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8 Abstract: The EPR paradox is known as an interpretive problem, as well as a technical discovery in

9 quantum mechanics. It defined the basic features of two-quantum entanglement, as needed to study
10 the relationships between two non-commuting variables. In contrast, four variables are observed in
11 a typical Bell experiment. This is no longer the same problem. The full complexity of this process
12 can only be captured by the analysis of four-quantum entanglement. Indeed, a new paradox
13 emerges in this context, with straightforward consequences. Either quantum behavior is capable of
14 signaling non-locality, or it is local. Both alternatives appear to contradict existing knowledge. Still,
15 one of them has to be true, and the final answer can be obtained conclusively with a four-quantum

16 Bell experiment.
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19 1. Introduction

20 In quantum mechanics, Bell-type inequalities are tested by conducting a series of joint
21  measurements over a common source of emitted particles. For example, the CHSH protocol [1]
22 contains a cycle of four paired observations, such as (A,B), (B,C), (CD), and (D,A). It seems
23  reasonable to assume that all of these measurements study the same input population. Therefore,
24 their outcomes should be described as combinations of four random variables sampling a unique
25  hidden variable “A”. Unfortunately, this interpretation does not work in quantum mechanics, at least
26  inthe case of non-commuting variables, because Bell-type inequalities are consistently violated [2-7].
27  Instead, itis more accurate to suggest that joint measurement (A,B) samples the hidden variable “A1”,
28 joint measurement (B,C) samples the hidden variable “A2”, and so on. In other words, we are forced
29  to assume that every joint measurement is performed over a different population [8], even though
30  the same physical source of quanta is employed and all the precautions are taken to avoid selection
31  bias. How is this possible?

32 There are two known ways to produce observables in violation of Bell’s inequality. Yet, both of
33  them appear problematic for quantum behavior. On the one hand, it is possible to sample different
34  populations because of some unsuspected filtering process. For instance, consider a public survey in
35  which questions A and B are answered only by men, while questions B and C are answered only by
36  women. Presumably, men and women took the survey with equal frequency, but they chose not to
37  answer all the questions, and only coincident results were counted. Hence, every joint measurement
38  isactually performed over a different group of people. On the other hand, it is also possible to sample
39  the same individuals, only to discover that the answer to each question is context-dependent. For
40  instance, consider a public survey in which asking question A before B produces one outcome, while
41  asking question B before A produces a different outcome. Hence, the same group of people is
42  measured, but the underlying relevant distribution is different. Strictly speaking, the same questions
43  correspond to different random variables in each context [8]. In quantum theory, the first scenario
44 (with hidden filtration) is often considered unreasonable, because of the amount of efforts expended
45 over several decades to close various “loopholes” [9-17]. However, the second scenario (with non-
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46  local contexts) cannot be given a straightforward physical interpretation, because it has to be both
47  “mon-local” and “non-signaling” [18-21]. (If non-locality is real, why does it not have any directly
48  observable implication?) Here we present a new paradox that brings out the key nuances of these
49  concepts and, more importantly, opens up the possibility of experimental verification. As will be
50  shown below, coincidence experiments with four-quantum entanglement should be able to expose
51 the true source of Bell violations. Therefore, it might be possible to determine, once and for all, if
52 quantum behavior is local or non-local.

53 2. The Paradox

o4 A set of variables cannot have joint distributions, if their correlations violate Bell-type
55  inequalities [22-24]. For an intuitive illustration, consider a large “population” of shirts, measured for
56  three binary properties: fabric (cotton/ non-cotton), color (white/ non-white), and sleeve length (short/
57  long). Suppose that a measurement procedure yields the following rules of association between the
58  properties:

59 1. All the cotton shirts are white.

60 2. All the white shirts are short-sleeved.

61 3. All the cotton shirts are long-sleeved.

62 There is an obvious contradiction between these three sets of coincidences. If all the cotton shirts

63 are white and all the white shirts are short-sleeved, then all the cotton shirts should be short-sleeved.
64  The three correlations could not have been registered in the same population. At least one of the three
65 joint measurements must have taken place in a different context. It is precisely this sort of
66  incompatibility that leads to violations of Bell-type inequalities. Moreover, this conclusion would
67  follow even if only some shirts (rather than all of them) were found to have contradictory properties.
68 Though, how is it possible to get this kind of observations with a common group of objects? If
69  all the variables of interest are measured together, then joint distributions are obtained by default.
70  Therefore, Bell violations can only be detected if various pairwise correlations are tested
71 independently from each other. This means that every quality of interest must be measured
72 repeatedly. Individual properties can only have contradictory values, if they have the opportunity to
73 display them in sequence. Absent such a mechanism, violations are impossible in any environment,
74 with or without non-locality. For example, in a typical Bell experiment (using the CHSH inequality),
75  there are four joint measurements:

76 S=E(A,B) + E(B,C) + E(C,D) - E(D,A).

77 Every variable is part of two combinations, therefore it must be measured twice. This nuance is
78  often overlooked, because Bell experiments are usually performed with two-quantum entanglement.
79  In this sort of settings, it is only possible to measure two properties at a time. This limitation forces
80  the observers to repeat every measurement, making it seem as if this extra step is just a technicality.
81  If quantum mechanics predicts a certain type of correlations, shouldn’t it be the same in every similar
82  measurement? This is a very important question to ask, because the process of entanglement is not
83  restricted to the two-quantum case. Indeed, four-quantum entanglement has recently become a hot
84  topic of research [25-27], because of its practical advantages in quantum communication protocols.
85  Ergo, itis possible to conduct an experiment in which all the four variables of a Bell test are measured
86  at the same time. Logically, this means that one and the same distribution for each property can be
87  used for every combination, in order to determine the coefficients of correlation. At the individual
88 level, one value of observable A is used for the coincidence with B, and the same value is used for the
89  coincidence with D. Yet, how can the same value contradict itself? This is patently impossible.
90  Therefore, such a protocol can never produce violations of any Bell-type inequality.

91 In light of this conclusion, quantum mechanics appears to contain a new paradox. If quantum
92  variables are measured two at a time with four-quantum entanglement (by ignoring the values of
93  two out of four quanta), then we should expect violations of the CHSH inequality, just like in any
94 other Bell experiment. Yet, such violations are impossible if all the four quanta are measured at the
95  same time, deriving the coefficients of correlation from the record of quadruple coincidences. Both of
96  these predictions must follow with accuracy from the formalism of quantum mechanics, if it is
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97  presumed to be a self-consistent theory. Though, how can they take place at the same time, in the

98  same experimental setting? It looks as if the rules of association between the values of two quantum

99  variables depend on the observer’s decision to measure or not to measure two other variables, even if
100  the corresponding quanta are detected at immense distances from each other. This is similar to the
101  EPR paradox for two-quantum entanglement, but this time the ontological implications are directly
102  observable. Instead of guessing that individual properties change between measurements, we can
103 look for actual differences in the record of events, because the observed coefficients of correlation
104  have to change from case to case.

105 3. The Solution

106 Four-quantum entanglement is a relatively recent development in quantum mechanics, but
107  there are numerous instructive demonstrations already [25-27]. For the purpose of this argument,
108  consider a hypothetical source of quadruple entanglement, emitting four streams of correlated
109  particles in different directions (Fig. 1A). Suppose that individual properties cannot be determined
110  inadvance, but they are certain to be identical for all the quanta in a set, if measured in the same way.
111 In the case of dichotomous variables, only two joint measurement outcomes are possible: (1,1,1,1) or
112 (0,0,0,0). This means that any two quanta, selected from a set of four, would behave as a typical
113  entangled pair in the singlet state, with possible outcomes (1,1) and (0,0). Ergo, they should be
114 expected to generate coincidences in violation of the CHSH inequality, if they are measured as needed
115  for this protocol. Yet, the experimental arrangement allows for the simultaneous measurement of
116  four observables at the same time. As seen in Fig. 1A, quantum 1 can be measured for property A,
117  while quantum 2 for property B, and so on. The same record of detection events can be used to
118  calculate all the necessary coefficients of correlation for a CHSH protocol. Yet, as shown above, Bell
119  violations can only take place if individual properties are measured twice. If all the data is obtained
120  in one iteration, then all the four variables are jointly distributed by default. Accordingly, the
121  coefficients of correlation for each combination must be able to violate and to not violate the CHSH
122  inequality at the same time. Both types of outcomes are predicted by quantum theory. Yet, this can
123 only happen if observable coefficients of correlation are incompatible with themselves. They should
124 be able to violate Bell-type inequalities when two randomly chosen quanta are ignored. However,
125  they should also be unable to do so when all the four quanta in a set are taken into account.

126 At first sight, the best way to solve this paradox is by invoking some sort of non-local
127  mechanism. Perhaps, quantum behavior is such that a choice between measuring only two or all four
128  entangled quanta results in different correlations? The problem is that such a hypothesis can only
129  work if it allows exclusively for non-signaling non-locality [33-35], but no such assurance is available
130  in the case of four-quantum entanglement. For instance, it is possible to set up a cosmic experiment,
131  in which two streams of photons are sent to the Moon, while the other two are kept on Earth, in fiber
132 optic loops. Two seconds after launching the quanta, terrestrial observers can decide whether to
133 measure or to discard their photons. If non-locality is real, then the open space channels should be
134 instantly affected. Accordingly, Moon-based observers can determine if the remote channels were
135  recorded or not by performing a Bell test with their two streams of photons. This would make it
136  possible to establish superluminal communications between the Earth and the Moon. Ergo, non-local
137  explanations of four-quantum entanglement cannot be compatible with quantum mechanics. There
138  is an instructive precedent for this problem, known as Poppers’ experiment [28, 29]. If non-local
139 collapse is assumed to work at the level of single particles, then — it seems — EPR measurements of
140  momentum should display signaling non-locality. Yet, the experiment did not confirm this
141  expectation [28]. More importantly, formal analysis did not support it either [29]. Quantum
142  predictions are derived from the net effect of superposed wave-function components. It is a mistake
143 to interpret them with models that only consider particle-type behavior. Furthermore, quantum
144 mechanics was built around the correspondence principle [30]. Its predictions for large-N
145  observations cannot contradict well-established macroscopic facts. If Bell violations were due to
146  signaling non-locality, this would be observable at classical levels of radiation as well.

