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Abstract

In this paper, we study the dynamics of following system of nonlinear
difference equations Tn+1 = Tn—1Yn — 1, Ynt1 = Yn—12n — 1, 2pny1 =
zZn 1Zn — 1. Especially we investigate the periodicity, boundedness and
stability of related system of difference equations.
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1 Introduction

Over the last years difference equations and systems of difference equations
have been huge attention by scientists and mathematicians. This attention
is particularly related to applications in different fields of science especially
ecology, economy, physics and so on. As long as they achieved more meaningful
and impressive results and applications, this attention continues to increase at
the high level. Several latest results can be found in the following papers:

In [15], Kent et al studied dynamics of difference equation

Tptl = TpTp—1 — L.

Further, in [1], Liu et al and in [23], Wang et al obtained some significant
results about related difference equation.

© 2019 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints201910.0350.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 October 2019 d0i:10.20944/preprints201910.0350.v1

In [24], Kurbanl et al investigated positive solutions of system of difference

equations
Tn—1 Yn—1

€T = _ =
s YnTn—1+1 Yt TpYn—1+1

In [25], Kurbanl studied the solutions of the system of difference equations

Tp—1 Yn—1 Zp—1

T = =,z =
e YnTn—1 + l’yn+1 TnYn—1 + 1’ i YnZn—-1 +1

Furthermore, there are many books and papers related to difference equa-
tions see [7] - [23].

In this paper, we investigate the dynamics of following system of nonlinear
difference equations:

T+l = Tpn—1Yn — 17 Yn+1 = Yn—1”n — 17 Zn4+1 = Zn—1Tn — lan = 07 17 Tty (1)

where the all initial conditions are real numbers. Especially, we study equilib-
rium points, stability of solutions, existence of periodic solutions and bounded-
ness of solutions of related system.

Firstly, we give some definitions and theorems which are used during this
study.

Let us introduce a six-dimensional discrete dynamical system of the form

Tn+1 == fl (znamn—lvynvyn—hZ?’lazn—l)7
Yn+1 = f2 ($n,$n—1,ymyn—17Zn,Zn—l)’ (2)
Zn+1 = f3 (xnaxnfl)ynvynflvznwznfl)

n=0,1,.., where f; : I? x I3 x I3 — I1, fo : I? x I3 x I3 — I and f3 :
I?x I3 x Ig — I3 are continuously differentiable functions and I, I, I3 are some
intervals of real numbers. Moreover, a solution {(z,, Yn, 2n)},—_; of system (2)
is uniquely determined by initial values (z;,v;,2;) € I x Iy x I3 for i € {—1,0}.

Definition 1 Along with the system (2), we consider the corresponding vector
map
F= {flaxnaxn—la f27ynayn—1af3>znvzn—1} .

A point (Z,7,z) is called an equilibrium point of the system (2) if

r = fl(j7j7gag7272)7
y = fz(.’f,f7zj,g,272),
zZ = fg(ff,f,y,g,z,Z).

The point (%, 7, Z) is also called a fixed point of the vector map F.

Definition 2 Let (Z,7,Z) be an equilibrium point of the system (2).
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(1) An equilibrium point (T, 7, Z) of system (2) is called stable if, for everye > 0,
there exists & > 0 such that, for every initial value (x;,y;,2;) € Iy X Ia X I3,

with
0

0 0
Z|$i—f|<5vz|yi—§|<5az |z — 2] <6

i=—1 i=—1 i=—1
implying |z, — | < e,|yn — 7| < € and |z, — Z| < e forn € N.

(ii) An equilibrium point (Z,y,Z) of system (2) is called unstable, if it is not
stable.

(iii) An equilibrium point (%, 7y, Z) of system (2) is called locally asymptotically
stable if it is stable and if, in addition, there exists v > 0 such that

Z Imﬁz|<%z lyi — y|<%z |2i — 2 <,

1=—1 1=—1 1=—1

and (Tpn, Yn, 2n) — (T, 7,Z) as n — o0.

(iv) An equilibrium point (Z,y,Z) of system (2) is called a global attractor if
(xrnyn?zn) (xayv ) as n — Q.

(v) An equilibrium point (Z,7, Z) of system (2) is called globally asymptotically
stable if it is stable and a global attractor.

Definition 3 Let (Z, 7, Z) be an equilibrium point of the map F where f1, fo and
f3 are continuously differentiable functions at (:1: ¥, Z). The linearized system of
system (2) about the equilibrium point (Z, 9, Z) is

XnJrl = F(Xn) = BXn,

where

Zn—1
and B is a Jacobian matriz of system (2) about the equilibrium point (T, 7, Z).
Definition 4 Assume that X,41 = F (X,,),n = 0,1,---, is a system of dif-
ference equations such that X is a fized point of F. If no eigenvalues of the

Jacobian matriz B about X have absolute value equal to one, then X is called
hyperbolic. Otherwise, X is said to be nonhyperbolic.

Theorem 5 (Linearized Stability Theorem [26], p.11) Assume that
Xn1=F(X,),n=0,1,---

)

is a system of difference equations such that X is a fized point of F.
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(i) If all eigenvalues of the Jacobian matriz B about X lie inside the open unit
disk [A| < 1, that is, if all of them have absolute value less than one, then
X s locally asymptotically stable.

(ii) If at least one of them has a modulus greater than one, then X is unstable.

Definition 6 A solution {(z,,Yn, 2n)}re_; of system (2) is bounded and per-
sists if there exist constants M, N such that M < N and

M < xp,Yn,2n <N, n=—-m,—m+1,---.
Definition 7 A positive solution {(@n,Yn,2n)}re_, of system (2) is periodic
with period p if

Tntp = Tn, Yntp = Yp, Zntp = 2n Jor alln > —1.

2 Equilibrium Points of System (1)

This section, we find out the equilibrium points of system (1).

Theorem 8 There are two equilibrium points of system (1) which are each
elements of equilibrium points golden ratio or its conjugate. The equilibrium
points of system (1) are:

(jlaglygl) = (1 +2\/57 ! +2\/57 ! +2\/5) ) (3)
(EQ,:UQ,EQ) = (1 _2\/55 ! _2\/57 ! _2\/5> . (4)

Note that all elements of the first equilibrium point equal to 1+T\/5 ~ 1.618 which
s golden ratio.

Proof. Let x, = Z, y, = § and 2z, = Z for all n > —1. Then, we obtain
following system from system (1):

z = z-5-—1, (5)
g = y-z2-1, (6)
z = z.7—1. (7)

Therefore, we have easily from (5)-(7):

L+vs _14V6 1445
2 7y7 2 ) 2 )
1-v5  1-+5 1-5

T = ’y 7’2:

2 2

So, the proof completed. m
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3 Existence of Periodic Solutions of System (1)

In this here, we study the periodic or non-periodic solutions of system (1).
Moreover we obtain the initial values for the periodic solutions of system.

Theorem 9 There are no two periodic solutions of system (1).

Proof. Let {(zy, Yn,2n)}o._, be a two periodic solution of system (1). There-
fore, 9, = a, Topn—1 = b, Yo = ