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Abstract

Conditional heteroskedastic financial time series are commonly modelled by ARCH and GARCH.
ARCH(1) and GARCH processes were recently extended to the function spaces C[0, 1] and L?[0, 1], their
probabilistic features were studied and their parameters were estimated. The projections of the operators
on finite-dimensional subspace were estimated, as were the complete operators in GARCH(1,1). An
explicit asymptotic upper bound of the estimation errors was stated in ARCH(1). This article provides
sufficient conditions for the existence of strictly stationary solutions, weak dependence and finite moments
of ARCH and GARCH processes in various L[0, 1] spaces, C[0, 1] and other spaces. In L]0, 1] we deduce
explicit asymptotic upper bounds of the estimation errors for the shift term and the complete operators in
ARCH and GARCH and for the projections of the operators on a finite-dimensional subspace in ARCH.
The operator estimaton is based on Yule-Walker equations. The estimation of the GARCH operators
also involves a result concerning the estimation of the operators in invertible, linear processes which is
valid beyond the scope of ARCH and GARCH. Through minor modifications, all results in this article
regarding functional ARCH and GARCH can be transferred to functional ARMA.
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1 Introduction

Volatility, usually measured by the variance, is one of the essential objects of study of financial time series.
These are often strictly stationary but conditional heteroskedastic, where latter means that the variances
at any time conditioned on the past are non-constant and randomly changing. A popular model exhibiting
this phenomenon is the autoregressive conditional heteroskedasticity (ARCH) model established by Engle
(1982), for which he was awarded the noble prize in economics in 2003. This model was extended to
the generalized ARCH (GARCH) model by Bollerslev (1986). Various authors established modifications
of univariate and multivariate ARCH and GARCH processes, studied their probabilistic properties and
estimated their parameters. An excellent overview and applications of such processes is provided in Andersen
(2009), Francq & Zakoian (2010) and Gouriéroux (1997). Due to a progress in processing techniques and
since high-resolution tick data are accessible and can be described as functions, it seems reasonable to extend
these models on infinite-dimensional spaces, enabling the analysis to be more accurate. From a mathematical
point of view, such an extension is unproblematic for complete, separable metric spaces M since completeness
of M implies that the Borel o-field B(M) is well defined and separability ensures that e.g. sums of random
variables remain random variables, see Ledoux & Talagrand (1991). For a detailed introduction in Functional
Data and Functional Time Series Analysis, the areas dealing with random variables resp. time series with
values in an infinite-dimensional space, see Bosq (2000), Ferraty & Vieu (2006), Hsing & Eubank (2015) and
Ramsay & Silverman (1997). For a compact synopsis (in German), see Kithnert (2019).
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Hoérmann et al. (2013) made the initial step by introducing ARCH(1) processes with values in the spaces
C[0,1] and L?[0, 1] of continuous resp. of square-integrable real valued functions with domain [0, 1]. They
established sufficient conditions for the existence of strictly stationary solutions, finite moments and weak
dependence. In L?[0, 1] they constructed consistent estimators and stated explicit asymptotic upper bounds
of the estimation errors for the shift term and the projections of the operator on finite-dimensional sub-
spaces by assuming the operator to be an integral operator and estimating its kernel. Aue et al. (2017)
established GARCH(1, 1) processes in C[0, 1] and in L?[0, 1] and found sufficient conditions for the existence
of strictly stationary solutions, finite moments and weak dependence. In L?[0,1] they derived a consistent
least squares estimator for the projections of the parameters on finite-dimensional subspaces but stating an
explicit asymptotic upper bound of the estimation errors. At last, Cerovecki et al. (2019) studied L?[0,1]-
valued GARCH(p, q) processes for integers p,q > 0. They developed sufficient conditions for the existence
of strictly stationary solutions and finite moments. By a quasi-likelihood approach, the projections of the
parameters on a finite-dimensional subspace and only for p = 1 = q the complete operators were estimated
consistently. In both cases, no explicit asymptotic upper bound of the estimation errors was stated. Hérmann
et al. (2013), Aue et al. (2017) and Cerovecki et al. (2019) also provided simulation studies showing how their
models matched with real data and illustrated possible applications. For further work dealing with functional
ARCH and GARCH models, see Kokoszka et al. (2017) and Rice et al. (2019).

In this article, we establish ARCH(p) and GARCH(p, q) processes for all p, q € N with values in LP[0, 1]
with p € [1,00),C[0,1] and other spaces. We provide sufficient conditions for the existence of strictly
stationary solutions, weak dependence and moments of these processes under mild conditions. The focus
of this paper is on deducing estimators for the shift term and the complete operators of L2[0,1]-valued
ARCH(p) and GARCH(p, q) processes for any p,q € N and on deriving explicit asymptotic upper bounds
of their estimation errors. We also deduce explicit asymptotic upper bounds of the estimation errors for
the operators on a finite-dimensional subspace of these ARCH processes. The operator estimation is always
based on Yule-Walker equations and the estimators for the GARCH operators also involve estimators for the
operators of invertible, linear processes represented as inverted time series. We derive explicit asymptotic
upper bounds of their estimation errors. Also, this upper bound holds for the estimation errors when
estimating the operators in the associated linear process and is valid beyond the context of functional
ARCH and GARCH models. All results in this article regarding functional ARCH and GARCH can be
transferred to functional ARMA processes due to their relationship.

In this paper, we use the following notation. a A b := min(a,b) and a V b := max(a,b) for a,b € R. For
functions f,g: D C R — R, we write f o< gresp. f 3 gifthereisa c € R with f(z) = cg(z) resp. f(x) < cg(x)
for all x € D. For sequences (G )nen, (bn)nen C (0,00), we write a,, ~ b, if ‘g—: — 1,a, =< b, if a, ~ cb, for
some ¢ # 0,a, = w(by,) if b, = o(a,) (for n — o0) and a, = Q(b,) if b, = O(a,) (for n — o). Further,
E(an, bn) = w(a,)No(b,), Zan, by) = Q(a,)No(b,), Z(an, by] = w(an,)NO(b,) and Zla,, b,] = Q(a,)NO(by).
By 0y we denote the identity element of addition of a vector space V and V"= {(vy, ..., vn) T v, ..., v, € V),
with n € N, becomes a vector space by our componentwise definition of scalar multiplication and vector
addition. For a space F' of functions f: [0,1] — R, Fy¢ and F>o denote the sets of functions f € F with
f(t) > 0 resp. f(t) > 0 for Ma.e.t € [0,1] where X is the Lebesgue-Borel measure on [0,1], and f © g
denotes the pointwise product of f,g € F if it is well-defined. Let (B, || - ||5), (B ]| - ||z’) be Banach spaces
and (H,{-,Y%), (H’ (-,-)n/) be Hilbert spaces. On Hilbert spaces we always use norms induced by their
scalarproduct and we say CONS for a complete orthonormal system. We endow Banach spaces (B || - ||g»)
with the norm ||b||%. == Y._, ||bi||% where b == (by,...,b,)" € B™ and Hilbert spaces (H", (-,-)y») with
the scalarproduct (h, h)yn = Z?=1<hi7ilfi>7-[ where h == (hy,...,h,)T b = (hy,....,hn)T € H™. We write
Lpp,Kpp,Sgp resp. Ng g for the space of bounded, compact, Hilbert-Schmidt resp. nuclear operators
from B to B’ with Lg = Lp g, K = Kps,S8 = Sgs and Ny = N g where the term operator always
refers to a linear mapping. Further, K* denotes the adjoint of an operator K € Lpp and we write
h®h' = (h,)yh' for h € H,h' € H’'. In all respects, we assume our random elements to be defined on
some common probability space (2,2, P). For B-valued processes (Xi)rez and (Yi)kez, Xn = Op(Y,) (for
n — oo0) denotes that (Xy/Y%)r is asymptotically P-stochastic bounded. For p € [1,00) we denote by
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LY = LE(Q,2A,P) the space of (classes of) B-valued random variables X with v, 5(X) = (E||X|%)/? < oo,
we call a process (Xj)gez of B-valued random variables Lfg—process if X, € Lfg for all £ and centered if
E(Xy) = 0p for all k with expectation in Bochner-integral sense, see Hsing & Eubank (2015), p. 40-45.
The rest of this article is organized as follows. Section 2 studies probabilistic features of our ARCH and
GARCH processes. Section 3 introduces our parameter estimators and derives asymptotic upper bounds of
the estimation errors. Section 4 summarizes the main results, delineates these from similar results in other

papers and gives an outline for future research. Section 5 contains proofs.

