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ABSTRACT. In a generalized topological space T3 = (2, J5), ordinary interior
and ordinary closure operators intg, clg : & () — & (Q), respectively, are
defined in terms of ordinary sets. In order to let these operators be as general
and unified a manner as possible, and so to prove as many generalized forms
of some of the most important theorems in generalized topological spaces as
possible, thereby attaining desirable and interesting results, the present au-
thors have defined the notions of generalized interior and generalized closure
operators g-Intg, g-Cl; : & (Q) — & (Q), respectively, in terms of a new
class of generalized sets which they studied earlier and studied their essen-
tial properties and commutativity. The outstanding result to which the study
has led to is: g-Inty : &2 (Q) — £ (Q) is finer (or, larger, stronger) than
intg : Z(Q) — £(Q) and g-Cl; : Z(Q) — £ (Q) is coarser (or, smaller,
weaker) than clg : & (Q) — (). The elements supporting this fact are
reported therein as a source of inspiration for more generalized operations.
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1. INTRODUCTION

Just as the concepts of T, g-T-interior! operators in .7-spaces (ordinary and
generalized interior operators in ordinary topological spaces) and ¥, g-T-closure op-
erators in .7-spaces (ordinary and generalized closure operators in ordinary topo-
logical spaces) are essential operators in the study of ¥-sets in 7-spaces (arbi-
trary sets in ordinary topological spaces) [CJK04, Cs6, Csb, Cs8, Cs7, GS17, JN19,
Kall3, Lev70, Lev63, Lev6l, MG16], so are the concepts of Ty, g-T4-interior op-
erators in Jy-spaces (ordinary and generalized interior operators in generalized
topological spaces) and ¥, g-T4-closure operators in Tg-spaces (ordinary and gen-
eralized closure operators in generalized topological spaces) essential operators in
the study of Ty-sets in Jy-spaces (arbitrary sets in generalized topological spaces)
[DB11, GS14, Min10, Min05, Mus17].

Intuitively, ¥, g-T-interior operators, respectively, in a 7-space can be charac-
terized as one-valued maps int, g-Int : & () — &2 () from the power set & ()
of Q into itself, assigning to each T-set in the J-space the U-operation (union
operation) of all ¥, g-T-open subsets of the T-set [And96, Dix84, Nj5, Wil70].
When the role of U-operation and ¥, g-T-open subsets, respectively, are given to
N-operation (intersection operation) and ¥, g-T-closed supersets of the T-set, the
dual notions, called ¥, g-T-closure operators in the .7-space follow [AON09, Cs8,
Dix84, DM99, Kur22, Wil70], which can likewise be characterized as one-valued
maps cl, g-Cl : Z(Q) — £ (Q). Finally, when (7,%,g-%) — (%,Tg,g—‘zg),
the notions of Ty, g-T-interior and Ty, g-T-closure operators in a Jy-space follow
[Cam19, Minlla, Panll, SKK15, TC13], which can in a similar manner be char-
acterized as one-valued maps of the types inty, g-Int, : & (Q) — £ (Q) and clg,
g-Cly : Z(Q) — Z (), respectively.

Thus, in a J-space, int, g-Int : ¥ — int (¥), g-Int () describe two types of
collections of points interior in . and, cl, g-Cl : & —— cl (), g-Cl(-¥) describe
another two types of collections of points but close to .. Similarly, in a J-space,
inty, g-Inty : 4 — inty (), g-Int, (F;) describe two types of collections of
points interior in .7 and, clg, g-Cl; : 4 = clg (F), g-Cl; () describe another
two types of collections of points but close to .#;. Of all such operators int, cl, g-Int,
g-Cl: Z(Q) — Z(Q) in T-spaces and int, cly, g-Inty, g-Cl; : & () — Z (Q)
in F-spaces, int, cl : & (Q) — & (Q2) are the oldest and g-Int, g-Cl; : 2 (Q) —
2 (1) are the newest. Hence, the studies of operators of these kinds have evolved
from the studies of ordinary operators in ordinary topological spaces to the studies
of generalized operators in generalized topological spaces.

In the literature of Jy-spaces on g-T4-interior and g-T4-closure operators, some
new types of one-valued maps g-Int,, g-Cl, : & (Q2) — & () have been defined
and investigated by Mathematicians.

INotes to the reader: The structures T = (©,7) and T4 = (Q, Jy), respectively, are called
ordinary and generalized topological spaces (briefly, .7-space and Jg-space). The symbols 7
and 7, respectively, are called ordinary topology and generalized topology (briefly, topology and
g-topology). Subsets of T and Ty, respectively, are called T-sets and Ty-sets; subsets of .7 and
Ty, respectively, are called 7 -open and Jg-open sets, and their complements are called 7 -closed
and Jy-closed sets. Generalizations of T-sets, J-open and J-closed sets in .7, respectively, are
called g-T-sets, g-7-open and g-7-closed sets; generalizations of Tg-sets, Jy-open and Jy-closed
sets in 7, respectively, are called g-Tgy-sets, g-T5-open and g-F-closed sets. By a A-operator
is meant an operator using A-sets to characterize its argument, where A € {7,%,9-7,9-T} U

{ %, %0, 0T 4, 0%, }-
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In one paper, [Min09] has introduced g-Tj-interior and g-T  -closure operators
based on #-sets in J;-spaces characterized by i, cg : P () — 7 (Q), respec-
tively; the g-T j-operators were used to study some properties of 6 (g, g')-continuity
in Jg-spaces. In one subsequent paper, [Minllb] has introduced another types
of g-T-interior and g-T ;-closure operators in Jy-spaces characterized by ig(, 1,)
Co(ns) P () — P (), respectively; the 6 (v1, v2)-operators were used to study
other properties on mixed weak continuity on Jj-spaces. In another subsequent
paper, [Minlla] has made use of such 6, 6 (v, v2)-interior and 6, 6 (1, v3)-closure
operators to study the notions of mixed #-continuity on Jj-spaces. In the work
of [CYWW13], the authors have introduced and then used other g-%4-interior and
g-T4-closure operators in 7 -spaces called A-interior and A-closure operators and
characterized by iy, ¢y : Z (Q) — Z (Q), respectively, where A € {a, 8,0, 7}.

In studying the properties of fi-open sets in Jg-spaces, [SKK15] have also used
these g-T4-sets to define new g-Tg-interior and g-Ty-closure operators called fi-
interior and fi-closure operators and characterized by iz, ¢z : 22 () — £ (),
respectively, and studied some of their properties. Thereafter, in studying a new
family of g-T4-sets called g,-semi closed sets in J-spaces, [SJ16] have introduced
new g-Tg-interior and g-T4-closure operators called g-semi interior and g-semi clo-
sure operators and characterized by sig, scg : &2 () — &2 (Q2), respectively. In the
paper of [Bool8], the author gave the definitions of g-Tg-interior and g-T4-closure
operators called 0 (u)-interior and § (41)-closure operators and characterized by is(,),
Cs(ny + P () — P (Q), respectively, and utilized them to study the properties of
Cs(uy and (¢, 6 (p))-closed sets in strong in Jg-spaces. Later on, in extending the
notion of M-B g-closed set introduced by [KN12| in 7 -spaces to J;-spaces and then
studying their properties, [Cam19] has also investigated the related g-Tg-interior
and g-%4-closure operators called, M—Bg—interior and M-Bg—closure operators and
characterized by Bgz'#, Bgc# 1 P (Q) — P (Q), respectively. Relative to the g-T4-
interior and g-%T4-closure operators introduced by [Cs2, Cs5], the author found that
the image of a Ty-set under Bgiu P (Q) — Z(Q) is a superset of that under
iy Z(Q) — £ (Q) and, the image of the Ty-set under Bgcu P Q) — 2 (Q)
is a subset of its image under ¢, : & (Q) — Z (Q).

In this paper titled Theory of g-Tq4-Interior and g-%4-Closure Operators and
subtitled Definitions, Essential Properties, and Commutativity, the authors attempt
to add, in as unique and unified a way as possible, a further contribution to the
field with these two research objectives in mind:

e 1. To present the definitions and the essential properties of a new class of
g-Tg-interior and g-T4-closure operators in Jg-spaces.

e 1I. To discuss the commutativity of the g-Ty-interior and g-T4-closure op-
erators of this class.

The rest of this paper is structured as thus: In SECT. 2, preliminary notions are
described in SECT. 2.1 (APPX. A contains pre-preliminary notions extracted from
the preliminary section of our first work titled Theory of g-%4-Sets) and the main
results of the theory of g-Tg-interior and g-T,-closure operators in Jy-spaces are
reported in SECT. 3: results associated with essential properties are given in SECT.
3.1 and those associated with the notion of commutativity are given in SECT. 3.2.
In SECT. 4, the establishment of the various relationships between these g-%-
operators are discussed in SECTS 4.1. To support the work, a nice application of
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the g-%g-interior and g-T4-closure operators in a J-space is presented in SECT.
4.2. Finally, SECT. 4.3 provides concluding remarks and future directions of the
theory of g-Ty-interior and g-%4-closure operators in Jg-spaces.

2. THEORY

2.1. PRELIMINARIES. Foreign terms used here are extracted from the preliminary
section of our first work titled Theory of g-T4-Sets and are presented in APPX. A.

The discussion commences by defining the notions of g-%T4-closure and g-Tgy-
interior operators of category v in J-spaces.

DEFINITION 2.1 (g-v-Tg-Interior, g-v-Ty-Closure Operators). Let Ty = (2, F5) be
a Ty-space, let C3% o 1 [Sa] & {0, € g-0[Ty] © 0y C .7} be the family of
all g-v-% -open subsets of Y € Z(Q) relative to the class g-v-O [T4] of g-v-T -
open sets, and let Czuf K[, ] def {t; € gv-K[Ty| + g 2 S} be the family
of all g-v-T-closed supersets of Sy € P (Q) relative to the class g-v-K[Tg] of
g-v-Ty-closed sets. Then, the one-valued maps of the types

(2.1) glnty, : 2 (Q) — ) Fu SO pe i)
Sy — U Oy,
Oq eCS“b v-0[5 ][yg]
(2.2) gCl,: 2(Q) — PO C{F,CQ: pell}
Sy ﬂ Hy
Ha€CYD iz g 7o)

on Z () ranging in & () are called, respectively, a ”g-T4-interior operator of
category v” and a "g-T,-closure operator of category v.” The classes g-1[%,] = def

{g-Int,, : v e If} and g-C[T ] ! {g-Cl,, : v eI}, respectively, are called the
classes of all g-Ty-interior and g T 4-closure operators.

REMARK 2.2. According to their definitions, g-Int, : & (Q) — £ (Q) is the dual
of g-Cl, : & (Q) — Z (1), and conversely. For, the definition of the first rests on
such concepts as U, C, Oy 1, Oy 2, ... whereas the second, on N, D, Hy 1, Hg2, . .,
which are dual concepts to U, C, 0y 1, Oy 2, ..., respectively.

It is interesting to view g-Intg, g-Cl; : & (Q2) — £ (Q) as the components of
some so-called g-T4-vector operator.

DEFINITION 2.3 (g-%4-Vector Operator). Let T, = (12, 7;) be a Jy-space. Then,
an operator of the type

(2.3) gle,, : Z(Qx 2(Q) — 2(Q) x 2(Q)
(‘%9’ yg) — (g'Intg,y (‘%9) ’g'CIQ,l/ (yg))

on Z () x £ () ranging in @( ) x Z(Q) is called a "g-T4-vector operator of

category v.” Then, g-IC[Z, {g Icy (g—Intgyl,,g—Clg’V) TV E Ig} is called
the class of all g-%4-vector operators
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REMARK 2.4. Observing that, for every v € I3, the first and second components of
the g-T4-vector operator g-Ic, , = (g-Int, ,,g-Cl, ) are based on g-v-O [T,] and
g-v-K [T4], respectively, it follows that:

o 1. g-Ic, , =icg e (intg, clg) if based on O [T,] and K [T];

e 1. g-Ic, , =g-Ic, e (g-Int,,, g-Cl,)) if based on g-v-O [T] and g-v-K [T];

o 1. g-Ic, , = ic o (int, cl) if based on O [Z] and K [Z].
In this way, icg, g-Ic,, ic : Z (Q)x Z (Q) — £ (Q) x Z (Q) are called a Ty-vector
operator in a Jg-space Ty = (2, Fy), a g-T-vector operator of category v in a .7-
space T = (©,.7) and a T-vector operator in a J-space T = (0, T), respectively.
Accordingly,

def

(2.4) g-IC[F] {g-Ic, = (g-Int,,g-Cl,) : v € IJ}

C {gnt,: veli} x{gCl,: veIj} e

= g-1[%T] x g-C[F].

Then, g- IC[ %] denotes the class of all g-T-vector operators in the J-space T =
(Q,.7); g-1[%] denotes the class of all g-T-interior operators while g-C [T] denotes
the class of all g-F-closure operators in the J-space T = (2, 7).

DEFINITION 2.5 (Complement g-Tg-Operator). Let T4 = (2,.7;) be a Jg-space.
Then, the one-valued map

(2.5) g-Opg %, : Z(Q) — Z(Q)
Sy C%g ()

where Lz, : 2 () — 2 (Q) denotes the relative complement of its operand with
respect to Zy € g-S [T, is called a "natural complement g-Tg-operator” on & ().

For clarity, the notation g—Opg’%g = g-Op, is employed whenever #Z; = Q or
Ay is understood from the context. When g-Opg 5 @ & () — £ () is with
respect to Zy € S[%y], Zy € 9-S [T] and %4 € S[F], the terms natural complement
T 4-operator, natural complement g-T-operator and natural complement T-operator
are employed and these terms stand for Opy 4 , 8-Opg,, Opg, :+ & Q) — 2 (),
respectively.

DEFINITION 2.6 (Symmetric Difference g-%T4-Operator). Let T3 = (Q,.7;) be a
Ts-space. Then, the one-valued map

(2.6) g-Sd,: Z () x Z(Q) — 2(Q)
(Zq,75) —  8-0pg 4, (F)UsOp, o (%)
is called the "symmetric difference g-%4-operator” on & (Q).

When the definition of g-Sdy : & (Q) x & () — & (Q) is based on Opy 4,
9-Opg,, Opg, : & (Q) — Z(Q) instead of g- Opg% Z Q) — Z(Q), the
concepts of symmetric difference Tg-operator Sdg : & () x Z (Q) — Z (),
symmetric difference g-Z-operator g—Sd 1 2 () x @( ) — £ (Q) and symmet-
ric difference T-operator Sd : & () x Z(Q) — (), respectively, present
themselves.
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The components of g-Ic, € g-IC[T,] are said to commute in a y-space if and
only if, for some .7y € & (Q), g-Int, 0 g-Cl; : S — g-Cl; o g-Int, (7}), or equiv-
alently, g-Clj o g-Int : 5 — g-Int; 0 g-Cl; (#4)- Thus, the definition follows.
DEFINITION 2.7 (g-v-PB,-Property). A Ty-set Sy C Ty in a Jy-space Ty = (2, T)
is said to have g-P,-property of category v in T if and only if it belongs to:

def
gv-P [T = {F: gty 09-Cl, , (F) «— g-Cl, , og-Int, , (F)},

(2.7)
called the class of all Ty-sets having g-J -property of category v in Ty.

