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1 Abstract: We present a new perspective of the link between QED and Maxwell’s equations. We demonstrate
2 that the interpretation of D = &E as vacuum polarization is consistent with QED. A free electromagnetic field
s polarizes the vacuum, but the polarization and magnetization currents cancel giving zero source current. The
a  speed of light is a universal constant, while the fine structure constant, which couples the electromagnetic field
s to matter, runs as it should.
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7 1. Introduction

8 In quantum electrodynamics (QED) the vacuum is a dynamical entity, in the sense that there is a rich
o variety of virtual processes that can take place in it [1-3]. There are several observable effects that manifest
10 themselves when the vacuum is perturbed in specific ways: vacuum fluctuations lead to shifts in the energy level
11 of atoms (Lamb shift) [4], changes in the boundary conditions produce particles (dynamical Casimir effect) [5],
12 and accelerated motion and gravitation can create thermal radiation (Unruh [6] and Hawking [7] effects).

13 QED conceives vacuum fluctuations as particle-antiparticle pairs that appear spontaneously, violating the
1 conservation of energy according to the Heisenberg uncertainty principle. These pairs play a role in the value
15 of the permittivity of the vacuum &j: a photon will feel the presence of those pairs much the same as in a
16 dielectric. This idea can be traced back to the time-honored works of Furry and Oppenheimer [8], Weisskopf and
1z Pauli [9,10] and Dicke [11], who contemplated the prospect of treating the vacuum as a medium with electric
1 and magnetic polarizability.

10 This approach has been recently adopted [12—14] to calculate ab initio & ' by using the same technique
20 employed to determine the permitivitty in a dielectric. This has prompted significant research interest in adopting
21 an oscillator model for the virtual pairs in order to assess some properties of the vacuum [15-22] . Interestingly,
22 the possibility that a charged pair can form an atomic bound state (which can thus be well approximated by an
23 oscillator) was discussed by Ruark [23] and further elaborated by Wheeler [24].

24 In the standard relation D = & E + P, the first term on the right-hand side is often referred to as the
2s polarization of the bare vacuum. In QED, however, the polarization of the virtual pairs is added as part of P.
26 Because the new term is dispersionless like gE, the electric field can be rescaled to formally recover the initial
27 equation. We suggest that the polarization of the virtual pairs should instead be identified with the first term &E.
2e  This is a paradigm shift in our physical picture of the vacuum. One consequence of this procedure is that in the

1" In Gaussian units the permittivity of the vacuum is inconspicuously "1". But whatever the unit system, this permittivity calls for a

physical interpretation.

© 2019 by the author(s). Distributed under a Creative Commons CC BY license.


http://www.mdpi.com
https://orcid.org/0000-0003-1967-2766
https://orcid.org/0000-0002-1047-8134
https://orcid.org/0000-0002-7441-8632
https://doi.org/10.20944/preprints201912.0013.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 December 2019 d0i:10.20944/preprints201912.0013.v1

20f7

20 really bare vacuum light would travel infinitely fast, but this is only an academic consideration without practical
30 relevance. On the positive side this procedure allows one to relate the value of &y to the properties of the modern
31 quantum vacuum.

32 We will show here that this interpretation of & is consistent with QED. Vacuum has a crucial property that it
33 does not share with dielectric and magnetic materials: it is Lorentz invariant. Due to this property Michelson and
3a Morley failed to detect the motion of the Earth through the "ether”, which, in the present context, is the quantum
s vacuum [25]. Empty spacetime is homogeneous so variations of & and Ly can occur only in the presence of
se charged matter. The linear response of vacuum must be Lorentz invariant, so in reciprocal space the susceptibility
7 of vacuum must be a function of k> = w?/¢? — k2. The condition k> = 0, describing a freely propagating photon,
se  is referred to as on-shellness in QED: a real on-shell photon verifies then ®? = k2¢2.

