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Abstract

Conditional heteroskedastic financial time series are commonly modelled by ARCH and GARCH.
ARCH(1) and GARCH processes were recently extended to the function spaces C[0, 1] and L?[0, 1], their
probabilistic features were studied and their parameters were estimated. The projections of the operators
on a finite-dimensional subspace were estimated, as were the complete operators in GARCH(1,1). An
explicit asymptotic upper bound of the estimation errors was stated in ARCH(1). This article provides
sufficient conditions for the existence of strictly stationary solutions, weak dependence and finite moments
of ARCH and GARCH processes in various L?[0, 1] spaces, C|[0, 1] and other spaces. In L?[0, 1] we deduce
explicit asymptotic upper bounds of the estimation errors for the shift term and the complete operators in
ARCH and GARCH and for the projections of the operators on a finite-dimensional subspace in ARCH.
The operator estimaton is based on Yule-Walker equations. The estimation of the GARCH operators
also involves a result concerning the estimation of the operators in invertible, linear processes which is
valid beyond the scope of ARCH and GARCH. Through minor modifications, all results in this article
regarding functional ARCH and GARCH can be transferred to functional ARMA.
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1 Introduction

Volatility, usually measured by the variance, is one of the essential objects of study of financial time series.
These are often strictly stationary but conditional heteroskedastic, where latter means that the variances
at any time conditioned on the past are non-constant and randomly changing. A popular model exhibiting
this phenomenon is the autoregressive conditional heteroskedasticity (ARCH) model established by Engle
(1982) [7], for which he was awarded the noble prize in economics in 2003. This model was extended to
the generalized ARCH (GARCH) model by Bollerslev (1986) [4]. Various authors established modifications
of univariate and multivariate ARCH and GARCH processes, studied their probabilistic properties and
estimated their parameters. An excellent overview and applications of such processes is provided in Andersen
et al. [1], Francq & Zakoian [9] and Gouriéroux [10]. Due to a progress in processing techniques and since
high-resolution tick data are accessible and can be described as functions, it seems reasonable to extend these
models on infinite-dimensional spaces, enabling the analysis to be more accurate. From a mathematical point
of view, such an extension is unproblematic for complete, separable metric spaces M since completeness of
M implies that the Borel o-field B(M) is well defined and separability ensures that e.g. sums of random
variables remain random variables, see Ledoux & Talagrand [21]. For a detailed introduction in Functional
Data and Functional Time Series Analysis, the areas dealing with random variables resp. time series with
values in an infinite-dimensional space, see Bosq [5], Ferraty & Vieu [8], Hsing & Eubank [14] and Ramsay
& Silverman [22]. For a compact synopsis (in German), see Kiihnert [20].
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Hormann et al. (2013) [11] made the initial step by introducing ARCH(1) processes with values in the
spaces C[0,1] and L?[0,1] of continuous resp. of square-integrable real valued functions with domain [0, 1].
They established sufficient conditions for the existence of strictly stationary solutions, finite moments and
weak dependence. In L2[0,1] they constructed consistent estimators and stated explicit asymptotic upper
bounds of the estimation errors for the shift term and the projections of the operator on finite-dimensional
subspaces by assuming the operator to be an integral operator and estimating its kernel. Aue et al. (2017) [2]
established GARCH(1, 1) processes in C[0, 1] and in L?[0, 1] and found sufficient conditions for the existence
of strictly stationary solutions, finite moments and weak dependence. In L?[0,1] they derived a consistent
least squares estimator for the projections of the parameters on finite-dimensional subspaces but stating
an explicit asymptotic upper bound of the estimation errors. At last, Cerovecki et al. (2019) [6] studied
L?[0,1]-valued GARCH(p, q) processes for positive integers p, q. They developed sufficient conditions for the
existence of strictly stationary solutions and finite moments. By a quasi-likelihood approach, the projections
of the parameters on a finite-dimensional subspace and only for p = 1 = q the complete operators were
estimated consistently. In both cases, no explicit asymptotic upper bound of the estimation errors was
stated. [2], [6], [11] also provided simulation studies showing how their models matched with real data and
illustrated possible applications. For further work dealing with functional ARCH and GARCH models, see
Kokoszka et al. (2017) [19] and Rice et al. (2019) [23].

In this article, we establish ARCH(p) and GARCH(p, q) processes for all p,q € N with values in LP[0, 1]
with p € [1,00),C0,1] and other spaces. We provide sufficient conditions for the existence of strictly
stationary solutions, weak dependence and moments of these processes under mild conditions. The focus
of this paper is on deducing estimators for the shift term and the complete operators of L?[0, 1]-valued
ARCH(p) and GARCH(p, q) processes for any positive integer p, q and on deriving explicit asymptotic upper
bounds of their estimation errors. We also deduce explicit asymptotic upper bounds of the estimation errors
for the operators on a finite-dimensional subspace of these ARCH processes. The operator estimation is
always based on Yule-Walker equations and the estimators for the GARCH operators also involve estimators
for the operators of invertible, linear processes represented as inverted time series. We derive explicit
asymptotic upper bounds of their estimation errors. Also, this upper bound holds for the estimation errors
when estimating the operators in the associated linear process and is valid beyond the context of functional
ARCH and GARCH models. All results in this article regarding functional ARCH and GARCH can be
transferred to functional ARMA processes due to their relationship.

In this paper, we use the following notation. a A b := min(a,b) and a V b = max(a,b) for a,b € R.
For functions f,g: D C R — R, we write f o< g resp. f 3 g if there is a ¢ € R with f(z) = cg(x) resp.
f(z) < cg(z) for all z € D. For sequences (an)nen, (bp)nen € (0,00), we write an, ~ by if $2 — 1,a, < by,
if a, ~ cby, for some ¢ # 0,a, = w(by,) if b, = o(a,) (for n — oo) and a, = Q(b,) if b, = O(ay) (for
n — o0). Further, Z(a,,b,) = w(a,) No(by), Elan, by) = Qa,) N o(b,),E(an, by] = w(a,) N O(b,) and
Elan, by] = Q(a,) N O(b,). By 0y we denote the identity element of addition of a vector space V and
V= {(v1,...,vn) T |01, ..., v, € V}, with n € N, becomes a vector space by our componentwise definition of
scalar multiplication and vector addition. For a space F' of functions f: [0,1] — R, F and F> denote the
sets of functions f € F with f(¢) > Oresp. f(¢) > 0 for M-a.e. t € [0, 1] where A is the Lebesgue-Borel measure
on [0,1], and f ® g denotes the pointwise product of f,g € F if it is well-defined. Let (B, || ||5), (B, ]| |l5’)
be Banach spaces and (H, (-, -}%), (H’, (,-)») be Hilbert spaces. On Hilbert spaces we use norms generated
by inner products and say CONS for a complete orthonormal system. We endow Banach spaces (B || - ||5~)
with the norm ||b||%. = Y_i_, [|bi||4 where b := (b1, ...,b,)T € B" and Hilbert spaces (H", (-, )yn) with
the inner product (h,h)yn = S0 (hi, ki) where h = (hi,....,h,)T, B = (hy, ..., hy)T € H™. We write
Lpp,Kpp,Ssp resp. Ngp for the space of bounded, compact, Hilbert-Schmidt resp. nuclear operators
from B to B’ with Lz = Lg 5, K = K 5,Ss = Sp,s and Ng = N where the term operator always refers
to a linear mapping. K* denotes the adjoint of an operator K € Lg 5 and we write h @ ' == (h,-)yh’ for
h e H,h' € H'. In all respects, we assume our random elements to be defined on some common probability
space (Q,2,P). For B-valued processes (Xj)rez and (Yi)rez, Xn = Op(Y,) (for n — oo) denotes that
(Xk/Ye)r is asymptotically P-stochastic bounded. For p € [1,00) we denote by LY = L(2, 2, P) the space
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of (classes of) B-valued random variables X with v, 5(X) = (E||X||})*/? < oo, we call a process (Xj)rez
of B-valued random variables Li-process if X, € L for all k, and centered if E(X}) = 0p for all k with
expectation in Bochner-integral sense, see [14], p. 40-45.

