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In this paper, we study the weak gravitational deflection angle of relativistic massive particles by the Kerr-
like black hole in the bumblebee gravity model. In particular, we focus on weak field limits and calculate the
deflection angle for a receiver and source at a finite distance from the lens. To this end, we use the Gauss-Bonnet
theorem of a two-dimensional surface defined by a generalized Jacobi metric. The spacetime is asymptotically
non-flat due to the existence of a bumblebee vector field. Thus the deflection angle is modified and can be
divided into three parts: the surface integral of the Gaussian curvature, the path integral of a geodesic curvature
of the particle ray and the change in the coordinate angle. In addition, we also obtain the same results by defining
the deflection angle. The effects of the Lorentz breaking constant on the gravitational lensing are analyzed. We
then consider the finite-distance correction for the deflection angle of massive particles.
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I. INTRODUCTION

In physics, fundamental interactions can be described math-
ematically by field theories. Gravitation is defined as a classic
field in curved spacetime by Einstein’s general relativity (GR).
The other three interactions are described as quantum fields
by the standard model (SM) of particle physics. GR and SM
have an intersection at the Planck scale (∼ 1019 GeV), and
modern physics is committed to unifying these two theories.
For this purpose, some quantum gravitational theories have
been proposed; however, it is currently impossible directly to
test these theories through experimentation. Fortunately, some
signals of quantum gravity can emerge at sufficiently low en-
ergy scales, and their effects can be observed in experiments
carried out at current energy levels. One of these signals may
be associated with the breaking of Lorentz symmetry [1].

In 1989, Kostelecký and Samuel [2] proposed the bumble-
bee gravity theory as the simplest model for studying the spon-
taneous Lorentz symmetry breaking (LSB), in which a bum-
blebee field with a vacuum expectation value leads to spon-
taneous breaks in Lorentz symmetry. The interest towards in
bumblebee gravity theory has increased over the years [3–15].
In particular, some new exact solutions have been recently
found. In 2018, Casana et al obtained an exact Schwarzschild-
like black hole solution in this bumblebee gravity model and
then studied it with some classical tests [1]. The gravita-
tional deflection angle of light [16] and the Hawking radia-
tion [17] in this Schwarzschild-like spacetime were also stud-
ied recently. Earlier in 2019, Övgün et al adroitly obtained a
traversable wormhole solution that can deduce the Ellis worm-
hole [18] and studied the gravitational lensing of light. Within
the same time-frame, Ding et al found a Kerr-like solution in
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this bumblebee gravity model and studied its shadow and ac-
cretion disk [19, 20].

Gravitational lensing is a powerful tool of astrophysics and
cosmology. It has been used to test the fundamental theory
of gravity [21, 22], to measure the mass of galaxies and clus-
ters [23–25], to detect dark matter and dark energy [26–31],
and so on. The analysis of the signatures of the gravitational
lensing of light or massive particles will be useful in detecting
the LSB effects and in testing the bumblebee gravity model.

Recently, Gibbons and Werner proposed a geometrical
and topological method of studying weak gravitational lens-
ing [32, 33]. In this method, the Gauss-Bonnet (GB) theorem
is applied to the corresponding optical geometry and the de-
flection angle is calculated by integrating the Gaussian curva-
ture of the optical metric. In particular, the Gibbons-Werner
method shows that the deflection angle can be viewed as a
global topological effect. By using Gibbons-Werner method,
many studies have explored the gravitational deflection angle
of light from different lens objects within the different gravi-
tational theories [34–47]. Furthermore, some authors utilized
this method to study the deflection angle of light from asymp-
totically non-flat gravitational sources [16, 48–57], the deflec-
tion angle of light in a plasma medium [58, 59], and the deflec-
tion angles of neutral and charged massive particles [58–61].

By using the GB theorem, some authors were able to com-
pute the finite-distance gravitational deflection angle of light.
In this case, the receiver and source are assumed to be at fi-
nite distance from a lens object, which is different from the
usual consideration where receiver and source are at infinite
distance from the lens. First, Ishihara et al used the GB the-
orem to study the finite-distance deflection of light in static
and spherically symmetric spacetime [62, 63]. Then, Ono et
al proposed the generalized optical metric method and inves-
tigated the finite-distance deflection angle of light in station-
ary, axisymmetric spacetime [64–66]. In these studies, the
possible astronomical application according to finite-distance
correlations was considered. As well, Ono and Asada gave
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a comprehensive review on finite-distance deflection of light
[67]. In addition, Arakida applied different definitions of the
deflection angle to study the finite-distance deflection of light
[68]. Very recently, Crisnejo and Gallo considered the finite-
distance deflection of light in a spherically symmetric gravita-
tional field with a plasma medium [69].