2 Functional ARCH and GARCH models

We start with the definition of F-valued ARCH and GARCH processes where F' stands for L?[0, 1] for some
p € [1,00) resp. for a separable Banach space of functions f: [0,1] — R being complete w.r.t. the sup-norm
|| [loo and closed w.r.t. the pointwise product ®. Hence, || -||F is either || - ||co or the norm of L?[0, 1] defined

1 . 1
by [ f17000) = Jo [f@)IPdt for f € LP[0,1] with (f,g)r200,1) = [y f(t)g(t)dt for any f,g € L?[0,1] where
integration is meant w.r.t. the Lebesgue-Borel measure A on [0, 1].

Definition 2.1. Let p € N,q € Ny, let (ex)rez be an i.i.d. F-valued time series, 6 € F~ o and oy, € Lp
be operators with o, B;: F>o — F>q for all i,j. Then, if

p q
Zi=exOor,  of =0+ a2+ Biloiy) (2.1)
i=1 j=1
holds a.s. for all k,(Zy)k is called F-valued ARCH(p) resp. GARCH(p,q) process if ¢ = 0 and ap # O,
resp. if g € N and ap # O, # Bq-

Throughout, «, 5;,0, €k, P, q, 0k, 2% are the variables in (2.1) with o; = 0z, = 8; for ¢ > p,j > q and
moreover t := max(p,q),s := p + q. The equations in (2.1) lead to the state-space form

C]EPJI) — 6]5%’&) + \Ilk(p’q)(glgi’?)) (22)
o) peea] S B B B g
22 Or F Lr Lr Lr  VLr Lr 22,
: Oz, Ie O -+ O Opp T Op )
22 o O 5 oo T Do 2 g
. %Cz_p_i_l . OF O[,p t OEF Ir OEF OCF t OEF OCF O»CF ‘%I;Z—p
= 2 = + 9
O-IC 6 al ... ... ... ap ﬁl .« .. .. “ e /Bq o‘k_l
%271 OF Op Ogp oo oo O Ir Oz oo --- O, %272
Oy e el Ll Oz, Oy I Ocp -+ O,
%2 Op T T K
L Ok —q+1 L Or | | 0z, - Ogp O Opp O oor O Ip O | © Ok—q

with [y F—)F,f»—)f@s,? where

F

)

. (L it F=1Lp,
F =
if F is a Banach space w.r.t. || - ||co-

Furthermore, if

Eln"|ed||z < oo (2.3)
where In"(+) := In(max(1, -)), then ||e?||; < oo a.s. and hence [J; is a bounded operator a.s. with

152y < llekllp s, (2.4)


https://doi.org/10.20944/preprints201912.0163.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 31 January 2020 d0i:10.20944/preprints201912.0163.v2

Consequently, g,i € F* a.s. and we have \Ilk(p’q) € Lps a.s. if 6, 6,%,0,3_51, ey OF € F a.s. Moreover,

(2.3) and || - ||z < || - ||z, imply (see Kithnert (2019), p.28)

p,q) 6]£p’q)

Eln* %", < . (2.5)
Since (\Ilk(p’q);€ isi.i.d. and || - ||z, is sub-multiplicative, according to Kingman (1974), Theorem 6 we have
@) i L (p,a) g, (0,1) (p.a)
A Poa) klgilo T Eln ‘ ’\Ilk LS A HLFs (2.6)
—1 1 (p,q) (p,q) (p,q)
= klgr;o z In ’ |\Ifk LUNSAIRRR A H[:Fs a.s. (2.7)

where ("9 is called top Lyapunov exponent of (\Ilk(p’q);c with y(P%) € [~o0, 00).

Now, we can state sufficient conditions for the existence of nonanticipative, strictly stationary solutions
in the ARCH and the GARCH model where a F-valued time series (Yj)xez is called nonanticipative w.r.t.
another F-valued time series (ex)rez if there is a measurable function f: F* — F such that

Y}C = f({:‘k,{-:k_l, ) (28)

holds a.s. for all k. If (e )xez is strictly stationary and ergodic, which is especially the case if (e ) is i.i.d.,
then (2.8) implies that (Y;)y is also strictly stationary and ergodic after Stout (1974), Theorem 3.5.8.

Theorem 2.1. Let the assumptions in Definition 2.1, § € Fsq and @i, Bj € Ly for all i, j hold.
(a) If
yP9) < 0, (2.9)

then the equations in (2.1) have a unique, strictly stationary, nonanticipative w.r.t. (ex)r and ergodic
solution where of = f(ex—1,k—2,...) a.s. for all k for some measurable function f: F> — F.

there are n € N and v > 0 such that
(b) If th N and v > 0 such th
wr(fi/q) =E| |Q7£P,q)q,£&T) e \I,l(r'ﬂ) | |ZF5 <1, (2.10)
then (2.9) holds.

Though (2.10) is stricter than (2.9), it is easier to show. Furthermore, (2.10) is useful for the simulation
of an initial value of F-valued ARCH and GARCH processes, as we can see in the following.

Corollary 2.1. Let (2.10) hold for some n € N and v > 0. Further, define g*k(p’q) = dlgp’q) + m,j‘“*”(gé&{”)

for k € N, where é'ép’q) € F* is some deterministic value. Then, there is some p € (0,1) with
B [|oA V= 5|l = O(p™). (2.11)

Based on ideas in Aue et al. (2017), Hormann et al. (2013) and with (2.10), we derive a sufficient condition
for the existence of moments and for weak dependence, to be precise LP-m-approximibility, of F-valued
ARCH(p) and GARCH(p, q) processes for any p,q € N. Finite moments and LP-m-approximibility are
used to estimate the ARCH and GARCH parameters. An F-valued time series (Yj)kez is called LE-m-
approximable for p > 1 if Y = f(ex, ex—1,...) a.s. for all k for an i.i.d. time series (ex)rez and a measurable
function f: F'*° — F (thus (Y%)r is nonanticipative w.r.t. (e)x) and if

o0
Up5(Yim — Vi) < o0 (2.12)
m=1
holds where v, 5(-) = (|| - ||)*/? and Y;c(m) = f(ek,er—1, ...,€k,m+1,€,(€k_)m,sl(ck_)m_1,...) for all k,m with

independent copies (€;(€n))kez of (ex)rez for all n. For each m, the sequences (Yk(m))kez are strictly stationary,

m-~dependent and each Yk(m) equals Yj in distribution. Moreover, (Y;)rez is called geometrically Lf,-m—
approximable if (Y})y, is L.-m-approximable and if there exists a p € (0,1) with 1, 5(¥;, — Y,,(Lm)) =O(p™).
For a detailed introduction to LP-m-approximibility, see Hormann & Kokoszka (2010).
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Lemma 2.1. Let E||}||% < co. Also, let (2.10) hold for some v > 0 and n € N. Then

1%
(a) E||l 2[5 < oo and B|og]|y < oo.