30 This paper is organized as follows: Section 2 describes vacuum polarization due to creation of virtual
s particle-antiparticle pairs in the framework of QED. In Section 3, we show how the oscillator model can be derived
a1 from the results in QED and how D can be indeed interpreted as vacuum polarization. The Gottfried-Weisskopf
+2 dielectric model is explored in Section 4, whereas our conclusions are summarized in Section 5.

a3 2. Vacuum polarization in QED

As heralded in the Introduction, the vacuum in QED acts like a dielectric medium where the virtual pairs
shield the original point charges. In this Section, the vacuum contribution to the dielectric permittivity & and the
magnetic permeability iy will be calculated by incorporating them into the electromagnetic Lagrangian. In QED
the bare potentials Ag and charge e are rescaled to give the physical four-potential A* and the physical electron

charge e; that is,
Al =\/Z3 A, eo=+/Z3e. 6))

This rescaling is at the basis of the renormalization program. The renormalized QED Lagrangian density will be
written as
ZQED = AMaxwell + Lhirac + Line - 2

Details of %jirac are omitted because renormalization of the masses will not be discussed here. The interaction
term is
Lot = —jH Ay (3

Here, j* is the current due to real charges, while the current density jt due to the creation of virtual pairs and the
Z3 — 1 counterterm are incorporated into Ayaxwell- Together, they describe the reduction in vacuum polarization
relative to its maximum value at k> = 0. The current induced in the vacuum by the four-potential A, due to
virtual pairs of type s (where s corresponds to the possible different leptons) is

Jus (k) = c*eolls (k) (K¢ — kK" )A, (k). 4)

s where g"V is the metric tensor, with diagonal (1, —1,—1,—1), and II; (k) is the QED vacuum "polarization" of a
s s-type particle. If Ay (k) describes real photons, the on-shell condition k> = 0 is satisfied. This is a generalization
a6 of the usual textbook treatment of electron-position virtual pairs [26,27], extended to other fermions.
The Feynman diagram in Fig. 1 is a pictorial representation of vacuum polarization in the one-loop
approximation. The wavy lines represent an electromagnetic field, while a vertex represents the interaction
of the field with the fermions, which are represented by the internal lines. The loop labelled 1 represents a
virtual electron-positron pair created at space-time point x; = (cf1,x1) and annihilated at x, = (cf,%2). The
loop labelled 2 represents creation of a muon-antimuon pair and so on. The sum over single virtual pairs in the
linear approximation, where I1 is A-independent, is

e.p.

TI(k2) = Y T1 (k). S

S
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Figure 1. Vacuum polarization in the one-loop approximation. All types of virtual pairs in Nature (labeled as
1,2,...) polarize the vacuum. This polarization is maximal for a free electromagnetic field for which @ = [K|c.

In the on-shell counterterm
Z3— 1 =TI(0). (6)

The vacuum polarization I, (kz) is a divergent sum over fermion momenta and naive introduction of a
cut-off leads to a physically unreasonable result (the photon mass is infinite) [26,28]. Since observations are
made near k% = 0, the vacuum polarization relative to its on-shell value,

I1(k*) = I1(k*) —T1(0) 7

is calculated instead. Writing Z3 as 1 + (Z3 — 1) to separate it into fully polarized and polarization-reduction
terms and integrating ji A u by parts to getits E 2 — ¢?B? form [27], the Maxwell Lagrangian density becomes

1
gMaxwell = ESO(kZ) (E2 - C2B2) s (8)

where R
eo(K*) = eo[1 +T1(k*)], 9)

4z and we have used i I = 2g.
To second order in perturbation theory, the vacuum polarization relative to it maximum values at k<> = 0 can
be approximated by

Il (k2)__LZ 2/ldx)c(l—)c)ln l—ﬁx(l—x) ~—$Z 21In ﬁ (10)
25T T n2ne &5 ) m2c? =T 2mne &9\ Am22 )

«s  where the rightmost equation is valid when 7% [k*| > m2c?.
a9 In classical electromagnetism D = gE. This relationship is maintained here except that, with running,
50 80(k2) < &. The linear response of the vacuum is then described in reciprocal k space by

D(k) = eo(kK*)E(k),  H(k) = c*eo(k*) B(k). (11)

s1  The Maxwell equations in vacuum can be derived from the Lagrangian (2), following the standard method. They
s2 take the usual form in k-space:

ik-D(k) = p(k), ika(k)+i%D(k) =j(k). (12)

The photon two-point correlation function is found by solving (4) for A, [27]. Using Eq. (9), it can be
written as v
DY (k) = ———o . 13
TG CET) .
This Dp is the response to a d-function source in real space and hence to a constant driving force in k-space.
Equation (13) is then a Green function satisfying Maxwell’s wave equation. In the Lorenz gauge, and in k-space
this is
20 (12VI2 AR (] — _ il
ey (kK)k“AH (k) = —j (14)
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where j* is k independent. The matter-field coupling constant is & = ¢?/ (47hcey). Here, we hold e constant
and incorporate running into & (k?), so that