The following classes:

P [%] def {Fy + intgocly (L) «— clgointy (L)},
(28) gv-P[T] ¥ {7 gInt,0g-Cl, (F) < g-Cl, o g-Int, (%)},
P[T] ¥ {7 : intocl(F,) «— cloint ()},

respectively, stand for the class of all Tg-sets having B -property in Ty, the class of

all T-sets having g-B-property of category v in ¥ and the class of all T-sets having

B-property in T. Thus, by .7, € g-P[T,] o Uuelg g-v-P [T4] is meant a Ty-set

having g-*P -property in T, and by .7 € g-P [T] ef U.,c I g-v-P [%], a T-set having
g-P-property in €. The notion of Ty-set having g-Qg4-property of category v may
well be defined as thus.

DEFINITION 2.8 (g-v-Q -Property). A Ty-set /3 C Ty in a Jy-space Ty = (2, T)
is said to have g-v-Q -property of category v in T if and only if it belongs to:

(2.9) g-v-Nd [T] o {4+ g-Inty, 0g-Cly, : Sy — 0},
called the class of all Ty-set having g-Q-property in Tj.

In an analogous manner, the following classes:

Nd [T, & {Fa+ intgocly : S — 0},
(2.10) gr-Nd[T] ¥ {7 gInt,0g-Cl, : .7 — 0},
Nd [F] def {5’9 :intocl: S — [Z)},

respectively, stand for the class of all T4-sets having Qg-property in T, the class

of all T4-sets having g-Q-property of category v in ¥ and the class of all T-sets

having Q-property in T. Hence, by ./; € g-Nd [T ] ef U,c 19 8-v-Nd [T4] is meant

a Tg-set having g-Q -property in Ty and by 7 € g-Nd [T] def Uuelg g-v-Nd [T], a

T-set having g-Q-property in T.
In the the following sections, the main results of the theory of g-Tg4-closure and
g-Tg-interior operators are presented.

3. MAIN RESULTS

Using the foregoing definitions, some essential properties as well as the commu-
tativity of the g-Ty-interior and g-T4-closure operators in J;-spaces are presented
below.


https://doi.org/10.20944/preprints201912.0064.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 December 2019 d0i:10.20944/preprints201912.0064.v1

— THEORY OF g-T,-INTERIOR AND g-T,-CLOSURE OPERATORS — 7
3.1. EsSENTIAL PROPERTIES. The discussion begins by giving some of the basic
consequences resulting from the foregoing definition.

LEMMA 3.1. If{F, C Ty v € I}} be a collection of 0 > 1 Ty-sets of a Ty-space
Ty = (Q Ty), then:

L OB Noer; Zan] = () OBy 1
vels
e IL CSI’?[I‘)I ][Uua* U C;J[I%]
velx:

PRrROOF. Let {73, C Ty : v € I} be a collection of 0 > 1 Ty-sets of a Fy-space
Ty = (Q, Fy), then by virtue of Ty-set-theoretic (N, U)-operation, it results that

Cgl[bfg] [nuezg ysw] = {ﬁg €0[T,): 04 C ﬂuel;yﬂaV}
= {0, €0[%,]: Noers (Og € F4w)}

= ﬂ {0, €0[Zy]: O,C S0} = ﬂ CSOu[big] [Low]s

vel: vel:
C;][%U] [UV€I; ygﬂ/] = {% € K[Ty]: 2 ngl;ygﬁv}
= {HeK[T,: \/uel* (H5 2 Fo0)}
= U4 eK(E]: 425 = Gk, 14
vel: vels
The proof of the lemma is complete. Q.E.D.
For any (Og, #;) € O[%,] x K[T,], the relations &y C op, (0,) and #; 2

—op, (H#;) hold, or alternatively, O [T,] C g-O [T4] and K[T,] C g-K [Ty]. Conse-
quently,

(Og € O[T4] — Of € -0 [Tg]) A (A € K[T] — H € g-K [T,)).
As a consequence of the above lemma, the corollary follows.

COROLLARY 3.2. If {5, CTy: v e i} be a collection of o > 1 Ty-sets of a
%—space Ty = (2,7), then:

Csub [ﬂueI; yg,l’] - m CZ‘-’B[sg] (Lol

velx:
i CiRzg [Uner; Zav] = U Cfks,) [F0)
vel:

REMARK 3.3. It is easily seen that the relations Czug %,] [ﬂuel* Q)} = {0}
and CJ'Rs. ][UVGI* Faw] = {0} hold. On the other hand, C3%3 Ol%, ][,5” =Q| =
g-O[T ]andnguﬁ[g][ 0 =0] = oK [T,

PROPOSITION 3.4. Let /3 C Ty be a Ty-set and, let g-Inty, g-Cl; : F ()
P (), respectively, be a g-Ty-interior and a g-Tq-closure operators in a
space Ty = (Q, Ty). Then, the necessary and sufficient conditions for (§,¢
g-Int, () x g-Cl, () C Ty X Ty to hold in Ty are:

o1 £ g—Intg () «— (Hﬁgé €g-0 [‘Eg]) [ﬁg,g - yg],

o 1. (€g-Cly(F) +— (VOu¢ €g-0[Ty))[Ogc NFy #0).

—
Ty-
)
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ProOOF. Let 7, C Ty be a Ty-set and, let g-Inty, g-Cl; : £ (Q) — Z(Q),
respectively, be a g-T;-interior and a g-T4-closure operators in a Jg-space Ty =

(Q, F). Suppose

(6,0) € grlnty (F) x o0l () = (U ﬁg)x( N x)
Oq eC;“O[g ][5”] Jifgecsg‘jf([%][yg]

Then, since the relations

U Oy +— {&: (360, € C3%s,1 7)) [€ € 64]},

O €CTY 1 117

N A = {C (W e O, 7)) [C € A}

Ho €O 1 []

hold and g-O [T,] x g-K[T4] 2 C! [gg] BAAR C;uﬁ[‘: 1 [74], and, on the other

hand, the relation £ € Oy C 5” C g also holds for any (£, Oy¢, Hge) €
g x C38 Orz,] [l X Colkis .1 [7al, it follows that

¢ € g-Int, (S) (30, € C3°3 Orz,] [7al) [€ € O]

(3C4c € 9-0[Tg)) [Ogc C F4l;
(VAty € CZ“IF;[(Z i Z) € € A)
(v

Oy € 80 [Ty)) [Og.c N Sy # 0.

¢ € g-Cly (S)

IIII

Hence, £ € g-Int, () is equivalent to (304e € g-0[%,])[Oge € F] and ¢ €
g-Cl, () is equivalent to (VO € g-O[T,])[Ogc NSy # 0]. The proof of the
proposition is complete. Q.E.D.

In a Jy-space, the g-T-interior of finite intersection and the g-T-closure of
finite union equal intersections of g-% -interiors and g-% -closures, respectively, as
proved in the following theorem.

THEOREM 3.5. If {F, C%y: v eI’} be a collection of o > 1 Ty-sets of a Ty-
space Ty = (0, Ty) then:

o LogTnty: (e Lo — ] oIty (Fu) Vo-Intg € g-1[Tg),
vel:
o 1. g-Cly: Uyers Zow — | 00 (F0) Vo-Cly € 6-C[T,].

vel:


https://doi.org/10.20944/preprints201912.0064.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 December 2019 d0i:10.20944/preprints201912.0064.v1

— THEORY OF g-T4-INTERIOR AND g-T4,-CLOSURE OPERATORS — 9

PrOOF. Let {75, C Ty : v € I} be a collection of 0 > 1 Ty-sets of a Fy-space
Ty = (2, 7). Then for any (g-Int,, g-Cly) € g-1[Ty] x g-C [Ty, it follows that

g-Int, : m Saw U Oy

vel: sub
ﬁgecg-o[sg} [m“€1§ yﬂ'”]

= U O,

ﬁgeﬂuelj; Ceub [Fa.v]

9-0[%¢]
- N ( U ﬁg) = () ont, ()
vely: ﬁgeczu_g[%}[yg,,,] vels:
g-Cl, : U Saw U Hy
vely €O e [Users Lo

= U Hy

%GUVEI:, cr [Za.v]

9-K[Tg]
- U ( U %) = J o0l (#0).
vely %eCZ‘j;[Tg][yg,,,] vely
The proof of the theorem is complete. Q.E.D.

THEOREM 3.6. If /; C T4 be any Tq-set in a Ty-space Ty = (2, Ty), then:
(31) (Vg-Ic, € g-IC[T4]) [(g-Int, (F5) € L) A (8-Cly (F) 2 7).

PrOOF. Let ./ C T4 be any Ty-set and g-Ic, € g-IC [Ty be arbitrary in a -
space Ty = (2, 7). Then, by virtue of the definition of the g-T4-operators g-Int,
g-Cly : 7 (Q) — 2 (Q), it results that,

g-Inty: S —> U Oy
Oq eCZ‘jg[%] [F]
gCl : Sy — N Hg,
K €0 e q] [0
respectively. But, for every (&g, %) € C;‘_‘g[%] (o] X Cilk(z,) [Fal; the relation
(O4,7s) € (S, Hy) holds. Hence, g-Int, () C 7 and g-Cl; () 2 ;. This
completes the proof of the theorem. Q.E.D.

A consequence of the above theorem is the following corollary.
COROLLARY 3.7. If S5 C Ty be any T4-set in a Ty-space Ty = (Q, Ty), then:
(3.2) (Vg-Ic, € g-IC[T,]) [g-Int, (F) € 7 € g-Cly (F)].

REMARK 3.8. Employing the terminology of [Lev63], any Tg-set 4, C Ty in a
Tg-space Ty = (Q,.7;) which satisfies the relation 0y = g-Int, () C 7y C
0-Cly (F) = g-Cl, () for some g-Ty-open set Oy € g-O [Ty] may well be termed
a "g-T4-semi-open set.”
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PROPOSITION 3.9. If T, = (Q,F;) be a strong Ty-space, then:
(3.3) (Vg-Ic, € g-IC[T,]) [g-Ic, = (2,0) — (2,0)].

ProoF. Let g-Ic; € g-1C [Ty] in a strong J-space T4 = (2, 7). Then, since T is
a strong Jg-space, (2,0) € g-O [T4] x g-K [T4] and, therefore,  is the biggest g-T4-
open subset contained in itself and, @ is the smallest g-T4-closed superset containing
itself. Consequently,

gIc, 1 (Q,0) l—>( U Oy, N J/g)

G0 1] HeCTh )
- ( U e N Jffg)= (0.0).
Opel@UOS (0] A E{OUCTT ()

Hence, g-Ic, : (22,0) — (22,0). The proof of the proposition is complete. Q.E.D.

In a J4-space, the components of g-Ic; € g-IC[Ty] are both idempotent g-Tg-
operators, as demonstrated in the following proposition.
PROPOSITION 3.10. If .y C %, be any T4-set in a Ty-space Ty = (Q, Ty), then:
e 1. g-Intgog-Int, : 5 — g-Int, () Vg-Int, € g-1[T],
o 1. g-Cly0g-Cl, : 74— g-Cl, () Vg-Cl, € g-C[T].

PROOF. Let #; C Ty be any Ty-set and let (g—Intg,g—Clg) € g-1[%y] x g-C[Z] be
arbitrary in a Jg-space T4 = (2, ;). Then,

g-Int, : g-Int, () +— U Og;
05€C 0 (x4 [o-Tnt o (F)]

g-Cly: g-Cly (F) N Hy.
Ha€C R (2] [6-Cly (#)]

But, g-Inty (#) C 7, C g-Cl, () and consequently,

U Oy = U o

Oa€C 5 1 [8-Inte (F0)] O5€071 51541
N %- N =
Hy Ecz‘fi[fg] [G-Clg (5”9)] ‘lfﬂeczu.f([fg] (7]

Hence, g-Inty o g-Int : 7 — g-Int, () and g-Cl; 0 g-Cl; : A4 +—— g-Cl; ().
This completes the proof of the proposition. Q.E.D.
PROPOSITION 3.11. If 75 C Ty be any Ty-set in a Ty-space Ty = (Q, Ty), then:
e 1. g-Int og-Cl, : 7y — g-Inty (F) V(g-Inty, g-Cl,) € g-IC[T],
e 1. g-Clyog-Int, : .75 — g-Cly (S) V(g-Inty, g-Cly) € g-IC [Ty].

PrOOF. Let /; C T4 be any Tg-set and let g-Ic; € g-IC[T,] be a g-Ty-operator
ina Ty = (2,7%). Then, the first and second components of g-Ic; : & (Q2) x
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Z(Q) — Z(Q) x Z(Q) operated on g-Cl, (), g-Int, (F) C Ty gives

g-Int, : g-Cly (F) +— U Oy
o ec;g[‘I ][g Cly (F)]
= U (03 N g-Cly (S))
03€C %z, ][g Cly (F)]
= U (OaNFy) = U Oy,
OqeCs g[g ][5/’] 6},60?‘5[%][5@]
g-Cly @ g-Inty (F) +— m Hy

Ha€C Y [xa] [o-Int, (7)]

= N (5 U g-Intg (F))
Ha€C Y x,] [o-Inty ()]

= N wus) = () A
Ha€C K xg) [7] Ko €0 K z,) 7]

respectively. Hence, g-Int; o g-Cl; : 7 — g-Int, () and g-Cl; og-Int; : S +—
9-Cly (). The proof of the proposition is complete. Q.E.D.

In a Jg-space, the g-T-interior and g-T j-closure of subset are subsets of g-% ;-
interior and g-%T -closure, respectively, as shown in the theorem below.

THEOREM 3.12. If g-Tc, € g-IC[T,] be a given pair of g-T-operators g-Int, g-Clj
Z Q) — Z(Q) in a Ty-space Ty = (Q, Ty) then, for every (Zy, Sy) C Ty X Ty
such that £y C Sy:

(3.4) g-ley (Zy, %y) C g-Icy (S5, 7)) -

Proor. Let Ty = (2, 7,) be a F-space. Suppose g-Ic; € g-IC[T,] be given
and (Zy,7y) C Tg X T4 such that Z; C .75 be an arbitrary pair of Ty-sets.
Then, since for any .75 € Py (Q), (O, ) C (S, Hy) for every (Oy, Hy) €

3?8[%] BAARS CZ"}I;[‘I ] [#], it follows by virtue of the relation %, C .7, that

(Og, #y) C (%, o) (S, Hy) for any (O, Hy) € Czug‘z ] (%] x C;uﬁ[g ] [l

Consequently, it results on the one hand that

g-Inty : Zy +— U Oy = U (Og N Fy)
O4eC® “O[T ] ZA Oq4 ecwo[rI ] ZA
c U (OgNFy) = U ﬁg:g-lntg(ﬁ’g),
O4eCs1b Oqg eC sub B

a-o[zg] 70! “0[%]
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and on the other hand,

gCly : By +— N Hy = N (JHy N Ry)
H €O (] Hy €O (]
c ﬂ (Hg N Sy) = ﬂ Hy = g-Cly ().
HECTR (1] Ho€OLE e 1170]

These show that the images of %, under g-Intg, g-Cl; : & () — Z(Q), re-
spectively, are subsets of g-Int, (/) and g-Cl, (). Hence, g-Ic, (%y, %,) C
g-Ic, (4, -7,). The proof of the theorem is complete. Q.E.D.