The rest of this article is organized as follows. Section 2 studies probabilistic features of our ARCH and
GARCH processes. Section 3 introduces our parameter estimators and derives asymptotic upper bounds of
the estimation errors. Section 4 summarizes the main results, delineates these from similar results in other
papers and gives an outline for future research. Section 5 contains proofs.

2 Functional ARCH and GARCH models

We start with the definition of F-valued ARCH and GARCH processes where F' stands for L0, 1] for some
p € [1,00) resp. for a separable Banach space of functions f: [0,1] — R being complete w.r.t. the sup-norm
[| |loo and closed w.r.t. the pointwise product ©. Hence, || || is either || - ||o or the norm of L?[0, 1] defined

1 . 1
by ||f||zl),p[0,1] = f() |f(t)|p dt for f € LP[O’ 1] with <f7 g>L2[0,1] = fo f(t)g(t) dt for any fvg € L2[07 1] where
integration is meant w.r.t. the Lebesgue-Borel measure A on [0, 1].

Definition 2.1. Let p € N,q € Ny, let (ex)rez be an i.i.d. F-valued time series, 6 € Fs o and o, B; € Lr
be operators with o, 8j: F>o — F>¢ for all i,j. Then, if

p q
Zi=ex 0ok,  of =0+y B+ Biloiy) (2.1)
i=1 j=1
holds a.s. for all k,(Zi )k is called F-valued ARCH(p) resp. GARCH(p, q) process if ¢ = 0 and o # O,
resp. if ¢ € N and o # Oz, # Byg-

Throughout, «;, B;,0, €k, P, q, 0%, Zi, are the variables in (2.1) with «; = 0z, = 5; for i > p,j > q and
moreover t := max(p, q),s := p + q. The equations in (2.1) lead to the state-space form

g]iw,q) _ 5’§p7q) + \11,5”"”((;,5”_’?) (2.2)
22 ] [eo@] |G e B B g
2 Or " o o o .[:F . o =
. O, Ip Opp oo Opp  Opy o .
237 oo OF Do Do e e 2 p
= %CQ*P+1 = Or + O o O Ip Opg Ocp -+ Ogp Ogp Ogp %VQ*D
o ) oy o /61 ﬁq o'k2_1
sz_l Op OﬂF O,CF BRI Oﬁp Iy OLF Tttt O»CF Jk2—2
O,Cp e OEF OﬂF Ip OﬁF e OL‘F
o g2 O A T |
0
L Uk7q+1 ] L F | i OL',F - Oﬁp OﬁF OEF OﬁF e OEF I[F OﬁF | Ukiq

with Cly: F— F, f — [ ® & where
o (1 i F=1,
" | F, if F is a Banach space w.r.t. | [loo-

Furthermore, if
Elnt||e2||; < oo (2.3)

where In™(+) == In(max(1, -)), then |[g2||; < oo a.s. and hence [J;, is a bounded operator a.s. with

1512y, < gl s (2.4)
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Consequently, c,ip’q),élgp’q) € F* a.s. and we have \Ilk(p’q) € Lps a.s. if d, ei,og_q,...,a,f € F a.s. Moreover,
(2.3) and || - [|zp < [| - ||y, imply (see [20], p.28)

Eln* || %"Y||L,. < . (2.5)
Since (\Ilk(p’q);C isi.i.d. and || - ||z, is sub-multiplicative, according to [16], Theorem 6 we have
Al L (CORACH) CX))
YD = lim Bl [PV V] (2.6)
— p, P, )
= lim Sl [[gPVgEY P Cas, (2.7)

where (9 is called top Lyapunov exponent of (\Ilk(p’q)k with v € [—o00, 00).

Now, we can state sufficient conditions for the existence of nonanticipative, strictly stationary solutions
in the ARCH and the GARCH model where a F-valued time series (Yj)xez is called nonanticipative w.r.t.
another F-valued time series (e )rez if there is a measurable function f: F*° — F such that

Y;C = f(5k7€k—la ) (28)

holds a.s. for all k. If (ex)rez is strictly stationary and ergodic, which is especially the case if (i) is i.i.d.,
then (2.8) implies that (Y})x is also strictly stationary and ergodic after [25], Theorem 3.5.8.

Theorem 2.1. Let the assumptions in Definition 2.1, § € F.oo and a;, Bj € Ly for all i,j hold.
(a) If
AP <0, (2.9)

then the equations in (2.1) have a unique, strictly stationary, nonanticipative w.r.t. (ex)x and ergodic
solution where 0,3 = f(ek-1,Ek-2,...) a.s. for all k for some measurable function f: F> — F.

(b) If there are n € N and v > 0 such that
%(z'f{f') = E“‘I,ép,q)q,ég?) . ‘Ijl(p’q)HlyiFs <1, (2.10)
then (2.9) holds.

Though (2.10) is stricter than (2.9), it is easier to show. Furthermore, (2.10) is useful for the simulation
of an initial value of F-valued ARCH and GARCH processes, as we can see in the following.
Corollary 2.1. Let (2.10) hold for some n € N and v > 0. Further, define §~k(p’q) = 6,§p’q) + \Ilk(p’q)(ék(i’f))
for k € N, where fép’q) € F* is some deterministic value. Then, there is some p € (0,1) with

E[joy "~ &¢I = O(pY). (2.11)

SN

Based on ideas in [2], [11] and with (2.10), we derive a sufficient condition for the existence of moments and
for weak dependence, to be precise LP-m-approximibility, of F-valued ARCH(p) and GARCH(p, ¢) processes
for any p,q € N. Finite moments and LP-m-approximibility are used to estimate the ARCH and GARCH
parameters. An F-valued time series (Y} )rez is called LE.-m-approximable for p > 1if Yy, = f(eg, €51, ...) a.s.
for all k for an i.i.d. time series (ex)rez and a measurable function f: F*° — F (thus (Y% )x is nonanticipative
w.r.t. (er)r) and if

> (Y=Y, M) < oo (2.12)
m=1
holds where v, 5(-) = (E|| - ||)/? and Yk(m) = f(f‘:k,f‘:kfl,...,Ek7m+1,€£:k_)m7fl(€k_)m_l7...) for all k,m with

independent copies (e,(c"))kez of (ex)rez for all n. For each m, the sequences (Yk(m))kez are strictly stationary,

m-dependent and each Yk(m)

equals Y, in distribution. Moreover, (Y;)rez is called geometrically LY-m-
approximable if (Y})y is L¥.-m-approximable and if there exists a p € (0,1) with v, 5(Y;, — Yn(lm)) =0(p™).

For a detailed introduction to LP-m-approximibility, see Héormann & Kokoszka [12].
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Lemma 2.1. Let Ellgg][% < co. Also, let (2.10) hold for some v >0 and n € N. Then,
(a) E[|2¢|[7 < oo and El|og ||} < oo

(b) () is geometrically Ly.-m-approzimable and (o7 )i is geometrically LY -m-approzimable.

3 Estimation

In this section, we establish estimators for the parameters of .7#-valued ARCH and GARCH processes with
known orders where 5 := L?[0,1] and we deduce asymptotic upper bounds for their estimation errors.
Throughout the section, we write .77 := L*[0, 1], and, except for in section 3.1, we impose the following.

