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Abstract

This paper aims to investigate the criteria of behaviour of certain type of third order
neutral generalized difference equations with distributed delay. With the technique of generalized
Riccati transformation and Philos-type method, some oscillation criteria are obtained to ensure
convergence and oscillatory solution of suitable example is listed to illustrate the main result.
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1. INTRODUCTION

In this article, third order neutral generalized difference equation with distributed delay of

the form

b
Ay <P1(>\)Ae (pQ()‘)AZ (y(k) + Zg()" s)y(A + st — Tf)) >>

sS=a

d
+ 3B ) fy(A+ st — o)) = 0, (1)

is considered and analyze behavior of its solutions. Here Ay is the forward generalized difference
operator defined by Ayy(A) = y(A 4+ £) — y(A), Ne(Ag) = {Ao, Ao+, Ao +2¢,---}, Ao € [0,00),
€ (0,00) and a, b, ¢, d € N()\g) are being assumed.

c1: {pi(N\)} is a positive real sequence with p%/\) = 00, and P;(\) >0, fori =1,2;
A=Xo

b
co: {g(A, s)} and {h(], s)} are non-negative real sequence with 0 < 3~ g(\,s) = g(\) < g < 1;
fy)

cs: f:R — R is a continuous function such that —== > L > 0, for y # 0.

cx mi(N) = PR K= At jand j = A - A - [P0

© 2019 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints201911.0222.v1
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/sym11121501

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 November 2019 d0i:10.20944/preprints201911.0222.v1

Define a function x(\) by

b
y(A) + Zg()\, S)YyA + sl — 7€) = z(N) (2)

We consider only those solution {y(\)} of equation (1) which satisfy sup{|y(A)] : A > T} > 0
for A € Ny(Ao). A solution of equation (1) is said to be non oscillatory if it is neither eventually
positive or negative and oscillatory otherwise. The generalized difference operator defined for any

real sequence {y(A)} by Agy(A) = y(A+£) — y(A) = z(\), then its inverse is defined by

mo(X)

yN) =yQo+5)+ D 2o +i+r0). (3)
r=0

Recently many authors obtained certain behaviors of nonlinear difference equations and
their applications. See for example monographs by Agarwal [1], Gyori and Ladas [4] and Elaydi
[6]. The study of third order delay difference equations has also received much attention. The
oscillatory and asymptotic behaviors of solutions of the third order difference equations were
studied in Schmeidal [7]. Behaviors of oscillation of the third order nonlinear delay difference
equation by Riccati transformation technique were obtained by several authors like Aktas et al.
[2], Elabbasy et al. [3], Saker et al. [8], Selvaraj et al. [9, 10, 11], Thandapani et al. [12].

Here we arrive condition for getting convergent oscillatory solution of equation (1)
generalized Riccati transformation and a new functions. In fact, by choosing appropriate
function, we shall present several oscillation criteria easily. The technique adopted in the present
paper are different from the above references, and the results are extended the existing results.

This paper is structured as follows: Few standard definitions and preliminaries are
discussed in section 2. Section 3 deals with new oscillation results for (1) and in Section 4, we

provide suitable examples are provided to demonstrate the main findings.

2. PRELIMINARIES

In this section, some basic definitions and preliminary results are presented, which will be

used in the further discussions.
Definition 2.1. [5] For p € N(1), the generalized polynomial factorial is defined by
A = AA =N =20 - (A= (u—1)0). (4)
Lemma 2.2. [5] Let ¢ € [0,00). then Ag()\é”)) = (uﬁ))\é“_l)
Lemma 2.3. [5] Let u(A) and v(X\) be any two real valued functions. Then

Ag{u(N)v(N)} = u(A+ O)Aw(A) + v(N)Apu(N) = v(A + £)Agu(N) + u(A)Agw(N).
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Lemma 2.4. Let y(A\) > 0 be a solution of (1). Then function x(\) satisfies exactly one of the

following two properties.