62

~ dmheg(kK2) (1

o (k?)

ss  Since & (k*)~! contains all powers of ¢, it incorporates summation over all numbers of pairs as sketched in
s« Fig. | and used in the calculation of (13). When restricted to an energy scale &pax, the sum is over all fermions
ss  of mass less than &,y /¢ [29-31]. Running of %/ & (kz) is in most ways equivalent to running of the square of
se effective charge in conventional QED, but the physical interpretation is different. In a dielectric it is possible to
sz have g < 0, but egff < 0 makes no physical sense.
58 The dielectric properties of vacuum differ from those of a material medium in two important ways: In(k>)
ss dependence replaces the usual ® dependence and Lorentz invariance requires that & (k*) o (k?) = 1/c2. The
eo speed c is a universal constant > whereas the coupling constant ¢ (k) runs. On the photon mass shell k> = 0,
e1 SO a free photon always sees & and there is no running. Both the polarization D and the magnetization H are
s= nonzero; however, j, = 0 as it must for propagation in free space. A free electromagnetic wave polarizes and
s Mmagnetizes the vacuum but the polarization current exactly cancels the magnetization current 3.

sa 3. Connection with an oscillator model

o5 An individual loop in Fig. 1 is analogous to a single polarizable atom with center of mass momentum
e Nk. If, for simplicity, we set k = 0, the computation of the Feynmann diagrams involve integrals of the form
o [d*q[q®+ ()] 2, which entail an exponential decay, exp [— (msc/h) |x

], in real space. Therefore, the
es 'radius" of a virtual atom is of order 7i/mgc. All in all, this suggests that the virtual pairs can be modelled as
eo oscillating dipoles with frequency mc? /f and volume of order (7/msc)?.
70 When a virtual pair is created by a photon with frequency  its excess energy is, according the Heisenberg
71 uncertainty principle, AE > 2mc* — heo, so it can exist only for a time r, —t; < h/AE. 4 Similar restrictions
72 apply to the distance that the virtual particles can travel.

Based on the uncertainty principle and this simple oscillator model, one can readily find that the permittivity

of vacuum can be expressed as [12,13]

1 e.p. 5
&=f+ Zq (16)

73 where f is a geometrical factor of order unity, g5 is charge and the sum is over all elementary charged particles.
This is consistent with QED, as discussed in the previous Section. Indeed, at large k% and to second order in
perturbation theory as in Eq. (10), we have that

1 &, | 12 k>
- . 1
1272 he 25:6]5 n (m%cz> an

We know that at high momentum (or energy) scale, the coupling constant o(k) in QED becomes infinity [34,35].
If A is the value of that momentum (which is usually called the Landau pole [36]), then

& (k) ~ &

1 &, (A
L e , 18
= 2n2he 25: % (m%c2 ) (18)

Interestingly, even without imposing this requirement and when using the oscillator model in next section to independently calculate Lo,
the resulting speed of light is independent of how many types of elementary particles contribute and agrees with the limiting speed in
Lorentz’s equations [13].

This bears some resemblance with the interference between the emitted electric and magnetic dipole waves leading to forward scattering
only and no back scattering, the property of Huygens waves which typically appear in materials with comparably strong electric and
magnetic interaction, which holds for the vacuum [32] and was recently rediscovered for metamaterials [33].

While a real pair cannot be created by absorbing a photon due to simultaneous conservation of energy and momentum, this restriction
does not apply to the ephemeral creation of virtual pairs.
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and hence the fudge factor f in the oscillator model is given by

19)

7« For the standard model ¥ ¢2 /e> = 9 and with two additional charged Higgs particles of mc? ~ 5 x 10! eV, f ~ 1
s and all of & is vacuum polarization if log(hA/c) = 35.
If running is neglected, the on-shell Maxwell equations in a medium with charges and current sources are

V-B(r,1) =0, V x E(r,t) +dB(r,1)/dt =0, (20)

V-D(r,t) = p(r,z), V x H(r,t) — dD(r,t)/dt = j(r,1). (21

7e  as in classical electromagnetic theory. Equations (20) allow us to define the four-vector potential that drives the
7z creation of the pairs. Equations (21) simply say that charge density is the divergence of polarization and the
7 current is the sum of its polarization and magnetization parts.