Assumption 3.1. 0 € %@o,ai,ﬁj € Sw N Ly for all i and 3, E||e2 ||% < 00,
B(=2(1) = 1 (3.1)
for M-a.e. t € [0,1] and there are n € N and v = 4 with (2.10).
Assumption 3.1 implies E(2;2(t)) = E(c2(t)) for M-a.e. t and all k. Thus, (2.1) yields

q
%c—l/k""z az"’ﬁz %cz Z 5] Vk] (32)
i=1 i=1

a.s. for all k where a; = Oz, = B; for i > p,j > q, 2 = 2,2 — mz with my == E(27?) and yj_; =
e%ij - cr,?fj. Hence, & = (2% )k is a J-valued AR(p) resp. ARMA(tr, q) time series if ¢ = 0 resp. q € N
with time series of innovations v := (v), which is not i.i.d. but stationary. Moreover, both & and v are
centered, stationary, nonanticipative w.r.t. (ex)r and geometrically Lﬁf—m—approximable.

For the estimation of the operators in (2.1), we use (3.2) and we impose the following.

Assumption 3.2. § € (>°[0,1],04,8; € Lo =01 for all i and j,||Tpqllc,e < 1 where Ty g := > a; +
Z?Zl Bj, and there is no closed, affine subspace U C 7 with P(e§ € U) = 1.

Lemma 3.1. Let Assumptions 5.1-3.2 hold. Then, there is no closed subspace V. C S with P(ZZ €V) =
L,P(vyeV)=1,P(Z €V) =1 and the operators €.z, €o. a2, 6o, and Gp.2 are injective.

3.1 Preliminaries

Here, in order to estimate the parameters in (2.1), we state certain assumptions and establish various
convergence results dealing with the asymptotic behaviour of estimation errors of specific eigenvalues and
expected values, operators and eigenfunctions in Hilbert spaces (H, (-, )3, (H, (-, )%) and (H", (-, Y3).
We also discuss the estimation of operators within a composition of operators.

3.1.1 Estimation of expected values, lag-h-covariance and other operators

Firstly, we define lag-h-covariance operators and their empirical versions.

Definition 3.1. Let X = (Xy)kez be a stationary L%_L—valued time series and let h € Z. Then, the lag-h-
covariance operator of X is defined by

cgh = (gh;X = E[(XO — ml) ® (Xh — ml)] (33)
where my = my(X) = E(X1) and the empirical lag-h-covariance operator of X is defined by
N A N
Gm Gy | T Lz pr (K = 11) @ (Kieyn = ), 1= N <h <0, (3.4)
’ ﬁzkll(Xk—m1)®(Xk+h_ml), OSh<N—1
where my =11 (X) = N~ zNh X; and Ny, == N — |h| with N € N and |h| < N — 1. The operators 6 and

%o are also called covariance operator resp. empirical covariance operator.
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%, are bounded operators with finite-dimensional image with ‘f,:‘ = ¢y, for all h. Furthermore, % is
selfadjoint and positive semi-definite. We obtain the following convergence rates.

Lemma 3.2. Let X = (Xj)gez be a L‘%{—m—approm'mable time series. Then,
N
iy =1y (X)=N"1>" X (3.5)
i=1

is an unbiased esimator for m; = my(X) = E(X}) for anyl = 1,2 and N € N with
E|[riy — mu|[3; = O(N ). (3.6)
Lemma 3.3. Let X = (Xy)kez be a L}, -m-approximable time series. Then

5 5 Op(N7Y), if h€Z is fized,
[ — Ghlls,, = L —
Op(hN-Y), if h=hy =E(1,N).
Based on ideas in [3], for centered time series X = (Xj)rez we define the operators
6d7m = %Xd(d),Xd_,.m = ]E[Xd(d) & Xd+m] and Sy:= %;X(d) = E[Xd(d) ® Xd(d)]

where d € N,m € Z with Xj(d) == (Xp, Xp—1.-» Xp—qs1)T € H? for k € Z and X (d) := (Xp(d))rez. These
operators satisfy Sq,m € Nyjay and Sq€ Ny as well as (see [20], p.56)

18amlINspar < VAENXolf,  and  ||84llng,. = dEl[ Xol[3- (3.8)
Also, given a sample X1, ..., Xy of X with N > d, the operators
I
Sy = N, 1 ; (Xira—1(d) =7 (X*(d))) © (Xiyq — 1 (X?)), (3.9)

with Ny = N — d, 7y (X2(d)) = Ny 'S0 X2, (d) and iy (X2) = Ny 'S X3, satisfy (see [20],
Definition and properties 4.36)

N Op(N—1Y), if d €N is fixed,
[|Ga1 — Gaill% P P 9 31 ) _ (3.10)
oM Op(d*N~1), if d=dy=2E(L,N).
Moreover, the empirical covariance operators
Ng
N 1 . .
Gai= Ny—1 Z (Xdih-1(d) =M1 (X*(d)) ® (Xdyx—1(d) — 1 (X3(d))) (3.11)
k=1
satisfy
A Op(N~Y), if d €N is fixed,
||6d_6d”?9 d: 3 —1 . —_ (3'12)
" Op(d°N—1), if d=dy=7Z(1,N).

3.1.2 Estimation of eigenvalues and eigenfunctions

Here, we derive asymptotic upper bounds of the estimation errors for the eigenvalues and eigenfunctions of a
compact, self-adjoint and positive semi-definite operator 2" € Ky, estimated by a sequence (yﬁv) Nen C Ky
of compact, self-adjoint, positive semi-definite operators, where each S depends on N observations of
a stationary time series X = (Xj)rez. Further, (¢)jen resp. (%j)jeN are the eigenfunction sequences and
(kj)jen resp. (l;'j)jeN the associated w.l.0.g. monotonically decreasing eigenvalue sequences of J# resp. .

For the derivation of upper bounds of the estimation errors for the eigenvalues and eigenfunctions, we need
laj—bj| < [|A=Bllz,, jeN. (3.13)

This is true according to [5], Lemma 4.2 where A, B € K3 have the singular value decompositions A =
Yoo aj(a;@a)) resp. B =777 bi(b;@0)).
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Corollary 3.1. Let || % — H |7, = Op(an) hold where ay=Z[N~11). Then
sup (]AC] - kj)Q = O]p(a]v). (314)
JEN
Moreover, if ky,, = E[\/an, 1] holds where by = (1), then
]ACbN = OIp(kbN) and kp, = O]p(fch). (3.15)

Because the eigenfunctions of Sy are unambiguously determined except for their sign,

A A

¥ = san((f. ) )b, (3.16)

is used as an estimator for &; if %j L € a.s. holds where sgn is the signum function. According to [5], Lemma
4.3, which can be generalized to any compact, self-adjoint and positive semi-definite operators,