(i) 2(A) >0, Agz(A) >0, Ay (p2(A)Aez(N)) > 0;
(i) z(A) >0, Agz(X) <0, Ay (p2(N)Agz(X)) > 0.

where X > Ao for large Ao

Proof. Let {y(A\)} > 0 be a solution of equation (1) for all A > Ag. Then from x(\), we have
z(A) > y(A) > 0 for A > A, and also from (1),

Ag (p1 (V) Ay (p2(N)Agz (A Zh (A 8) f(y( A+ st — ab)) <

We know that pi(A) (Ag (p2(N) (Aez()N)))) is a decreasing function on [A1,00) and it is either
positive or negative eventually. It is possible to that pi(A) (Ag (p2(A) (Agz(N)))) > 0 for A > Ay >

Ao. If not, then there exists a constant M7 > 0 such that

Ar (p2(N)Agr(N)) < — L

) < 0, for A > Ay.
Hence by (3)
mi(\) )
p2(A) (Agz () < pa(A1) (Agz(A1)) — My ;) D) (5)

Letting n — oo, then using condition (cq), 1i_>rn p2(A) (Apz (X)) = —oo. Then we can find a Ay > g
n o0

also, constant My > 0 with the condition
p2(A) (Agz(N)) < =My, for Ao > .

Dividing the last inequality by p2(A) and summing from As to A — £ | we get

mao ()\)

2(\) <z(hg) = My Y

6
= P2 >\2+7“1£) ©

Letting n — oo and using condition (¢1), give z(n) — —oo. That is z(n) < 0 eventually which is
contradictory with =z(n) > 0. Therefore Ay (p2(A) (Agz(N))) is positive, that is
Ay (p2(N) (Agz(N))) > 0 holds.

It can be known from Ay (pa(N) (Aez(N))) > 0, that is monotonically increasing sign in the

interval [A2,00). Therefore either Ayz(A) > 0 or Agz(X) < 0 for all A, which gives only property

(i) or (ii) for {x(A\)}. O
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Lemma 2.5. Let {y(\)} be a positive solution of equation (1), and x(X\) satisfies (ii) of Lemma
2.4 . If

mo (’l“z) mi (7’1

= 1 1 )4
Zam 2 paang | 2 ZhuErts) | ) =ee (7)

ra=A r1=A1 r=0 s=c

Then the solution y(\) of equation (1) goes to zero when A — co.

Proof. Let {y(A)} > 0 be a solution of equation (1). From (i7) of Lemma 2.4, there exist v > 0

with the condition

0<r= lim z(}\).

A—ro0
Now, we shall prove that v = 0. Let v > 0, v+ € > () > vV € > 0 where X is enough large.
1—
Choosing 0 < € < 797, From (2), it follows that
g

b
y(N) =2(A) = Yy + sl —T0)g(N, s)

sS=a

b
sy = Yoy st rlghs) > - glr+ 0 = LT g s ara), 9

S=a

v —g(y+e)
v +e

where M = > 0. Hence, from equation (1) and (c3), we have

d d
Ay (p1(N)Ag (p2(N)Agz(N))) = — Z flyA+ st —al))h(A,s) < — Z Ly(A+ st — al)h(A,s)

s=c S§=c
Now using (8), we obtain

d
Ar (D¢ (p2(NA(N)pr(N) < =MLY h(\, s)z(A+ sl — o).

sS=cC
Summing the last inequality form A; to A — £ and form (3), we get

—p1( A1) Ay (p2( M) Agx(A1)) < —ML Z Z h(A1 + 7, 8)x(Ay + 7€ 4 sl — o).
r=0 s=c

The above equation can also be written as

m1(>\)
ML
As (p2(M)Ag(h)) > —

Summing again form A\; < Ag to A — £, we get

ma(A) mi(r1)
ML~ 1
—Apz(Ng) > E _
e@(d2) 2 p2(A2) p1(A2 +1r10) (

d

r1=A1 r=0 s=c

h(A1 + ¢, 5)) .
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Summing the last inequality form Ao < A3 to oo, we get

S ma(r2) ma(r1) d

1 1 B

z(Ng) > ML o R R
(A3) ,sz:;\s pa(A3 + 1rof) Z (e +710) Z Z (A1 )

ri=MA1 r=0 s=c

This contradicts to the condition (7). Thus v = 0. Also 0 < y(A) < z(A) gives that lim z(n) = 0.

n—oo
The proof is now complete. O

Lemma 2.6. Let y(A) > 0 be a solution of equation (1), and x(X\) satisfies (i). Then

A+ K)Ag (pg()\ + E)Aga?()\ + Z)) P()\) ’