THEOREM 3.13. Ifg-Ic, € g-IC[Zy] be a given pair of g-T4-operators g-Int ;, g-Cl,; :
Z(Q) — Z(Q) and icy € IC[T,] be a given pair of Ty-operators intg, clg :
Z(Q) — Z(Q) in a Ty-space Ty = (Q, Ty), then:

(35) (V.7 C Ty)[(intg () . 9-Cl, (7)) C (g-Inty (F) . clg (L))]-

Proor. Let T, = (2, .7;) be a Jy-space. Suppose g-Ic, € g-IC[T,] and icy €
IC [Z4] be given and .y C T4 be an arbitrary Tg-set. Then,

intg : Sy +— U Oy C U Oy = g-Int; (S);
ﬁgeCi;‘[‘;g][fg] ﬁgecfﬁg[xg][yﬂ

yg: Sy +— N Hy D N Hg = g-Cly (Fy) .
Ko €C% 5 )] Ko €0 K q) 10!

Therefore, it follows that the images of .7 under intg, g-Cl; : & (Q) — & (2), re-
spectively, are subsets of g-Int () and clg (). Hence, (intq (#5) ,g-Cl, (7)) C
(g—Intg (), clg (5’9)). The proof of the theorem is complete. Q.E.D.

ProproSITION 3.14. If g-Ic, € g-IC[Ty] be a given pair of g-Tq-operators g-Int g,
g-Cly : Z2(Q) — Z(Q) and icy € IC[T,] be a given pair of Ty-operators intg,
clg: Z(Q) — Z(Q) in a Ty-space Ty = (Q, Ty) then, for any Ty-set Sy C Ty,

(3.6) (g-Int, () € %5 C g-Cl, (L)) — (intg (F) C S C clg (H))-
PROOF.

REMARK 3.15. If g-Int ; = int,” stands for "g-Int; (#4) 2 inty ()" and "g-Cl; 3
clg,” for "g-Cl, (#5) C clg (#5),” then the outstanding facts are: g-Int, : & (Q) —
Z(Q) is finer (or, larger, stronger) than inty : &£ () — Z2(Q) or, intg :
P (Q) — P (Q) is coarser (or, smaller, weaker) than g-Int, : & (Q) — £ (Q);
g-Cly : Z(Q) — Z(Q) is coarser (or, smaller, weaker) than cly : & () —
Z(Q) or, clg : Z(Q) — Z(Q) is finer (or, larger, stronger) than g-Cl :

If g-Ic, € g-IC[Ty] and icy € IC [Ty] be given and, let 5 C Ty be an arbitrary
Tg-set in a Fy-space Ty = (Q, 7). Then, g-Int, () C 7 C g-Cl; (). But
since (intg (.#),g-Cl, (7)) € (g-Int, (F5) , clg (7)) it follows that

ity (F) C g-Inty (F) € 7 C g-Cly (S) C clg (S).

Hence, g-Int, () C 7 C g-Cly (F) implies inty () C # C clg (F). The
proof of the proposition is complete. Q.E.D.


https://doi.org/10.20944/preprints201912.0064.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 December 2019 d0i:10.20944/preprints201912.0064.v1

— THEORY OF g-T4-INTERIOR AND g-T4,-CLOSURE OPERATORS — 13

ProPOSITION 3.16. If g-Ic, € g-IC[Ty] be a given pair of g-Tq-operators g-Int g,
g-Cly : Z(Q) — Z(Q) and icy € IC[T] be a given pair of Ty-operators intg,
clyg: Z(Q) — Z(Q), and (%y,-Sy) C Ty x Ty be any pair of Ty-sets in a Ty-space
Ty = (Q, Fy), then:

(3.7) (%y,75) € O[T xK[Tq] — g-ley (Zy, S,) = icq (g, Ty) -

Proor. Let g-Ic; € g-IC[Ty] and icy € IC[Ty] be given and, let (%4,.7;) C
Ty X Ty be arbitrary in a F-space Ty = (2, F). Then, since S [T4] = O [T4]UK [T,]
and, O[%,] C g-O[F,] and g-K [T4] D K [T,], it follows that

ey 1 (By, Sy) ( U Oy, N Jsfg>
Oy er“[T ][%g Hy eCS“[pT ][y]

(LU a0

9 €00 g Jna-ofzo]#al oK Jngercfg) [ 7D]

U o N
o ECS“g[ ][%B] HgeC®™> ][5’9]

9-K[Tg
= gl (Zg,7s) -

Hence, g-Ic, (%, %) = icg (#y,75). The proof of the proposition is complete.
Q.E.D.

ProprosITION 3.17. If g-Ic, € g-IC[Ty] be a given pair of g-Tq-operators g-Int g,
g-Cly: Z(Q) — Z(Q) in a Fy-space Ty = (2, T), then:

(V% € 2 (Q))[(9-Inty () C g-Int, 0 g-Cl, (F))
(3.8) A(g-Cly (F) 2 g-Cly o g-Inty, ()]

ProoF. Let Ty = (2, 7;) be a Jy-space. Suppose g-Ic, € g-IC[T,] be given and
Sy € Z(Q) be an arbitrary Tg-set. Then,

g-Int, : g-Cly (F) — U Oy
% ecwg[T ][g Cly (F)]
2 U ﬁg = g'Intg (yg) ;
o ng“‘g)[T ][ ol
g-Cl, @ g-Inty (F) +— ﬂ Hy
%ec“f;[T ][g Int, (F)]
c N H=9ClL (%)

b
HoeC (7]

Hence, the image of g-Cl, (/;) under g-Int, : @( ) — P (Q) is a superset of
g-Int, (#;) and that of g-Int, (-75) under g-Cl; : & (Q2) — & (Q) is a subset of
9-Cly (). The proof of the proposition is complete. Q.E.D.
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The theorem stated below and the corollary following it mark the end of this
section.

THEOREM 3.18. If g-Tc, € g-IC[T,] be a given pair of g-T-operators g-Inty, g-Cl;
P Q) — Z(Q) in a Ty-space Ty = (Q, F), then:

(3.9) (V.7 € Z(Q)) [g-Ic, (F) € 5-O[Ty] x g-K[T,]].

Proor. Let T, = (2, .7;) be a J-space. Suppose g-Ic, € g-IC[T,] be given and

Sy € P () be an arbitrary Tg-set. Then, by virtue of the definition of g-Ic, it
results that,

g-lnty: Sy —> U Oy
Oy EC:B[TE]U’Q]

g U Opg (ﬁg) = Opg( U ﬁ9>1
05 €CY2[F] Og€CYP (]
gCl : Sy — N Hy
(}ifgecz‘ji[fg][yg]
= ﬂ opg () = Opg( ﬂ %)
Ky eciu;g [Z] Ky Gciu;g [Zs]
But since

( U ﬁg’ m ‘%7) E%X—\%,

ﬁgecy‘égb L] Hy€CNZ [Fa]

it follows, consequently, that g-Int, (#5) € g-O [Ty] and g-Int, () € ¢-K[T,].
Hence, g-Tc, (75) € g-O [Z4] x g-K[Ty]. This proves the theorem. Q.E.D.

An immediate consequence of the above theorem is the corollary stated below.

CoROLLARY 3.19. If g-Ic; € g-IC [Q] be a given pair of g-T4-operators g-Inty,
g-Cly: Z(Q) — Z(Q) and Sy C T4 be any Ty-set in a Ty-space Ty = (2, Ty),
then there exists (Oy, Hy) € Ty X 7Ty such that:

(3.10) [0-Tnty (75) € opg (G5)] A [9-Cly (F5) 2 —opg ()]

In view of THMS 3.2, 3.5 and Props 3.9, 3.10, it follows immediately that the
g-Tg-interior and g-Ty-closure operators g-Intg, g-Clg: P(Q2) — £ (Q), respec-
tively possess similar properties analogous to the Kuratowski closure Azioms which
can be grouped and stated in the form of a corollary.

COROLLARY 3.20. Let g-Inty, g-Cl; : 2 (Q) — P (Q) be a g-T4-interior and a
g-Tg4-closure operators in a strong Ty-space Ty = (2, Ty). Then:
o For every (%y, %) € P () x Z (Q),
— 1 g-Int, () = Q,
— 1. g-Inty (%4) C %y,
— 1L g-Int, og-Int, (#,) = g-Int; (%),
— . g-Inty (% N Sy) = g-Int; (%) N g-Int,; (F).
o For every (%y, %) € P (Q) x £ (Q),
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- v. g-Cl, (0) =0,

— VL. g-Cly (%g) 2 %y,

— vit. g-Cl;0g-Cly (%) = 9-Cl (%),

— vt g-Cly (%, U.%) = g-Cl, (%) U g-Cl, (S)-

Some nice Mathematical vocabulary follow. In Cor. 3.20, ITEMS 1., 11., 111. and
1v. state that the g-Tg-interior operator g-Int, : & (Q) — & () is Q-grounded,
non-expansive, idempotent and N-additive, respectively. ITEMS V., VI., VII. and
VIIL state that the g-T4-closure operator g-Cl; : & (Q) — £ (Q) is 0-grounded,
expansive, idempotent and U-additive, respectively.

The axiomatic definitions of the concepts of g-T;-interior and g-v-T4-closure
operators in J;-spaces follow.

DEFINITION 3.21 (Axiomatic Definition: g-Tg-Interior Operator). A one-valued
map of the type g-Int, : & (Q) — Z(Q) in a Fy-space Ty = (Q, ) is called
a "g-Tg-interior operator” on & (1) ranging in &2 (Q) if and only if, for any
(Zy,Sy) € P (Q) x P (Q), it satisfies the following axioms:

o AX. I g-Inty (%,) C %y,

o AX. I. %3 C 7y — g-Int, (%) C g-Int, (F).

Thus, a g-Tg-interior operator g-Int; : & (2) — Z(2) in a F-space Ty =
(Q, F) is a non-expansive g-Tg-set-valued set map forming a generalization of the
Tg-set-valued set map inty : & (Q) — & (Q) in the Jy-space Ty, provided

lg-Int (Zg) € Zy] A [g-Int, (24 N Fy) C g-Int, (Z4) N g-Int, (F;)]
(3.11)
holds for any (%, -3) € Z () x Z ().
DEFINITION 3.22 (Axiomatic Definition: g-T4-Closure Operator). A one-valued
map of the type g-Cl; : Z(Q2) — Z () in a strong F-space Ty = (€2, F) is
called a ”g-T4-closure operator” on & (1) ranging in & (Q) if and only if, for any
(Zq, ) € P () x Z(Q), it satisfies the following axioms:

o AX. 1. g-Cly (%Z,) 2 %y,

o AX. 1. #y C 7y — g-Cly (%) C g-Cly (S)-

Hence, a g-Tg-closure operator g-Cl; : & (Q) — 22 (Q) in a Jy-space T, =
(92, F) is an expansive g-Tg-set-valued set map forming a generalization of the
T g-set-valued set map clg : & (Q) — & (Q) in the F;-space Ty, provided

[Q'Clg (Zg) 2 Zg) N [Q'CIg (%4 U ) 2 g-Cly (%) U g-Cly ()]
(3.12)

holds for any (%, %) € & (Q) x & (). The discussion of the present section
terminates here.

3.2. COMMUTATIVITY. It is the intent of the present section to give some charac-
terizations on the commutativity of the g-Ts-operators in J-spaces, giving some
characterizations of Tg-sets having g-3;-property and g-2 -property in a Jj-space.
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LemMA 3.23. If g-Ic, € g-IC[Z4] be a given pair of g-Ty-operators g-Inty, g-Cl :
Z () — Z(Q) and g-Op, : Z (Q) — & (Q) be the natural complement g-T4-
operator of its components in a Jy-space Ty = (0, Ty), then:

(V&”g e P (Q)) [(g—In‘Eg (#4) +— g-Op, 0 g-Cl; 0 g-Op, (-7, )

(3.13) A(g-Cly (#) <— g-Op, o g-Int 0 g-Op, (7)) ]
Proor. Let g-Ic, € g-IC[T,] be a given and, let g-Op, : & (2) — & (Q) be the
natural complement g-Tg-operator of its components in a Jy-space Ty = (2, Fp).

Then, for a .75 € & () taken arbitrarily, it follows that

g-Opg og-Int : g-Op, () +—— g-Opg( U ﬁg);
Oa €0 1[8-0p (F0)]

g-Opy0g-Clg : g-Op,y (S) +— g-Opg( ﬂ jg/g)
Jg ECQ“;[{: ][E Opg(yg)]

Let {Og, : (Ve IL)[Og, C Fl} and { g, « (VW€ IL) [ Ay 2 F4]} stand

for CZ‘}B[%] [74] € 9-O[T,] and C;uﬁ <] (7] € 9-K [T,], respectively. Then,

g—Opg< U ﬁ’g) = g—Opg( U (€4, € 5-Op, («%)))
% ecwg[T ][g Op,4(H,)] vely,
= EQ< U (ﬁgy g g_Opg (yg)))
velX,

= [ €a(G4s) 2Ca (Ca(#))

uEI;‘o

= ﬂ Hy;

A€ ) [6-0py (#5)]

w0p, N #) = 50p,( U (00, €50p,(4))

HGECP [-Op, (#)] vels,

0-K[Tg]
R

velx,

= U Ca () Sla(Ca ()

I/EI;Q
= U O
Oa€0T e ] [6-Opy (F)]
Since .y € &7 () is arbitrary, it follows that, for every ./, € &7 (), the relations
g-Int, (#) «— -Op,og-Clyog-Op, (F),
g-Cly () +— ¢-Op,og-Int, 0g-Op, (S)
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hold. The proof of the lemma is complete. Q.E.D.

A necessary and sufficient condition for a Tg-sets to have g-F -property in a
Jy-space is contained in the following theorem.

THEOREM 3.24. A Ty-sets Sy C Ty in a Ty-space Ty = (R, Ty) is said to have
g-Bg-property in Ty if and only if:

(3.14) y € 9P [Ty] > 5-0p, () € 9P [Ty).

PROOF. Necessity. Let 7y € g-P[T,] be a Ty-set having g-PB,-property in a F-
space T4 = (Q, J). Then,
g-Int, g-Cl, 0 g-Op, (#4) — g-Int; 0 g-Cl; 0 g-Op,, (F)
= g-Op,0g-Cl; 0g-Op, 0 g-Cl; 0g-Op, ()
= g-Op,0g-Cl;og-Int, (F)
= ¢-Op,og-Int;0g-Cl, ()
= g-Op,og-Int, 0g-Cl; 0g-Opy 0g-Op, ()
= g-Op,0g-Op, 0g-Cl; 0g-Op, 0g-Cl; 0 g-Op, 0 g-Op, (-4)
= g-Cljog-Int; 0 g-Op, (F)

Thus, it follows that
g-Int, 0 g-Cl, (g-Op, (%)) «— g-Cl o g-Int (g-Op, (7)),

and hence, g-Op, (/3) € ¢-P[T4]. The condition of the theorem is, therefore,
necessary.

Sufficiency. Conversely, suppose g-Op, (-/5) € g-P [T4] be a Ty-set having g-F -
property in a Jy-space T4. Set Zy = g-Op, (/). Then,

Sy +— 8-Opy0g-Op, () «— ¢-Opy (%) -

But #Z, € g-P[T,] and it in turn implies g-Op, (%) € ¢-P [T,]. Hence, it follows
that g-Op, (#5) € g-P [Ty] implies .#; € g-P [T,]. The condition of the theorem is,
therefore, sufficient. Q.E.D.