18— &l < ll A — H e, JEN, (3.17)

if the eigenspace of k; is one-dimensional, where 7; = 2v/2v1,%; = 2v2max(y;_1,7;) for j > 1 and
v; = (kj — kj41)7" for j € N. The problem in using %; as an estimator for ¢ is, that & [ €& a.s. and
thus sgn((Ej,EjM) # 0 a.s., which is needed to obtain asymptotic upper bounds of the estimation errors
for the operators in the J#-valued ARCH and GARCH model, is not guaranteed for all j, N. Therefore, we
modify %j in the following way. Let (h;)jen be a CONS of H and let (¢j);en be a sequence of i.i.d. and
N (0, 1)-distributed random variables, independent of the observations of X. Then

oo
§=b+ Z; i (3.18)
is well-defined for all j, N with %;’ L & a.s. and in consequence sgn((%;-’, €)%) # 0 a.s. Thus we use
¥ = sgn((¥,6)90) & (3.19)
as an estimator for ¢;, where (%;” ); is a CONS of H a.s. according to the spectral theorem.
Assumption 3.3. For all j, k; # kj1 and k(j) = k; holds where k: R — R is a convex function.
If ¢ is injective and if the eigenvalues of J# satisfy Assumption 3.3, then
ki1 >ky>--->0. (3.20)
Moreover, for any sequence m=my =(1):
SUp 4 = Ym < kb (3.21)

j<m

Lemma 3.4. Let % be injective, let Assumption 3.3 and ||J£€V—Ji/||%ﬂ = Op(ay) with axy=Z[N~1 1) hold.
Then, for all j € N holds

18"~ &[5, = Op(ay). (3.22)
Furthermore, if k., = w(\/an) holds where m=my =E[1, N), then

sup HE}”— 115, = Op(k,2an). (3.23)
j<m
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3.1.3 Some notes on estimating operators
In this paper, we estimate bounded operators B € L3, in equations as
A= BC (3.24)

where A € Ly 5 and C € Ly 3. Identifiability of B from (3.24), that is BC' = BC implying B = B, is only
guaranteed if B has dense image. Further, if C' is a compact operator and thus has no bounded inverse, we
use the tikhonov-regularized of C' in order to isolate B. Also, when estimating operators without projecting
them on a finite-dimensional subspace, we impose the following Sobolev condition.

Assumption 3.4. Let S € Sy and let (¢i5)ijen be a CONS of Sy . Then, (S, (¢ij)i ;) satisfies the
Sobolev condition for § > 0 if

oo

> (86403, 1+ +5%7) < . (3.25)

Syt
i,7=1

With #£°:={¢;li,j € N,iV j > m}, this implies the identity

ITIS|E = 3 S0, <@ em) 13 (Siouh, (14274 ) =0m™>)  (320)
g I i jeN ij=1

WVji>m

for m=my — oo which we utilize in conversions in various proofs.

3.2 Estimation of § in the functional ARCH and GARCH model

We derive an estimator of ¢ in .#-valued ARCH(p) and GARCH(p, q) time series with p,q € N from the
idea of estimating ¢ in ##-valued ARCH(1) time series in [11]. Under Assumption 3.1, taking the expected
value on both sides of the right equation in (2.1), yields

T

0 =mg — Z (0 + Bi)(ma), (3.27)

i=1
where a; = 0g,, = 3; for ¢ > p,j > q. Therefore, we propose
v

§i=1ng =y (di + i) (ha) (3.28)

i=1
as an estimator for § where d, 3; are estimators for , 3; and where 75 = N~ Zf\il 22
Theorem 3.1. Let Assumption 3.1 hold. Then, & in (3.28) satisfies

16 = 8lle = Op(N %) + >~ Op(llai — aille,) + Or(l18; = Billc.e)- (3.29)

=1

3.3 Operator estimation in the functional ARCH model

In the following, & = (Zk)rez is a J#-valued ARCH(p) process with p € N. Under Assumption 3.1,
% = (Zi)ker = (22 — ma)kez with mg :=E(27?) is a #-valued AR(p) process with innovation process
vi=()rez=(2;2 — 0 )rez (see p.5). Furthermore, Z(p) := (2 (p))rez satisfies

%C Vi (a1 ap %c—l
21 O Ie Oz, -+ -+ Og,|| Zi—2
Zi(p) = m(P) + AL(Zia () = | 1 | =1 |40 Dr Oz oo O || (330)
Z—p+2 Or P N A
Ze—p+1 O Oc,e =+ Oz Lw Oz || Zip
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a.s. for all k. The operator
ap=lag - o)
is an element of Syrr s and satisfies the Yule-Walker equation
Sp1= Gy (3.31)

where &1 = 6, (), 2,,, and &, = €y, (). Since &, is injective as a consequence of Lemma 3.1 (see [20],
Lemma 4.35), o) can be identified from (3.31) and as an estimator we thus impose

Cp.K Cp K
Qpp) = 613,16;;[]_[ =6,16,(&; +InLes) '] - (3.32)
Ep,l ﬁp)l

Thereby, K € N, (Un)ven € N with 9y — 0,¢,1, ..., ¢ are the eigenfunctions of (‘%p associated to the first
biggest eigenvalues ¢,; > -+ > ¢, k and szf is the operator projecting on lin{¢,1, ..., EF,,K} C P
Theorem 3.2. Let Assumptions 3.1-3.2 and let Assumption 3.5 for the eigenvalues of &, hold. Further,
let (®p4j)ijen be the CONS of Syes s defined by @y ;5 = ¢p; @ ¢; for all 4,7, where (¢p;)ien C P and
(¢j)jen C S are the eigenfunction sequences of the covariance operators S, resp. €.z .

(a) Let %k = {Ppij|1 <i,j < K} with K € N. If (o) (cpi), ¢i)e = 0 for all j > K,1 < K, then

e~ [T emlls,,, = Or¥ ). (3.33)
FoK

(b) Let also (e, (Ppij)i;) satisfy Assumption 3.4 for some B > 0. Then, for any sequence K = Ky =
- L K , < -
=(1, N) with CP}KZﬁH:O(N) and lel(%)QZpK(a[p](cpﬂ, ¢;)2, = O(K~28) holds

&) — apll3,, , = Or(K ). (3.34)

Remark 3.1. The assumption (o) (cp1),¢i)e = 0 for all j > K,1 < K in (a), which is necessary for
technical conversions in the proof, is weaker than to impose that oy, and &, commute. Moreover, it is
similar to the assumption used in Turbillon et al. [26] in order to estimate their MA(1) operator.

Example 3.1. Let the assumptions of Theorem 3.2 hold.

(a) Assume cyn =< e N and let Ky =1+ LIZ%)J for all N € N for some b > 0. Then K = Ky =

=(1, N),c;‘;(KQﬁJrl = N7 In?**(N) = O(N) and consequently according to Theorem, 3.2:

&) — aplls,, = Op (I 2*(N)).

(b) Impose cy n < N~ for some a > 1 and let Ky =1+ |N 1+4;+23J for all N € N. Then K= Ky =
E(l,N),cgj{Kw‘H = K'149+28 = N and after Theorem 3.2:

A _ 28
||a[p] — a[p]H‘%ﬁ‘f",%: Op (N 1+4a+26).

3.4 Operator estimation in the functional GARCH model

Throughout this section, & = (Zk)rez is a H-valued GARCH(p, q) with p,q € N and & = (2% )kez =
(22 — ma)rez the corresponding 7 -valued ARMA(t,q) time series with time series of innovations v =
(Uekez = (232 — 02 )kez (see p.5). Z satisfies the following.

Assumption 3.5. £ is an invertible, linear process w.r.t. v with representation as inverted time series
o0
Z=v+ Y i(Ziei) (3.35)
i=1

a.s. for all k where (m;)ien C Sy with Yoo ||ml|s, <oc.
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3.4.1 Derivation of the estimators for the operators in the functional GARCH model
At first, since o == O, =:§; for i > p,j > q, the representations (3.2) and (3.35) imply

(i—1)Aq

%ﬁz(oﬁ D A §) (%)

a.s. for all k. Moreover, if Assumptions 3.1-3.2 hold there is no closed subspace V' C ¢ with P(Z, V) =1
which, following from [20], Lemma 4.48 and Remark 4.49, leads to

(i—1)Aq
T = o4 + Z ﬁj?‘f’i_]’, i€ N. (336)
j=1

Since o; =0g,, for i >p, (3.36) implies with s =p + q:

T = Zﬂﬂs ;=B B2 By][mem1 Moz - Wp]T: ﬂ[q]ﬂ'[j,;,q]

where the solution By is unique iff the image of 7r[:£ q € Sy e lies dense in 9. This is impossible since
€ C %, why we establish estimators for 31, ..., B4 based on the equation

Ts+q—1 Ts+q—2 Ts+q—3 ~°° Ts—1
Ts+q—2 Ts+q—3 Tstq—4 °° Ts—2
Ts,q) = ﬂ[q]H[g a : =[5z -+ B : : : (3:37)
Ts Tis—1 T5—2 ce T

The following example illustrates that the image of H[g q € Sy can lie dense.