Ar()) > pi(

9
p2(A) ®)
pere PO =3
where = —_—
=0 p1(M +1l)
Proof. Let y(A) > 0 be a solution of equation (1). Since x()\) satisfies (i),
Ar (pr(N) A (p2(A) Az (X)) <0,
From (3) and for all A; > Ao, we have
ml(/\) N B
Ar(Np2(N) = Agz(Np2(N) + > Ay (Agz(Ay + r0)pa (A + 70))
r=0
- mi(:)\) p1(M + 10N (p2(A1 + 10 Az (A + 10))
- —0 P1 ()\1 + 7’6)
m1(X) 1
> Ap(pa A+ DAA+0)pr(A+0) Y ————
- —0 p1(>\1 -|—7‘£)
> Ap (p2( A+ O)A (A +0)) pr(A+ £)P(N).
Hence, we obtain
Apz()) > oY) (pg()\+€)A[$(>\+€))p1()\+€)P()\). (10)
p2(N)
this complete the proof. O

3. MAIN RESULTS

In this section, we obtain new oscillation criteria for the equation (1) by using the generalized
Riccati transformation and Philos type technique. let us define function ¢, @ : Ny x Ny — R such

that

(1) QA A) =0 for A > X > 0;
(2) Q(A,s) >0 for A > s> Ay
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(3) Aps)Q(N, 8) = Q(A, s+£) —Q()\,5) <0 for A > s > Ay and a positive real sequence {p(A)}

with the condition

_ Agp(s)
= (A )V R(A, 8) = Ay5)Q(A, 5) + (s _M)Q(/\as) (11)

Theorem 3.1. Consider the condition (7)and {p(\)} satisfies

R B2(M + 1)
; (C’()\l +rl) — 4A(X1+r€)> = 00, (12)
where
__p(N)PQ) AN _
AN = ATy BV =0 GOV =Hp), (13)
and
d
HO) = L(1—g) S h(\,s), (14)

then every solution of equation (1) is either oscillatory or converges to zero.

Proof. Assume that {y())} is a non-oscillatory solution of equation (1). Without loss of generality
we may assume that y(A) > 0, y(A+ s — 7€) > 0 for A > A1 > Ao € Ny and {x(\)} is defined as
in (2). Then {z(n)} will satisfy two case of the lemma 2.4.

Let {x(\)} satisfies property (i) of Lemma 2.4. From equation (2), we have

b

b
y(N) = x(N) = Y w(A+ st —Tl)g(X, 5) > x(N) (1 > g\, s>> >z(\)(1—g).  (15)

S=a
Using condition (c3) in equation (1),

d
A (1N (1NAE (V) < = SR, $)La(A + st — o). (16)

S=cC
Now using equation (15) in the above inequality, we obtain

d
Ar (PN A (p2(NAz(N) < =L(1 = p) Y A\, s)z(A + st — of)

S=cC

< —HMN)z(A+cl —ob). (17)
Define
w(/\) _ p(A)pl(A)Ae (pg()\)Az$()\)) A >\ (18)
z(\) A
Then w(A) > 0 for all A > Ay and equations (10) and (17), yield
App(N) 5 p(AN)P(N)
Apw(A) < —g1(N)p(N) +w(A+0) Ot w (A + E)m (19)

The above equation is also expressed as

Agw(A) < —C(A) + w(A + ) BA) — w(A+ £)A(N). (20)
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Where
PA)p(A) Aep(N)
A(A B(\) = , C(N)=p(NMH(N).
=iy B =580 C0) = pHW)
Using the inequality
148 513 AL+B
Au— Bu'? <(1+5)1+5X 55 (21)
Now, using the above inequality the equation (20) can be written as
B%(\
o0 - 5 AE A; < —Aw(N) (22)
Summing (22) from A; to A — £, gives
WU(A) Q(X
- +r0)
Ch +rl) — 22 A A) < w(A 23
> (C0h 70~ T ) S w0 w0 < W) (23)

From w(\) > 0, we get contradiction to (12), and z()\) is oscillatory. When x(\) has property (ii),
from (7) )\lim y(A) = Owhich gives the proof. O
— 00

Theorem 3.2. Consider the condition (7) and let {p(N\)} satisifies

A—5—4¢
£

h2(\, 5+ 70)

{Q(A, 5+r0)C(5+rl) — m = 00,

limsup ———

1
A—00 Q(A S) r=0 (24)

then every solution of equation (1) is either oscillatory or converges to zero.