Two if-then conditions for a Ty-set to have g-J -property in a F;-space are given
in the following proposition in terms of the g-T4-interior and closure operators.

PROPOSITION 3.25. If 5 C T be a Ty-set in a Ty-space Ty = (2, Ty), then:

o 1. V€ g-P[T,] — g-Int, (F) € g-P [T,
o 1. /€ g-P[T,] — g-Cly (F) € g-P[T].
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PROOF. 1. Let /5 € g-P[Ty] be a Ty-set having g-F,-property in a Fy-space
Ty = (92, ). Then,
g-Int 0 g-Cl, (g-Int, (.7;)) = g-Int, 0 g-Cl, o g-Int, (.F5)
+— g-Int; 0 g-Cl; o g-Int; 0 g-Op, 0 g-Op, (F5)
+— g-Int; 0 g-Op, o g-Int 0 g-Op,, 0 g-Int ; 0 g-Op, 0 g-Op,, ()
+— g-Int; 0 g-Op, o g-Int, 0 g-Cl; 0 g-Op, ()
+— g-Int; 0 g-Op, 0 g-Cl, 0 g-Int ; 0 g-Op, ()
< g-Int, 0 g-Op, 0 g-Op, 0 g-Int 0 g-Op, o g-Int s 0 g-Op, (-#5)
+— g-Int, o g-Int; 0 g-Op, o g-Int; 0 g-Op, (7)
< g-Int, 0 g-Cl; (S)
+— g-Cl, o g-Int, (.#5) — g-Cl, o g-Int (g-Int, (7))
Hence, .7 € g-P [Ty] implies g-Int, (7;) € g-P [T4]. The proof of ITEM I. of the
proposition is complete.
1. Suppose % € g-P [T,4] in ;. Then,
g-Cly o g-Int, (g-Cl, (-#3)) = g-Cl o g-Int 0 g-Cl ()
+— g-Clj o g-Int, 0 g-Cl; 0 g-Op, 0 g-Op,, (F)
+— g-Cl; 0 g-Op, 0 g-Cl; 0 g-Op, 0 g-Cl 0 g-Op, 0 g-Op, (-75)
+— g-Cl; 0 g-Op,, 0 g-Cl; o g-Int, 0 g-Op, ()
+— g-Cl; 0 g-Op, o g-Int, 0 g-Cl; 0g-Op, ()
+— g-Cl; 0g-Op, 0g-Op, 0 g-Cl; 0 g-Op, 0 g-Cl; 0 g-Op, (-)
+— g-Cl; 0 g-Cl; 0 g-Op, 0 g-Cl, 0 g-Op, (75)
«— g-Cly og-Int, (.7)
— g-Int, 0 g-Cl () +— g-Int, 0 g-Cl, (g-Cl, (7))

Hence, .7 € g-P [%,] implies g-Cl; () € g-P [Ty]. The proof of ITEM I1. of the
proposition is complete. Q.E.D.

THEOREM 3.26. If /3 C Ty be a Ty-set of a strong Ty-space Ty = (2, Ty) such
that /4 € g-Nd [Z4] or g-Op, () € g-Nd [T4] in Ty, then S € g-P [T

PROOF. Let .y C Ty be a Ty-set in a strong Fy-space Ty = (Q, J;) such that
s € g-Nd [T,] or g-Op, () € g-Nd [T,] in Ty, Then:

CasE 1. Suppose .#; € g-Nd[T,] in Ty. Then, for every g-Ic;, € g-IC[T],
it follows that g-Int;og-Cl; : 7y +—— 0. But g-Int,og-Cl, (F) 2 g-Int, (A5)
and consequently, g-Inty : %5 — (). Since ¥4 is a strong Jy-space, it follows,
furthermore, that g-Cl; o g-Int, : /5 —— (). Therefore, g-Int; 0 g-Cl, (#5) = 0 =
g-Cl, o g-Int () and, hence, .7 € g-P [T].

CASE 11. Suppose g-Op, (75) € g-Nd [T,] in Ty, Then, by virtue of the above
case, g-Op, (75) € g-P [Ty and by virtue of the fact that g-Op, (75) € g-P [T] is
equivalent to . € g-P [Ty], it results that g-Op, () € ¢-Nd [Ty] implies 7 €
g-P [T4]. The proof of the theorem is complete. Q.E.D.
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THEOREM 3.27. Let 3 C Ty be a Ty-set in a Fy-subspace Tyr = (T, Ty r) of a
Ty-space Tg.q = (Q, Ty.0), where Typ : P (L) — Tgr ={0,NT: Oy € Tyqa}.
Then:

o 1. I' € g-O [Ty o] implies g-Int 1 (S) = g-Int, o (F),
o 1. I' € g-K [Ty o] implies g-Cly 1 () = 9-Cly o (F5)-

PROOF. Let %y C Tyr be a Tg-set in a Fg-subspace Ty = (I', Ty r) of a Fy-
space Tg.o = (€, Zy,0) and let (g-Inty 5, g-Cly ) € g-1[Tga] X g C[%4,a] be a pair
of g-Tg-interior and g-Ty-closure operators g-Int, », g-Cly , : £ (A) — Z(A),
respectively, where A € {Q,T'}. Then:

1. Suppose I' € g-O [Ty o] in Ty 0. Then,

g-Inty o S — U Oy
Og4eCsub [Z6]

5-0[T4.0]
= U O,

Oy eCSﬂ‘_‘b [TNFg]

o[sgyﬂ]
U Oy =gInty o (I) =T.
ﬁgecsub [1—\]
o-

o[xgyn]

Thus, T' N g-Int, o () = g-Int, o (#5). On the other hand,

N

gInt,p: Sy — U Oy

Oy Ecsu [Tg F][yg]

— U (OgNT)
Oy GCSU [‘Ig F][yg]

— U (OgNT)
ﬁgecs;g[%n] EA

«— I'n ( U ﬁg) =TI Nglnt, g ().

meczl_'g[%’n][yg]

But I' N g-Int; , (/) = g-Int, o () and hence, g-Int, () = g-Int,  (F)-
1. Suppose I' € g-K [T o] in Ty o. Then,

gCly g Sy +— ﬂ Hy
HECEP [F]
g-K[Tg’Q]
c | A=9Clo@) =T
HyeC™ P iyl

g-K[:ng]
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Consequently, I' N g-Cl ¢, (#5) = g-Cl; o (#5). On the other hand,

gClyp: Sy — ﬂ ;z/g
Hy ECS“p ]

x[=s,
— ﬂ (AN
HgeC ™ (%]
K[<o.r]

— ﬂ 0D
Jﬁecsu [

But I' N g-Cl, o () = 9-Cl; o () and hence, g-Cl; () = ¢-Cl; o (). The
proof of the theorem is complete. Q.E.D.

THEOREM 3.28. Let 24 € g-O[T,] N g-K [Ty be a g-Ty-open-closed set and let
(LgarTa8) C Ty X Ty be a pair of Ty-sets in a Ty-space Ty = (Q, Ty). If
(Lg,0,70,8) C (QQ»Q‘OPQ (Qg))’ then:

(3.15) (Yg-Inty € g-1[T,]) |g-Inty (Uy—q 57 U g-Int, )]

o=a,B

PRrROOF. Let 2, € g-O [T4]Ng-K [T,] be a g-Tg-open-closed set, let (Fy 0, L5,8)
Ty X Ty be a pair of Ty-sets in a Fy-space Ty = (Q, F;) and, suppose (o, F5.8)
(Qg,g—Opg (39)). Then, for every 7y € { S a, 74,5},

~—

g-Int, : S +— U Oy
Oy ECZ‘fg[gg][fg]
- U Og = gty (Uyeo 5a0)-
ﬁgecz‘jg[%][yg,auyg,ﬁ]

Consequently, g-Int (Ug:aﬂyg,g) ) ngaﬁ g-Inty (F4.0). Set ,5’29,& =Y5.NZ,
and 5’?97/3 = SN g—Opg (2y4). Then, since (Ly,a,5,8) (e@g,g—Opg (,@g)), it

d0i:10.20944/preprints201912.0064.v1
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follows that
;?B[Tg][ua=a,ﬁyﬂvf’] = CZ?B[Tg][Ua=a,ﬂ‘y?w]
= {ﬁg €g-0[T,]: 05 C U 5’?9,0}
o=a,B

o=a,f3
= U GBS0l = U CiBiz,[Foo]
o=, o=a,B

Therefore, ijg[%] Us—a 50| = Us=a.s CZ‘_%[{ZD] [S4.0], as a consequence of
the condition (A4, %,8) < (Qg,g-Opg (Qg)). Taking this fact into account, it
follows, moreover, that

gty U, 5500 U Oy

ﬁgecz’“_g[%][yg,auyg,g]
c U Oy
ﬁueUa:a,ﬁ CZ‘fE[%][%,a]
c U ( U ﬁg>: U ont, (Z0).

o=a,f ﬁgeczﬁg[%][yg,g] o=a,B

Hence, g-Int,(U,_, 6‘5ﬂ9ﬁ) C Upza,p 0-Inty (#5,0). The proof of the theorem is
complete. Q.E.D.

THEOREM 3.29. Let Tyr = (I, Jyr) be a Jy-subspace of a Fy-space Tyq =
(Q, Zy0), where Ty + P (T) — Tyr = {0 NT : Oy € Tyq}. IfT €
g-0 [T50] Ng-K [Ty 0] and 7y € g-Nd [T 0], then S3NT € g-Nd [T, ).

PRrROOF. Let Tyr = (I', Z3r) be a Jy-subspace of a Jy-space Ty0 = (2, T.0)
and, suppose I' € g-O [T, 0] N g-K [Ty 0] and Sy € g-Nd [Ty o). Then, since I' €
g-0 [T4.0] N g-K[T4 0] implies g-Intg 1 (S) = g-Intg o () and g—Clg,F (S) =
9-Cly o (), it follows that
g-Inty pog-Clyr: NI+ g-Inty g0g-Cly o (S NT)
C  gntygog-Cly o (F)-
Since .7y € g-Nd[%4 0], it follows, moreover, that g-Int; 5 o0g-Cl; o : S +— 0.

Consequently, g-Int; pog-Cly r : /3 N T+ () and hence, 3, NT' € g-Nd [Ty r].
The proof of the theorem is complete. Q.E.D.

THEOREM 3.30. In order that a Ty-set Sy C Ty in a strong Ty-space Ty = (Q, Ty)
satisfies the condition Sy € g-P [T4], it is necessary and sufficient that there exist a
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g-Tg-open-closed set 24 € g-O [Ty] N g-K[Ty] and a Ty-set Zy € g-Nd [Ty] having
g-Qg-property such that it be expressible as:

(3.16) o= (Ly —Ag) U (%y — 2y).
PROOF. Sufficiency. Let .75 C T4 be a Ty-set in a strong Jy-space Ty = (2, Ty)
and let there exist 2y € g-O[%y] N g-K[T,] and #Z; € g-Nd[T,] such that the
relation .y = (24 — %y) U (#y — Z,) holds. Clearly, (24 — Xy, %y — 24) C
(24,9-Opy (24)), implying

O30, [(Lg — #o) U (%y — 24)] = C3izy[ 2o — %]
CaOrz,) [#a — 2]
Set yg,(q,r) =2y— %4 and yg,(r,q) =Hy—2y. Then, g—Intg (yg (ar) Y ,Sﬂg (T’q))

g-Inty (Fo,q.r)) U g-Intg (S (g)). Since (L g, 7o.0n0) S (Za>8-0pg (Z))
and 24 € g-0 [T,] N g-K [T, it follows that

(-

g-Intg (S (4,m) g-Inty o (Sga.m) -
9-Clg (S4.a.m) 0-Cly 2, (o)
gty (Sg0ra) = g-Inty o.0p,(2,) (Lo »
g-Cly (S w)) = 8Clggop,(2,) (Lo 0ra)) -
Consequently,
g-Int, : g-Cl, () — U O,
c ecsug[(I ][g Cly (F)]

= U O,

Oyl ][g-Clg,gg(yg,m,m)ug-mg,g_opg(Qg)(ygy(m))]

- (o, U 2

6 ec;ug[f ][g Clgygg(ygﬁ(qf))]

o U %)
6 eC;“g[T ][g—Clg o- opﬂ(gg)( 8. (r q>)]
= g-Inty (8-Cly o, (Lo.(m) Y 8Cly g 0p, (24) (La.r0))
= glntyoa-Cly o (Fo(0r)
U glntgog-Cly g op (2,) (Zo.0n0)
= glnty o, 00-Cly o, (L5 0m)

U g‘lntg,g-Opg(Qg) Og'CIQ,g-Opg(ﬂg) (yga(T:Q)) :
Thus, it follows that
g-Intyog-Cly (#) = glnty o 0g-Cly o (Faam)

U g'Intg,g-Opg(a@g) Og_Clg,g-Opg(ﬂg) (yg,(nQ)) :
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Similarly,
g-Cl, : g-Int, (F) +— N Hy
oup
Hy ECQ.K[%] [o-Inty ()]

= M #

Ho€C e ] [o-Int g o) (Lot V80, o0 (24) (e

(0.

A o 01000 2, (Fr0)]

o N )
Ha€O R e 1[50t ong (20) (Fo.0r0)]
= g-Cly(g-Inty o, (Fy(am) UaIntg g op (2,) (Lora))
= g-Clyog-Inty o (S qr)
U g-ClyogInt g op (2,) (La0ma)
= gCly o ogInty o (L qr)

U g-Clygop,(2,) 8-ty g0p, (2, (Lo ra) -

Hence, it results that

g-ClyogInty (7)) = gCly o ognty o (F(am)

U 8-Cly g op,(2,) og-Inty g0op, (2, (Fora)) -

By virtue of the relation (ng(qyr),ym(r,q)) C (a@g,g—Opg (Qg)), it is plain that
Faar) = Ly — 2y N %y and S (1,q) = 8-Opy (Zy) N Zy. Since 2y € g-O [T, N
g-K [T, and #Z, € ¢g-Nd [T, it follows that 23 N %y is a Ty-set having g-0g4-
property in £ and g-Op, (Z4)NZ, is a Tg-set having g-Qg-property in g-Op, (Zy).
But .7 (4.r) = Ca, (%) and Z, € g-Nd[Ty]. Consequently, Z, has g-B,-property
in 2, and hence,

g—Clgygg og-Intg,a@g (Yg’(q’r)) = g—Intgﬁg og—Clgvgg (,5’9’((”)).

On the other hand, the statement that g-Op, (2y) N %, is a Ty-set having g-0Q-
property in g-Op, (24) implies that 7 (. 4y has g-P,-property in g-Op, (Z4) and
therefore,

8-Cly g-0p, (24) © 8-ty g 0p_(2,) (Zo.tr0)

= g-Intg .0p, (2,) © 8-Clg g-0p,(2,) (Lo.ra))-
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When all the foregoing set-theoretic expressions are taken into account, it results
that

gInty0g-Cly (F) = gty o 08-Cly o (Fo.(0r)
U g'Intg,g—Opg (24)° g'Clg,g—Opg(QE) (‘Sﬂgv(ﬁq))
= 0-Cly o, ooty o (Fy.(qm)

U g-Clggop,(2,) 8-ty g 0p, (2,) (Za.0r0))
= ¢-Cljog-Int, ().