Example 3.2. Let oy;:= 0, = 5; for i #p,j#q and let oy =g =: v where ’y € Sy is an operator with dense
image satisying v # Oc,, and ||||s,, < 1. Then, because (3.36) implies m; = v* for all i=p + (k—1)q for some
k € N and m; = O¢,, otherwise, we obtain

Oce - Oce 7 Opp Oe o+ Oz (79)% 0Ogp ]

IL,=lo - - - = 1L~ oz

,.}/2 ..' ..‘ ‘.' O,ij (7*)2 ..' ..‘ ‘.' OL%

O, -+ - Oc, 7 O, -+ - O, 7

Since the operators v*, (v*)? and hence Hf;q] are injective, the image of H[s)q] lies dense.
Due to (3.37), analogously to (3.32), we use

gﬁq M ~ ~ A % 1 9s,q;M

= s, q]H [5,d] H [ﬁ,q]H[m] (H[g,q]H[E’q]+ GN]I%EI) H (3.38)
Os,q51 9s,0:1
to estimate B;. Thereby,
Rloa) = [Fota—1 Forqa =+ 7] (3.39)
is an element of Sz s and
7%5+q—2 7%5+q—3 e 7?5—1
A Forqs Feiqed o o
II..= o o ’ (3.40)
[s,4]
7}571 7%572 ﬁ'p
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is an element of Sysq. Further, 7, where k € N, with what we estimate 7, stands for the k-th component of

i K tLK
ﬁ'L,KZZ éL7Ké£H = GLJGL(G% +19NH”L)71H (3.41)
EL)l EL,l

where (Ky)nven CN, (Ly)veny € N and (Un)nven C (0,00) are sequences with K = Ky — 00, L = Ly — 00
resp. Uy — 0 and where ¢z 1, ..., ¢ x are the eigenfunctions of &y, associated to the first biggest eigenvalues
ép1 > -+ > ép k. Further, in (3.38), (My)ven €N and (Ov)nven C (0, 00) are sequences with M = My — 00
resp. Oy — 0 and (§s,q;)jen is the eigenfunction sequence of f[[s’q]f[;’q] € Sy with associated eigenvalue
sequence (Jsq;;)jen Which decreases monotonically w.l.0.g. Because of (3.36), it is hence plausible to use

(i—1)Aq

Q=1 — Z Bifi—j (3.42)
=1

as an estimator for o; with ¢ =1, ..., p where Bj is the j-th component of B[q] and where &7 == 7.

3.4.2 Upper bounds of the estimation errors for the operators 7

The following Theorem states asymptotic upper bounds of the operators for invertible, linear processes
represented as inverted time series. It is crucial for our derivation of asymptotic upper bounds of the
estimation errors for the GARCH operators.

Theorem 3.3. Let Assumptions 3.1-3.2 and 3.5 hold. Let 3 > 0,L=ILy=Z(1,N), K=Ky =2(1, VL"IN)
and 9y = O(CZ?KK_’B). Thereby, (cr,;); is the eigenvalue sequence of &, satisfying cr x = Q(VL3N—1),

K i _ 1 erae—T _ ,

Zl:1(ﬁ)22j>K<ﬂL(cL,l)7Cj>§f = O(K~?’) and CL71K KL3N-! = O(K (QB—H)) if Zl>L||7rl||£yf =
O(cZ’IK\/KLi&N—l) resp. L72N (3", 1 Il c.0)* = O(K1=28) if CZ,IK\/KL?’N—1 = 0 s llmllee). At last,
for all L, let Assumption 3.3 hold for the eigenvalue sequence (cr, ;); and let (7, (®Pri5)i;) satisfy Assump-
tion 3.4 for 3, see Theorem 3.2. Then, for all i € N:

|7 =[5, = Op(K~%). (3.43)

3.4.3 Upper bounds of the estimation errors for the GARCH operators

Here, we need

q—1
1#1s0 = Tssal||S e = DO [1sts = Mol 5, = Op (K ) (3.44)
=0

as well as

HH[smH[s,q] a H[s,q]H[s,q] H

2 2

q— s5—1

_ 2 : 2 : A A % *

= H 7Tk+i7rk+j_7rk+i7rk+jH
1,j=0  k=p

Syea Sw
qg—1 s—1
< A 112 Ak ok 2 A L 112 L 2
330 kil E 1A — T+ s — Mol 31113
1,j=0 k=p
— O]P(K*Qﬁ) (3.45)

which is both true after (3.43). According to Corollary 3.1, the identities (3.13) and (3.45) imply

SUP (Joq — goau)* = OUK ) (3.46)

Jj€

11
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where (s q;j)jen is the w.l.0.g. monotonically decreasing eigenvalue sequence associated to the eigenfunction
sequence (gs,q;)jen of H[s’q]Hfs,q] € Syea. Moreover, if go g =Z(K 7 1) with M= My = Z(1, N), then
Jsq:m = Op (gﬁ,q;M) and Jsq:m = Op (gs,q;M) (3.47)

after Corollary 3.1 and if also H[s) q]H[*a q 18 injective and satisfies Assumption 3.3, Lemma 3.4 yields

sup Hﬁglq] - gﬁ,q;j”?;fq = OIP(g,;C?;MK_2ﬁ)' (3.48)
J<M

Theorem 3.4. Let the assumptions of Theorem 3.3 hold. Let H[s’q]HE;’q] be injective and let its eigenvalue
sequence (gsq;); satisfy Assumption 3.3. Also, let M = My = Z(1,N),0n = O(K—ﬁ/2)7gﬁ—7q?;MM5 = O(K")

2
as well as Elgl(giislgilaN)2zj>M<ﬂ[q] (8s.02): )3 = O(M~2F) hold, and let (B[q]?((b57q§7:j)i7j) satisfy As-
sumption 3.4 for B where @5 q.ij = gsq:j @ ¢;j. Then,

~ O]P(Kizﬁ)’ =1,
| — il |3, = om (3.49)
O]P(M ), 1=2,...,p,

and for all j =1,...,q:

18— Bil|%, = Op(M 7). (3.50)

4 Conclusions

This article studies functional ARCH and GARCH processes in established function spaces and in those
which have not been considered yet. It focuses on the asymptotic upper bounds of the estimation errors
for the operators projected on a finite-dimensional subspace in the ARCH and the complete operators in
the ARCH and GARCH model where the operators are estimated by a Yule-Walker approach. The theories
developed complement Hérmann et al. (2013) [11], Aue et al. (2017) [2] and Cerovecki et al. (2019) [6] where
functional ARCH(1), GARCH(1,1) resp. GARCH processes for any order were established. This paper
also displays asymptotic upper bounds of the estimation errors for operators of invertible, linear processes
represented as inverted time series.

