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Abstract In this article, the new HermiteHadamard type inequalities are studied via generalized
s-convexity on fractal sets. These inequalities derived on fractal sets are shown to be the gen-
eralized s-convexity on fractal sets. We proved that the absolute values of the first and second
derivatives for the new inequalities are the generalization of s-convexity on fractal sets.
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1 Introduction

The convexity is considered among the important property in mathematical analysis. The ap-
plications of convex functions can be found in many fields of studies including economy, engi-
neering and optimization (see for example [1, 4]). A well-known result which was identified as
Hermite-Hadamard inequalities is the reformulation through the convexity. These inequalities,

widely reported in the literature, can be defined as follows:

Theorem 1. Suppose thaty : [u,v] C R — R is a convex function on [u,v] with u < v, then

(157) = 2 [ vtote < HLH K

These two inequalities, which are the refinement to the convexity, can be held in reverse or-
der as concave. Following this, many refinements of convex functions using Hermite-Hadamard
inequalities have been continuously studied [3, 5, 7]. Given the variation of Hermite-Hadamard
inequalities, Dragomir and Fitzpatrick [6] established a new generalizations of s-convex functions

in the second sense.
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Theorem 2. Suppose that v : Ry — Ry is a s-convex function in the second sense, where
0<s<1,u,v€Ry andu<wv. If € L*([u,v]), then

() et [ D

Even though the Hermite-Hadamard inequalities are established for classical integrals, the
inequalities can also hold for fractional calculus. Other important generalizations include the work
of Sarkaya et al. [8], who proved the Hermite-Hadamard inequalities through fractional integrals

as follows:

Theorem 3. Suppose that ¥ : [u,v] — R is a non-negative function with 0 < v < v and ¢ €

Li[u,v]. If ¢ is convex function on [u,v], we have:

o (M) < 2D )+ s < LEEY

where o > 0.

The s-convexity mentioned in Hudzik and Maligranda [12] was also given as the generalization

on fractal sets.

Definition 1. [9] A function ¢ : Ry — R® is called generalized s-convex in the second sense if

Py +720) <97%(u) +9779(v), (3)

holds for all u,v € Ry, v1,72 > 0, with 71 +72 = 1 and for some fixed s € (0, 1]. The symbol GK?

denotes the class of this function .
The Riemann-Liouvile fractional integral is introduced here due to its importance.

Definition 2. [10] Suppose that ¢ € Li[u,v]. The Riemann-Liouvile integrals J 1 and J 1) of
order o € Ry are defined by

T = s [ @) )y x>

and
5o = s [ -0 <
v— 71—‘(@) . ’Y 7 77 )
respectively.

The following lemma for differentiable mapping is given by Sarikaya et al. [8].

Lemma 1. Let ¢ : [u,v] — R be a differentiable mapping on (u,v) with u < v. If ' € Llu,v],

then we have:

P(uw) +9(v)  Tla+1)
2 2(v —u)™

[J8, () + IO (w)] = / (1= 7)® =774 (v + (1 — 7o)y,
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Wang et al. [11] extended Lemma 1 to include two casses, one of wich involves the second
derivative of Riemann-Liouvile fractional integrals.

Lemma 2. Let ¥ : [u,v] = R be a twice-differentiable mapping on (u,v) with u < v. If¢" €
L[u,v], then

$w ) et il [T w) + Jew(w)

2w —u
B
2 0 a+1

V" (yu + (1 —y)v)dy,
holds.

This paper is aimed at establishing some new integral inequalities via generalized s-convexity
on fractal sets. We show that the newly established inequalities are generalized form of Theorem 2.
The new HermiteHadamard type inequalities in the class of functions having derivatives in absolute
values are shown to be s-convex function on fractal sets. This was achieved using Riemann-Liouville
fractional integrals inequalities.

2 Main results

Our first main result is obtained by the following theorem.

Theorem 4. Suppose that) : [u,v] C Ry — RS is a genralized s-convex on [u,v], where0 < s <1,
u,v € Ry and u <wv. If ¢ € L'([u,v]), then we obtain

as—1 u+v F(O[ + 1) o (e 1 F(OéS + 1)F(Oé + 1) [’l/)(u) + w(’U)]
2 ¢( 2 ) = 2(v —u)e [ 9 (0) + T v(u)] < [s +1 INa(s+1)+1) 2 '

(4)
Proof. Since 1) € GK?2, we get

o(228) < V0 5

Substituting x = yu + (1 —y)v and y = (1 — y)u + yv with v € [0,1] in inequality (5), we obtain

20 (T52) < vlou+ (L)) + 00+ (1= 1)) )