The aim of this paper is to investigate the finite-distance
deflection of massive particles by the Kerr-like black hole
in the bumblebee gravity model within the weak-field limits.
To this end, we will apply the definition of deflection angle
given by Ono et al [64]. In order to use the GB theorem, we
shall apply the Jacobi metric method [70, 71]. For station-
ary spacetime, the corresponding Jacobi metric is the Jacobi-
Maupertuis Randers-Finsler metric (JMRF).

This paper is organized as follows: In Section II, we review
the Kerr-like black hole solution in the bumblebee gravity the-
ory and then solve the motion equation of massive particles
moving on the equatorial plane. In section III, we study the
deflection angle of the massive particles by the Kerr-like black
hole for a receiver and source at finite distance using the GB
theorem. In Section IV, we computes the finite-distance de-
flection angle by definition. Section V analyzes the results and
considers the finite-distance correction of the gravitational de-
flection angle of massive particles. Finally, we comment on
our results in Section VI. Throughout this paper, we take the
unit of G = c = 1 and the spacetime signature (−,+,+,+).

II. THE KERR-LIKE BLACK HOLE IN THE BUMBLEBEE
GRAVITY MODEL

A. The black hole solution

The bumblebee gravity theory is a typical model of study-
ing the spontaneous Lorentz symmetry breaking. The bum-
blebee fieldBµ acquires a non-zero vacuum expectation value

< Bµ > = bµ , (1)

where bµ is a constant vector. Its action reads [19, 20]

SB =

∫
d4x
√
−g
[

1

2κ

(
R+ %BµBνRµν

)
−1

4
BµνBµν − V (Bµ)

]
, (2)

where κ = 8π, % is the coupling constant (with mass dimen-
sion −1). The bumblebee field strength Bµν and the potential
V are defined by

Bµν = ∂µBυ − ∂νBµ ,
V ≡ V (BµBµ ± d2) . (3)

where d2 is a positive real constant. The gravitational field
equation in vacuum reads

Rµν = κTBµν + 2κgµνV +
1

2
κgµνB

αβBαβ − κgµνBαBαV ′

+
%

4
gµν∇2(BαBα) +

%

2
gµν∇α∇β(BαBβ) , (4)

where TBµν denotes the bumblebee energy momentum tensor.
The Kerr-like black hole solution to the field equation (4)

was derived in [19, 20]

ds2 = −
(

1− 2Mr

ρ2

)
dt2 − 4Marλ sin2 θ

ρ2
dϕdt

+
ρ2

∆
dr2 + ρ2dθ2 +

A sin2 θ

ρ2
dϕ2 , (5)

where

λ =
√

1 + l ,

ρ2 = r2 + λ2a2 cos2 θ .

∆ =
r2 − 2Mr

λ2
+ a2 ,

A = [r2 + λ2a2]2 −∆λ4a2 sin2 θ .

In the above, M and a are the mass and rotating angular mo-
mentum of the black hole respectively, l is Lorentz violation
parameter. For l = 0, the Kerr-like solution leads to the Kerr
solution in GR [72]. In addition, the Schwarzschild-like solu-
tion in bumblebee gravity model is covered as a = 0 [1].

The event horizons and ergosphere of black hole locate at

r± = M ±
√
M2 − a2 (1 + l) ,

rergo± = M ±
√
M2 − a2 (1 + l) cos2 θ ,

where the positive and negative sign is for outer and inner
horizon / ergosphere, respectively. The existence of black
holes requires [19, 20]

|a| ≤ M

λ
.