(b) (Z2)k is geometrically L¥.-m-approzimable and (of)x is geometrically Ly -m-approzimable.

3 Estimation

In this section, we establish estimators for the parameters of 57-valued ARCH and GARCH processes with
known orders where ¢ := L?[0,1] and we deduce asymptotic upper bounds for their estimation errors.
Throughout the section, we write H =LA [0, 1], and, except for in section 3.1, we impose the following.

Assumption 3.1. § € j‘féo,ai,ﬁj € Sw N Ly p for alli and j,IEHe%H;{; < 00,
B(E(0) = 1 (3.1)
for A-a.e. t € [0,1] and there are n € N and v = 4 with (2.10).
Assumption 3.1 implies E(2;%(t)) = E(0(t)) for M-a.e. t and all k. Thus, (2.1) yields

q

%cfykjtz (i + B:)(Ziei) + > (=B) (1) (3.2)

i=1 j=1

a.s. for all k where a; = Oz, = B; for i > p,j > q, 2 = 2;2 — ma with my = E(27?) and v_; =

3&”,627]- - Uszj. Hence, & = (%) is a s-valued AR(p) resp. ARMA(r, q) time series if ¢ = 0 resp. q € N

with time series of innovations v := () which is not i.i.d. but stationary. Moreover, both 2 and v are
centered, stationary, nonanticipative w.r.t. (ex)r and geometrically Ljip—m—approximable.
For the estimation of the operators in (2.1), we use (3.2) and we impose the following.

Assumption 3.2. § € (°[0,1],04,8; € Loy =1 for all i and j,||Tpqllc,, < 1 where Ty g := SF_ a; +
Z;'Zl B;, and there is no closed, affine subspace U C H with P(ef € U) = 1.

Lemma 3.1. Let Assumptions 3.1-3.2 hold. Then, there is no closed subspace V. G 3 with P(2Z3Z €V) =
LP(ryeV)=1,P(Z V) =1 and the operators Cy.e2, 6o.a2, 60, and 6p. 2 are injective.

3.1 Preliminaries

Here, in order to estimate the parameters in (2.1), we state certain assumptions and establish various
convergence results dealing with the asymptotic behaviour of estimation errors of specific eigenvalues and
expected values, operators and eigenfunctions in Hilbert spaces (H, (-, -)%), (K, {-,-)u/) and (H", (-, ).
We also discuss the estimation of operators within a composition of operators.

3.1.1 Estimation of expected values, lag-h-covariance and other operators

Firstly, we define lag-h-covariance operators and their empirical versions.

Definition 3.1. Let X = (Xj)kez be a stationary L%_t—valued time series and let h € Z. Then, the lag-h-

covariance operator of X is defined by
cgh = %h;X = E[(XO — ml) ® (Xh — ml)] (33)
where my = m1(X) = E(X1) and the empirical lag-h-covariance operator of X is defined by

Nt Sn (X = 101) ® (Xg o — 1), 1= N <h <0,

: 9 . A (3.4)
N, -1 Zkzl(Xk7m1)®(Xk+h*m1), 0<h<N-1

?}1: (fh;X = {

where My = 1y (X) = N, ! Zivz"l X; and N, = N — |h| with N € N and |h| < N — 1. The operators 6 and

%o are also called covariance operator resp. empirical covariance operator.
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ffAh are bounded operators with finite-dimensional image with Cr = (f,h for all h. Furthermore, ‘5% is
selfadjoint and positive semi-definite. We obtain the following convergence rates.

Lemma 3.2. Let X = (Xj)kez be a L;L_L-m-appmximable time series. Then
N
iy =1y (X) =N"Y" X/ (3.5)
i=1

is an unbiased esimator for m; = my(X) = E(X}) for any | = 1,2 and N € N with
E| [y — my|[3, = O(N ™). (3.6)
Lemma 3.3. Let X = (Xi)rez be a Lf}_l—m—approzzzz'mable time series. Then

N Op(N~Y, if h€Z is fived,
|[h — Cnll%,, = L _ (3.7)
Op(hN~Y), if h=hy=Z(1,N).
Based on ideas in Aue et al. (2010), for centered time series X = (X )xez we define the operators
Gd,m = (ng(d)7Xd+m, = E[Xd(d) ® Xd+m] and Sy= %;X(d) = E[Xd(d) ® Xd(d)]

where d € N,m € Z with Xp(d) = (Xg, Xp—1.., Xp—a+1)T € H for k € Z and X(d) = (Xi(d))rez. These

operators satisfy &g, € Nyay and &4 € Nya as well as (see Kithnert (2019), p.56)
18aml|n5,, < VAEIXollf,  and  [|84lln;,, = dE||Xo| 5. (3-8)

Also, given a sample X7, ..., Xy of X with N > d, the operators

Ny

éw:Nj1Z¥ﬁwﬂw—mmﬁw»®uafwmxw, (3.9)

with Ny =N — d, 1 (X2(d)) == N 'S0 X2, (d) and 7y (X2) = N 'S0 X3

. ;» satisfy (see Kiithnert
(2019), Definition and properties 4.36)

. Op(NY), if deN is fixed,
1641 — Ganll3,,, = o - (3.10)
’ O]p(dN ), lfd:dN:.:(].,N).

Moreover, the empirical covariance operators

~ 1 Na

Cai= 1 ; (X3 x-1(d) = 17 (X3(d))) @ (X344 a(d) — i (X*(d))) (3.11)

satisfy

. Op(N~Y), if deN is fixed,
164~ Sall3,, = O _ (312)
O]p(d N ), if d:dN: :.(].,N).

3.1.2 Estimation of eigenvalues and eigenfunctions

Here, we derive asymptotic upper bounds of the estimation errors for the eigenvalues and eigenfunctions of a

compact, self-adjoint and positive semi-definite operator £ € Ky, estimated by a sequence (Jg\;) Nen € Ky
of compact, self-adjoint, positive semi-definite operators, where each Sy depends on N observations of

a stationary time series X = (Xj)rez. Further, (& );en resp. (%j)jeN are the eigenfunction sequences and

(kj)jen resp. (k;)jen the associated w.l.0.g. monotonically decreasing eigenvalue sequences of J¢ resp. S
For the derivation of upper bounds of the estimation errors for the eigenvalues and eigenfunctions, we need

laj=bj| < [|A=Bllz,, jeN. (3.13)

This is true according to Bosq (2000), Lemma 4.2 where A, B € K3 have the singular value decompositions
A =37 aj(a;@a)) resp. B =377, bj(b;@1).
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Corollary 3.1. Let || Ay — H|7,,= Op(an) hold where ay=Z[N~11). Then
sup (k; — k;)*= Op(an). (3.14)
Moreover, if ky, = E[\/an, 1] holds where by = Q(1), then
kyy = Op(kpy) and  kyy = Op(kpy ). (3.15)

Because the eigenfunctions of S are unambiguously determined except for their sign,

A

E; = sgn((%j,{%j>7.¢)%j (316)

is used as an estimator for &; if Ej L ¢ a.s. holds where sgn is the signum function. According to Bosq (2000),
Lemma 4.3, which can be generalized to any compact, self-adjoint and positive semi-definite operators,

€ — &l < 35l| A — H e, GEN, (3.17)

if the eigenspace of k; is one-dimensional, where 7; = 2v/27;,%; = 2v2max(y;_1,7;) for j > 1 and
vj = (kj — kj41)" for j € N. The problem in using %; as an estimator for ¢ is, that @j L & a.s. and
thus sgn((¢;,€)2) # 0 a.s., which is needed to obtain asymptotic upper bounds of the estimation errors
for the operators in the J#-valued ARCH and GARCH model, is not guaranteed for all j, N. Therefore, we
modify Ej in the following way. Let (h;);en be a CONS of H and let (¢;)jen be a sequence of i.i.d. and
N(0,1)-distributed random variables, independent of the observations of X . Then

~ ~ > 1}
By S (3.18)

is well-defined for all j, N with %;’ L & a.s. and in consequence sgn((@;-’, €)n) # 0 a.s. Thus we use
& = sen((¥, &)n) & (3.19)
as an estimator for ¢;, where (E;-“)j is a CONS of H a.s. according to the spectral theorem.