Proof. Assume that {y(A\)} is a non-oscillatory solution of equation (1). As theorem 3.1, we have
equation (20). Now if the inequality (20) is multiplied by Q(\,s) then summing the resulting
inequality form Ay to A — £ for all A > Ay > Ag, we have

WQ(A) WQ(A)
QAN +r0OCe +10) <= > QA X+ 1) Apw (A + 1)
r=0 r=0

WQ(A)

+ ( (A2 + 0w + 1+ £) — A(Xa + Tﬂ)w2(X2 +rl+ E)) QN Ay +10). (25)

r=

(=)

By summation by parts,

7n2(A)
> QA +10C(A2 +18) QA A2)w(A2)
r=0
ma () ~ ~ ~ ~
+ 3 [Q(A, Az + 7085 + QO Az + 10 B(As + M)} w(ha + 10+ 0)
r=0
7n2(A)

= > QA+ A + rlw? (A + L+ 0). (26)
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The inequality (21), gives

_ _ _ 2
5™ Q00 e + 100G + 1) QO Maula) - 3 [ @0t 1) 4 DO 030 e 10
) r rf) <Q(\ A)w - — .
i ? ? AT L 4ANy + QA Ay + 1)
(27)
From (11), we have
mg(A) 2 —
_ _ h2(\, Xa + 10)
C(\ 21010 W b)) — ———————| < QA A Ag). 28
> et +roQ0 s+~ SRS < QO i) (29)
! mi(f) [C(/\ QO 4 ) — A2+ T0 ’"e)] < w(he) (29)
r rl) — - w(Az).
Q) = ’ e ADG +r0) | =2
Letting n — oo, (24) is contradictory. If z()\) satisfies property (ii) of Lemma 2.4, then by condition
(7) we have lim y(A\) = 0. O
A—00
Corollary 3.3. If (A — s)l(zm) =Q(N\,8) for all0 < s< A, p(A) =1 and
A—5— _ 2
1 7= (mf()\ —5— rﬂ)ém 1))
limsup —— D |(A—5— r0){™C (5 + 10) — =0,  (30)
Amoo AT 150 4AG + r0)\ /(A — 5 —ro)™
for every m > 1, then each solution of (1) is oscillatory or converges to 0.
Corollary 3.4. If Q(\,s) = (log 2i§)m fA>s5>0, p(A) =1 and
s e \ T
lim su _ i: (lo M>m0(s+rﬁ) . (log HT—;H) =00
Aot (log(A + £)/™ & Sstrl+e G+ +DOAG+re) |~
(31)
for every m > 1, then each solution of (1) is oscillatory or converges to 0.
Theorem 3.5. Assume that conditions (7) holds. Also let
o QA 8)
— | <
o< i [imint G005 | < o 32
and
"R+ r0)
1 s+r
lim su . < 00, 33
NP0 & A+l (33)
holds. If there is a sequence {®(n)} such that
A*g*é
> A(E+r0)®3 (54l + () = 0, (34)

r=0
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and
Ny h2(\, 5+ 1r0)
1 S+
lim su AS+r0)C(E+1rl) — ——— 2| > B(s), 35
mew gy 2 Q50 ) = LT 2 a0 (39)
where
O (5+rl+ 1) =max{®(5+rl+{),0}, (36)

Let A(N), B(A), C(X) and Q(A, s) respectively are defined in (13)and (11). Then each solution of

equation of equation (1) is either oscillatory or y(\) — 0.