In Section 2, we introduce ARCH(p) and GARCH(p, q) processes for any order p,q € N with values in
the function spaces LP[0,1] with p € [1,00),C]0,1] and others. For these processes, we present sufficient
conditions for the existence of strictly stationary solutions in Theorem 2.1, and for the existence of finite
moments and weak dependence in Lemma 2.1. Theorem 2.1 generalizes [6], Theorem 1 under a milder
condition, [11], Theorem 2.1 and 2.3, and [2], Theorem 2.1 and 2.2. To the best of our knowledge, for
functional ARCH(p) resp. GARCH(p, q) processes with p > 1 resp. p V g > 1, a moment condition as (2.10)
in Theorem 2.1 and Lemma 2.1 is new. In Section 3, we derive explicit asymptotic upper bounds of the
estimation errors for the shift term and the operators of L?[0, 1]-valued ARCH(p) and GARCH(p, q) processes
for all p, q € N where the operators are estimated by a Yule-Walker approach. For this purpose, we establish
convergence results regarding asymptotic upper bounds of the estimation errors for certain means, covariance
and lag-h-covariance operators (Lemma 3.3), and eigenfunctions and eigenvalues which are also useful beyond
the context of ARCH and GARCH. Theorems 3.1-3.4 present the main results of the article. Theorem 3.1
states upper bounds of the estimation errors for the shift term in the ARCH and GARCH processes for any
order. Theorem 3.2 provides upper bounds of the estimation errors for the ARCH(p) operators for any p,
namely for the projections of the operators on a finite-dimensional subspace in part (a), and the complete
operators in part (b). A similar result as (a) for p = 1 was stated in [11] by imposing an integral operator
and estimating its kernel. However, as far as we know, (a) with p > 1 and (b) are new. Theorem 3.3 is
a convergence result stating explicit asymptotic upper bounds of the estimation errors for the operators of
invertible, linear processes represented as inverted time series. From this, one immediately obtains a result

12
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with the same upper bounds of the estimation errors for the operators in the associated linear process, see
[20], Section 4.4.1.3. Both results are valid without the context of ARCH and GARCH and they extend
some results in Aue & Klepsch (2017) [3] and Klepsch & Kliippelberg (2017) [17] where a different approach
was made. At last, Theorem 3.4, which is based on Theorem 3.3, provides upper bounds of the estimation
errors for the complete GARCH operators. Projections of these operators on finite-dimensional subspaces
were estimated in [2] for p = 1 = g by least squares estimators and in [6] for any order by a quasi-likelihood
approach. Latter applied their same approach to estimate the complete operators in the case p = 1 = q.
To the best of our knowledge, estimating the complete operators in Theorem 3.4 for p V q > 1 is new and
explicit asymptotic upper bounds of estimation errors for complete operators of ARCH, ARMA, GARCH,
invertible and linear processes as in the Theorems 3.2-3.4 have not been derived before.

We leave the investigations concerning the probabilistic properties of ARCH and GARCH processes in
general, separable Banach spaces behind for future research. Estimating the orders of functional ARCH and
GARCH processes is also an open problem, see Kokoszka & Reimherr [18]. Concerning parameter estimation
in functional ARCH and GARCH processes, open problems are the estimation in general, separable Banach
spaces, see Ruiz-Medina M.D. & Alvarez-Liébana J. [24], the asymptotic distribution of the estimations
errors when estimating the parameters without projecting them on a finite-dimensional subspace, see [2] and
[6] for the parameters projected on a finite-dimensinal subspace, and the asymptotic lower bounds of the
estimations errors.

5 Proofs

In various conversions, we utilize the inequality

nyil Zk:lallc’? 1/6(1,00),

k=1

for n € Nand ay, ...,a, > 0 where we usually write (3°;_; ar)” 3 >_4_, af. We also use the operator valued
Holder’s inequality which we state in the following (see [15], Theorem 11.2). By K = 3777 5;(K)(&® ;) we
denote the singular value decomposition of an operator K € L33, where (H, (-,-)) and (H', (-, )3) are
Hilbert spaces. For p € [1, 0], 5”7_’[’ 2 € L3420 denotes the p-th Schatten-class. For p € [1,00), A € 7] 9190 1

32521 s%(A) < oo where .7 4, is endowed with the norm || - || = (372, s%())"/? and where .%5%,, =
HH
L3427 with Il - ||(y;‘oow = |- ||E%H,. Further, yH,H/ = NH,?—L’ and y?—%,?—[/ = Sy . Now, let p,q,7 € [1,00]

with % + % =1 where L :=0andlet A€ Sofragr and B € A7, where (H”, (-, -)3) is another Hilbert
space. Then, after the operator valued Holder’s inequality, AB € .4 ;,, with

1/r
1ABlls,,, < 27 1Al 1IBllgr - (5.1)
Proof of Theorem 2.1. (a) The state-space form (2.2) yields
gépvq): 5}59@) + Z \I,]gp,q)\l,k(w)_,,\I,kpg2+1(5(p q)) (5.2)

m=1

a.s. for all k if the series converges a.s. Further, (2.7) implies

1 p.q) (pq)._ (p,a) (p,q) (poq) o T L (o))
Tim lnH\Il A v (820 |ye < v + Tim —In[g," 0 ||

m—oco M k—m+1

By definition of 6,5”_’?,3 and due to 0 < [[0]|» < |[6]],z, we have ||6,§p_:'n)||§f5 < \|5||§f(1 + |lg2_,.|12,) which

15
leads because of (2.3) to Eln+||6,§’i’f2||%s < 0. Since y(P% < 0, we obtain

lim H‘Il(p q)\Il(p q) lIl(p q) 6(13 q) ||1/m (P) <1

m—00 k—m+1

13
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a.s. and thus the series in (5.2) converges a.s. Hence, there exists a unique solution (g (p’q))k of (2.2) (for
uniqueness see [6], p.19) and thus also of (2.1). By definition of c(p D and due to (5.2), 0 = f(ek—1,k—-2,...)
a.s. for all k for some measurable function f: F*> — F, thus (o), and (2 ), are nonanticipative w.r.t. (g )
and strictly stationary as well as ergodic after [25], Theorem 3.5.8.

(b) v >0, @[Jff;q) < 1, (2.10), sub-multiplicativity of || - ||,,. and Jensen’s inequality imply

’ o T 11 Dg ) gl
~P < mlgnOO%Eln(H [,y 1)n+1||£yf5) = (w(p ) < =
=1
Proof of Corollary 2.1. Assume N = mn for some m € N w.l.o.g. Then, since 1/)79?5') <L || lgp is

sub-multiplicative and (\Ilk(p’q))kez is i.i.d., the assertion follows from

]E||g](f’q)— §~Jsfp,q)”%5 _ EH‘I’JEIP’q)‘I’Jsrp—’ql) L q,l(p,q)(gép,q) ~(p q)>‘

FS
< (BN E|| PV - g |x.. O

Proof of Lemma 2.1. (a) For all v > 0, we have

156V l5 3 186V lp + (3 |1 e O || 11800 )

m=1

S + 3 Hnwﬁmlncp + (3 PG w1680 )

m=1

Moreover, IE||5(2)H:_, < oo implies E\|53p’q)||}’éﬁ < oo as well as IE||\IIO("’C')||ZFs < 00. From the definition of ‘I,ép,q)

and Jép’q) for all k and since () is i.i.d. thus follows

n—1 m n—1
B( 1% 1 TTIeSLE,.) = Blee iz > (Bl |lz,)" < .
m=1 =1 m=1

Furthermore, (2.10) implies for v € (0, 1]:

E( Z H‘I’o(p’q)‘I’Epfq) 1 (p,a)