Assumption 3.3. For all j, k; # kj11 and k(j) = k;j holds where k: R — R is a convex function.

If 27 is injective and if the eigenvalues of JZ satisfy Assumption 3.3, then

ki>ky>--->0. (3.20)
Moreover, for any sequence m=mpy =(1):
SUp 45 = Ym < k.. (3.21)
j<m

Lemma 3.4. Let 2 be injective, let Assumption 3.3 and ||J£%V—Ji/||2£ﬂz Op(ax) with ay=Z[N~1 1) hold.
Then

18" &ll3= Op(an), jeN. (3.22)
Furthermore, if kp, = w(y/an) holds where m=my =E[1,N), then

sup 18— €13, = Op (K an). (3.23)
jsm
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3.1.3 Some notes on estimating operators

In this paper, we estimate bounded operators B € L4~ in equations as
A= BC (3.24)

where A € L4;3,+ and C € Ly 3. Identifiability of B from (3.24), that is BC' = BC implying B = B, is only
guaranteed if B has dense image. Further, if C is a compact operator and thus has no bounded inverse, we
use the tikhonov-regularized of C' in order to isolate B. Also, when estimating operators without projecting
them on a finite-dimensional subspace, we impose the following Sobolev condition.

Assumption 3.4. Let S € Sy and let (¢;5)i jen be a CONS of Sypr. Then, (S,(¢ij)i,;) satisfies the
Sobolev condition for f > 0 if

oo

D (8,603, ,, (1 +i*7+j77) < oo, (3.25)

4,j=1

With Z¢:={¢;;|i,j € N,iV j > m}, this implies the identity

HHSHi = Y (805, < M+m*) Y (8,64)%, 1+ + ) =0m™F)  (3.26)
g mH g jeN =1

Vi>m

for m=my — oo which we utilize in conversions in various proofs.

3.2 Estimation of § in the functional ARCH and GARCH model

We derive an estimator of ¢ in .##-valued ARCH(p) and GARCH(p, q) time series with p,q € N from the
idea of estimating ¢ in J#-valued ARCH(1) time series in Hormann et al. (2013). Under Assumption 3.1,
taking the expected value on both sides of the right equation in (2.1), yields

T

d=mg — Z (0 + Bi)(ma), (3.27)

i=1
where a; = 0g,, = 3; for i > p,j > q. Therefore, we propose
T
0 =iy — Y (& + ;) (1ha) (3.28)
i=1

. ~ 5 . N 1N
as an estimator for § where &, 3; are estimators for a;, 8; and where 7 == N~! D oict 22,

Theorem 3.1. Let Assumption 3.1 hold. Then & in (3.28) satisfies

16 =61l = Op(NT2) + 3~ Op(llai — aill ) + Or(I18; = Bill 2. )- (3.29)

=1

3.3 Operator estimation in the functional ARCH model

In the following, Z = (Zk)kez is a H-valued ARCH(p) process with p € N. Under Assumption 3.1,
Z = (Z)ker = (232 — ma)kez with mg = E(27?) is a J#-valued AR(p) process with innovation process
vi=()rez= (22 — 02 )kez (see p.5). Furthermore, Z(p) := (25 (p))rez satisfies

%{: Vk al ) e ... ap %C—l
k1 0 Lwe O, -+ - Ogp|| Zk—2
Zk(p) = (p) + A1 (Zh-1(p)) = : = | |+ |0 L O - Ocp : (3.30)
Zre—p12 O R Zre—p11
Zre—p11 Oy Oc -+ Oy L O] | Zi—p
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a.s. for all k. The operator
ap=lag - oy
is an element of Syr» »» and satisfies the Yule-Walker equation
Gp,l = a[p] Gp (3.31)

where &1 =%, (), ,,, and & =%, #(;). Since G, is injective as a consequence of Lemma 3.1 (see Kiihnert
(2019), Lemma 4.35), ) can be identified from (3.31) and as an estimator we thus impose

GF,K Ep,K
Gy = Gp,lGJH =6,16,(6; +InLer) ][ (3.32)
Ep,l Ep,l

Thereby, K € N, (Un)ven € N with 9y — 0,¢,1, ..., ¢k are the eigenfunctions of ép associated to the first
biggest eigenvalues é,; > -+ > &, x and ]_[E‘;f is the operator projecting on lin{¢, 1, ..., ¢p x } € P

Theorem 3.2. Let Assumptions 3.1-83.2 and let Assumption 3.3 for the eigenvalues of &, hold. Further,
let (®pij)ijen be the CONS of Syev s defined by @y ;5 = ¢p; @ ¢; for all i,7, where (¢p;)ien C P and
(¢j)jen C A are the eigenfunction sequences of the covariance operators S, resp. 6o,z

(a) Let fox = {Ppi;j|1 <i,j < K} with K € N. If (o) (¢py), ¢)e = 0 for all j > K,1 < K, then

e~ [T emlls,, , = Or@v ). (3.33)
Hoxc

(b) Let also (e, (Pp.ij)ij) satisfy Assumption 3.4 for some B > 0. Then, for any sequence K = Ky =
- - K e _
=(1, N) with ¢ 4K =O(N) and I, (2550”5, el 600), )% = O =) holds

&) — apllE,, , = Or(K ). (3.34)

Remark 3.1. The assumption (ay)(cp1),¢i)oe = 0 for all j > K,I < K in (a), which is necessary for
technical conversions in the proof, is weaker than to impose that oy, and &, commute. Moreover, it is
similar to the assumption used in Turbillon et al. (2007) in order to estimate their MA(1) operator.

Example 3.1. Let the assumptions of Theorem 3.2 hold.

(a) Assume cyn < eV and let Ky =1+ [ﬁﬁ)J for all N € N for some b > 0. Then K = Ky =

=(1, N),C;A;(K%”l = N7 In?**H(N) = O(N) and consequently according to Theorem 3.2:

l6p) — @[3, , = Op(In ().
(b) Impose cy n < N~ for some a > 1 and let Ky =1+ LN1+43+2BJ for all N € N. Then K = Ky =
E(l,J\f),cpj%{KQ'B‘|r1 = K'*49+28 = N and after Theorem 3.2:

A 28
&) — a5, , = Op (N~ F77).

3.4 Operator estimation in the functional GARCH model

Throughout this section, & = (Zk)rez is a H-valued GARCH(p, q) with p,q € N and & = (2} )kez =
(22 — m2)kez the corresponding #-valued ARMA (t, q) time series with time series of innovations v =
(Ve)kez = (252 — 02 )kez (see p.5). Z satisfies the following.