B. Motion of massive particles on the equatorial plane

The relativistic Lagrangian for a free particle moving on the
equatorial plane (θ = π/2) of the Kerr-like black hole is

2L = −mgµν ẋµẋν

= m

(
1− 2M

r

)
ṫ2 +m

4Maλ

r
ṫϕ̇

−mr2

∆
ṙ2 −mA

r2
ϕ̇2 , (6)

where a dot denotes the the differentiation with respect to an
arbitrary parameter. Then one can obtain two conserved quan-
tities as following

p0 =
∂L
∂ṫ

= m

(
1− 2M

r

)
ṫ+m

2Maλ

r
ϕ̇ = E , (7)

pϕ =
∂L
∂ϕ̇

= m
2Maλ

r
ṫ−mA

r2
ϕ̇ = −J , (8)

where E and J are the conserved energy and angular momen-
tum of the particle, respectively. They can be measured at
infinity for an asymptotic observer by

E =
m√

1− v2
, J =

mvb√
1− v2

, (9)
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where v is the particle velocity and b is the impact parameter
defined by

bv ≡ J
E
. (10)

For convenience, we can choose an appropriate parameter so
that 2L = m. Then, using Eqs. (6)- (9), the orbit equation of
massive particle can be obtained by following(

du

dϕ

)2

=
1

λ2

(
1

b2
− u2

)
+

2Mu
(
1− v2 + b2u2v2

)
b2v2λ2

−4Mau

b3vλ
+O

(
M2, a2

)
. (11)

where u = 1/r is the inverse radial coordinate. Considering
the condition du

dϕ |ϕ=λπ
2

= 0, the above equation can be solved
iteratively as

u(ϕ) =
sin
(
ϕ
λ

)
b

+
1 + v2 cos2

(
ϕ
λ

)
b2v2

M

−2Maλ

b3v
+O

(
M2, a2

)
. (12)

In addition, we can obtain the iterative solution for ϕ in the
above equation as

ϕ =

{
ϕ1 −Mϕ2 + aMϕ3 + ... , if |ϕ| < λπ

2 ;

λπ − ϕ1 +Mϕ2 − aMϕ3 + ... , if |ϕ| > λπ
2 ,

(13)

where

ϕ1 = λ arcsin (bu) ,

ϕ2 =

(
1 + v2 − b2u2v2

)
λ

b2
√

1− b2u2v2
,

ϕ3 =
2λ2

b2
√

1− b2u2v
.

III. THE GRAVITATIONAL DEFLECTION ANGLE USING
THE GAUSS-BONNET THEOREM

A. Jacobi-Maupertuis Randers-Finsler metric

As mentioned in the introduction, we need the Jacobi metric
of curved spacetime in order to use the GB theorem to study
the deflection angle of massive particles. In particular, the Ja-
cobi metric of stationary spacetime corresponds to the JMRF
metric. The trajectories of neutral particles moving in a sta-
tionary are seen as the geodesics of the corresponding JMRF
metric space. The JMRF metric in our spacetime signature
can be written [71]

dsJ =

√
E2 +m2g00
−g00

γijdxidxj − E
g0i
g00

dxi

≡
√
αijdxidxj + βidx

i , (14)

where the spatial metric γij is defined by

γij := gij −
g0ig0j
g00

. (15)

In Eq. (14), αij is a Riemannian metric and βi is a one-form,
which satisfies the positivity and convexity [73]√

αijβiβj < 1 , (16)

From the Kerr-like metric (6), one has

g00 = −
(

1− 2Mr

ρ2

)
, g0ϕ = −2Marλ sin2 θ

ρ2
,

γijdx
idxj =

ρ2

∆
dr2 + ρ2dθ2

+

[
A sin2 θ

ρ2
+

4a2λ2M2r2 sin4 θ

(1− 2Mr
ρ2 )ρ4

]
dϕ2.

(17)

Then by Eq. (14), we find the following JMFR metric

αijdx
idxj =

(
E2

1− 2Mr
ρ2

−m2

)[
ρ2dr2

∆
+ ρ2dθ2

+

(
A sin2 θ

ρ2
+

4a2λ2M2r2 sin4 θ

(1− 2Mr
ρ2 )ρ4

)
dϕ2

]
,

βidx
i = − 2λEMar sin2 θ

r(r − 2M) + a2λ2 cos2 θ
dϕ . (18)

Note that this equation can leads to the optical Finsler-
Randers metric when E = 1 and m = 0.