Multiplying both sides of (6) by v*~! and integrating the result inequality with respect to v over
[0,1], then we get

2”‘2/,(“*”; y) < /O gt (= 7))+ /O i+ (-9

= L@ e ) g2 g, (7)

(v—u)

Then the first inequality in (4) is proved.
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To prove the second inequality in (4), since ¢ € GK2, we get
P(yu+ (1 =)o) <" ¢(u) + (1 =7)*P(v), (8)
and
P(yo+ (1 =)u) <" () + (1 —=7)*h(u). (9)
Combining the inequalities (8) and (9), we obtain

Pyu+ (1 =7)v) + (1 = Y)u+v) <*P(u) + (1 =7)*h(0) + 7" (u) + (1 =) *P(u)
="+ A=) (w) + P ()] (10)

A similar technique used in (6) is applied to inequality (10) to get the following:

F (0% « ! as s
)+ I < [ 2t (=) ) + vy
(v—u)* 0
(as+ 1I'(«)
11
< |aor oy | e,y
where
1
1
as+s—1d —
/O g =
and
1
_ Tas+ 1) ()
a—1 1 S I =
/0 7T =) I'as+a+1)
Using inequalities (7) and (11), we proved Theorem 4. O
Remark 1. If we set k = Sil + %} for 0 < s < 1, then it is best possible in the

second inequality of Theorem 4.
The map 9 : [0,1] — [0%,1%] given by 1 (z) = 25¢ is generalization s-convex in the second sense,

INa+1)
2

1 Fas+1)I(a+ 1)]

[(Jox (1) + T3 9(0)] = [s +1 Nla(s+1)+1)

and

1 Flas+ 1) (a+ 1)] [¥(0) + (1)) _ [ 1 Flas+ 1)I(a+ 1)]
s+1 TNa(s+1)+2) 2 s+1 Nla(s+1)+1)

Corollary 1. Taking o = 1 in Theorem 4, then the inequality 2 is similar to Theorem 2 introduced
by Dragomir and Fitzpatrick [6].

Remark 2. Since
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Then we have

as—1, uto, _ Tlatl) o 1 Dlas + DN+ 1)1 [$(u) + 9 (v)]
25 ) S g e a0+ I ()] < [34-1 T(a(s +1) + 1) ] 2

< [8_1_% + Blas+ 1,a+ 1)] —[¢(u) ;— w(v)].
Theorem 5. Suppose that M : [0,1] — R® is a mapping given by
Tr 1
M) = (D g (o - 50w ae (v =050 [0,

where 1 : [u,v] — R* belongs to GK?2, s € (0,1], u,v € Ry,u < v and 9 € L*([u,v]). Then
(i) M € GKZ? on [0,1].

(ii) We have the following inequality:

M) = 2o ( M), (12)
(iii) We have the following inequality:
M(v) < min{M:(7), Ma(v)},7 € [0,1], (13)
where,
M) = LD (o) + T v] + (=) ()
and
[ 1 Nas+ 1)T(a+1) u+ v U+ v
M) = | o+ g [ (e -0 ) e (e a -0t

(iv) If M = max{M,(v), Ma(7)},~ € [0,1], then we have

o e B s ()]

Proof. (i) Let v1,72 € [0,1] and 1, o > 0 with gy + pe = 1, then

% _Jfﬂ/)((lh% + M272)u ; S (1171 + p272))v)

M (pam + poy2) =

+ Jqf‘w((um a2+ (1= (s + 1272)) = ; U)]

r nf
< —@(“_Z)Q & <J;‘+w<vl“;” +(1 —71)v> + JS—¢<%U+ (-

2
g (T (5 = wo) g (s (1550 )

2
= p$ M (1) + pe®* M (7).

d0i:10.20944/preprints201911.0157.v1
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75,

(ii) Assume that (0, 1]. Then by the change variables ¢ = yv+(1—7)*f% and p = yu+(1—

e |

we have

F(OZ + 1) - u+v «
MO) = m—we <w+(1—v>“;“>+¢(7“+ (==~ ) G-

= D@D e ) 4+ 5 w(a)]

(p—aq)
Applying the first generalized Hermite-Hadamard inequalities, we obtain
Flat+1) o a+p u+ v
JOZ7 > 20&3 — 2a$
(p—q)™ [Jq+¢(p) +J, Y(q)] (0 O P 5 ,

and inequality (12) is obtained.

If v = 0, the inequality
U+ v

u+v as—
w( 5 )22 1w( 5 )

also hold.
(iii) Applying the second generalized Hermite-Hadamard inequalities, we obtain
MNa+1), o 1 MNas+1)I(a+1)
e (o) 4 S < | 5 + i + ()
1 Nas+1)M(a+1) u+v
P e | G )
o)

= Az(7), ¥y € 0,1].