147
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# A B C D

1. 1 1 1 1

2. X 0 0 X

3. X X 1 1

4. 1 X X 0

5. 0 0 X X

6. 0 0 0 0

7. 1 1 X X

8. X 1 0 1

B.

148 Fig.1. Four-quantum entanglement without paradox.
149 A) Conceptual diagram. Four entangled quanta pro-pagate in opposite directions from a common (virtual)
150 source-point. The marked boxes (A, B, C, and D) symbolize four different measurement procedures,
151 corresponding to four non-commuting quantum variables. When measured in the same way, all the four
152 quanta have an equal probability of detection. When measured in different ways, these probabilities are
153 individually determined by input parameters.
154 B) Hypothetical data plot, illustrating possible patterns of detection, when Bell-type inequalities are violated
155 without paradox. Values “0” and “1” represent measurement outcomes, while “Xx” corresponds to missing
156 events. Four-fold coincidences correspond to a minority of trials (in this case, lines 1 and 6), while the majority
157 of trials produce two-fold coincidences, in various combinations. This is why different pairs of observables
158 end up sampling different populations.
159
160 The puzzle of four-quantum entanglement can have a physically sound solution, if it has a

161  logical solution. So, we have to inquire: what kind of configuration would make the contradictions
162  go away? It has to be true that pair-wise detection violates Bell-type inequalities. It must also be true
163  that quadruple detection does not violate the same inequalities, in identical experimental settings. Is
164 it possible for both of these processes to take place at the same time, if we are free to make any
165  convenient assumption? Firstly, suppose that the number of double coincidences is equal to the
166  number of quadruple coincidences (meaning that all the quanta are detected in ideal experiments).
167  Inthis case, it is impossible for both outcomes to be true. Either Bell-type inequalities are violated, or
168  not. The paradox stands. Secondly, suppose that the number of quadruple coincidences is larger than
169  the number of double coincidences. This hypothesis must be dismissed as unsound, because
170  quadruple coincidences also include double coincidences. Finally, consider the possibility that
171  double coincidences outnumber quadruple coincidences. In this case, the paradox vanishes. We can
172 envision an experiment in which a minority of quantum sets produce four coincident events, but
173 most of them produce only two. Bell-type inequalities cannot be violated by the subgroup of quanta
174  that generate quadruple detections. However, every pairwise coincidence (above the four-event
175  threshold) is free from this constraint. If every type of pairwise coincidence belongs to a well-defined
176  slice of the input group of sampled entities, then they can have stable coefficients of correlation.
177  Therefore, Bell-type inequalities can be violated, because the underlying populations are different for
178  each combination of measurements.

179 For clarity, quantum experiments are often designed to reveal information about individual
180 modes of propagation from multi-mode input beams. Four-quantum entanglement would be
181  paradox-free if its variables were also defined as properties of wave-function components, without
182  representing the full spectrum of a wave-function. In particular, one could assume that measurement
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183  settings determine which components become observable. If so, then changing these settings may
184  alter the subset of detectable quanta. Hence, all the members of an entangled four-quantum set
185  should be detectable if measured in the same way. In contrast, if every quantum is measured in a
186  different way, then some members from each group should be likely to miss their detectors,
187  depending on the input component that they represent. For example, some sets might generate
188 coincidences for A and B, but not for C and D; others for B and C only, and so on. In process terms,
189  some sets might generate only one detection event or none, others might generate two or three
190  coincident events, and only a minority would generate quadruple detections (Fig. 1B). The formalism
191  of quantum mechanics would be entirely self-consistent, if it could predict all of these rates of
192  coincidence with precision. Yet, this raises another question: how can something like this be true,
193  when every known Bell experiment was explicitly designed to avoid sampling bias?

194 In conclusion, quantum mechanics is confronted with a tough choice, going forward: either
195  quantum behavior is inherently paradoxical (in which case signaling non-locality should be
196  observable), or it is perfectly self-consistent (in which case local models of quantum behavior should
197  be reconsidered). Four-quantum entanglement does not seem to allow for a compromise between
198  these two alternatives. However, it makes it possible to verify directly the underlying mechanism for
199  Bell violations. Either one of the two outcomes is likely to produce new questions, since they are both
200  inapparent conflict with existing knowledge. Nonetheless, it is inspiring to see that the debates about
201  the nature of quantum reality do not have to be interminable.
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