Assumption 3.5. Z is an invertible, linear process w.r.t. v with representation as inverted time series
o0
2= v + Z i (Z5—i) (3.35)
i=1

a.s. for all k where (m)ien C Sy with Yoo ||m]| s, <oo.
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3.4.1 Derivation of the estimators for the operators in the functional GARCH model

At first, since o; := O, =:5; for ¢ > p,j > q, the representations (3.2) and (3.35) imply

oo (i—=1)Aq
% = Z (ai + Z Bﬂi—j)(fﬁ—i)
i=1 j=1

a.s. for all k. Moreover, if Assumptions 3.1-3.2 hold there is no closed subspace V C ¢ with P(Z, V) =1
which, following from Kithnert (2019), Lemma 4.48 and Remark 4.49, leads to

(i—1)Aq
™= o + Z ,Bjﬂ'i_j, 1€ N. (336)

j=1
Since a; =0, for i >p, (3.36) implies with s =p + q:

q
Mg = Z Bims—j = [51 Bg - 5q] [Wﬁfl Mg—2 """ WP]T:: ﬂ[q]ﬂ'[qx;q}
j=1

where the solution B, is unique iff the image of 71'[7‘; q € Syeea lies dense in #9. This is impossible since
S C %, why we establish estimators for 81, ..., B4 based on the equation

Ts+q—1 Ts+q—2 Ts+q—3 °° Ts—1
Ts+q—2 Ts+q—3 Ts+q—4 °° T5-2
T(s,q) = Biq] H[s,q] = : = [B1 52 -+ Ba] : : : (3.37)
Tis Ts—1 Ts—2 ce T

The following example illustrates that the image of H[s, q € Syra can lie dense.

Example 3.2. Let o;:= 0, =5 for i #p,j # q and let oy =g =: v where v € Sy is an operator with dense
image satisying v #0r,, and ||7||s,, < 1. Then, because (3.36) implies m; = " for all i=p + (k—1)q for some
k € N and m; = Og,, otherwise, we obtain

[0z, -+ Oz 7% Ogy Oe =+ Oz (79)? Og, |

H[g7q] = OE% K . . . - . E —t H[57q] = Oﬁ‘%p
v Oﬁyf (7*)2 O[,yf

Oc,, -+ - Ogp v O, -+ -+ O,

Since the operators v*, (v*)? and hence H[*s)q] are injective, the image of H[s’q] lies dense.
Due to (3.37), analogously to (3.32), we use

Os,q;M

N A T A X N A ¥ 1 ﬁs,q;M
Pra=Aeall, g  =#eall, (1T 1L 1) I (3.38)
Os,q:1 Is,q;1
to estimate ,B[q]. Thereby,
R(o,q) = [Ratq—1 Foq2 = 7] (3.39)
is an element of Sz s and
7ATs+q72 7AT5+q73 o 73’5,1
= Motq—3 Tapq—a -°° g2
1L, .= o o B (3.40)
[s,q] . X . .
7?571 A572 ’ﬁ'p

10
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is an element of Sysq. Further, 7, where k € N, with what we estimate 7, stands for the k-th component of

LK LK
= S8 [T = 6016062 + L) [ (3.41)

L1 L1
where (Ky)nven CN, (Ly)veny € N and (Un)nven C (0,00) are sequences with K = Ky — 0o, L = Ly — 00
resp. Yy — 0 and where ¢z1, ..., ¢z i are the eigenfunctions of Sy, associated to the first biggest eigenvalues
éra > -+ > ér k. Further, in (3.38), (My)nveny CN and (Oy)nven C (0, 00) are sequences with M = My — oo
resp. Oy — 0 and (§s,q;)jen is the eigenfunction sequence of ﬁ[s,q]ﬂ;,q] € Sya with associated eigenvalue

sequence (s q.;)jen which decreases monotonically w.l.0.g. Because of (3.36), it is hence plausible to use

(i—1)Aq

&=t~ > PBifij (3.42)
j=1
as an estimator for o; with ¢ =1, ....p where ﬁAj is the j-th component of ,@[q] and where &7 == 7.

3.4.2 Upper bounds of the estimation errors for the operators =;

The following Theorem states asymptotic upper bounds of the operators for invertible, linear processes
represented as inverted time series. It is crucial for our derivation of asymptotic upper bounds of the
estimation errors for the GARCH operators.

Theorem 3.3. Let Assumptions 3.1-3.2 and 3.5 hold. Let 3 > 0,L=Ly=Z(1,N), K =Ky =2(1, VL-IN)
and Iy = O(CZ?KK_B). Thereby, (cr;); is the eigenvalue sequence of &y, satisfying cr xk = Q(VL3N—1),

K i _ - — _ .

i (5 ) s (mens), )5 = O(K™7) and g VELN=D = O(K-CO) if 37 [mille, =
O(c;}{\/KL?’N—l) resp. L72N (3,5 1 lImllc.0)* = O(K1=28) if cZ}{\/KL?’N—l =0 s lImllcy). At last,
for all L, let Assumption 3.8 hold for the eigenvalue sequence (cr j); and let (7, (Prij)i;) satisfy Assump-
tion 3.4 for B, see Theorem 3.2. Then, for all i € N:

17— m[5, = Op(K~%7). (3.43)

3.4.3 Upper bounds of the estimation errors for the GARCH operators

Here, we need

q—1
1100 = sl |3 = D [sts = Mol &, = Op (K ) (3.44)
i=0

as well as

HH[s,qln[s,ql B H[s,q}H[s,q]’

2 2

q—1 s5—1
2 : z :A A % *
i— k::p

Syfqim o Sw
qg—1 s—1
< SN2 ek ok (2 P TE R T
30D ksill& 1A= Tl Bt i — meal 3, i 113,
i,j=0 k=p
= Op(K~2P) (3.45)

which is both true after (3.43). According to Corollary 3.1, the identities (3.13) and (3.45) imply

i (G50 — 9o5)” = O(K ) (3.46)
JE

where (gs,q;j)jen is the w.1.0.g. monotonically decreasing eigenvalue sequence associated to the eigenfunction
sequence (gs,q;)jen of H[&q]H’[;’q] € Syea. Moreover, if go g =Z(KF 1) with M= My = Z(1, N), then

Js,q:M = Op (gs,q;M) and 9s,q;M = Op (gﬁ,q;M) (3.47)

11
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after Corollary 3.1 and if also H[5 q]H[*s’q] is injective and satisfies Assumption 3.3, Lemma 3.4 yields
sup |84 — Gs.ai 500 = Op (g, oar K ). (3.48)
J<M

Theorem 3.4. Let the assumptions of Theorem 3.3 hold. Let H[s q]HE; al be injective and let its eigenvalue

sequence (gsqy;); satisfy Assumption 3.3. Also, let M = My = Z(1,N), b0y = O(Kfﬁ/Q),g;qQ;MMﬁ = O(K")

2
as well as Zﬁﬂgg?ﬁl@\,y Zj>M<IB[q] (8s.00): )3 = O(M~2F) hold, and let (ﬁ[q]?((bsyq%ij)iJ) satisfy As-
sumption 8.4 for [ where @ q.55 = gsq; @ ¢;. Then,

) Op(K~2%), i=1,
|6 — il |3, = L ) (3.49)
O]p(M ﬁ), 1=2,..,p,

and for all j=1,...,q:

18— Bjll%, = Op(M~27). (3.50)

4 Conclusions

This article studies functional ARCH and GARCH processes in established function spaces and in those
which have not been considered yet. It focuses on the asymptotic upper bounds of the estimation errors
for the operators projected on a finite-dimensional subspace in the ARCH and the complete operators in
the ARCH and GARCH model where the operators are estimated by a Yule-Walker approach. The theories
developed complement Hormann et al. (2013), Aue et al. (2017) and Cerovecki et al. (2019) where functional
ARCH(1), GARCH(1,1) resp. GARCH processes for any order were established. This paper also displays
asymptotic upper bounds of the estimation errors for operators of invertible, linear processes represented as
inverted time series.