Hence, g-Int, o g-Cl; (/) = g-Cl; o g-Int, (-#5). The condition of the theorem is,
therefore, sufficient.

Necessity. Conversely, suppose that .7 € g-P [T4]. Then, g-Int; o g-Cl, (7)) =
g-Clyog-Inty (F). Set g-Int;og-Cly (S) = 24 = g-Cljog-Int, (#). Then,
24 € g-0[%,] N g-K [T,], meaning that 2, is a g-Tg-open-closed set in Ty. Set
yg,(s,q) = yg — Qg and yg,(q,s) = Qg — yg. Then,

g-Int; 0 g-Cl, (Fos.0)) C g-Int 0 g-Cl (F) = Zy;
g-Inty 0 g-Cl (S5, (5,)) S g-Inty0g-Cly(g-Opy (24)) = g-Op, (2y) .

But 24 Ng-Op, (Zy) = 0 and consequently, g-Int, 0 g-Cl; : 7 (5,9) — @), meaning
that 2 is a Tg-set having g-Qg-property in ;. On the other hand,

N

g-Int 0 g-Cl, (ng(qys))
g-Int ;0 g-Cl (Yg,(q,s))

g-Int, 0 g-Cly (2,) = Zy;

g-Int, 0 g-Cl, (g-Opg (#5))

g-Op, 0 g-Cl; 0g-Op, 0 g-Cl; 0 g-Op, (-#4)
g-Opg 0 g-Cly o g-Int (F4) = 6-Opg (Zy) -

1N

Since 23Ng-Op, (2y) = 0 it follows, consequently, that g-Int, 0 g-Cl; : A (q.6) =
(), meaning that 7, is a Ty-set having g-Qq-property in 2y. Set Zg = 4 (4.5) U
Sa,(s,q)- Then,

g-Int 0g-Cly : Zg +—— g-Inty 0 g-Cly (g (q.5) U Fos.0)
= gInt og-Cly (Zoas) U g-Int, o g-Cl, (Zo.5.0))
= Qup=0,

implying that #Zy € g-Nd [T,]. Having evidenced the existence of a g-T4-open-closed
set £y € g-O [T, Ng-K[T,] and a Ty-set Zy € g-Nd [T] having g-Qg-property, it
only remains to show that %y C Ty is expressible as 7y = (Zy — Zy) U (Zy — Zy).
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Observe that
Za(ar) YT, (ra)
= {2, N g-Opy (#4)} U {%, N g-Opy (2y)}
= {’QQ N g-Opg [(gg N g_Opg (yg)) U (yg N g_opg (’@9))]}
U{ [(Qg N g-Op, (yg)) U (yg N g-Op, (gg))] N g-Op, (Qg)}
= {24 N g-0py (24 N g-Opy (F5)) N g-Opy (S5 N g-Opg (Zy)) }
U{yg N g'Opg (gg)}
= {2, N (8-0py (24) U 7) N (g-Opy (S5) U 24) }
U{#, N a-Op, (2)}
={(2,nF) N (g—Opg (F5) U2yt Uu{Fn g-Op, (2q)}
= (2,NS) U (FNg-Op, (2y)).
But since g-Intyog-Cl; () = £ = ¢-Clog-Int, () and the latter in turn
implies g-Cl, o g-Int (g-Op, (%)) = 8-Opg (24) = g-Int, 0 g-Cl, (g-Op, (7)), it
follows that 24 N .7y = 7y and 7 N g-Op, (2y) = 0. Consequently, 7y (4, U
Fgrg) = Fg- But, Ly (g ULy (rg) = (Zg — #y) U (% — 24) and hence, Sy =
(2y — Zy) U (#Zg — 2y). The condition of the theorem is, therefore, necessary.
Q.E.D.
Observe that .y = (24 — %) U(Zy — 2y) = 8-Opg 0, (%5)Ue-Opg 5, (Zg) =
g-Sdg (24, #Z,). Thus, an immediate consequence of the above theorem is the fol-
lowing corollary.
COROLLARY 3.31. Let /y C T, be a Ty-set in a strong Ty-space Ty = (2, Ty).
Then, Sy € g-P [T4] if and only if:
(324 € g-0 [Ty Ng-K[T,]) (3%, € 9-Nd [T,]) [Fy = 9-Sd,4 (24, %) ]-
(3.17)
PROPOSITION 3.32. If %y € ¢-Nd[Zy] be a Ty-set having g-Qg-property, then
g-Cl, (S) # Q-
(3.18) Sy €g-P %] — g—Clg (S) # Q.
PROOF. Let .; € ¢g-Nd[%y] be a Ty-set having g-Q,-property in a strong J-
space Ty = (2, 7). Then, since Ty is a strong Fy-space, it follows that Q €
g-0 [T,] x g-K[Ty]. Consequently, g-Int;og-Cl, (?) = Q. But, . € g-Nd[T,]
implies g-Int; 0 g-Cl, (-#3) = 0. Thus, g-Int, 0g-Cl, () = 0 # Q = g-Int, (Q),
implying g-Cl; (-#5) # 2. The proof of the proposition is complete. Q.E.D.

PROPOSITION 3.33. If &y C Ty be a Ty-set in a strong Ty-space Ty = (2, Ty) and
T4 be g-T4-connected, then:

(3.19) S € g-P[Ty] «— (S € g-Nd[Ty]) V (-Op, (F) € g-Nd [T4]).

PROOF. Let .75 C Ty be a Ty-set in a strong Jy-space Ty = (2, F) and Ty be
g-Tg-connected. Suppose .7 € g-P [T;]. Then, there exist a g-Ty-open-closed set
24 € g-0[%,] Ng-K[T,] and a Ty-set Zy € g-Nd [T,] having g-Qg-property such
that .y be expressible as Sy = (Zy — Zy)U (%3 — Z4). Since the strong J;-space
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T4 is g-Tg-connected, the only g-Tg-open-closed set are the improper Tg-sets 0,
2 C %4. Consequently,

o € 9P [Ty) +— (25 € {0,Q}) [S = (25 — %) U (%y — 2,)].

CASE 1. Suppose 24 = (. Then .y = (0 — Zy) U(Zy — 0). But 0 — %, = () and
Ry — 0 = Hy. Therefore, Sy =0U Ry = Ay. Thus, Sy € g-Nd [T].

CASE 11. Suppose 245 = Q. Then .y = (@ — %) U (%, — ). But Q — %, =
g-Op, (#y) and Zy— 2 = (). Consequently, .7y = g-Op, (#Z4) U = g-Op, (#,) and
therefore, g-Op, (/) = g-Op, 0 g-Op,, (#;) = %4. Hence, g-Op, () € g-Nd [T,].
The proof of the proposition is complete. Q.E.D.
LEMMA 3.34. If (24, Zy,.%5) € §-S[Tg] x 9-S[Tg] x ¢-S[T4] be a triple of g-Ty-sets
and g-Sd; : P (Q) x P (Q) — P (Q) be the symmetric difference g-Tq-operator
in a Ty-space Ty = (Q, Ty), then:

o 1 g-8dy(2y, Zy) = 9-Sd, (%3 2;) € 3-S[T,].

o 1. g-Sdy(g-8dy (2, Zy), 7y) = 8-Sy (24, 98-8, (%, 7)) € 8-S,

o . 24 Ng-Sdy(Zy, 7y) = 8-5d,(2y N Ry, 24 N Sy).
PROOF. Let (24, %y,-7;) € g-S [‘Zg] x g-S [‘Zg] x g-S [‘Ig] and, let g-Sd : & (2) x
Z(Q) — Z(Q) be the symmetric difference g-Tg-operator in a Jy-space Ty =
(©2, 7). The proof that g-Sd, (%ga@g) € g-S [Sg} holds for any (24, %4) € g-S [Tg] X
g-S [“Sg] is first supplied. It is evident that

g-Sdq (99’%9) = 0-0py o, (Zy) U 8-Opg 7, (2y)
= (24N g-Op, (%)) U (%4 N g-Op,(2y)) C 24U %,

implying g-Sd, (,@g,ﬂ’g) C 23 UZy. Since 25U Z, € ¢-S [‘Ig}, it follows that
g-5d, (Qg,%g) € g—S[‘Ig]. Items I., 1I. and III. are now proved.

I. Since the order of the operands under the U-operation does not change, it
follows that

g-Sd, (angg) = g'OPg,Qg (Zg) U Q'Opg,%g (Zy)
= g'opg,.%g (Qg) U g'Opg,QQ ('@Q) = g_Sdg (%Qa QQ)

Hence, g-Sd, (2y, %,) = g-Sd, (%, 2;) € 9-S[T,].
1. For any (%,.%;) € g-S[T,] x g-S[T], it is plain that 9-Opg o, (73) =
X3 N g-Op, (). Therefore,
0-Sd, (9-Sd, (2g, Zy),7) {8-Sd, (24, %4) N g-Op, (75)}
{75 N 9-Op, (9-Sdy (24, %)) }
{Qg N E‘OPg (%g) n Q‘OPQ (yg)}
{'@g n g_Opg (QQ) N g'opg (yg)}
{yg N Q'OPg (gg) N Q'Opg (%g)}
{F3NL2yNAy}.
If P ( 2y, Zq, S3) = 241 g-Op, (%4) N 9-Op, (Z,), then
0-Sd, (950, (2g, Z),.5) = P (g, R, Ss) UP (R, 2g,.5y)
U P (S, 2y, %) U (SN 2y N Ky).

c |

c C C
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Since g-Sd, (g-Sdg (24, Zy),Sa) = 8-Sdg (Fy, 8-Sy (24, Zy) ), it follows that
0-Sdy (2, 8-8dy (7, 7)) = 0-Sdy(Fy = 25, 9-5d4 (2 = Zo, #y = 7))
= P (%gayga Qg) o (yga%ga Qg)
U P(2y, %y, -75) U (,029 N%Ey N Yg).
But by virtue of the associativity and distributive properties of the N, U-operations,
the relations P (24, Zy, - %3) = P(Ly, Sy, %y), P (%y, Ly, 7y) = P (%y, S5, 2y),
P (S, 2y, %) = P (S, #y, 2y), and SyN 2Ly N Ay = 24 N Ky NS hold. Thus,
g-Sdg (9-Sd, (2, %), -75) = 8-Sy (24, 9-Sd, (%4, 7)) € 9-S[T,].
Il. Slnce the relation g-Opg 4 ( v =% ﬂg Op,, () holds for any (.74, %) €
g- S[ ] X g- S[ ] it results that
25N Q‘Sdg (‘%Qa yg) = 24N (g‘OPg,QE (S U Q‘Opg,yg (%g))
= (Zn 9-Opg 2, (%)) U (24N 9-Opg o, (%))
= (24N (%5 Ng-Opy (#))) U (25N (SN a-Opy (%,)))
= (24N %) Ng-Op, (F)) U ((24 N-F) Ng-Op, (%))
= Q‘Opg,,@gn%’g (5”9) U E‘Opg,ggnyg (%g)
= §-Sd, (24 N %y, 25 N .T).
Hence, 24 N g-Sd, (%g,yg) = g-5d, (Qg NZHy, 24 N Yg) € g—S[‘Ig}. The proof of

the lemma is complete.

THEOREM 3.35. If Sg1, Sg2, v Fao € &-P[T4| are 0 > 1 Ty-sets having
g-B,-property in a strong Ty-space Ty = (2, Ty), then ﬂyel* aw € 0-P[T,].

Proor. Let 1, %52, ..., S50 € 9-P [Tg] be o > 1% -sets having g-F ;-property
in a strong Jy-space Ty = (Q, ). Then, since S1, S52, -+ Fgo € §-P [Sg],
there exist 0 > 1 g-Tg-open-closed sets 21, g2, ..., Zg.o € §-0 [Ty N g-K[T,]
and 0 > 1 Ty-sets Zyg,1, Zg,2; - - -, Zg,0 € §-Nd [T4] having g-Q-property such that

yg71 = g_Sdg (39117%971)’
Se2 = 8-5d4 (Qg’g,%g’g), cooy Jg0 = 8-5dg (Qg,g,%g’a).

For an arbitrary pair (v,u) € I; x I}, set 240, = Zaw NV Lo, Vg =
Dy N Ky and Ry (1) = Bg,0 N Ry, Then,

T N Tgu = FarNg-Sdg (Lous Zo 1)

= g-Sdy (S N Ly s Lo N Ry p1)

= g-5d, [Q‘Sd (Qg V:*@gw) N 2y, 8-5dg (Qg,w%gﬂ/) ﬁ%g,u]

= 9-5dy[0-Sdy (L, ) Ya.u)) 88 (W vy P v

= 0-5do{Zg.w)» -S4y [#4.(.0), -S4y (V5.0 o (va0)) | }-
But, Zg.., Zg,, € g-Nd [T,] implies Zg (1) € 6-Nd [Tg], (Lg,0, Zg.u) € (8-0 [T4]N
0-K[Tg]) x g-Nd [T4] implies #4 (., € ¢-Nd[Ty] and, 25, 2,5, € g-O[Tg N
g-K [T,] implies 2, (.., € g- O[ o) N -K[Tg]. Thus, g-Sdy (¥4, (v.p)> %)) €
g—Nd[ ] implying g-Sd [7/ (o) 9- Sd (%’SV’#),%&(V’#))] %g,(yﬁu) € g-Nd [‘Ig]
Therefore, Sy, N Sy = 0- Sdg(o@m(wu),%g’(yvu)), where 24 ., € g-O[Tg] N
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g-K [T4] and @g () € §-Nd [Ty, and consequently, 7y, N, € g-P[Ty] for
any (v, ) € Iz x 15 Hence, (), ¢;- S0 € 0 P[%4]. The proof of the theorem is
complete. Q.E.D.

PROPOSITION 3.36. If {#., C %y v €Ik} be a collection of 0 > 1 Ty-sets each
of which having g-B 4-property in a strong Ty-space Ty = (2, Fy), then J,c;. S
has also g-*Pg-property in Tq:

(3.20) Avers (Zow € 6P[Te)) — | Fow € 0P [Tl
vels

PROOF. Let 41, %42, -S40 € 6-P[T4] be 0 > 1 Ty-sets having g-F-property
in a strong Jg-space Ty = (Q, 7). Then, since -/ = g-Op, 0 g-Op, () for any
Tg-set Sy C ‘Ig, it follows that 75, U %, = 8-Opy0g-Opy (L5 U Sy ) =
g-Op, (- Op, (L4.v) N g-Op, (S, ,)) for any arbitrary pair (v,p) € I} x I}. But,
0-Op, (S4.0), 8-0p4 (S4.u) € g-P [T,] and therefore, g-Op, (-#5,,)Ng-Op, (yg’f‘) €
g-P [Ty]. Set g-Op, (S) = g-Op, (F4.0) Ng-Opy (F,). Then, since g-Op, () €
g-P [T,] is equivalent to g-Op,og-Op, (5’?9) € g-P[%,] and, the relation ., U
g = 8-0Opgy 09-Op, (5’?9) holds, it follows that .7, U7 . € g-P [T4]. The proof
of the proposition is complete. Q.E.D.