B. The generalized Jacobi metric method

By replacing optical metric with Jacobi metric , we shall
extend the generalized optical method [64] to calculate the
deflection of massive particles. We call the positive Rieman-
nian metric αij as generalized Jacobi metric and suppose that
the particles live in the Remannian space M̄ defined by the
generalized Jacobi metric, that is

dσ2 = αijdx
idxj . (19)

By the way, the particle ray now is not the geodesic in M̄ and
its geodesic curvature can be calculated by [64]

kg = − βϕ,r√
detα αθθ

, (20)

where the comma denotes the partial derivative.
The deflection angle can be defined by [64]

α̂ ≡ ΨR −ΨS + ϕRS , (21)

where ΨR and ΨS are angles between the particle ray tangent
and the radial direction from the lens in receiver and source,
respectively, and the coordinate angle ϕRS ≡ ϕR − ϕS .
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L ∞S

∞

R

C∞ 

ΨR

π-ΨS

FIG. 1. The quadrilateral ∞R�
∞
S ⊂ (M̄, αij). S, O and L denote the

receiver, the source and the lens, respectively. ΨR and ΨS are angles
between the particle ray tangent and the radial direction from the
lens in R and S, respectively. The curve C∞ denotes Cr0(r0 →∞)
and Cr0 is defined by r(ϕ) = r0 = constant. Note that each outer
angle at the intersection of the radial direction curves andC∞ is π/2.

Next, we shall use GB theorem to study the gravitational
lensing. The GB theorem reveals the relation between geom-
etry and topology of surface. Suppose that D is a subset of
a compact, oriented surface, with Gaussian curvature K and
Euler characteristic χ(D). Its boundary ∂D is a piecewise
smooth curve with geodesic curvature k. In the i-th vertex for
∂D, the jump angle denotes φi, in the positive sense. Then,
the GB theorem states that [32, 74]:∫∫

D

KdS +

∮
∂D

k dσ +
∑
i=1

φi = 2πχ(D) , (22)

where dS is the area element of the surface and dσ is the line
element along the boundary.

Then, we consider the quadrilateral ∞R�
∞
S ⊂ (M̄, αij), as

shown in Fig. 1. It is bounded by four curves: the trajectory
of particle connection source (S) and receiver (R), two spatial
geodesics of outgoing radial lines from R and S respectively,
and a circular arc segment C∞, where C∞ denotes Cr0(r0 →
∞) and Cr0 is defined by r(ϕ) = r0 = constant. For curve
C∞, we have kdl = 1

λdϕ and thus
∫
C∞

kdl = 1
λϕRS . In

addition, the Euler characteristic of this quadrilateral is unity.
Notice that the sum of two jump angles in infinite is π. In
addition, we have φS = π−ΨS and φR = ΨR. Finally, using
GB theorem to the quadrilateral leads to

∫ ∫
∞
R

�∞
S

KdS −
∫ R

S

kgdl +
1

λ
ϕRS + ΨR −ΨS = 0 . (23)

By this expression, Eq. (21) can be rewritten as

α̂ = −
∫ ∫

∞
R �∞

S

KdS +

∫ R

S

kgdσ +

(
1− 1

λ

)
ϕRS .

(24)

This expression is different with the asymptotically flat case
due to the existence of the third part to the right of the equal
sign. It obvious that the term ϕRS vanishes if λ = 1 (l =

0). In the above, the Gaussian curvature of generalized Jacobi
metric can be calculated by [33].

K =
R̄rϕrϕ

detα

=
1√
detα

[
∂

∂ϕ

(√
detα

αrr
Γ̄ϕ
rr

)
− ∂

∂r

(√
detα

αrr
Γ̄ϕ
rϕ

)]
, (25)

where the quantities associated with Jacobi metric αij are
added a bar above. Notice that in Eq. (25) we only need the
two-dimensional generalized Jacobi metric due to this paper
only considering the equatorial plane case.

C. The gravitational deflection angle of massive particles

In this subsection, we shall apply Eq. (24) to compute the
deflection angle.

1. ϕRS part

We first consider the part of ϕRS . By the lensing setup,
Eq. (13) leads to

ϕS = λ arcsin (buS)−
(
1 + v2 − b2u2Sv2

)
λ

b
√

1− b2u2Sv2
M

+
2Maλ2

b2
√

1− b2u2Sv
+O(M2, a2) , (26)

ϕR = λ [π − arcsin (buR)] +

(
1 + v2 − b2u2Rv2

)
λ

b
√

1− b2u2Rv2
M

− 2Maλ2

b2
√

1− b2u2Rv
+O(M2, a2) . (27)

It is convenient to use uR and uS to express the finite-distance
deflection angle. Then, we can get

ϕRS = ϕR − ϕS
= πλ− λ [arcsin(buR) + arcsin(buS)]

+
Mλ

bv2

(
1√

1− b2u2R
+

1√
1− b2u2S

)

