced function can be represent120

AQ(R) =
〈

q(t),
·
q(t),

··
q(t), ..., q(n)(t)|[ih̄ ∂

∂t − H]|q(t), ·q(t), ··q(t), ..., q(n)(t)
〉

dt121

3. Stability Principal122

Classical mechanics describe a stable trajectories and Non-Inertial Mechanics to add instability123

random trajectories with high-order derivatives variables. The stability condition in calculations of124

mechanical trajectories is put forward in publications of N.G. Chetayev [2]. According to him, “stability125

is probably an essentially general phenomenon that has to manifest itself in principal laws of Nature.”126

In his opinion, stability is not a mere casualness, but rather, is a consequence of system being affected127

by persistent infinitesimal perturbations, which, no matter how small, affect the state of a mechanical128

system. The condition of stability usually used in Mechanics can be extended to other areas of Physics.129

In this case the condition of stability can be named the stability principle. The stability principle is a130

generalization of basic fundamental physical laws, such as the least action principle, Newton’s laws,131

Euler-Lagrange equations, Schrödinger equation, et al. We draw your attention for our definition132

stability condition which we extend to the other areas of Physics. Let us define a stable state of a133

physical system through the stability principle.134

Stability principle: The state A of a physical system is considered stable if it returns to the initial state135

after finished the action of external factors and the variance of the variable with itself is zero Var(A) = σA = 0.136

We consider Non-Inertial Reference Frames due the influence of the background of random137

fields and waves because the variance of the action function for unstable trajectory with itself can be138

represented as Var(Sr) = σSr = H and the complex variance can be define in the form139

Var(Sc) = Var(S(q,
·
q)) + iVar(Sr(q,

.
q,
··
q,
···
q , ..., q(n), ...) = σC = σS + iσSr.140

where for the classical stable trajectory the variance is σS = 0 and for the unstable trajectory141

σSr = H.142

4. Quantum Correlations and Illusion of Superluminal Interaction143

The discussing the non-locality of entangled states quantum correlations for observers Alice and144

Bob, we may notice the following. The emerging illusion of transfer from A to B, or interaction of145

entangled quantum objects in A and B follows from experimentally observed correlation of their states.146

So it would be correct to negate not only faster-than-light interaction or transfer, but the very fact of any147

interaction or transfer. Existence of quantum correlations and non-locality of micro-object quantum148

states may be describe by non-inertial nature of Non-Inertial Reference. In other words, existence of149

quantum non-locality and quantum correlations means an illusion rather than realness of any transfer150

or faster-than-light interaction of these objects.151
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Let us perform an imaginary experiment of the classical analogue of teleportation of quantum152

polarization states of bi-photons.153

For this purpose, let us consider the classical analogue of teleportation of bi-photon polarization154

states quantum entanglement. A classical analogue of this situation may be considered on the example155

of newspapers with news printed, say, in the city O and sent to cities A and B.156

If a reader in the city A reads the news, then coincidence of his/her information with that in B157

may be described with a non-zero correlation factor. This is so because the news information in A and158

B shall correlate with a non-zero factor.159

Let us emphasize that the complete match of the news information could only occur provided160

readers A and B read newspapers with the same title and of the same date.161

If the newspapers are different but both of the same date, then the correlation factor will not be162

unity, but at the same time, it will not be zero. To achieve complete match of the news information with163

the correlation factor unity, the reader A shall advise to the reader B both the title of the newspaper164

and its date.165

To provide teleportation of bi-photon quantum states from A to B we may consider a primary166

photon, which, with the aid of a non-linear crystal (e.g. BBO), is split in the point O into two photons167

with vertical H and horizontal V polarizations. Photon B may be compared with photon C, entangled168

with photon D. Therefore, in points A and D measurements of polarizations of the photons shall169

always coincide.170

Let us repeat the proof of the Bell’s theorem incorporating influences of any random fields, waves,171

or forces onto both particles A and B and the observers. We consider here Non-Inertial Reference172

Frame. We may consider that in the Inertial Reference Frame these particles are influenced with173

random inertia forces, which, due to the equivalence principle, can be described by a random metrics.174

5. Quantum Correction to Second Newton’s Law175

Ostrogradsky formalism [1] uses Lagrange function is176

L = L(q, q̇, q̈, ..., q(n), ...)177

but not178

L = L(q, q̇)179

Euler-Lagrange equation in this case is follow from least action principal [3-6]180

δS = δ
∫

L(q,
·
q,
··
q,
···
q , ..., q(n))dt =

∫
∑N

n=0(−1)n dn

dtn (
∂L

∂q(n)
)δq(n)dt = 0.181

or182

∂L
∂q −

d
dt

∂L
∂
·
q
+ d2

dt2
∂L
∂
··
q
− d3

dt3
∂L
∂
···
q
+ ... + (−1)n dn

dtn
∂L

∂q(n)
+ ... = 0183

This equation can be write in the form of corrected Newton Second Law of Motion in Non-Inertial184

Reference Frames185

F−ma + f0 = 0186

Here187

f0 = mw = w(t) +
·

w(t)τ + ∑n
k=2(−1)k 1

k! τ
kw(n)(t)188

is a random inertial force (1) which can be represent by Taylor expansion with high-order189

derivatives coordinates on time190

F−ma + τm
·
a− 1

2 τ2ma(2) + ... + 1
n! (−1)nτnma(n) + ... = 0191

In the Inertial Reference Frame w = 0.192
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6. Dark Metric for Matter and Energy193