Note that if v = 0, then the inequality
1 I‘(as—i—l)I‘(a—Fl)]w(u—kv)

w(u?)):M(O)§M2(0)22a[5+1+ T(a(s+1)+1) 2

holds as it is equivalent to

(s #)(c57) =

and we know that for s € (0,1).

Since
w(”“* < ‘”M;U> < p(u) + (1 - )asw(wv)

and
w(”“*“‘ﬂm)swwv) (1- )%(“*”)
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Forall v € [0, 1] and x € [u, v], then we obtain

< 0% D D (o) + vl + (- ()
= Mi(7),

and the inequality (13) is proved.

(iv) We have

M) = [341-1+ %it?%i ))][¢<7U+(1_7)UT—H))+w(’)’v+(1—’y)u—;v>:|
(a+
1) +

< |+ e e D et + (= pu (S50 + e

+ [(a(s +

1
o )as¢(u+v)]
s 1)] [V‘“[w(w +p(v)] +27%(1 - ”%(u_ﬂ)] '

1
- [s+1 Lla(s+1)+1)

2
Since
MNa+1) . ., o 1 Tas+ 1) (a+ 1) ] [¥(u) + ¥ (v)]
s Lz e + a ) < | g+ St et )l o),
and
TR o ws] 1 I'as+ 1)T(a+1) u+v
(1=1) dJ( )§2(1—7) [s—l—1+ Fla(s+1)+1) }1/}( 2 )7
then
M) <7 o e () + 6
o ws] 1 Mas+1)(a+1) u+v
281 =) [s+1 T(a(s+1) +1) }d’( 2 )
and the proof of Theorem 5 is complete. O

Corollary 2. Choosing s = 1 in Theorem 5, we have

)

ey L CRNUREIE S Rt CUSNIREE o |

. JIla+1)
< min {ry (U o ’ll/)a [Ju‘*'d)(v

)
oo () [ et ]
X [w(wﬂl—v)u;v) +¢<7v+(l—7)ugv)]}

7
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(ii) Since
M = max {'70‘ I(;E _—Z)lo? [(Jur o (v) + Ji-p(u)] + (1 — 'Y)aw(u —2i_ U)’
1 (F(a+1))2 u+ v U+ v
[5 TR+t 1>>} [W“* =1 W(”” =1 ﬂ }
we get

[ A o m-oe(52)

Theorem 6. Let v : [u,v] C Ry — R® be a differentiable function on (u,v) where 0 < u < v. For

some fized ¢ > 1, if |'|? is a generalized s-convex on (u,v), we obtain

1—1

V—U 2 a
< i
-2 (a+1)

X ([6(04—1—1,045—1-1)-%@]

‘MJ(U) +¢)  Tlat+l)
2

S ORI

1

wwmm«uwwwof

Proof. Applying Lemma 1, we obtain

v—1Uu

2

) +90) T+ o, .
o ek L) + T3 ()

1
A[u—vw—vﬂwwu+u—wwm7.
(14)

First, suppose ¢ = 1. Since the function |¢)'(u)| is a generalized s-convex on (u,v), we obtain
[’ (yu + (1 = y)oy| < ™" (w)| + (1 =) ** [’ (v)]. (15)

Therefore,

/0 [(1—7)* —~9 ,(/}/(fyu +(1- ’)/)U)d'y‘ < |¢/(u)|/0 [(1— 7)™ + ’Yas+a]d’y

-+|¢/u»|]€ (1= )55 4 (1= 42 )12]dy

1

= 1 Nt —
<B(a+ yas + 1)+ ———ry

)wwo+ww»
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Suppose that ¢ > 1, from the power mean inequality

1
q

1
Jia=a e+ - v)“sw’(v)ﬂdv)

X
2 \'"u
= 1 1 _—
a—}-l) (6(04—1— st )+043—|—a+1}
1
<[ @I+ 1)) (17)
In view of inequalities (14), (16) and (17) complete the proof of Theorem 6. O

Corollary 3. Under the similar conditions of Theorem 6, we get
(i) If ¢ =s=1, then

’1/1 (u) ;r Y(v) 211(1)“_+u1))a [T (v) + T2 ()]

<250 gty +8at a1 (@l + 1 ).