+
Mλ

b

(√
1− b2u2R +

√
1− b2u2S

)
−2aMλ2

b2v

(
1√

1− b2u2R
+

1√
1− b2u2S

)
. (28)
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2. Gaussian curvature

Considering Eq. (18), we can find the generalized Kerr-like
Jacobi metric in the equatorial plane (θ = π/2) as following

dσ2 = αijdx
idxj

= E2
(

1

1− 2M
r

− 1 + v2

)[
λ2r2dr2

a2λ2 + r (r − 2M)

+
r
(
a2λ2 + r2 − 2Mr

)
r − 2M

dϕ2

]
, (29)

where we use Eq. (9). Bring the corresponding metric com-
ponents in Eq. (29) into Eq. (25), we can obtain the Gaussian
curvature up to leading order as following

K = −
(
1 + v2

)
M

E2r3v4λ2
+O(M2, a2) . (30)

Then the surface integral of Gaussian curvature is given by

−
∫ ∫

∞
R �∞

S

KdS

=

∫ ϕR

ϕS

∫ ∞
r(ϕ)

[(
1 + v2

)
M

r2v2λ
+O

(
M2, a2

)]
drdϕ

=
M
(√

1− b2u2R +
√

1− b2u2S
) (

1 + v2
)

bv2

+O
(
M2, a2

)
, (31)

where we have used Eq. (12), Eq. (26) and Eq. (27). Note
that the integration of the Gaussian curvature is independent
of λ.

3. Geodesic curvature

Now we calculate the geodesic curvature of particle
ray. Substituting corresponding quantities in Eq. (18) into
Eq. (20), the geodesic curvature of particles ray can be ob-
tained as

kg = − 2aM

Er3v2
+O(M2, a2) , (32)

where we use Eq. (9). In addition, Eq. (29) deduces the 0th-
order parameter transformation

dσ = Ebv csc2
(ϕ
λ

)
dϕ+O (M,a) , (33)

where we have used r = b/ sin
(
ϕ
λ

)
. Then, one can get

the part of deflection angle related with the path integral of
geodesic curvature of the particle ray. Considering Eqs. (32)
and (33), we have∫ R

S

kgdσ = −2aM

b2v

∫ ϕR

ϕS

sin
(ϕ
λ

)
dϕ+O(M2, a2)

= −
2aMλ

(√
1− b2u2R +

√
1− b2u2S

)
b2v

+O(M2, a2) , (34)

where we use Eq. (12), Eq. (26) and Eq. (27).

4. Deflection angle

Considering Eq. (31), Eq. (28) and Eq. (34), the finite-
distance deflection angle of massive particles in Kerr-like
spacetime can be obtained as following

α̂ = −
∫ ∫

∞
R �∞

S

KdS +

∫ R

S

kgdσ +

(
1− 1

λ

)
ϕRS

= (λ− 1) [π − arcsin(buR)− arcsin(buS)]

+

[(
1 + v2

)
λ− b2u2R

(
1 + v2λ

)√
1− b2u2R

+

(
1 + v2

)
λ− b2u2S

(
1 + v2λ

)√
1− b2u2S

]
M

bv2

−2aMλ

b2v

(
λ− b2u2R√
1− b2u2R

+
λ− b2u2S√
1− b2u2S

)
+O(M2, a2) . (35)

IV. THE GRAVITATIONAL DEFLECTION ANGLE BY
DEFINITION

In the previous section, we calculated the deflection angle
by GB theorem from the perspective of geometry and topol-
ogy. This section will directly calculate the deflection angle
by the definition in Eq. (21)

α̂ ≡ ΨR −ΨS + ϕRS . (36)

Notice that ϕRS has been obtained in Eq. (28). Now we calcu-
late the angles ΨR and ΨS . We still suppose that the particles
lives in the generalized Jacobi metric space (M̄, αij). Then
the unit tangent vector of particle ray in the equatorial plane
can be written as

ei =
dxi

dσ
=

(
dr

dσ
, 0,

dϕ

dσ

)
. (37)

Choosing the outgoing direction, the unit radial vector in the
equatorial plane can be written as

Ri =

(
1
√
αrr

, 0, 0

)
. (38)

Then, we have

cos Ψ = αije
iRj

=
√
αrr(

dr

dσ
)