On the one hand, the force F is expressed using the infinite Taylor expansion. On the other194

hand, the gravitational force Fg can also be represented as a series, as follows from the principle of195

equivalence. If this series is replaced by exponential [7], then we can write a metric,196

ds2 = exp(− r0
r )dt2 − exp( r0

r )dr2 − r2dθ2 − r2 sin2 θdφ2
197

which we call the Dark Metric, where r0 = 2GM.198

The Dark Metric is the asymptotic of the Schwarzschild metric for r0 < r [8,9] and can be applied199

for the description of the phantom Dark Matter and Dark Energy. The Dark Metric can be obtained200

from the Standard metric too201

ds2 = B(r)dt2 − A(r)dr2 − r2dθ2 − r2 sin2 θdφ2.202

Conditions A(r)B(r) = 1 and lim A(r) = B(r) = 1 for r → ∞ must be satisfied. The Dark Metric203

satisfies these conditions. Please note that gravitational forces are presented as a series with changing204

signs.205

7. Macro-examples of Non-Inertial Mechanics206

The behaviour of macroscopic mechanical systems in non-inertial reference frames can be207

described by higher-order differential equations. Here we consider the case when the contribution208

of higher derivatives is small compared to lower ones. Therefore, at this stage, we restrict ourselves209

to only the third derivatives of the coordinates with respect to time. There are many examples of the210

description of mechanical systems in non-inertial reference frames [3-6] due to the influence of the211

backgrounds of random fields and waves. Theoretical descriptions of such cases do not always fully212

describe the physical reality of the processes occurring in this process. Such cases include Kapica’s213

pendulum, the movement of bulk materials upwards, against the action of gravity, Chalomey’s214

pendulum, and others [10]. For describing vibrating mechanical systems, the principle of least action215

is traditionally used to obtain critical states of mechanical systems. All such cases are described by216

second-order differential equations. In this case, the direction of the resultant force remains uncertain.217

This is the main disadvantage of this method of description. Using the extended Newton’s second law218

[3]219

F−ma + τm
·
a− 1

2
τ2ma(2) + ... +

1
n!
(−1)nτnma(n) + ... = 0 (5)

220

where τ = 1/ω is the averaging time during the transition from the micro world to the macro, is221

inverse to the average cyclic frequency, we obtain the direction of the resultant force that coincides222

with the direction of the motion. In [9], the behaviour of such systems is described by introducing223

experimental vibration forces. The introduction of vibration forces in these cases, in our opinion, is not224

justified and is introduced axiomatically.225

Here we will use a third order differential equation. This allows, first, to get the correct direction226

of the resultant force. Secondly, it explains its occurrence and does not contradict the already known227

descriptions.228

Comparing the two descriptions: the differential equations of the second order and the third order229

can be argued the consistency of these two descriptions. Indeed, in mathematics, there is a method230

of transition from higher-order differential equations to lower ones by changing variables. In our231

case, from a third-order differential equation, we can go to two equations of order not higher than the232

second.233

For example, consider the description of the Kapica pendulum using the differential equation (6),
limiting ourselves to the third order of the derivative of the coordinate with respect to time

F−ma + τm
·
a = 0 (6)
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Or234

F = ma−mjτ235

where j =
·
a = d3q

dt3 is third-order derivative coordinate q on the time named Jerk and τ = 1/ω236

is the averaging time during the transition from the micro-world to the macro, the opposite of the237

average cyclic frequency.238

Using the substitution, we get
F + V = ma (7)

where the vibration force V is equal to

V = mAω2 sin ωt (8)

Thus, we have shown that equation (6) can be replaced by two equations (7) and (8). In this239

case, the description with high-order derivatives of mechanical systems is more complete than the240

description with second-order derivatives [11-22].241

8. Verifications of High-Order Derivatives as Non-Local Hidden Variables242

The role of High-Order Derivatives as Hidden Variables can be verified by using the Equivalence243

Principal when acceleration is equal to gravitational field. Then the correlation factor for entangled244

photons polarization measurements may be presented as245

|M| = |〈AB〉| =
∣∣∣〈(λi Akgik)(λ

m Angmn)
〉∣∣∣ (9)

Here, the random variables distribution function may be considered uniform, with the photon246

polarization varying from 0 to π:247

1
π

π∫
0

ρ(φ)dφ = 1.248

According to the definition,249

cos φ = λi Ak gik√
λiλi
√

Ak Ak
,250

cos(φ + θ) = λnBngmn√
λmλm

√
BmBn

.251

Hence, the correlation factor is252

|M| =
∣∣∣∣∣ 1

π

π∫
0

ρ(φ) cos φcos(φ + θ)dφ + 1
π

2π∫
π

ρ(φ) cos φcos(φ + θ)dφ

∣∣∣∣∣ = |cos θ| .253

The Bell’s observable in our case differs from that calculated by Bell and does not contradict to254

experimental data. Bell’s inequality are not violated in either classical or quantum cases of accounting255

for random fields, forces and waves.256

9. Conclusion257

Contemporary physics, both Classical and Quantum, requires a notion of inertial reference258

frames. However, how to find a physical inertial frame in reality where there always exist random259

weak forces? We suggest a description of the motion in Non-Inertial Reference Frames by means of260

inclusion of higher time derivatives. They may play a role of non-local hidden variables in a more261

general description can be named Non-Inertial Mechanics complementing both classical and quantum262

mechanics.263
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