Ol 1882 e) < B8P I S B[PV w )

il

n—1 o]
< BlI6 5 (Y (BIEPVIZ.)") Do @)
k=0 =1

and for v > 1 together with Jensen’s inequality as well as monotone convergence theorem:

o
IE( Z | ’\I,ép,q)‘l,_(pl’q) e ‘1’91}31 | ’ch

oo
5937;5)”175) < E|‘5(()P7Q)||I‘;5<Z (IE‘ ’\IJO(PM)‘I,_(Pl’Q) \I’(m-&-lHLFJ )1/1/>

. .
< Bl 15 (30 (B )12,)") (@) < oo
k=0 =1

Subsequently, E||§(()p’q)||}’;s < oo for all p € N, q € Ny and thus E||2¢||% < oo, E||o8||% < oo as well as

Ellog |7 3 H5IIF+Z Ef|a; (272 HF+Z El|8;(o7)1I7

i=1 j=1

p q
< I/l + Bl 22117 > lel 2, , + Ellog [z > 1185117, ,. < o

i=1 j=1
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(b) From the identity (5.2) follows

m—1

:q) = §P0) Z AR lIl#f c})+1 5(&3 q) Z (pa). \Ill(p’q)\llo("’q’m) Ap Pt m)(a(p ih m))

(p
Sm.m m—I1+1
=1

m

a.s. for all m € N. Thereby, \Il(p ™) and 5(;; ™) stand for ¥ (p D resp. 6(p 9 in (2.2) depending on s,(c ™)

where (e ,(c ))keZ are i.i.d. time series for all m, which are 1ndependent of each other with ¢ ( ) 4

k,m. Consequently, for any m we have

= gg for all

sl = 3 (- Pl I e
l=m

+ H\I,(P ,q) | (p Q)\I,(p q,m) \Ilrfzp qu:; HLFS | (p q m ||F5)

From this identity, the proof of (a) and since 5,5") and g; arei.i.d. for all k, 1, n, it follows in the case v € (0,1]:

g"ITL?TL

-3 o[F AT N ol AL A

E|[¢{p9)— glp-a) m— l+1HLFs

Fs
l=m
n—1 k e} ]
< 2B/I6 |5 (3 (BIEPVI2,.)") 3 @%0) o (50)"
k=0 j=m

and in the case v > 1, based on the argumentation in the proof of (a) for v > 1:

o

, (p.a 1/vy”
E| |- — gp-a) FSS(ZQ(EH‘I’ﬁfq v, l+1H£F5) )
n—1 e}
<2 BI6 VI (3 (B ,.)") (3o B0y ) o @y o
k=0 j=m
Proofs of Lemmas 3.1-3.3. See [20], Lemma 4.11, Theorem 4.2 resp. Theorem 4.4. O

Proof of Theorem 3.1. The assertion follows from (3.6) and

T T
110 = 6l < |12 — mallow (14D [low + Billeoe) + [1halloe (D16 — illeye+ |18 = Billey). O
i=1 i=1
Proof of Theorem 3.2. (a) The definition of &j), the inequality (5.1), 6; =6, (6, +InTws) !, the Yule-
Walker equation &,; = a6p,6g = 6p6£, (3.10), Lyg» = [[P*+ ][>, and o = Iy, o+ Hjcka with
) b,

Cp,1 Cp, K+1

S ={Ppii|1 <4, < K} and f5 :={Py;|i,j €N,i V j> K}, yields for fixed K € N:

CpK Cp, K
6~ TTewllls,, , 3 11Soi- S0 T Is,, ,+ 1SS T 1T ewlls,, ,
K 1 %1 Sk
. R Ep,K ) N Ep,K Cp.K 9
S N16p1—Spalls,, ST, + 186all3,,. [|S]TT - ST,
1 Cp1 Cp1
Cp K 9
+law&S [ [~ [Tewlls,, ,
Cp,1 /p,K
Cp}( CpK Cp, K Cp K
< Op(N 6THHLM GTH GTHHL%,D—’_||Ha[P]GPH||S%p%
1 o1 p,1 Cp,1
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Cp, K

i 2
+| ’H Q] [GpH — Lo ]| ‘s,fp,yf
o i Cp,1
=O0p(N" Y -T1+ T+ T3+ Ty (5.3)
Term Ti: As per definition of || - ||z, &) = &, (62 + OnTyes) Y, since (&p,;); is the eigenfunction sequence

of &, related to the eigenvalue sequence (¢, ;); with é,1 > --- > &, k w.l.o.g., since (ijijﬂzvy =0if¢ =0

resp. (cJ+C719N)2 < 6]71 if & # 0 and because of (3.15) with Ky = K for all N, we have

CpK

IS, j<K(Cp]A"+JﬁN) Op(c;2) = Op(1). (5.4)

Cpl

Term T5: From the definition of é;, 6; and || - |[z,,, , since (cp;); is a CONS of % and (&,;); is a CONS
of A" a.s., Corollary 3.1 and Lemma 3.4 imply

K Cp,K
2 TH _ TH 2 " Cpyj . 112
HGP Sp Hcyﬂ, e || <1 T, & )oee &y — i+ 0y (e, Cp71>ﬁf'°°m”3fp
tpt o1 P S P..
= sup Si % R ,>2
~ ~2 2 Z, p] P.J 1%
J<K Gy TN Cp,j+79N \|muw<1

HwﬁiI:<1H ]Z +19 w cp7j>‘%p(cp] cp’j ||%F

19N+ég]cg] " 12
63_’]-4-191\;)2( 2, _HgN)Q + (K+ 1) K SUP HC CP,JH%P

= O]P(Cp_;(Nil) + O]p(cp_;(KNil)
= Op(N~h). (5.5)

5 sup Gy — )%
J<K

Term T3: The eigenfunction sequences (¢p;); of &y, (¢;); of 6,2 and the sequence (P ;;); ; with Py (cpr) =
0ixc; for all 4,5,k are CONS of %, J resp. of Syen . Moreover, since Gg = 6,?(63 + OnLes) Y, I =
{(I)p,ij i, €N, V> K}, ] :Z;oj:ﬂa[p]v (I)p,ij>$%gyf®p,z‘j» <a[p]v Ppij >S%>qyf = Z:o:l<a[p] (Cp,k)v (I)p,ij(cp,k» =
(0p1(€p,i), ) for all 4, j and since we imposed (e (cpy), ¢j)r = 0 for all j > K, < K, we thus obtain

Cp, K
||H0‘ ]GIHHSMW ZHHO‘[p 61 (cp ||;f Z _HgN ||Hap] Cp.l ||.%”
Cp,1 pCK =1
K K CQZ ) )
3 (cg’le il ZN Uy (6p.)s &) D || = ;(Cali%) z}:{mm(%,l)v%bf
a fviix ”
=0. (5.6)

Term 7, : Elementary transformations and transformations as used in the terms 77-T3,]] /pka[p](cp,l) =
I (1) Yo5e (@ (6p2), €5) s for all 1, K and Wy = O(N~1/2) imply

Cp, K

2
1T e [SHT L ]ll5,, = ZHHa (Lo (D) 22 = 1) |5,
HoK Cp =1 _Zox bl
[e%s) 2 K
:ZH[]'NSKU) CglilﬁN 1N<K Z o) () € %CJH%
=1 ’ j=1
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K
_ I \2 2 2 -4 2
=y (76'%’[“%) (o) (cp0), i) < vy rell o) l|5

Jd=1
=O(Nh. (5.7)
Replacing T1-Ty in (5.3) by (5.4)-(5.7) indeed yields (3.33).
(b) From o, ]_[/pKa[p] + ]_[fc 1, (3.26), part (a) and Iy = O(N~1/2) follows for any sequence K =