(ii) f g = a=s =1, then

ORI

v—1U

4

<

(W' ()] + [¢'()])-

v—Uu

(iii) If g>1land s=1

‘w(U) +¢()  Tlet+1)
2

2(,0 _ U)a [‘]3‘*'1/}(“) + Jg‘—d)(u)]

1—1
v—u 2 a 1
< —_— 1 1 B EE——
-2 <a—|—1> <[B(a—|— a8+ )+a3+a—|—1
1
q

< [ (W] + |w'<v>m) |

(iv) fg>landa=s=1

‘¢(u) ‘QHP(U) . i . /uv Sy < v ; u <|¢’(u)|q ;r W(v”q);.
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Theorem 7. Let ¢ : [u,v] C Ry — R® be a differentiable function on (u,v) where 0 < u < v. If
|7 is a generalized s-convex on (u,v) for ¢ > 1, we get

Pt D vt + sl | < 2 (2 - )

I'(os + DI (a + 1) 1 g
X({ INas+a+2) +as+a+1}>
X ([0 (@)l + [ ()] .

Proof. Since |9’ (u)] is a generalized s-convex on (u,v), we obtain

[0 (yu + (1 =)oy < 1" (u)] 4 (1 = 7)Y’ (v)].

From this fact and applying the Hlder’s inequality, we have

Q=

/0 (1= =Y (yu+ (1 - v)v)dv' <

/0 (1= )% =721 (1= )® = 4% (a1 — ’y)v)dv‘

/ (= ) = %l + / e v)“]dv)l_é

2

<

11— ) — 7| (a4 (1 — v)v)lqd7> q
0

/1 1
/5[(1 —9)* — y%dy + [1[7(1 a- W)O‘]dy)l_q

2

IN X
N /N N/

Q=

/0 (=" + "Iy [ (W) + (1 = v)asllb’(v)q]dv)

-(Gl-3) (s )

X [ ()9 + [ (v)9) 7. (18)

Thus, the inequalities (14) and (18) complete the proof of Theorem 7. O

Theorem 8. Let v : [u,v] C Ry — R* be a differentiable mapping on (u,v) with 0 < u < v. For
some fized q > 1, if [V'|? is a generalized s-convex on [u,v] , then we have:

st Kot ey s gl < 54 (2 [- 5)) () (wer s vor)

Proof. By applying Hlder’s inequality and (15), we obtain

10
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01|<1—7>“—w|pcw) (/ [y + (1 - ))I"dv);

/1
/j[(l—wa—va]pdw[ o= (1— >defy)”

2

/0 (1= )® — 4 (u + (1 —W)W)dw' <

IN

1

(
(
(/Ol[vas|¢'(u)lq +(1— V)MW(U)Iq]dy) ;

(il e]) (M)

Finally, from (14) (19) we get the desired result. O

X

IN

Remark 3. From Theorem 8, 6 and 7 we obtain the following inequality for ¢ > 1

‘ww) +¢@) _ Tla+1)
2(v —u)®

2 (0) + T2 (u)] \ < min{S1, 52, S5 [ ()7 + [0/ W[

where

Sy = (ail>1_3([ﬁ(a+1,as+1) L mb
"o (O‘L“ [1 - Q%DI_é <[F(FOEZ(J; i)E;a;;)l) T als +11) + 1Dé'

2 1 1 \¢
S3_<ap+1[1_TTP]> (a3+1> ’

Theorem 9. Let ¢ : [u,v] C Ry — R® be a twice-differentiable function on (u,v) with 0 < u < v.

For some fized ¢ > 1, if [¢)"|? is a generalized s-convex on (u,v), then we get

()

2
1
< —,8as+1a+2)

Q=

=

‘MU) +¢)  Tlat+l)
2

2(,0 . u)a [‘]3‘*'1/](”) + J;)x_i/)(ll,)]

X

1 9
as as+a+2>

Q=

(16l + 107l
Proof. Applying Lemma 2, we have

‘w(u) +P(v) ;ﬁ%l [T h(v) 4+ T (u)] ‘

_(v_u)z /1 1— (1 _,y)oc—kl —’Ya+1
2 0 a+1

(20)

[ (yu + (1 = ~)v)|dy.

11
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Firstly, suppose that ¢ = 1. Since the mapping |¢)”| is generalized s-convexity on fractal sets, we

obtain
[0y (L= 0] < 7% [ (w)| + (1= ) [9(0)] (21)
Therefore,
) FOED ) + g vt
< w?* / - —2:1 -y (Waswff(un +(1- v)aslw”(vﬂ)dv
_ éfa_f)f) (7 -+ 1a 42 - Ll + ol
where,

Blas+ 1,a+2) = Bla+2,as + 1).