THEOREM 3.37. Let /y C Ty be a T4-set in a Ty-space Ty = (Q, Ty). If Sy has
g-Py-property in Ty, then it has also Py -property in Ty:

(3.21) (S CZy) [ S €gP [T — S eP[T].
PrOOF. Let .7 € g-P [T4] be a Ty-set having g-;-property in a F-space Ty =
(2, 7). Then, it satisfies the relation g-Int, o g-Cl; () +— g-Cl; o g-Int ().
Since (intg (#3), g-Cly (#)) € (g-Int, (L), clg (F5)), it follows that

intg ocly () 2 intg 0 g-Cly (F) C g-Int ;0 g-Cl (S) ,

clgointy () C clgog-Int, () 2 g-Clyog-Int, (F) .
Consequently,

intg 0 g-Cly (S) Ng-Int 0 g-Cl, () = intyog-Cly (F)
= intgo0g-Cl (S) Nclgog-Int, (),

implying clg o g-Int (75) = intg ocly (F). But, clgog-Int, (F)Nelg ointy (F) =
clgointg (#) and intg o g-Cly () Nintgocly () = intgog-Cly (F). Conse-
quently, it results that inty o g-Cly (#5) = clgointy (#5) which, in turn, implies
clgog-Int, (F) = clgointy (). Therefore, intg o cly () = clg ointg (), mean-

ing that ., has also P -property in T,. Hence, #; € P[Ty]. The proof of the
theorem is complete. Q.E.D.

PROPOSITION 3.38. If {75, C T4 : v € I}} be a collection of o > 1 Ty-sets having
g-Qg-property in a strong Ty-space Ty = (R, Ty), then UUGI* 0w has also g-Qg-
property in Ty:

(3.22) Noer: (Fow € 8NA[Te]) — | Fo0 € o-Nd[T].

velx
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PROOF. Let {#, € g-Nd[Ty] : v € I} be a collection of o > 1 Ty-sets having
g-Qg-property in a Jy-space Ty = (Q, Fy). Suppose \,cp. (Fy € 0-Nd[Ty))
implies (J, ¢ ;. 750 € g-Nd [T is an untrue logical statement. Then, A, ¢ ;. (Faw €
g-Nd [T4]) is true and g-Intg o g-Cl, : Uvers
the proposition, it suffices to prove that (J, ¢ . 5,0 ¢ g-Nd[T,] is a contradiction.
For arbitrary (v, pu (v)) € I;x I}, such that If(y) = I\{v}, set 5 ) = FawU
Sg.u(v), Where {5’9,”,5”97#(1,)} C ¢-Nd[Ty]. Since g-Int,og-Cl, (Yg)(u,u(y))) C
g—Clg (yg,(u,;t(u))) = g—Clg (yg,,,) U g—Clg (yg”u(,,)), it follows that

Fav — 0 is untrue. Thus, to prove

g-Tntg © g-Cly (L5 () N 8-0pg ©9-Cly (L4 0)
€ 9-Cly (Lg.vu(v)) N 8-0P4 ©8-Cly (F5.00)
= g-Cl, (L4,) Ng-Opy 0 g-Cly (Fguv)) € 8-Cly (Lo0) -
Thus, for arbitrary (v, (v)) € I3 x 17, such that I7 ) = Iz \ {v}, it follows that

g-Int, [g—Intg 0 g-Cly (g, (v uwy)) N 8-Opg 0 g-Cl, (Fam)]
C g-Int, 0 g-Cl (S,) = 0.

Since Ty is a strong J-space, it results that

g-Tnty 0 g-Cly (L5, () N 8-0pg ©0-Cly (L)) = 0,
and therefore, g-Int;og-Clg (yg,(l/,u(l/))) C ¢-Cl (ngﬂ(y)). On the other hand,
since g-Int o g-Cl (L. wuv))) € 8-0[Tg], it follows that

g-Inty 0 9-Cly (S () € 8- Intg 0 9-Cly (L)) =0,

Thus, Zg,v,u(v)) € 8-Nd[Tg] holds for arbitrary (v,u(v)) € 17 x 17, such that
I3,y = I\ {v} and hence, U, ;. S5 € ¢-Nd[Tg]. The relation U, ;. S50 ¢
g-Nd [T,] is therefore a contradiction. The proof of the proposition is complete.

Q.E.D.

THEOREM 3.39. Let /5 C Ty be a Ty-set in a strong Ty-space Ty = (Q, Ty). If
Ty s a Tg-set having g-Qg-property in Ty, then it has also Qg-property in Tq:

(3.23) (Fy € Ty) [ S € a-NA[Tg] «— F, € Nd[T,]].

PrOOF. Let .7, € g-Nd[T,] be a Ty-set having g-Q -property in a strong -
space T4 = (9, 7). Suppose .7y € Nd[T,] implies ./, € g-Nd [T,] is an untrue
logical statement. Then, #; € Nd[T,] is true and g-Int;0g-Cl; : S — 0 is
untrue. Thus, to prove the theorem, it suffices to prove that ./, ¢ g-Nd[T]
is a contradiction. Since g-Int,og-Cl, () C g-Intgjocly (), it follows that
g-Intg 0 g-Cl; (F) Ng-Int; ocly (F) C cly (). Consequently,

int, [g—lntg 0g-Cl, (#) Ng-Int ocly (S4)] Cintgocly (S).

Since .7y € Nd [%4] and T is a strong Jg-space, it follows that intgocly : S5 — 0
and therefore, g-Int, o g-Cl; (.#5)Ng-Int, ocly (#;) = 0. Since g-Int, 0 g-Cl; (#5) C
g-Intg ocly (F), it results that

g-Int 0 g-Cl; () = g-Int; 0 g-Cl, () Ng-Inty oclg () =0,
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implying g-Int, 0 g-Cl; : 75 —— 0. Hence, ./ € g-Nd[Z,]. The relation .7 ¢
g-Nd [T] is therefore a contradiction. The proof of the theorem is complete.

Q.E.D.

The important remark given below ends the present section.

REMARK 3.40. In a Jg-space T4 = (£, .7;), the converse of the following statements
with respect to some Tg-set 75 C Ty are in general untrue:

o 1. 7 € g-P[Ty] — g-Int, () € g-P[T,],

o 1. 7 € g-P[T,] — g-Cly (F) € g-P [T,

o 1L (S € g-Nd[Ty]) V (g-Op, (7) € g-Nd[Ty]) — S, € g-P [T].

Because, in the event that T3 = (Q, %) = (R, %JR) =Tyr and S = Q (Q and
R, respectively, denote the sets of rational and real numbers, where R D Q), the
converse of ITEMS 1.,1I. and III., reading

o 1v. Q€ g-P[T k] +— g-Int, (Q) € g-P[Tyr],

e V. Qe g-P[Tyr] +— 9-CL, (Q) € g-P[Tyr],

e V. (Q € g-Nd[Tyr]) V (g-Op, (Q) € g-Nd[Tyr]) «— Q € g-P[Tyr],
respectively, are all untrue. In fact, every Jj-open set 0y € J;r contains both
points £ € Q and ¢ € R\ Q. Consequently, there are no g-T4-interior points
of Q. Therefore, g-Int, (Q) = 0 and g-Cl; (Q) = R and thus, g-P [Tor] 2 R =
g-Cl, (R) = g-Int, 0g-Cly (Q) # g-Clyog-Int, (Q) = g-Cl, (0) = 0 € g-P[Tyr;
(Q,g-0p, (Q)) ¢ g-Nd[Tyr] x g-Nd[Tgg|. In ITEMS 1v., V. and VI., the con-
sequents Q € g-P[Tyr], Q € g-P[Tyr]| and (Q € g-Nd[Tyr]) Vv (g—Opg Q) €
g-Nd [SQ,R]) are all untrue and on the other hand, their antecedents g-Int, Q) €
g-P [SQ,R], g-Cly (Q) € g-P [TQ,R] and Q € g-P [TQJR] are all true. Consequently,
ITEMS 1v., V. and VI. are all untrue statements and hence, the converse of
ITEMS L, II. and III. are untrue statements. In addition, since (Q, g-Op, Q) ¢
g-Nd[Tgr| x g-Nd [T, r] it follows that, for some Ty-set .5 C Ty, the condition
0-Op, (F5) € ¢-Nd[T,] can be satisfied without the condition . € g-Nd [T]
being satisfied, though &y N g-Op, 0 g-Cl, () # 0 for every 0y € g-O[T,] is a
consequence of .7 € g-Nd [T,].

The categorical classifications of g-T-interior and g-%T-closure operators, T-sets
having g-B-property and T-sets having g-Q-property in the 7 -space T and, g-% -
interior and g-T;-closure operators, Ty-sets having g-P,-property and Ty-sets hav-
ing g-Q-property in the Jj-space T are discussed and diagrammed on this basis
in the next sections.

4. DISCUSSION

4.1. CATEGORICAL CLASSIFICATIONS. Having adopted a categorical approach in
the classifications of g-Tg-interior and g-Ty-closure operators, Tg-sets with g-3 -
property, and Tg-sets with g-Q -property, the twofold purposes here are to es-
tablish the various relationships between the classes of g-T-interior operators in
the J-space T and g-Tg-interior operators in the Jy-space T4, the classes of g-T-
closure operators in the 7 -space T and g-Ty-closure operators in the J;-space ¥y,
the classes of T-sets with g-PB-property in the 7-space T and Ty-sets with g-F-
property in the Jj-space T, and, the classes of T-sets with g-Q-property in the
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T -space T and Ty-sets with g-Q -property in the j-space Ty, and to illustrate
them through diagrams.

In a J-space T, for every 0y € O[T], the relation op, () C op; (0y) C
op3 (Og) D opy (O4) holds implying, for any .7y € T, g-Int, (.#) C g-Int, () C
g-Int; () 2 g-Int, (F). Likewise, in a Jy-space Tq, for every 0y € O[Qg],
the relation opy o (0g) C opy ;1 (0y) C 0pgy5(04) 2 0py o (Oy) holds implying, for
any Sy € Ty, g-Inty o (Fy) € g-Inty, (L) C g-Inty 5 (Fy) 2 g-Inty 5 (F). But,
for every v € IY, it results that &3 C op, (0y) € op,, (Oy) implying, for any
(v,7y) € I§ x T4, g-Int,, () C g-Int , (7). Consequently, this diagram, which
is to be read horizontally, from left to right and vertically, from top to bottom,

follows:
ﬁg = ﬁg - ﬁg = ﬁg
N IN N IN
(4.1) opg (Og) € op1(0y) < op3(0;) 2  opy(0y)
N N N N

opg,O (ﬁg) C Opg,l (ﬁg) < Opg,3 (ﬁg) 2 Opg,Q (ﬁg) .

In FiGg. 1, we present the relationships between the elements of the collections
{g-Int, (F,) : v € I} in the T-space T and {g-Int,, () : v € I} in the
Tg-space Ty; F1G. 1 may well be called a (g—Int7 g—Intg)-valued diagram.

g Int (&,
g-Inty (S) —— ¢- Int1 —— g-Int3 () —=— g-Int, ()

T *

Q‘Intg,o (5/9)—>— Q'Intg,1 (,5”9) - Q'Intg,3 (,5@)—(— G'Intg,2 (yg)

g-Int, (“a)

FIGURE 1. Relationships: g-T-interior operators in .7-spaces and
g-T;-interior operators in T-spaces.

On the other hand, for every .#; € K[Z], the relation —~op, (#) 2 —op; () 2
—op; () C op,y (Hg) holds implying, for any .7 € T, g-Cly () 2 g-Cl; (S) 2
g-Cl; (F) C g-Cly (F). Likewise, in a Jy-space T, for every 5 € K[T,], the
relation ~opy o () 2 m0pg 1 (Hy) 2 70Dy 3 (Hy) C —~opg 5 () holds implying,
for any 7y € Ty, g-Cly o (F) 2 9-Cly 1 (F) 2 9-Cly 5 (F) C g-Cly 5 (). But,
for every v € IY, it results that %5 2 —op, () 2 —op,, (#,) implying, for any
(v, %) € I§ x T4, g-Cl, () 2 g-Cl, (). Consequently, this diagram, which
is to be read horizontally, from left to right and vertically, from top to bottom,
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follows:
Hy = Hg = Ky = Hg
U U U U
(42) mopy (Hg) 2 —opy (Hy) 2 —opg(HAy) S —opy ()
1] U v} U
T 0Pg.0 (%) 2 T 0Pg 1 (%) 2 - ODPg3 (%) - T0Dg 2 (Ji/g) .

In FiGg. 2, we present the relationships between the elements of the collections
{g-Cl, (L) : v € I§} in the T-space T and {g-Cl,, (%) : v € I} in the
Ty-space Ty; F1G. 2 may well be called a (g—Cl, g—Clg)-valued diagram.

g-Cl (yg)

P N

g-Cly () —=— g-CL () —=<— g-Cl3(S) —— g-Clh(F)

by |

g_CIQ,O (‘Sﬂg) — g_Clg,l (‘5/9) —_— g_Clg,S (yg) —_— g_Clg,Z (yG)

T

g-Cly (F5)

g

FI1GURE 2. Relationships: g-T-closure operators in .7 -spaces and
g-T;-closure operators in J-spaces.

Since .7y € g-P [T4] implies Vuelg (7 € g-v-P[Ty)), it follows that, g-B, «—
g-v-PB4 in T, for every v € I9; likewise, g-B +— g-v-P in T for every v € I9, since
Sy € g-P[Z] implies \/uelg (# € g-v-P[Z]). Therefore, g-0-P, — g- 1P, —
g-3-PB4 «— ¢-2-P; and g-0-P — ¢g-1-P — ¢-3-P «— g-2-P. Finally, g-P «—
g-v-P — g-v- P, — g-v-P, for every v € I9. Altogether, EQ. (4.3) present itself
which may well be called (g—‘,B, g-%g)-propertz'es diagram.

L A e S 2 U e S Y
I [ I [
g0-% — ¢lP — 3P — g2P

an | ! l 1
Q‘O‘mg — 9‘1‘5139 — 9_3_mg — 9_2_‘39
E“Bg — g_mg — Q“Bg — g_mg
In terms of the classes of the collections {g-v-P[T]: v € I3} and {g--P[Ty]: v €
Ig‘}, F1G. 3 present itself which may well be called (g—‘B, g—‘l?g)-classes diagram.
Since 7y € g-Q [T,4] implies Vuelg (S € g-v-Q[T,]), it follows that, g-Q  «—
g-v-Qq in T, for every v € I9; likewise, g-Q +— g-v-Q in T for every v € I3, since
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/\\

g-0-P [T] —— g-1-P[T —— g-3-P[T —— ¢-2-P[F]

| i |

g-0-P[T] —— ¢-1-P[T] —— g3-P[T] —=— g-2P[T]

g-P [T]
FI1GURE 3. Relationships: (g—‘B, g—%g)—classes diagram in Jy-spaces.

Sy € g-QI[Z] implies Vuelg (S € g-v-Q[T]). Therefore, g-0-Q, — ¢g-1-Q;, —
9-3-Q, +— ¢-2-9, and g-0-Q — g-1-Q — ¢-3-Q +— ¢-2-Q. Finally, g-Q <—
g-v-Q — g-v-Q, — g-v-Q, for every v € Ij. Altogether, EQ. (4.4) present itself
which may well be called (g-Q, g—Dg)—properties diagram.

g <+ g <« g <« g9

I | | |

g0-Q — gl — g3 « g29

44 | l l l

¢-0-2, — gl-Q, — g39, «— g2-9
9, <«— g9, +— g9, <+ g9
In terms of the classes of the collections {g-v-Nd [T]: v € I3} and {g-v-Nd [T] :

vel; }, F1G. 4 present itself which may well be called (g—Q, g—Qg) -classes diagram.
g-Nd [F]

g-Nd [T,]
FI1GURE 4. Relationships: (g—Q,g—Qg)—classes diagram in Jg-spaces.