Kn=E(1, N) with ¢, KT = O(N ) and 3% l(c +19N)22j>1<<a[p}(5p,l)7ngf: O(K—20):

1agp) = @l 3 16w — T ewllls,, + T Tewlls,,
o ok

< Op (C;?(N_l) +O0p(cpaN ") + Op(c x KN 71+
+ Z Jﬂg Z (Qpy(ep2), )5 + 0% o el 15, + O(K2F)
1=1 NS K
= OIP(K—%). O

Proof of Theorem 3.3. The proof is based on the proof of Theorem 3.2 with p replaced by an appropriate
sequence L = Ly — oo. From the ideas in the proof of Theorem 3.2 and (see [20], Lemma 4.45)

&p1= m6Gp + ZﬂlgL,l—l, (5.8)
I>L

which can be identified as a Yule-Walker equation with a residual, follows for all K, L, N:

e —mlls,, , 3 |frx - IR - +||H7TLHS%L%

JLK /LK
A . LK ) R LK LK )
S6ea—6ralls,, , GLTHH[:%L"' 1&2.all3,, IS TT _GITHHL%L
1 er1 cr1
LK
el [T - [T mllg,,  +O0tK)
L1 LK
‘LK LK LK LK
20N Y|ETI,, + 2 IS - &1, + 11w e/,
L1 1 L1 I>L L1
LK LK
+| HWLGiHHS”WJr BIEAGIIE ||S%Lﬂ K29)
Lk 1 LK L1
=O0p(I’N"Y) Ty +L-Th + Ty + Ty + Ts + O(K~ ). (5.9)

Term 77 : Conversions similar as in 77 in the proof of Theorem 3.2 and Corollary 3.1 yield

LK

Op ez %)- (5.10)

%’L
CL 1

Term T5: (3.12) with L = =(1, N1/3) and the argumentation of T, in the proof of Theorem 3.2 yield

CLK’ LK
&I - 6*]_[||£L p(ep kLN ™) + Op(cp 4 KL*N 1) = Op(cp 3 KL*N ). (5.11)
CLl L1
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Term T3: From the operator-valued Holder’s inequality (5.1), (5.10), triangle inequality and (3.8) follows

‘LK
1> meraadl Il < cklldomerially, =0k Imlle)). (512
I>L cr1 I>L I>L

Term T, : Here, almost one to one as in the proof of Theorem 3.2, we obtain by assumption

LK

T, =3 (5 3 (et e = 002, (5.13

T L1 1=1 i>K

Term T5: ||7TL||§ML%: lel lIm||%, < >-2 [|ml|3, < oo implies as in Ty in the proof of Theorem 3.2:

(LK
T[S T e, , 3 ORericlimlls,, , = O ki) (5.14)
LK L1

Since L=2(1,N),K =Z(1, VL-IN), ¢ x = QUVL3N-1), (m, (P, 5)i ;) satisfies Assumption 3.4 for all
L eNfor 8> 0, (3.26) and ¥y = O(c;zKK_B), plugging (5.10)-(5.14) of T1-T5 into (5.9) implies

s —ml3,,, 3 1fx = [Imlls, + 1TImls,,
JL.x ik
= Op(g 4% KL'N™Y) + O(L(c %> [Imlle,)’ ) + O(K~2%).
I>L

Consequently, since we imposed ¢ 3 L*N~t = O(K~G#H) if 37 limllz, = O(cp xVKL)N-') and
L72N(Y o lImllo)t = O(K=20) if cg’lK\/KL‘gN V=0 o lImllz,), where latter is because of ¢z x =
O(K~'L) and Y. ||m||z,, = o(1) only possible if K = o(VL~1N), (3.43) is verified. O

Proof of Theorem 3.J. The definition of B[q], (3.44) and the fact that (Bq), (Pp,q;i5)i,;) satisfies Assump-
tion 3.4 for § >0, imply similarly as in the proof of Theorem 3.2:

180 = Biallsa 3 1B = 1 Bulll, , + HHﬁ[q]HSm%

fﬁqM qu
j Hﬁ[57q] Ts,q] ||S%q%HH[sq]HH +|| Ts,q) ||Syffl A H[s q]H H[sq]HHE a
Os,q;1 Is,q;1
Os,q;M
+H7r[5,q]]_[5q IT- H Hsyw O(M~2F)
9s,q;1 qu
2B
<O]P Hnsq HHL‘%(‘ HHECI]H H[sq]HHqu
Gs,q;1 5,051
— —28
+HHﬂ[q H[sq]HHs WJFH H’B [H[sq]H ”q} ‘S%WJFO(M )
qu qu 5,51
= O]p( )‘Tl +T2+T3+T4+O(M_ ) (515)
Term T : Since f[T H[ﬁ q](]_[[5 q]H e.q] T OnIa)~" and since (sq;); is the eigenfunction sequence of

H [s.] H[5 q» thus H [s.] H[g q and ]_[g ““1” commute, yields similarly as in Term 7} of Theorem 3.2:

D)

Os,q;1

* gqu

H<H[ﬁqJqu+9N]I”q) quH[sq]HH » %

E,yq Lﬂaq

= Op (g5, 1) (5.16)
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Term B: Due to H [s,q] (@/Ellq,]) = (g5»l1§j + QN)iln[s,q](glslfq;j)’ H}lﬁ,q](gglchj) = (gqu;j + GN)ilnfs,q](gg,%;j) and
conversions as in Term 75 in Theorem 3.2, we obtain

HH[Sq]H H[ﬁq]HHﬁ a

Us,q;1

7 2

M A
_ AT 85 ;5000 ) A1 (T, §s,q:j )50 * H
= su — e T y
IImll;q)qH; Gsai + 08 1_[[5»‘1](9ﬁ w) Goai + 0N H[qu](gs’q’ﬂ e
M

(V/9s.0: —\/Fs.a7)

< sup
||m||%‘1<1j—1
+ sup

. 2 1" 2
j<M gsqg+9N’ (||H[5 q]HamHgg/w gs,q;j||m+HH[M]*H[E’C,]H%,)

V950 VYsai

Gs,qi T on s, + On

‘ (®, G o/ Gsaq (@ Goqii ora/Toag |
s + ON sy + 0N

‘ (m g;q]%“
9s,q;5 + 6N

= sup
J<M

" sup(m) (VN HH[s ol 82— g B+ 1TL, o~ T o )

J<M

4 Mg sup 6~ 90l

- OIP(gs’q;MK ) + OIP(gquK 25) + OIP(gquK_ ) + OIP(gquK 25)
= Op(gognr 7). (5.17)

Term T3: From the assumptions made and the idea of the derivation of T3 in Theorem 3.2 follows

HHﬂ[qH[ﬁq]HH

qu

Swa,w o+ 0N

M
=3 (G S Byl ) =00 (519
I=1 i>M

Term Ty: Analogously as in Term T} in Theorem 3.2, we obtain

HH%[HMH }

qu Ip,a;1

\ S R lBi = Rieiar (5.19)

Replacing T1-Ty in (5.15) by (5.16)-(5.19) and considering Oy = O(K ~#/2) and g;ql;MMB: O(K?), yields

1B — Biall5 ey = O (Goqns K7) + Op(gomp K7) + O(M™2P) + 639, 20y + O(M )
= Op(M~27)

with what (3.50) is shown for all j and (3.49) for i = 1, ..., p follows from (3.43) for all ¢, (3.50) for all j and

(i—=1)Aq

||&i_al||5yf ||7T71_7T1||Syf+ Z ||ﬁ]||8;f||7rl —J — Ti— ]||Syf+||ﬁ] BJ‘|$yg||7rl J||Syg D
Jj=1
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