Proof. Let y(A\) be a non oscillatory solution of equation (1) as in Therorem 3.2, when x(\) has a
property (i), from (26) and rearranging terms

ma2 ()\)

w(Ag) > limsup ——— Z |:C()\2 +70)Q(A\ Ny + 1) —

h2(\, Xo + re)}
A—o0 Q(A )\2) —0

4A (Mg + rf)

ma(A) 2

1
i o 2

=0

Q(A Ao + 1)

+ 1/ A2 + QN Ao +rO)w( Ao + 1L+ ¢
— VAGR + QO X + rOw(hs )

for A > A\y. Tt follows from (35) that

’w()\g) Z ‘I’()\Q)

mo ()\)

1 QA A + 1)
—|—hm1nf7 ——|— A)\ +r0)Q(\ g + rl)w(Ng + 14 + ¢
QA2 2::0 A + 1) YA +rOQ0 Ka + r)ule )
(37)
which means that,
w(Az2) > ®(A2) (38)
and then
ma 2
lim inf f) QU2+ 70) +\/A>\ +1r0)QN g +rl)w(Ag + 1l +€)| <oo. (39)
aooQAkz 2 19\ /A( + r0) ’ ’ ’
Therefore
’IVLQ()\)
lim inf Q > z::O QN Aa + 10 ANy 4+ rO)w? (N 4+ 70 + 0)
Tnz()\)
+ 3 a A+ r0OVQ Xe + rh)w(Xg + 7L+ ) !
r—0 Q()‘a)\Q)

"2 2O Ag + 70)

1
Y1000 ) ;) et | - (40)
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Then
’I’nz()\)
liminf | S QO X + 10 A + 1w (% + 16 + () =
A—o0 —0 Q()\, )\2)

mao )\)

+ q()\7)\_2+r€)1/Q()\7)\_2+r€)w(>\_2+r€+f)m < 0. (41)

s

—~

Il
=)

The above inequality can be expressed as

li/\m inf [UN)+V(A)] <oco for A> g, (42)
—00
where
mg()\)
U = 3 QO+ 10 A + 1w (N + 76 + ) =
—0 Q(>H /\2)
mz()\) B — B 1
V(A = ;} a0\ Ao + 704/ QN da + r)w(hg + 7l + e)m.
Here we assert
ma(A) ~ ~
> w(he+rl+ AN +1l) < oo (43)
r=0

Suppose to the contrary that

ma(X)
> AR+ rOw?(Ag + 1l + £) = oo (44)
r=0
From equation (32), we have
e [ QA s)
3, [t g5 = )

QA s)

for p > 0, then ——*
g Q)

> p for A > Ay > A1. There we can find a positive constant M3 > 0 with

the condition

ma(X)
> Wl +rl+ AN +10) >

r=0

Ms

p (46)
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Thus for A > A3 and using equation (45), gives

QN Aa) &

T1 =0

ma(\) ma(A)
1 _ _ _
U\ = YA ( Y AQw 4 rlw? (A + il + @) QN Az +10)
+ Ao 4+ rOw (Mg + 7L+ 0)

mz(A) [ma(r)
1 u _ - _
e — Z ( Z A()\g + Tlﬁ)wg()g +ril + é)) Ag()\s)Q()\, A3 + ’I“f)

Q(>H>‘2) r=0 r1=0
AP)w? (g +0) "R § .
- > Qs +10) + A + 10w (Xg + 1L+ 0)
Q(>H )‘2> r—0
1 ms(A) fma(r) ~ -
> Ot ST Y A+ 0w (N + 1L+ 0) | (=A@ As + 1))
’ r=0 r1=0
> M3 mi(f\)( A Q()\ X + f)) > M3Q(>‘7/\3) > M
—_— - , rl)) > ——-- > Mj.
T QN Ag) g b TR pQA) =
Since M3 is arbitrary,
lim U(X) = oo. (47)
A—0c0
Next, consider a sequence {A,} with the condition
lim [U(\,) + V(Ay)] = liminf [Q(A) + V(N)]. (48)

n— oo A—00

It follows from (42) that we can find a number My such that

UM)+ V) <My Yn=0,1,2,--. (49)

In view of (47), we conclude that

nhHH;O V(Ap) = —o0 (50)
By (49), for a large enough n, we have
4 V) o Mz L (51)
UM) “UN) 2
In view of (50), this implies that
lim ) (52)
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On the other hand, by Schwarx’s inequality, we have

1 mo ()\n)

2
"y r—0

Q()\n7)\2 r—0

: mi)\n) q2(>‘na >\_2 + 7‘[)
Q0 d2) &= AR+ rl)
WLQ(A

(M, Ao —|—7“€)
<U(X .
(An) ( Q0w N2) ; A(Ag +10)

m2(>\ )
< (1 > Qo An,A2+re)A(X2+r£)w2(A‘2+re+z))