Since 7y € g-Nd[T,], S € g-P[T,] and .y € Nd[F,] imply S € g-P[T],
Zy € P[] and A, € ¢g-Nd[F,], respectively, in T, it follows that Q5 —
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-9, — ¢-By, — B, in Ty; likewise, Q — g-Q — g-P — P in T, since
Sy € -Nd [T], S € ¢-P[%] and .7 € Nd[T] imply .7 € g-P [Z], 4, € P[%] and
Sy € 9-Nd [T], respectively, in T. Finally, /; € Nd[Z] and . € g-Nd [%] imply
Sy € Nd[Ty] and .7 € g-Nd [T,], respectively, and, .75 € P [T,] and .7 € g-P [T]
imply ./, € P[%] and .4, € g-P [T], respectively. Altogether, EQ. (4.5) present
itself which may well be called (&B, 9-B; Qg g—Q) -properties diagram.

Q9 — g9 — ¢gP — P

(45) | | | |

Qy — 9, — P, — B,
In terms of the classes of the collection {Nd[Z],P [T],g-Nd[Z],g-P[T]} and the

classes of the collection {Nd [T4],P [Ty, g-Nd [T4], g-P [T,]}, F1G. 5 present itself
which may well be called (‘B, g-P; Qg g—Q) -classes diagram.

Nd[gf] —>»— gNd[f] —»— gP[§] —>— P[g

Nd[T,] —»— g-Nd[T,] —>— P[] —— P[T]

FIcURE 5. Relationships: (‘Iﬂg—‘ﬁ; ng—ﬂ)-classes diagram in
T-spaces.

As in the works of other authors [CJS05, Don97, JJLL0O8, TC16], the man-
ner we have positioned the arrows in the (g-Int, g-Inty), (g-Cl,g-Cl,)-valued di-
agrams (F1Gs 1, 2), the (g—‘B,g—‘Bg), (g—Q,g—Dg), (B, 9-B; Qq, 9-Q) -classes dia-
grams (FIGS 37 47 5)7 and the (9-(13, G-‘Bg); (Q_Q79_Qg)7 (‘Bv g_ma ng Q-Q) —property
diagrams (EQs (4.3), (4.4), (4.5)) is solely to stress that, in general, the implications
in F1as 1-5 and EQs (4.3)—(4.5) are irreversible.

At this stage, a nice application is worth considering, and is presented in the
following section.

4.2. A NICE APPLICATION. Focusing on essential concepts from the standpoint of
the theory of g-%g-interior and g-T4-closure operators in an attempt to shed lights
on the essential properties established in the earlier sections, we shall now present
a nice application. Let 2 = {51, cvel; } denotes the underlying set and consider
the Jg-space Ty = (Q, Fy), where Q is topologized by the choice:

(4.6) () = {0, {&}, {&.6.6), Q)

= {ﬁg,lv 04,2, Oy3, 6974};
{Q, {&,6,8.&), {6,470}
= {Ha Ao, Hys, Hyal-

Evidently, the set-valued set maps 3, -7 : £ (Q) — 9({@ v E Ig})
establish the classes of Z;-open and J-closed sets, respectively. Since conditions
Ty (0) =0, T4 (Og,) C Oy, for every v € I}, T, (Q) = Q, and ‘%(Uueq 6’97,,) =

(4.7) 7 ()
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Uver; 7o (04,) are satisfied, it is clear that the one-valued map 75 : 2 () —
P({& : v € It}) is a strong g-topology and hence, T4 = (9, J) is a strong
Jy-space. On the other hand, because the additional condition %(muelg ﬁg,u) =
ﬁvelz Ty (Og,) is satisfied, Ty : 2 (Q) — P({& : v € IZ}) is also a topology
and thus, T, = (Q, ;) is a J-space T = (Q,.7). Moreover, it is easily checked
that 0y, € g-v-O [T] for every (v,p) € IS x I;. Thus, the J-open sets forming
the g-topology J; : & (Q) — 4@({5,, v E Ig‘}) of the Jy-space Ty = (Q, T)
are g-S-open sets relative to the J-space T = (0, 7).

Clearly, the cardinality caurd(gZ (Q)) = 20ad(Q) 5 very large. For convenience
of notation, express & (1) in set-builder notation as a collection indexed by the
Cartesian product Igard(@(g)) X Igardm):

(4.8) 7)) = {yg,(w) €EZ(): (v,n) € I:ard(y(n)) x Igard(ﬂ)}’
where S5 ) € &7 () denotes a Tg-set labeled v € 17, 45y and containing
pelg,
Lra 2 ()) % Igard(m by the choice: S 1,0y =0, ..., g = {182, -+, Eu ),
ey yg’(32’5) =

For .7y € & (Q2) such that card (.#;) € {0,5}, let .7 (1,0) = 0 and 7 (32,5) = 2.
For .7, € & (Q) such that card (.5) € {1,4}, let .7 2.1) = {&1}, S4,i.1) = {&2)
Fo@an = 184 Lo = {64}, and S 61) = {6 Faene = 161,82,8,8),
T84 = 162,63:80,65} Ly 20.0) = {61:63,60.&) Fp0a) = {61,62:63,65),
and .75 (31,4) = {£1,62,64,&5}. For .75 € &2 (Q) such that card () € {2,3}, let
For2) = 161,81}, Las2 = 8,8} Fa02 = {&.8) T2 = {6,6)
yg,(ll,Z) = {52,53}, yg,(12,2) = {52,54}, yg,(13,2) = {52755}7 yg,(14,2) = {53754}7
Fg15,2) = 183,85}, and Ly (162) = {4,865} Faam3) = 161,82, 83}, Lo,a8,3) =
{61, 8.8}, Fy00,3) = 161,864,865}, Ta,203) = {61,62,84}, S 1.3 = {61,62,85),
S 22,3) = 161,83, 85} Ty 23,3) = 182,83, &}y Ty 2a3) = 162,83, 85}, T (25,3) =
{€3,&4, &5}, and A (96,3) = {€2,64,85)-

A first series of calculations shows that, for every (v,u) € I A2 (@) X Igar ()’

(4.9) intg(Sg,0um) S g-Int, (Fowmw) = Loww
= g_Clg (yg’(’/»ﬂ)) g Clg (yg’(’j#p‘))'
That for every (v, u) € I:ard(.@(ﬂ)) X Igard(m, the relation

rd(9) elements. Below is established the indexing by the Cartesian product

(4.10)  g-Clyog-Inty (Sy,wp) = Lo, = 810t 0 g-Cly (S )
holds is evidently an immediate consequence of the above relation. Introduce
Jig = 17 U (I3 \I3) U (Ifs \ I7g) U (I35 \ 133) U (I35 \ I37). Then, a second se-
ries of calculations shows that, for every (v,u) € Jis x I and every (4,n) €
(I:ard(.@(ﬂ)) \ J3) X Igard(Q)’
(4.11) clgointy (L) =0 =intgocly(Fy )

clg o intg (S (5.n)) = @ = intg o clg (S 5.m))-
On inspecting each of EQs (4.9)—(4.11), some interesting features can be remarked
and thus, some interesting conclusions can be drawn.

Having ordered the T, g-Ty-interior operators intg, g-Int, : & () — £ (Q),
respectively, by setting g-Int; Z inty if and only if g-Int, () 2 inty (7;) and
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the Ty, g-T4-closure operators clg, g-Cl; : Z () — £ (Q), respectively, by
setting g-Cl; 3 clg if and only if g-Cl; () C cly (), where ;€ & ()
is arbitrary, EQ. (4.9), then, is but a result validating the following outstand-
ing facts: g-Int, : 2 (Q) — P (Q) is finer (or, larger, stronger) than intg :
Z Q) — Z(Q) or, intg : L (Q) — FP(Q) is coarser (or, smaller, weaker)
than g-Int; : 2 (Q) — 2 (Q); ¢-Cly : Z(Q) — P (Q) is coarser (or, smaller,
weaker) than clg : & (Q) — Z(Q) or, clg : Z (Q) — P (Q) is finer (or, larger,
stronger) than g-Cl; : & () — £ (Q).

From EqQ. (4.10), it is thus evident that the g-Tg-interior and g-T4-closure
operators g-Int g, g-Cl; : & (Q) — & (€2), respectively, do commute in which case,
it is no error to consider the following interpretation: g-Cljog-Inty : & Q) —
2 () is both coarser and finer (or, smaller and larger, weaker and stronger)
than g-Int; 0 g-Cl, : & (Q2) — & (2). Consequently, .7y € g-P [Ty] for any 7 €
& (). Furthermore, it is easily checked from EqQ. (4.10) that, #; € g-Nd [T,] —
Sy € g-P [Z,] is untrue if and only if .75 € g-Nd [T] is true and 7 € g-P [T,] is
untrue.

From EQ. (4.11), both . (. ;) € Nd [T,] for every (v, ) € J3gxIf and F (5., €
Nd [Z,] for every (4,n) € (Ijard(gz(ﬂ))\Jgs) X Igard(ﬂ) are easily checked. Moreover,
it results from EQs (4.10), (4.11) that, .7 ) € Nd[Z,] is true and .75, ) €
g-Nd [T,] is untrue for every (v, p) € (J3g \ I7) x I3. This confirms the statement
that, ./ € g-Nd [T,] «— S € Nd[T,] is untrue if and only if .75 € Nd [T,] is
true and .7 € g-Nd [T] is untrue. Observing that, for every (v, ) € J3g x I and
every (6,n) € (I () \ J35) % I3, ca(0)» the relations

card
0 = clg o inty (Fg,w) € 8-Cly o g-Inty (S5, w)

= g-Inty 0 g-Cly (S, () 2 intg 0 clg (S, 0) =0,
intg o clg (S (5,n)) = 2 2 g-Intg 0 g-Cly (S (5,))
= g-Cly o g-Int, (Fo.6.m)) © Q= clgointg(Fy 5.0))-

respectively, hold, of which the first relation is the dual of the second, and con-
versely, it follows that the logical statement ./; € g-P [T,] — 7, € P[T ] is
satisfied for any ; € &7 (Q).

If the discussions of this nice application be explore a step further, other interest-
ing conclusions can be drawn. The next section provides concluding remarks and
future directions of the theory of g-%4-interior and g-T4-closure operators discussed
in the preceding sections.

4.3. CONCLUDING REMARKS. In this paper, a new theory called Theory of g-%g-
Interior and g-T4-Closure Operators has been developed. The definitions of the
notions of g-T4-interior and g-Ty-closure operators in Jy-spaces were presented in
as general and unified a manner as possible and, the essential properties and the
commutativity of such g-Tj-operators were discussed in such a way as to show
that much of the fundamental structure of J3-spaces is better considered for g-Tg4-
interior and g-T4-closure operators g-Inty, g-Cl; : & (Q) — £ () than for the
Tg-interior and Ty-closure operators intg, clg : &2 () — (), respectively.
If "g-Int, 2 inty” stands for "g-Int, () 2 inty (#)” and "g-Cly 3 clg,” for
"g-Cly (S) C clg (#),” then the outstanding facts are: g-Int, : & () — £ (Q)
is finer (or, larger, stronger) than inty : & (Q) — £ (Q) or, inty : & (Q) —
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P () is coarser (or, smaller, weaker) than g-Int, : & () — £ (Q); g-Cl :
P (Q) — P (Q) is coarser (or, smaller, weaker) than clg : & (Q) — £ (Q) or,
clg : Z(Q) — 2 (Q) is finer (or, larger, stronger) than g-Cl; : & (Q) — 2 (Q).

In its own rights, the proposed theory has also several advantages. The very
first advantage is that the theory offers very nice features for the passage from
g-Tg-interior and g-Ty-closure operators to Tg-interior and Ty-closure operators,
g-T-interior and g-T-closure operators and ¥-interior and T-closure operators, re-
spectively. Hence, the theory holds equally well when (2, 7;) = (2, 7) and other
features adapted on this ground, in which case it might be called Theory of g-%-
Interior and g-%-Closure Operators.

In a J-space the theoretical framework categorises such pairs of concepts as
the pair (g—InthQ (74),8-Cly o (Yg)) of g-Tg-open and g-T4-closed sets, the pair
(g-Int, ; (), 9-Cly; (F)) of g-Tg-semi-open and g-T4-semi-closed sets, the pair
(g—Inth (74),8-Cly 5 (YQ)) of g-T4-preopen and g-Ty-preclosed sets, and the pair
(g-Inty 53 (-75) , 9-Cl, 3 (F)) of g-Tg-semi-preopen and g-Tg-semi-preclosed sets as
pairs of g-T4-open and g-T4-closed sets of categories 0, 1, 2, and 3, respectively, and
theorises the concepts in a unified way. In a Z-space the theoretical framework cat-
egorises such pairs of concepts as the pair (g—IntO (),e-Cly (~ )) of g-T-open and
g-%-closed sets, the pair (g—Int1 (), e-Cly (5”)) of g-T-semi-open and g-T-semi-
closed sets, the pair (g—Int2 (7),9-Cly (& )) of g-T-preopen and g-T-preclosed sets,
and the pair (g—Int3 (7),9-Clsy (&~ )) of g-T-semi-preopen and g-T-semi-preclosed
sets as pairs of g-%T-open and g-T-closed sets of categories 0, 1, 2, and 3, respectively,
and theorises the concepts in a unified way.

Making the theorization of g-T4-interior and g-%4-closure operators of mixed
categories in Jy-spaces a prime subject of inquiry is an interestingly promising
avenue for future research. More precisely, for some pair (v,u) € I3 x I{ such
that v # p, to develop the theory of g- (v, ) -Tg-interior and g- (v, p) -T4-closure
operators g-Int ,,, g-Cl; ,,, + & () — & (Q) respectively, in J-spaces, where
g-Inty ,, S — g-Inty ,, () describes a type of collection of points interior
in .y and interiorness are characterized by g-Tg-open sets belonging to the class
{Ofg = O3, U Oy, 0 (O40,04,) € g-O[Ty] x g-p-O[Z4] }; 9-Cly,, : Sy —
g-Cly ,,, () describes a type of collection of points close to .7 and closeness
are characterized by g-T4-closed sets belonging to the class {% = Ky N Ky
(A, Hgpu) € g-v-K[Tg] x g-p-K [Ty }. Such an interestingly promising theory is
what the present authors thought would certainly be worth considering, and the
discussion of this paper ends here.

APPENDIX A. PRE-PRELIMINARIES

In this pre-preliminaries section, the elements accompanying the foregoing pre-
liminary section are given below. In actual fact, they are the elements extracted
from the preliminaries section of two previous works of the authors entitled The-
ory of g-Ty-Sets and Theory of g-T4-Connectedness. As in all the previous works
of the authors (See, Theories of g-%4-Sets, g-Tq-Maps, g-T-Connectedness, g-Tg4-
Separation Azioms, g-%4-Compactness), i is the universe of discourse, fixed within
the framework of the theory of g-Tj-interior and g-%4-closure operators and con-
taining as elements all sets (2, I'-sets; 7, g-7, T, g-T-sets; Ty, §-Ty, Ty, §-Tg-sets)

considered in this theory, and I et {V eN0: v < n}; index sets I, I, I*, are
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defined similarly. A set I' C 4l is a subset of the set 2 C U and, for some F;-open
set Oy € T Ug-T UTG U g-Fy, these implications hold:

(Al) Oy e T =>0,€9T =>0,€ Ty=0,€9-Tyg= 0Oy CQCLL

In a natural way, a monotonic map Jy : & (Q) — () from the power set
Z () of Q into itself can be associated to a given mapping 74 : 2 — €, thereby
inducing a g-topology 75 C & (2) on the underlying set Q C 4 [PC12]. When some

further axioms [LR15] is specified for J; : & () — &7 () with no separation
axioms assumed unless otherwise stated, the notion of a J3-space follows.