Secondly, for ¢ > 1. From Lemma 2 and the power mean inequality, we have

P £90) Dot a0y 4o )]

2 2(v — w)°
() 1-amr ) @

1

1
([ - @t - o)
0
Hence, from inequalities (21) and (22), we obtain

V)0 T+l .
) D et + v

1

v —u)?

m < /01 L= @=)- 7a+1> - </01 L= (1=m)F =Ty (yu + (1~ v)v)lqd‘V) q
- </ L= (1 =) =" R ()| + (1 - v>“5|w“<v>|q]d7> E

o ()T s a2 - L) (o)

(a+1)\a+2 as+1 as+a+2

IN

IN

Q=

O

Theorem 10. Let ¢ : [u,v] C Ry — R* be a twice-differentiable function. If |¢)"|? is a generalized

s-convex on (u,v), where 0 < u < v, s € (0,1] and for some fixred ¢ > 1, then we get

‘w(m +¢)  Tlat+l)
2 2(v — u)™

« «a (U _u)2 2 %
[T () + T (w))] ‘ = %at 1) (1 pla+ 1)+>

y (W(u)w + |¢”<v>|q>3

)

as+1

12
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1,1 _
where & + o = 1.
Proof. From (20), (21) and the Hlders inequality, we have

‘w(u) +¢@) _ Tla+1)
2 2(v —u)“

L2 (o) + T ()] \

s ([a-a- —ran) : (19"t @ = poran )

<@ ([ ) (i [t e [ o =)’
v —u)? 5 (" ()| w)|a\ T

R st ()

We use

(1= (1 —y)*H =92t <1 — (1 — y)alett) —galetd),
for any v € [0,1], which follows from
(V-N)?I<VI— N1,

where
V>N2>0and ¢ > 1.

The proof of Theorem 10 is completed. O
The following another Hermit-Hadamard type inequalities of the second derivatives.

Theorem 11. Under the same assumptions of Theorem 10, we have

V() +o@)  Tlet+l) X
) D U + svtl| <=

1 1 a
—Blas+1,q(a+s)+1) — (a+1)q+as+1>

(
(I + )’

13
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Proof. By applying Lemma 2 and the Hlders inequality, we obtain

’wu) + () ;éajb;i T2 (0) + T2 b (u)]

1

;z;;?i)(L/dldv);;<jﬁlu.—<1-—woa+l S Gt (=l )

(U—U) " 1 as (a+8) 0 s (a+1)+as
T R e e

I/\

Q=

1
+WWMqA(O—WWS—O—vﬂ”“”“—v“””ﬂ—vfﬂ%)

IA

(v —u)? 1 1 i
(a+1) (as+1_ﬁ(as+l’1+q(a+s))_(a+1)q+a8—|—1>

2
<(Wrl+ o)

Remark 4. From Theorems 9, 10 and 11, we have

‘1#(“) +¢)  Tlat+1)
2(v —u)e

2 00) + I3 0] | < min{o, Ko Ko)

where

K = ;z()a_—f)f) (a (—1&- 2)1—q <asl+ . Blas+1,a+2) — m> a <|1/J”(u)|q . W//(,U)q)
- b () ()

Q=

3 Applications to special means

Using the obtained results, we examine some applications to special means of non-negative numbers
u and v.

1. The arithmetic mean:
A= A(u,v) = “£%; u,v € R, with u,v > 0.

2. The logarithmic mean:
L(u,v) = oz oz UV € R, with u,v > 0.

3. The generalized logarithmic mean:

1
L,(u,v) = [%] ;r € Z\{-1,0} u,v € R, with u,v > 0.
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Using the results obtained in Section 2, and the above applications of means, we get the following
proposition.

Proposition 1. Suppose thatr € Z, |r| > 2 and u,v € R such that 0 < u < v, we get the following:

v—u)lr 1o
< Oy = o),

'A(ur,w) — L"(u, ) :

Proof. This follows from Corollary 3 (ii) wich applied for ¢ (z) = 2", we get the required result. O

Proposition 2. Suppose that n € Z, |r| > 2 and u,v € R such that 0 < uw < v. Then for ¢ > 1,
we get the following:

‘A(ur7vr) — L7 (u,v)| < %Aé(wq(r—l)’ jp[atr=1)),

Proof. This follows from Corollary 3 (iv) wich applied for ¢(z) = =™, we get the required result. O

Proposition 3. Suppose that u,v € R such that 0 < u < v, then

< O A o)

Proof. This follows from Corollary 3 (ii) wich applied for 1)(z) = %, we obtain the required result.

:;7

O
Proposition 4. Suppose that u,v € R such that 0 < u < v, then
Ao - 2| < C5ad g2 )
Proof. This follows from Corollary 3 (iv) wich applied for ¢ (z) = %, we get the required result. [
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