79 Zeldovich considered a Lagrangian in which all of the electromagnetic term comes from the interaction
so  Of the particle with the field and came to an interesting conclusion [37]: In the absence of vacuum polarization
a1 electric and magnetic fields act on Dirac fermions, but there is no field energy and no electromagnetic wave
sz propagation. In an absolute void it makes no sense to talk about Maxwell’s equations or light propagation. Only
e3  after vacuum polarization is introduced does the effective Lagrangian give the ME, EM waves travelling at the
sa speed of light and photons.

ss 4. Gottfried-Weisskopf dielectric model

86 Gottfried and Weisskopf [38] introduced a toy model to understand the physical mechanisms involved in
ez vacuum polarization. In this simple picture, one assumes that the bare charge ¢ is uniformly distributed in a
ss  small sphere of radius a [a < i/ (m.c]. When this charge distribution is surrounded by a spherical shell of inner
e radius r > a, filled with a dielectric medium permittivity €, an induced charge of opposite sign appears on the
oo inner surface of the shell at radius r, canceling part of the charge e for an observer at a distance larger than r.
o1 Obviously, at the outer surface of the dielectric medium, an equal charge of opposite sign appears. However, if
o2 the charge is measured from within the medium it will appear to be reduced, precisely by the permittivity € [39].
03 When one considers the vacuum, one has to take into account that it extends to infinity. Now, the
oa permittivity depends on the distance r to the charge. This is so because at r only those virtual pairs having
os  Compton wavelengths A < r contribute. We can interpret his model from a QED viewpoint. To this end, we
es define the relationship between D and E at charge separations r > i/ (m,c) where the coupling strength can be
o7 measured; that is, so(r >h/ (mec)) = g at large distances or, equivalently, small momenta, where the vacuum
os 1S maximally polarized. With polarization included the dielectric permittivity is & at the physical scale. In
99 cCoONsequence, I is the reduction in polarization.

Since &y(k?) is not a constant, the exact relationship between D and E is nonlocal in r-space. It is not, in
general, correct to write the potential as ® = e/471gy(r)r. The simplest example in which running coupling can
be expressed as an explicit local function of r is a static charge, say +e. In the Coulomb gauge E(k?) = —k®(k?)
and w = 0. Equation (12), with k2 = —K2, then gives

e

2\ _
o(k”) = K2e0 (K2 (22)
which in r-space reads
4’k e
O(r)=| — 55—+ k- 23
(r) /(2n)3k280(k2)eXp(’ r), (23)
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100 equivalent to Eq. (7.93) in [27].
For electron-positron pairs alone the magnitude of I is very much less that 1 so that g, 1(kz) is
approximately [1 +IT(k?)]/& and [40]

20 h 5
1‘|‘gln (mecr) —7—8 r<<h/(mec),
e
D(r) ~ 24
(r) 47[807 % —2mecr ( )
142 ¢ /;;2 r>>h/(mec),
AT (mer/h)

101 Where m, is the mass of the electron, r is the distance from the fixed charge and y = 0.577 is Euler’s constant.
102 The dielectric constant &) decreases with increasing k? or decreasing r. For r < 1/ (m,c) the Coulomb interaction
103 becomes stronger as the charges approach each other.

10s 5. Conclusion

105 We have verified that QED vacuum is a polarizable medium with dielectric constant & (k2) < &. Lorentz
we invariance requires (o (k?)ey(k?) = 1/c?, where the speed of light is a universal constant, which is also implied
107 by the dielectric/diamagnetic model of the vacuum [13]. For a free photon k> = 0 so there is no change in & (k?)
10s  with photon energy; it does not run. Since E = B/ ¢ # 0 for any free EM wave it will polarize and magnetize the
100 vacuum but their contributions to the electric current cancel.

110 This dielectric model predicts no new observable results but it suggests a paradigm shift in our physical
11 picture of the vacuum. Any electromagnetic field creates virtual pairs of all charged elementary particle types in
1z Nature. At the scale of classical electromagnetism and quantum optics & = &(0) and the vacuum is maximally
113 polarized.
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