DEFINITION A.1 (J4-Space). Let Q C U be a given set and let & (Q2 def {O4, C
Q:ve I;o} be the family of all subsets 0y 1, Oy 2, ..., of 2. Then every one-valued
map of the type .7 : & () — & (Q) satisfying the following axioms:

o AX. 1. Z4(0) =0,

o AX. 1. J4(0y) C Oy,

e AX. 1L ‘%(UVEI;O ﬁg#’) = Uvelgo T4 (Og,0),
is called a ”g-topology on €2,” and the structure T, def (Q, Fy) is called a ” Fy-space.”

N

In DEF. A.1, by AX. 1., AX. 1I. and AX. III., respectively, are meant that the
unary operation 7 : & (2) — &2 () preserves nullary union, is contracting and

def {ﬁ Oy € 9} of the Jy-space

T, is called a J-open set and its complement element Cq (0,) = #; € ~7, o
{y : C(Ay) € Ty}, a Ty-closed set; by convention, Jy and -, respectlvely,
stand for the classes of all J;-open and Z;-closed sets relative to the g-topology
Ty If there exists a v € I such that 0y, =, then T is called a strong J-space
[Cs5, PC12]. Moreover, if %(ﬂuel; Ogv) = nuel,t Ty (O4,,) holds for any index
set I C I% such that n < oo, then T is called a quasi J-space [Cs8].

In the J-space T, the operator inty : & (Q) — & () carrying each Tg-set
Sy C T4 into its interior inty (F) = 2 —cly (R \ F) C Ty is called a "Ty-interior
operator;” the operator clg : & (Q) — & (Q) carrying each Tg-set /3 C Ty into
its closure clg (%) = Q —intg (Q\ ) C T4 is called a "Tg-closure operator.” The
Sy E {0y € Ty: 0,C Fy} and C% 1.7, def{%eﬁy Hy 2
5”9}, mspec‘mvely7 denote the classes of Jy-open subsets and Jy-closed supersets
of the Ty-set .7 C T4 relative to the g-topology 7. That Cf%) (L) € T4 () and
-5 () 2 Ciugg [#,] are true for the Ty-set ; C T4 in question are clear from
the context. To this end, the Ty-closure and the Tg-interior of a Ty-set S C Ty
in a J-space define themselves as

(A2) intg () = U Oy, clg(Sy) = m Hy-

O, €Cb (7] Hp€CTE (7]

preserves binary union. Any element 0y € J; =

classes Csub

We note in passing that, clg (-) # cl(-) and inty (-) # int (-), because the resulting
sets obtained from the intersection of all 7;-closed supersets and the union of all F-
open subsets, respectively, relative to the g-topology 7 are not necessarily equal to
those which would be obtained from the intersection of all .7 -closed supersets and
the union of all .7-open subsets relative to the topology .7 [BKR13]. Throughout
this work, by clg ointg (+), intg ocly (+), and clg ointg o clg (+), respectively, are meant
clg (intg (), intg (clg (+)), and cly (intg (clg (+))); other composition operators are
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defined in a similar way. Also, the backslash Q \ . refers to the set-theoretic
difference 2 — .%;. Finally, for convenience of notation, let 22* (Q) = 22 () \ {0},
Ty =T\ {0}, and -7 = T\ {0}.

DEFINITION A.2 (g-Operation). Let Ty = (Q, F;) be a Jg-space. Then, a mapping
opg : Z(Q) — Z(Q) on ¥ (Q) ranging in & (Q) is called a "g-operation” if and
only if the following statements hold:

(A3) (475 € 7 (D) 3 (g, He) € Ty ;) (09, ) = 0) v (~0p, () = 0
V(S < OPg (Ga)) V (S 2 T 0Dy (#a)],

where —op, : Z () — Z (1) is called the "complementary g-operation” on
& () ranging in & (Q) and, for all Tg-sets Sy, Sy, Lgu € P* (), the following
axioms are satisfied:

AX. I (5’9 C op, (ﬁg)) vV (5’9 2 —op, (%)),

AX. 11. (opg () C opgoop, () V (mop, (-5) 2 ~opg o—op, (Hy)),
AX. 1L (S C© Fgu — 0Py (Og) Copg (Og ) V (Fgu C© Logw
_‘Opg (%,N) 2 _'Opg (%71/))’

AX. V. (004 (Up=yy Za.0) € Usmiy 0P (05.0))V (7 00g (Upms ) Fa.0) 2
Uo’:l/,u 0Py (‘%/970’))7

for some Jy-open sets Oy, Oy, Oy, € T and Fy-closed sets Hy, Hy ., Ky €
-7,

The formulation of DEF. A.2 is based on the axioms of the Cech closure operator
[Booll] and the various axioms used by many mathematicians to define closure
operators [MHDS3].

DEFINITION A.3 (opy-Elements). Let Ty = (2, 7;) be a J-space. Then, the class

Z519] dof {op,, = (opg,,—0p,,) : veI§} C L& Q) x £r[Q], where

(A4) Opg € ggfd [Q] = {Opg,07 Opg,17 Opg,Q? Opg,g}
= {intg, clg ointy, intgocly, clgointgoclg},
def

(A.5)  —opg € ZF [ B {ﬁ0pg,07 TOPg,1; 7 OPg,25 ﬁ0p9,3}

= {clg, intg ocly, clgointy, intgoclgomtg},

stands for the class of all possible pairs of g-operators and its complementary g-
operators in the J-space T.

The use of op; = (opg7 - opg) € 2, [Q] on a class of Ty-sets will construct a new

class of g-T-sets, just as the use of £ [(] def {opy = (opy, —|0pl,) NS Ig} on the

class of T-sets have constructed the new class of g-T-sets. But since clg # cl and
inty # int, in general, it follows that op,, # op, for some v € I3 and therefore,
the new class of g-Tg-sets that will be obtained from the first construction will,
in general, differ from the new class of g-%-sets that had been obtained from the
second construction. Employing the set-builder notations, the notion of g-T4-set of
category v may then be defined as thus:
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DEFINITION A.4. Let (7, Oy, #y) € Ty X Ty x =Ty and let op, , € Z;[Q] be a
g-operator in a Jg-space Ty = (2, .7;). Suppose the predicates

def

Pg (yg7 ﬁg7 ’%/g;opgﬂ/; g7 2) Pg (‘797 ﬁg7 Opg,y; g) \/ Pg (‘797‘%/95 Opg,y; D))

Po(S, Ogi0pg,iC) = (3(0g,0p4,) € Ty x Z5 ()
[5/9 C opg,, (ﬁg)]v
(A6) Py(F Haiopg,i2) = (3(Hm0py,) € Ty x £ [0)
(74 2 —op,, (A)]

be "Boolean-valued functions” on Ty x (Jg U~T,) x Ly [Q] x {C, D}, then

g_l/_S [‘IQ} déf {yg ng : Pg(ygvﬁga%;opg,y;gvg)}v
(A7) g-v-0 [T def {F C Ty Py(F4 Ogs0p,,;9) )
g-v-K [T def {yg C%y: Py (yg,%;opgyy; 2)},

respectively, are called the classes of all g-T4-sets, g-T4-open sets and g-T4-closed
sets of category v in T,.

Thus, # C % is called a g-T4-set of category v if and only if there exist a pair
(O4, Hy) € Ty x—Ty of Ty-open and Jy-closed sets and a g-operator op, , € Z [()]
of category v such that the following statement holds:

(39 [(f € 5”9) N ((yg c OPg, (ﬁg)) v (yg 2 T 0DPg (%)))] .

Clearly,
08T © Uyerg0v-8[%g] = |J (6--0[Fe] Ug--K [%,))
vell
= g-v-O [T,y | U g-v-K [T]
(VLEJI:? ) <ugg >

“ 00T UeK[T,
then, defines the class of all g-v-T4-sets as the union of the classes of all g-v-%;-open
and g-v-Ty-closed sets, defined by g-O [T,] and g-K [T4] respectively.

It is interesting to view the concepts of open, semi-open, preopen, semi-preopen
sets [And86, And84, CM64, Lev63, MEMEDS82, Nj5] as g-%-open sets of categories
0, 1, 2, and 3, respectively; likewise, to view the concepts of closed, semi-closed,
preclosed, semi-preclosed sets [And96] as g-T-closed sets of categories 0, 1, 2, and
3, respectively. These can be realised by omitting the subscript ”g” in all symbols
of the above definitions. The remark follows.

REMARK A.5. Observing that, for every v € I3, the first and second components
of the g-vector operator op , = (opgyy, —|0pg7,,) € %5 [Q] are based on J; x =,

respectively, it follows that op,, = op, ef (op,,—op,) € Z[Q] if based on
T x =7, respectively. In this way, op : Z(Q2) x Z () — Z(Q) x Z(Q) is
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called a g-vector operator in a J-space T = (Q,.7). Accordingly,

w def
(A.8) ope LY = {opo7 Op1, ODg, 0p3}
= {int7 cloint, intocl, clointocl},
. def
(A.9) —ope.Z*[Q] = {-opy, —op;, "opy, —ops}

= {cl, intocl, cloint, intoclomt},

and, .Z; [Q] e {op,, = (0py,,—0p,,) : v €I} C ZLF [0 x L [Q] stands for
the class of all possible pairs of g-operators and its complementary g-operators in
the J-space T = (Q,.7).

By virtue of the above remark, if (7, 0,.%) € T x 7 x =7 and op,, € .Z[Q]
in a Jy-space Ty = (12, Fy), then the predicates

P(S,0,%;0p,;C,2) ¥ P(F,0;0p,;C)VP(F,H;0p,;2),

P(#,050p,;C) = (3(0,0p,) € T x £°[Q]) [ Cop, (0)],
(A.10) P(F, % ;0p,;2) & (3(H,—0p,) € ~T x L5 [Q])[# 2 —op, (£)]
are obviously ”Boolean-valued functions” on T x (7 U—=7) x £ [Q] x {C, D} and,

gv-8[3 ¥ {#cT:P(#6,4;0p,;C,0)},
(A.11) gr-0[F ¥ {7cT: P(# 6;0p,;0)},
grKE ¥ {scT: P(S,H50p,:2)),

respectively, are called the classes of all g-%-sets, g-T-open sets and g-%-closed sets
of category v in ¥. Therefore, . C ¥ is called a g-T-set of category v if and only if
there exist a pair (0, %) € T x -7 of T-open and 7 -closed sets and a g-operator
op, € Z Q] of category v such that the following statement holds:

(3 [(€ € X)A((F Sop, (0))V (S 2 =0, (K))] -

Evidently,
g-S[T] & Upernor-S[E = U (e--0[F) U g-v-K [3])
uelg
= g-v-O[%] | U g-v-K[%]
E gO[FJUgKI[T],

then, defines the class of all g-v-T-sets as the union of the classes of all g-v-%-open
and g-v-T-closed sets, defined by g-O [T] and g-K [] respectively.

Similar to the definitions of g-S[Ty] = g-O [T4] U g-K [T4] in Ty and g-S[T,] =
g-O [T,] U g-K[Ty] in T, those standing for S[T,] = O[T, UK [T,] in Ty and
S[%g] = O [FG] UK[Z,] in T are defined as thus:

DEFINITION A.6. If T; = (R, 7;) be a Fy-space and T = (Q,.7) be a T -space,
then:
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o 1. O[T © {F CTy: Po(, T4;0Pg0:=)} and K [T, & {F € T,
(YQ, 5’9, OPg o} )} denote the classes of all T4-open and T g-closed sets,
respectlvely, in Ty, with S[T,] = O [T,] UK [T,];
e, 0T ¥ {7 cT: P(F F50pp;=)} and K[F] ¥ {7 c T:

(5” 5” opPy; )} denote the classes of all T-open and S—closed sets, re-
spectively, in T, with S[¥] = O [Z]UK[Z].

REMARK A.7. Since

(ymygvygvol)g 07—7—) =p (ijﬂg,opg 0’:) VPg(ygvygmpg,O?:)v

def

it is plain that S[¥ {47 C %, g(ﬂg, Zg: 74 0Pg 05 =» :) }; likewise, since

P(S,. S, S 0p, oi=,= dﬁfpyyopo, VP(S,. S 0pyi =),
9,

def

it follows that S[T {,5” Cc%: P(Y S yg,opgo,—,—)}.

DEFINITION A.8 (g—‘Ig-Separatlon, g-T4-Connected). A g-T;-separation of category
v of two nonempty Ty-sets Z4, 7y C T4 of a Ty-space Ty = (Q, Fy) is realised if and
only if there exists either a pair (Oy¢, Oy ¢) € g-v-O[T4] X g--O[T4] of nonempty
g-T-open sets or a pair (#; ¢, Hgc) € g-v-K [‘Ig] x g-v-K [‘Ig] of nonempty g-%T -
closed sets such that:

(A.12) ( || Ogr=2%401 yg) \/( || Han =20 yg)
A=£,¢ A=£,C
Two nonempty Ty-sets Z,, Sy C T, of a Fy-space Ty = (2, ) which are not

g-T4-separated of category v are said to be g-T4-connected of category v.

Thus, a Tg-set .Sy C Ty in Fy is g-Ty-connected if and only if 7 € g-Q [T]
Uuelg g-v-Q [T4] and -4 separated if and only if 5 € g-D [T4] = U ero 0-v-D [‘Ig

where,
gv-Q [T, & {y C Ty (V(Ogn, Hgn) soe o € 87-0[Fg] x gv-K[T;])
[(J{fﬂ“ JA-(L )]}
g-v-D [T, {y C Ty i (3(Oans Han) s ¢ € 9v-0[Tg] x g-K[T])
N (Tt

A=£,C A=£,¢
The following remark marks the end of this pre-preliminaries section.

REMARK A.9. For each, v € IJ, the dependence of g—V—Q[‘Ig] and g-v-D [‘Ig]
on both g—V—O[‘Ig} and g-v-K [Tg] is clear from their definitions. Thus, to de-
fine the pairs (V—Q [‘Ig],u—D [‘Ig]), (g-V-Q[‘I],g—V—D [‘I}), and (V—Q[T],V—D [‘I]),
respectively, it suffices to let them be dependent on the pairs (V—O[Tg] ,v-K [‘Eg]),
(g—V—O[T],g—V—K [‘E]), and (I/—O [T],I/—K [T]) Further, in defining g-v-Q [%T4] and

g-v-D[T,), it is clear that by the statement (Ogx, Hgr),_o, € 8v-0[Tg] x
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g-v-K [‘Zg} is meant a pair of nonempty g-T4-open and g-T4-closed sets. Further-
more, by Q € g-v-Q[Ty] or Q € g-v-D [T] is meant a g-Ty-connection of category
v or a g-Ty-separation of category v of the J-space Ty = (12, ) is realised.
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