In Section 2, we introduce ARCH(p) and GARCH(p, q) processes for any order p,q € N with values in
the function spaces LP[0,1] with p € [1,00),C0,1] and others. For these processes, we present sufficient
conditions for the existence of strictly stationary solutions in Theorem 2.1, and for the existence of finite
moments and weak dependence in Lemma 2.1. Theorem 2.1 generalizes Cerovecki et al. (2019), Theorem 1
under a milder condition, Hérmann et al. (2013), Theorem 2.1 and 2.3, and Aue et al. (2017), Theorem 2.1
and 2.2. To the best of our knowledge, for functional ARCH(p) resp. GARCH(p, q) processes with p > 1
resp. pV g > 1, a moment condition as (2.10) in Theorem 2.1 and Lemma 2.1 is new. In Section 3, we derive
explicit asymptotic upper bounds of the estimation errors for the shift term and the operators of L2[0,1]-
valued ARCH(p) and GARCH(p, q) processes for all p,q € N where the operators are estimated by a Yule-
Walker approach. For this purpose, we establish convergence results regarding asymptotic upper bounds
of the estimation errors for certain means, covariance and lag-h-covariance operators (Lemma 3.3), and
eigenfunctions and eigenvalues which are also useful beyond the context of ARCH and GARCH. Theorems
3.1-3.4 present the main results of the article. Theorem 3.1 states upper bounds of the estimation errors for
the shift term in the ARCH and GARCH processes for any order. Theorem 3.2 provides upper bounds of
the estimation errors for the ARCH(p) operators for any p, namely for the projections of the operators on
a finite-dimensional subspace in part (a), and the complete operators in part (b). A similar result as (a)
for p = 1 was stated in Hormann et al. (2013) by imposing an integral operator and estimating its kernel.
However, as far as we know, (a) with p > 1 and (b) are new. Theorem 3.3 is a convergence result stating
explicit asymptotic upper bounds of the estimation errors for the operators of invertible, linear processes
represented as inverted time series. From this, one immediately obtains a result with the same upper bounds
of the estimation errors for the operators in the associated linear process, see Kithnert (2019), Section 4.4.1.3.
Both results are valid without the context of ARCH and GARCH and they extend some results in Aue &
Klepsch (2017) and Klepsch & Kluppelberg (2017) where a different approach was made. At last, Theorem
3.4, which is based on Theorem 3.3, provides upper bounds of the estimation errors for the complete GARCH

12
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operators. Projections of these operators on finite-dimensional subspaces were estimated in Aue et al. (2017)
for p = 1 = g by least squares estimators and in Cerovecki et al. (2019) for any order by a quasi-likelihood
approach. Latter applied their same approach to estimate the complete operators in the case p = 1 = g.
To the best of our knowledge, estimating the complete operators in Theorem 3.4 for p V q > 1 is new and
explicit asymptotic upper bounds of estimation errors for complete operators of ARCH, ARMA, GARCH,
invertible and linear processes as in the Theorems 3.2-3.4 have not been derived before.

We leave the investigations concerning the probabilistic properties of ARCH and GARCH processes in
general, separable Banach spaces behind for future research. Estimating the orders of functional ARCH
and GARCH processes is also an open problem, see Kokoszka & Reimherr (2013). Concerning parameter
estimation in functional ARCH and GARCH processes, open problems are the estimation in general, sep-
arable Banach spaces, see Ruiz-Medina M.D. & Alvarez-Liébana J. (2019), the asymptotic distribution of
the estimations errors when estimating the parameters without projecting them on a finite-dimensional sub-
space, see Aue et al. (2017) and Cerovecki et al. (2019) for the parameters projected on a finite-dimensinal
subspace, and the asymptotic lower bounds of the estimations errors.

5 Proofs

In various conversions, we utilize the inequality

(z":ak>V§ {ZZ e ve(0,1],

k=1 v 12 a’ka Ve (1,00),

for n € N and ay,...,a, > 0 where we usually write (3;_;ax)” 3 Y r_;ap. We also use the operator
valued Holder’s inequality which we state in the following (see Kaballo (2014), Theorem 11.2). By K =
> ey 8i(K)(¢®¥)) we denote the singular value decomposition of an operator K € Ly 3 where (H, (-, -)2)
and (H',{-,-)3) are Hilbert spaces. For p € [1,00],,5’75,7{, C L3¢ denotes the p-th Schatten-class. For
p€[l,00), A€ A 4 if 3772, s7(A) < 0o where 7 4, is endowed with the norm H||5§+pw = (050 s§(~))1/p
and where 7%, = Ly 3 with || - Hyv]f,ow = |||z, - Further, St = Noww and F7 5, = Sy . Now,
let p,q,r € [1,00] with % —l—% = % where é =0and let A € 1773,77{,, and B € ,5”7577{, where (H”, (-, -y#) is
another Hilbert space. Then, after the operator valued Hélder’s inequality, AB € .7 ;,, with

14Blls;.,, < 2|4l NIBllsr - (5.1)

HIH! HH

Proof of Theorem 2.1. (a) The state-space form (2.2) yields

N D YL LR 2

m=1

a.s. for all k if the series converges a.s. Further, (2.7) implies

) s m— 1 ;
n}ﬂnoo - ln||\Il v, q)\I,(p q) \IIIC(P32+1(5]§112)||”5 < APa) 4 ngnoo EIHH‘SISEH%E-
By definition of 8."") and due to 0 < [|d]l < [16]| 2, we have [|67%)||%,. < ||6]12,(1 + ||e2_,,||%,) which
leads because of (2.3) to E1n+||6]5p_7:2||3205 < o0. Since yP% < 0, we obtain

lim ||\Il(pq (PCI) ‘I’

m—r oo

,er é(p q) ||l/m CELY <1

a.s. and thus the series in (5.2) converges a.s. Hence, there exists a unique solution (g (. q))k of (2.2) (for
uniqueness see Cerovecki et al. (2019), p.19) and thus also of (2.1). By definition of ¢ (p » and due to (5.2),
0'13 = f(ek—1,€x—2,...) a.s. for all k for some measurable function f: F*° — F, thus (O'k )k and (2% )k are
nonanticipative w.r.t. (¢ ) and strictly stationary as well as ergodic after Stout (1974), Theorem 3.5.8.

13
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(b) v >0, wy(f{,q) < 1, (2.10), sub-multiplicativity of || - ||z,,. and Jensen’s inequality imply

T 1190 0g 00 g 1 ,
A Pea) < nlgnoo%Eln(H ||\Illn P lIl(l 1)n+1||£%5> < n—ln(q/;gjuq)) < 0. O

Proof of Corollary 2.1. Assume N = mn for some m € N w.l.o.g. Then, since 1/) <1, [ - |lzpe s

Pq))

sub-multiplicative and (%, kez is i.i.d., the assertion follows from

EHCJ(\}D’C')— 515/10&)”;5 _ EH‘I’]%p’q)‘I’]S;’LqB . \I,l(m)(g(()p,q) ~(p q))| -

< (PN gV — &PV |1, 0

Proof of Lemma 2.1. (a) For all v > 0, we have

5§ 1. S 18PVl + (3 [[wP Ve w1850 1)
m=1

n—1
S8l + 3 11 p“>||FH||w£P )il + (ZHW“”' w0 w1800 k)

Moreover, E||5g||; < oo implies E||6(()p’q)| e < 00 as well as IE)||\IIO(p’q) ||, < oco. From the definition of 1Il,§p’q)

and Slgp’q) for all k and since () is i.i.d. thus follows

(Z 185011 H 120 17,.) = EIST 15 > (B9 |I7,.)" < o.

m=1

Furthermore, (2.10) implies for v € (0,1]:

o (o)
B( 3 (167w R 0D ) < Bl 3 e w0 |

n—1 ©
gE||5(§*”q>|\;s(Z(ElI\I'o(’”q)llch )Z )
k=0 =1

and for v > 1 together with Jensen’s inequality as well as monotone convergence theorem:

(oo} oo
B( e e w1650 ) < Bl lp (D (Bl Ve w7 )

il

= . ~
< Bl g (3 (B )12,)") (@)} < oo
k=0 =1

Subsequently, EHQép’q)H}’és < oo for all p € N,q € Ny and thus E||2¢||% < o0, E||og||% < oo as well as

Ellog |7 3 ||5||F+Z B o (27 IIF+Z E[|;(a7)I1

i=1 j=1

p q
< 1011z + Bl 252115 > lel 2, , + Bllog Iz > 1155117, ,. < oo

i=1 j=1
(b) From the identity (5.2) follows
C(p I (G Z MCDR lI,(P C;)+1 PI q )+ Z VALK \I,l(P’q)\I,O(M»W gl m)(5(P qlm))

m—Il+1 m
=1

14
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a.s. for all m € N. Thereby, \Ilk(p’q’m) and élgp’q’m) stand for \Ilk(p’q) resp. dép’q) in (2.2) depending on slgm)

where (El(cm))keZ are i.i.d. time series for all m, which are independent of each other with a,gm) 4 go for all

k, m. Consequently, for any m we have

o0

< (’|\I,7§fq)‘1;

|’§7(7§7q)_<7(7§:gl)’ 'm— l+1Han||

FS
l=m
m

+ H‘I'éf’q) o ,I,l(p,q)lI,O(p,q,m)_ pP c”rnl HLWH(;(;J .q,m ||F)

From this identity, the proof of (a) and since algn) and ¢; are i.1.d. for all k, [, n, it follows in the case v € (0, 1]:

oo

B30 s . < 218" 5 3 - w2
l=m
n—1 oo
32E||53”’q)\|;5(z(E||\110<"vq>||£p )Z SOV o ()™
k=0 j=m

and in the case v > 1, based on the argumentation in the proof of (a) for v > 1:

(oo}

Bl sipl [ < (D2 2 (el [P w29, 7))
- n—1 00
<9V EH&(()P,Q)H%S(Z (EH‘I’O(p’q)HLFs ) (Z (P q) J/u) (,(/)T(L!)JZLQ))m/z/- O
k=0 j=m
Proof of Lemma 3.1. See Kiihnert (2019), Lemma 4.11. O

Proof of Lemma 3.2. See Kiithnert (2019), Theorem 4.2.
Proof of Lemma 3.3. See Kiithnert (2019), Theorem 4.4.

Proof of Theorem 3.1. The assertion follows from (3.6) and

T T
16 =81l < Nl — malloe (143 e + Bill ) + llrizlloe (Y 114 — aillee + 118 = Billz,). O
i=1 1=1
Proof of Theorem 3.2. (a) The definition of &), the inequality (5.1), 6; =6y (67 +UnTws) ", the Yule-
. _ . T _ ¢ Cp.oo _ .
Walker equation 6,1 = a®,,&; = 6,6;, (3.10), Ly =[], "K+ [I27, and a=]], o+ H/{J?Ka with

Cp, K+1

ok ={Ppij|1 <, j < K} and g5 = { Py ;]i,j €N, i \/j>K}, yields for fixed K € N:

K Cp.K
- H oy LQSM‘% 3 [(Gpa— 613,1)6;]_[ Hf;”p)%"‘ HGPJG;H _H oy |§%Hﬂ

oK o1 91 K
Cp K Cp K
31651 — S, 1||s”p%;H6TH Hgm‘i' H6p1||sfp”H6TH GTHH@N
o1 Cp1 Cp,1
Cp,K N
oS T - [T ewlls,,
Cp,1 fp,K
CpK CpK Cp, K Cp, K
3 Op(N ||6TH||4W |SIT-siTI,,+ ||Ha[p]61H||sw%
Cpl Cpl Cp,1 Cp,1
CPYK 5
+| [T em[S T -1e]lls,, .,
S K p.1
= Op(N )Ty + T5 + T5 + . (5.3)
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Term 7 : As per definition of || - ||EM7(‘A5g = ép(ég + InDer) Y, since (€ ;); is the eigenfunction sequence
of ép related to the eigenvalue sequence (¢, ;); with é,1 > --- > é, k w.l.o.g., since (01_5719]\,)2 =0ifé =0
resp. (wa < é;l if ¢; # 0 and because of (3.15) with Ky = K for all N, we have
CpK A
|&} up (22 ) 0 0 5.4
IS, = s (5:525) = Ortes o = et (5.4)
p,1
Term T5: From the definition of ég, 6; and || - ||z, » since (¢y;); is a CONS of 2P and (¢y";); is a CONS

of #?* a.s., Corollary 3.1 and Lemma 3.4 imply

i T2 2
A s
GTH—GTH = sup Ve € — i(m Co.j)n Cp j
p p ) 2 x, ) Cp,j P.J
I : e, leller <1 42 Cm”N ) Gy + N e
p1 p1 Jj=1
¢ i 2 q ~
=< sup g sup Z| p] M ,>2
&2 2 , p] P, 17°
Tk Gty %WN ||w||m<1 =
K
+ sup R (2, ¢ j)oew (65— cpj ||;fp
llellep <1 527 G
V3 +é2.c2
-< sup(c .)2 . P3PS + (K+1)C_2 sup ||E/"4—C ||2 .
i<k pJ — Cp,j (Cg,]+79N) ( ’J+19N)2 p’Kng P,J Pl

= O]p(cp_,;l(N_l) + O]p(cp_;(KN_l)
=O0p(N71). (5.5)
Term T3: The eigenfunction sequences (¢p;); of &y, (¢;); of 6,2 and the sequence (P ;;); ; with @y (cpr) =

dirc; for all 4,7,k are CONS of J%, H resp. of Syen . Moreover, since 63 = 63(6% + InLope)™ ’/¢P7K =

{Ppij|i, 5 €N,V > K}, 0y = 3005 2 (Qp)s @i )Son o Poido (Qp]s Poii )Sn e = D1 (@[] (S )s P (Cp k) ) =
api(cpi), ¢ for all 4, 7 and since we imposed (ay(cyy), ¢i)we = 0 for all j > K, < K, we thus obtain
[pI\tpi)> by [pI\pl)5 &5

Cp K
||Ha[p16*H||sw% ZHH& CHEITE Z 5 IIHa[p] ()|

¢ =1 L =1 + N
p,1 =

K K

Z 2 +,9N H Z p(cpi)s ¢ %@lCJHJ«f Z 2 +19N Z pp(cp),

1=1 ¥ i,jEN 1=1 ¥ J>K

V> K
= 0. (5.6)

Term 7, : Elementary transformations and transformations as used in the terms 73-T3,]] ija[p](cpJ) =
In_, (1) Efﬂ(a[p](cp,l), ¢j e for all [, K and Iy = O(N~1/2) imply

Cp, K

2
HjH a GiL[ ]I”p HS%IJ% ; ||;_[ (X P] 1N<K +19 1:|Cp’l) | |3f7
pK p,1 pK
e} 5 K
= Z ||[1N5K(l) cglcilgN 1N<K Z o (), ¢ ¢ H%
=1 ’ j=1
o X In 2
= Z (m) (o) (epa), e > <R K||a[p]||s%p%
gil=1 "
=O(Nh. (5.7)