=

√
αrr√

αrr + αϕϕ(dϕdr )2
, (39)

where we used αijeiej = 1 and αijRiRj = 1. This can be
rewritten as

sin Ψ =

√
αϕϕ√

αrr(
dr
dϕ )2 + αϕϕ

. (40)
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Bring the corresponding metric components in Eq. (29) into
Eq. (40) and using Eq. (12), we finally arrive at

sin Ψ = sin
(ϕ
λ

)
+
M cos

(
ϕ
λ

)
bv2

[
(1 + v2) cos2

(ϕ
λ

)
−2v2 cos

( π
2λ

)]
−

2aMλ cos2
(
ϕ
λ

)
b2v

+O
(
M2, a2

)
. (41)

Then, we obtain the following results

ΨS = π − arcsin(buS) +
M

bv2

[
2v2 cos

( π
2λ

)
+

b2u2S√
1− b2u2S

]
− 2aMu2Sλ√

1− b2u2Sv
+O

(
M2, a2

)
, (42)

ΨR = arcsin(buR) +
M

bv2

[
2v2 cos

( π
2λ

)
− b2u2R√

1− b2u2R

]
+

2aMu2Rλ√
1− b2u2Rv

+O
(
M2, a2

)
. (43)

Thus, the gravitational angle is

α̂ = ΨR −ΨS + ϕRS

= (λ− 1) [π − arcsin(buR)− arcsin(buS)]

+

[(
1 + v2

)
λ− b2u2R

(
1 + v2λ

)√
1− b2u2R

+

(
1 + v2

)
λ− b2u2S

(
1 + v2λ

)√
1− b2u2S

]
M

bv2

−2aMλ

b2v

(
λ− b2u2R√
1− b2u2R

+
λ− b2u2S√
1− b2u2S

)
+O(M2, a2) . (44)

This result is exactly the same as Eq. (35).

V. FINITE-DISTANCE CORRECTIONS

In our calculation, the particle orbits are assumed as pro-
grade relative to the rotation of the Kerr-like black hole. The
sign of the term including angular momentum a changes if the
particles ray is a retrograde orbit. In short, the deflection angle
can be written as

α̂ = (λ− 1) [π − arcsin(buR)− arcsin(buS)]

+

[(
1 + v2

)
λ− b2u2R

(
1 + v2λ

)√
1− b2u2R

+

(
1 + v2

)
λ− b2u2S

(
1 + v2λ

)√
1− b2u2S

]
M

bv2

±2aMλ

b2v

(
λ− b2u2R√
1− b2u2R

+
λ− b2u2S√
1− b2u2S

)
+O(M2, a2) , (45)

where± signs correspond to retrograde and prograde particle
orbits, respectively. For λ = 1 (l = 0), Eq. (45) agree with
the result in the Kerr spacetime. The deflection angle up to
second-order in Lorentz breaking constant l reads

α̂ =

(
1

2
− l

8

)
l [π − arcsin(buR)− arcsin(buS)]

+
M
(√

1− b2u2R +
√

1− b2u2S
) (

1 + v2
)

bv2

±
2Ma

(√
1− b2u2R +

√
1− b2u2S

)
b2v

+
(4− l)Ml

8bv2
×[

1 +
(
1− b2u2R

)
v2√

1− b2u2R
+

1 +
(
1− b2u2S

)
v2√

1− b2u2S

]

±aMl

b2v

(
2− b2u2R√
1− b2u2R

+
2− b2u2S√
1− b2u2S

)

±aMl2

4v

(
u2R√

1− b2u2R
+

u2S√
1− b2u2S

)
+O(M2, a2, l3) . (46)

Obviously, these terms excluding angular momentum a are
positive if they are at the order in l, whereas they are negative
if they at the order in l2. Interestingly, the terms containing
a are both positive (retrograde orbits) or negative (prograde
orbits), regardless of whether they are at the order in l or the
order in l2. Now we consider several limits. First, Eq. (45)
leads to the finite-distance deflection of light (v = 1),

α̂v=1 = (λ− 1) [π − arcsin(buR)− arcsin(buS)]

+

[
2λ− b2u2R (1 + λ)√

1− b2u2R
+

2λ− b2u2S (1 + λ)√
1− b2u2S

]
M

b

±2aMλ

b2

(
b2u2R − λ√
1− b2u2R

+
b2u2S − λ√
1− b2u2S

)
+O(M2, a2) . (47)

Secondly, for uR → 0 and uS → 0, Eq. (45) leads to the
infinite-distance deflection of massive particles,