Consequently,

VPOw) 1 A )M
U — Qs d2) = AAa+1)

< 1 mz()\ ) 2()\7“)\2"—7"6)
= uQ0wh) = AQg +rl)

It follows form (52) that

1 ma2(An) 2()\7“>\2+T‘€)

lim ———— 53
e QO ho) 2= A +10) (53)
which contradicts (33). Then, (43)holds. Hence, by (38)
mg()\) TVLQ(A) B
S AR OB Mo+ rl+0) < > AN+ 0w (Ag + 1L+ £) < oo (54)
r=0 r=0

which contradicts (34) and completes the proof. If x(\) satisfies property (ii) of Lemma 2.4, by
condition (7) we have )\lim y(A) = 0. O
— 00

Theorem 3.6. Assume that all hypothesis of Theorem 3.5 are satisfied except condition (33). Also
let

A—5—1¢

[
lngng )\ ) Z QN5+ 10)C(5+ 1) < o0, (55)

r=0

and
A—35—4
1 £
lim inf NS+ rl)C(s+1rl) —
MQ();O[Q( )5 + 10)

then every solution of (1) is convergent to zero or oscillatory.

(N5 +70)
m > o(s),
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Proof. The proof is similar to that of Theorem 3.5 and hence the details are omitted. O

Corollary 3.7. Let m > 1 be a constant, p(A\) = 1, suppose that

A—5—¢
£

(mer 5 - rz)fg’"*”)Q

lim sup D - < 00, (57)
Amvoo =0 /(A =5 —r0)™ AN +10)
If there is a sequence {®(N)} satisfying (34) and
L 1\ 2
=~ (me(A —5—10)} 1))
limsupi(m) Z ()\—E—rﬁ)(gm)C(§+T€)— > d(s),
Ao (A=s), 150 4AG + 1)/ (A —5— M)ém)
(58)
then every solution of equation (1) is oscillatory or converges to zero.
Corollary 3.8. Let m > 1 be a constant, and
)
liminf — mi: ml(\ — Ao — TZ)(%A)C()\_ +17l) < o0 (59)
Ao Alm) £ 2 ? ’
If there is a sequence {®(\)} satisfying (34) and
. I\ 2
= (me(A —5—10)} 1))
liminf ——— 3~ [(A—5- r0){™C(5+ rt) — > ®(s), (60)
AT (A=s), =0 4AG+ 1)/ (AN —5— rﬁ)ﬁm)

then every solution of equation (1) will oscillate or converge to 0.

4. EXAMPLES

Example 4.1. Consider the third order neutral generalized difference equation with distributed

delay
21 2 2
A3 - — — — = U. 1
@<y(>\)+;4sy()\+s€ €)>+;9(/\+8>x(/\+s£ =0 (61)
Here p1(A) = pa(A) = 1, g(A\,s) = &, h(A,s) = 9(A+2), 7 =0 =1 and p(n) = 1. Then,

P\ = % and H(\) = %(2)\ + 3). which implies

"Rasr
lim sup Z ?(2()\1 +7rl)+3)=00 for 0<L<I.
r=0

A—o0

It follows from Theorem 8.1 that every solution of equation (61) is oscillatory. In fact {y(A\)} =
{(—1)[%]} is one such oscillatory solution of equation (61).

Example 4.2. Consider the third order neutral generalized difference equation with distributed

delay

A2 <>\Ae <y()\) + %y(x —20) + iy(/\ - e))) +y(WI0(A + 6) = 0. (62)
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Here p1(A) = A, p2(A) = 1, g(\,s) = 5=, h(A,5) = 10s(A+0), 7 =3, 0 =1, a=c=d=1
and b = 2. By choosing p(A) = 1 and Q(X\,s) = (A — s)ﬁz), By Theorem 3.2, P(\) = 2=

VAR
4\ s) = 2228 HN) = §(A+0), AQ) = 2531, B(A) = 0 and C(A) = 25 and

A—s—4
d h2(\, 5 + 1) 1
lim su A, s +10)C(s+ b)) — 4 = 00,
msw D [Q( G = 0 | Q0

Hence by Theorem 3.2, every solution of equation (62) is oscillatory. In fact {y(\)} = {(71)[%]}

is one such oscillatory solution of equation (62).
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