Replacing T1-Ty in (5.3) by (5.4)-(5.7) indeed yields (3.33).
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(b) From oy, = ijka[p] + ]_[jc ], (3.26), part (a) and Yy = O(N~/2) follows for any sequence K =
Ky=Z(1,N) with CP;(KMJrl = O(N) and Zl 1(C +19N)22j>K<a[P](CP,l)7 )2, = O(K~28):

egp) = apllz, ., 3 (16— T el ,+ HH%]HS%W
pr

3 Op (cp—?(N )+O]p(cpf<N )+O]p(c;f(KN’1)+

~

+ Z + 19N Z (e (ep0), )5 + 0% o e |13, O(K—2)
=1 I>K

= Op(K~2P). O

Proof of Theorem 3.3. The proof is based on the proof of Theorem 3.2 with p replaced by an appropriate
sequence L = Ly — oo. From the ideas in the proof of Theorem 3.2 and (see Kiihnert (2019), Lemma 4.45)

Gra=mEL+ Y mGLiy, (5.8)
I>L

which can be identified as a Yule-Walker equation with a residual, follows for all K, L, N:

e = mll3,,, 2 s =TT mlls, + 1 TTmlls,,

FLK /LK
. . LK ) . CrLK LK )
S N6t —6alls,, NS, +I6eal,, IS T~ ITl,.
EL,I EL,I CL1
LK
+|eL. &[] - [T mlls,,  +0w>)
L1 LK
LK LK LK CLK
20N Y| ST, + - (|61 - &I, + 11> w1,
CL1 CL1 L1 I>L L1
CLK LK
I T =TI, + [ TT = (S T - Le ][5, |, + 0t
Ik ‘L1 LKk ‘L1
= Op(I’N" YTy + L-To + T3 + Tj + Ts + O(K~29). (5.9)

Term 77: Conversions similar as in 77 in the proof of Theorem 3.2 and Corollary 3.1 yield

(LK

161111, = Orlezk). (5.10)

er1

Term Ty: (3.12) with L = Z(1, N'/3) and the argumentation of T in the proof of Theorem 3.2 yield

(LK ‘LK
& 1] - GITHHE”L p(ep kLN ) + Op(cp ) KLN ™) = Op(cp 1 KL*N 7). (5.11)
er1 L1

Term T3: From the operator-valued Holder’s inequality (5.1), (5.10), triangle inequality and (3.8) follows

‘LK

Z?TZGLl 16 H||Sﬂ%) ||Z7Tl6L1 l||.S%)L” (L(CZ71](Z||7T1||4W)2). (5.12)

I>L L1 I>L I>L
Term T : Here, almost one to one as in the proof of Theorem 3.2, we obtain by assumption

‘LK

1T “LGiHHsM% Z (%)2 > (mw(en), o)z = O(K 7). (5.13)

LKk L1 =1 J>K
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Term T5: ||m,||% Zlel lIml5, < >°i2 [Iml|§, < oo implies as in T} in the proof of Theorem 3.2:

%LM
LK
[ TTm (S]] - Leellls,, , 3 ORericliml3,, , = Ol idR). (5.14)
I K L1

Since L=2(1,N), K =Z(1, VL-IN), cp x = QUVL3N-1), (mp, (®r ;)i ;) satisfies Assumption 3.4 for all
L eNfor >0, (3.26) and y = O(cy 3 K ~?), plugging (5.10)-(5.14) of T3-T5 into (5.9) implies

ltw —mll5,, , 3 |[#ex = ]1 7‘LH5#L,{,+ I H’TLHSML#
/LK jLK
= Op(cp 4 KL'N™Y) + O(L(cp ke IImille,)’) + O(K ).

I>L
Consequently, since we imposed cg"i{L‘lN_l = O(K-@Dy if 3 lmlle, = O(cL K VEKL3N~—1) and
LN (Y lImlle,)* = O(K=20) if ¢ 3 VKLPN =1 = O(3_ o 1 [Im| 2,,), where latter is because of ¢ x =
O(K~'L) and ¥_,. , ||m||z,, = o(1) only possible if K = o(VL~1N), (3.43) is verified. O

Proof of Theorem 3.4. The definition of ,3[q], (3.44) and the fact that (Bg), (Pp,q;i5)i,;) satisfies Assump-
tion 3.4 for 5> 0, imply similarly as in the proof of Theorem 3.2:

HB[ ﬂ[qHSyquHﬂq]* Hﬂ[qHsﬂ;q%) HH'Bq]stq%

Hpam qu
3 || - gq]HSMHHMHH +||ﬂ5qus,MHquH H[gq]HH“
s,q;M
+H7r[5CI]H H Hﬁ[q]’&%w M)
Osai1 FphasM
3 0p i ”HHMHH% HHMH quHH[,q
Os,q;1 5,951
+ H H'B[q H[s q] H HSMD,%_F H H ﬂ [H[s q] H N ‘%q} ‘Sﬂq%_F O(M_Qﬁ)
qu qu
= O]p( )’Tl +T2+T3+T4+O(M7 ) (515)

Term Ty : Since ﬂ][;q] = ﬂ;’q](ﬂ[&q]ﬂ};’q] + OnLya)~! and since (fsq;); is the eigenfunction sequence of
ﬂ[ﬁ,q] ﬂ;q], thus ﬂ[g,q] ]A[;q] and ]_[is‘;]f commute, yields similarly as in Term 77 of Theorem 3.2:

* gqu

H(H[sq]qu—FeNﬂﬁq) quH[Eq]HH _Supgsiqj)

Lyea I<M ng]+9N

HHMHH

Is,q;1

Lyea

= Op(g; 1) (5.16)

A T . . Ak R _ % R
Term T5: Due to H[g q}(gglq,g) = (s, + ON) 1H [5,q] (g/s,7/q,_7) H{s q](glsllq,_]) = (9s,q5 t ON) 1H[5,q](g/5/,qg) and

conversions as in Term 75 in Theorem 3.2, we obtain

Hqu H H[sq]HHL q

g;ql
M Ak
S DTS | CTRRRCETIS | e |
- T deai + 0N 5,0
leellpa <170 5= 5q7+9N [s,q] TS0 sai + 0N [s.a] L
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D iwm%Mﬁm e Bag | b (o e
u b o
~ ||cc||3:3§1 = a7 + ON 9s.a:j T ON Ys.aj T ON e~ /dni)
+sup | L PO 2, 185 el Bt NI, - T 1)
j<M gsq]+9N fsq) || Goa 19507 — B0 | sea [s,] [s,q] ' Lo
<s Vs Vs ’ Mg~ s §" ik
JB]\% g5Q]+ 9N sq5t On + gquaM .up Hg&w g5qu-7||3f‘1

. 2 At 2
//7/‘%] ~ Yy ‘ ‘%‘l + HH[ﬁ,q] - H[qu} ‘ ’/.:yfq>

:OIP(g_r:q;MK_ )+OIP(gngK 2ﬁ)+OP(gquK_ )+OIP(gquK 26)
= Op(g g K77). (5.17)

+ sup (7) ( Vs — \/957 + Hl_[[5 q]Hﬁm

G<M Gsa5 T O

Term 73: From the assumptions made and the idea of the derivation of 75 in Theorem 3.2 follows

HH&JLMJH! ggﬂgfzx%mmmq&zowr%. (.18
sat TN S

Swea, e
qu

Term T;: Analogously as in Term T} in Theorem 3.2, we obtain

s,0;M

HHBJEWH—fﬂ

HoasM Gpasl

o <R EBGIR < Bl (5.19)

Replacing T1-T in (5.15) by (5.16)-(5.19) and considering 6y = O(K ~#/?) and g;ql;MMﬁz O(K"), yields

||B[q] - IB[q]H?syquf = OIP(Q;ql;MK_B) + OIP(Q;qZ;MK_B) +O(M™) + 69, o O *f)
= O]p(Mfw)

with what (3.50) is shown for all j and (3.49) for i = 1,...,p follows from (3.43) for all 4, (3.50) for all j and

(i—1)Aq
l6s — aill, S —mlls, + D 1B8il1&, i — mill5, + 18— Billg, ;I3 - O
j=1
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