α̂∞ = (λ− 1)π +
2M

(
1 + v2

)
λ

bv2
± 4aMλ2

b2v

+O(M2, a2) , (48)

which agree with the result obtained by Werner’ Finsler ge-
ometry method, given in Appendix A. Finally, For a = 0,
Eq. (45) leads to the finite-distance deflection of massive par-
ticles by Schwarzschild-like solution in the bumblebee gravity
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model,

α̂S = (λ− 1) [π − arcsin(buR)− arcsin(buS)]

+

[(
1 + v2

)
λ− b2u2R

(
1 + v2λ

)√
1− b2u2R

+

(
1 + v2

)
λ− b2u2S

(
1 + v2λ

)√
1− b2u2S

]
M

bv2

+O(M2) . (49)

It is worth pointing out that the Eq. (47), Eq. (48) and Eq. (49)
are also obtained for the first time. Further more, Eq. (49) can
deduce

α̂S∞(v = 1) =
πl

2
+

4M

b
+

2Ml

b

−πl
2

8
− Ml2

2b
+O(M2, l3) . (50)

The first two terms of the expression are consistent with the
Ref. [1] and Ref. [16]. However, the third term is different
from the positive and negative signs of the Ref. [16].

After obtaining the finite-distance and infinite-distance de-
flection angles, let us consider their difference described by
the finite-distance corrections [64, 66]

δα̂ = α̂∞ − α̂ . (51)

Bring Eq. (45) and Eq. (48) into the above equation, we have

δα̂ = (λ− 1) [arcsin(buR) + arcsin(buS)]

−
[
− 2

(
1 + v2

)
λ

+

(
1 + v2

)
λ− b2u2R

(
1 + v2λ

)√
1− b2u2R

−
(
1 + v2

)
λ− b2u2S

(
1 + v2λ

)√
1− b2u2S

]
M

bv2

±
2aMλ

(
2λ+

b2u2
R−λ√

1−b2u2
R

+
b2u2

S−λ√
1−b2u2

S

)
b2v

+O(M2, a2) . (52)

Use buR and buS to expand, we have

δα̂ = b (uR + uS) (λ− 1)

−
bM

(
u2R + u2S

) (
2− λ+ v2λ

)
2v2

±
aM

(
u2R + u2S

)
(2− λ)λ

v

+O(M2, a2, b3u3R, b
3u3S) . (53)

It is interesting to point out that the term including aM is
independent of the impact parameter.

VI. CONCLUSION

In the weak-field limits, we have studied the deflection an-
gle of massive particles for an observer and source at a finite
distance from the Kerr-like black hole in the bumblebee grav-
ity theory. For this purpose, we used a geometric and topolog-
ical approach first proposed by Gibbons and Werner [32, 33],
and then the extended generalized optical metric method to
study the finite-distance deflection of light [64–66]. This
method involves the application of the Gauss-Bonnet theo-
rem. To apply this method, we used the Jacobi-Maupertuis
Randers-Finsler metric. Furthermore, since the spacetime is
asymptotically non-flat the calculation of the deflection angle
is modified in Eq. (24). In addition, we directly computed the
deflection angle using the definition of the deflection angle
proposed in Refs. [64–66]. The results obtained by the two
methods are the same, and are shown in Eq. (24). Our results
can also deduce some new results; for example, the finite-
distance deflection angle of light in Eq. (47), the infinite-
distance deflection angle of a massive particle in Eq. (48)
and the finite-distance deflection angle of a massive particle
by a Schwarzschild-like black hole in the bumblebee grav-
ity theory in Eq. (49). Furthermore, we also calculated the
finite-distance correlation of the gravitational deflection angle
of massive particles.
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Appendix A: The gravitational deflection angle of massive
particles using Werner’ method

In this appendix, we shall compute the infinite-distance
gravitational deflection angle of massive particles by Kerr-like
black hole in bumblebee gravity model using Werner’ Finsler
geometry method [33]. The Hessian of Finsler metric F (x, y)
reads [73]

gij(x, y) =
1

2

∂2F 2(x, y)

∂yi∂yj
, (A1)

where (x, y) ∈ TM with TM being the tangent bun-
dle of smooth manifold M . In Ref. [33], Werner applied
Nazım’s method to construct an osculating Riemannian man-
ifold (M, g̃) of Finsler manifold (M,F ). Following Werner,
we can choose a smooth nonzero vector field Y tangent to the
geodesic γF , i.e. Y (γF ) = y, and thus the osculating Rie-
mannian metric can be obtained by Hessian

g̃ij(x) = gij (x, Y (x)) . (A2)

In this construction, the geodesic in (M,F ) is also a geodesic
in (M, g̃) [33]. On the equatorial plane, our Randers-Finsler
metric in Eq. (18) leads to
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F (r, ϕ, Y r, Y ϕ) =

√√√√E2( 1

1− 2M
r

− 1 + v2

)[
λ2r2

a2λ2 + r (r − 2M)
(Y r)

2
+
r (a2λ2 + r2 − 2Mr)

r − 2M
(Y ϕ)

2

]
− 2λEMar

r(r − 2M)
Y ϕ . (A3)

In order to obtain the leading-order deflection angle, we only need the zeroth-order particle ray r = b/sin(ϕλ ). Near the
particle ray, one can choose the vector field as follows

Y r =
dr

dσ
= −

cos(ϕλ )

Eλv
, Y ϕ =

dϕ

dσ
=

sin2(ϕλ )

Ebv
. (A4)

According Eqs. (A1)- (A4), we can get the osculating Riemannian metric as following

g̃rr = E2v2λ2 +
2EM

(
1 + v2

)
λ2

r
−

2aME2rvλ3 sin6
(
ϕ
λ

)
b3
[
cos2

(
ϕ
λ

)
+ r2

b2 sin4
(
ϕ
λ

)]3/2 +O
(
M2, a2

)
, (A5)

g̃rϕ = −
2aME2vλ2 cos3

(
ϕ
λ

)
r
[
cos2

(
ϕ
λ

)
+ r2

b2 sin4
(
ϕ
λ

)]3/2 +O
(
M2, a2

)
, (A6)

g̃ϕϕ = E2v2r2 + 2E2Mr −
2aME2rvλ sin2

(
ϕ
λ

) [
3 cos2(ϕλ ) + 2 r

2

b2 sin4(ϕλ )
]

b
[
cos2

(
ϕ
λ

)
+ r2

b2 sin4
(
ϕ
λ

)]3/2 +O
(
M2, a2

)
. (A7)

Then, the corresponding Gaussian curvature can be compute by Eq. (25) and the result up to leading order is

K̃ = −
(
1 + v2

)
M

E2r3v4λ2
+

3aM

E2v3λb2r2
f (r, ϕ) +O

(
M2, a2

)
, (A8)

where

f (r, ϕ) =
sin3(ϕλ )[

cos2
(
ϕ
λ

)
+ r2

b2 sin4
(
ϕ
λ

)]7/2
{

2 cos6
(ϕ
λ

) [
−2 + 5

r

b
sin
(ϕ
λ

)]
+2

r

b
cos2(

ϕ

λ
) sin5(

ϕ

λ
)

[
2− r2

b2
+
r2

b2
cos

(
2ϕ

λ

)
+ 4

r

b
sin
(ϕ
λ

)]
+ cos4

(ϕ
λ

)
sin2

(ϕ
λ

)[
−2 + 9

r

b
sin
(ϕ
λ

)
− 10

r3

b3
sin3

(ϕ
λ

)]
+
r2

b2

[
−r
b

sin9
(ϕ
λ

)
+ 2

r3

b3
sin11

(ϕ
λ

)
+ sin4

(
2ϕ

λ

)]}
. (A9)

In infinite-distance case, we consider the area enclosed by particle lines and curve C∞ instead of quadrilateral ∞R�
∞
S . Notice

that now the particle ray is a geodesic in (M, g̃) and thus kg = 0. Then by using Gauss-Bonnet theorem, the infinite-distance
deflection angle can be calculated by

α̂∞ = (λ− 1)π − λ
∫ ∫

∞
K̃dS . (A10)

Then, the infinite-distance deflection angle of massive particles can be calculated by

α̂∞ = (λ− 1)π − λ
∫ λπ

0

∫ ∞
b/sin(ϕλ )

K̃
√
detg̃drdϕ

= (λ− 1)π +

∫ λπ

0

∫ ∞
b/sin(ϕλ )

[(
1 + v2

)
M

r2v2
− 3aMλ

b2vr
f (r, ϕ) +O

(
M2, a2

)]
drdϕ

= (λ− 1)π +
2M

(
1 + v2

)
λ

bv2
− 4aMλ2

b2v
+O(M2, a2) . (A11)
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[54] W. Javed, j. Abbas and A. Övgün, Phys. Rev. D 100, no. 4,

044052 (2019).
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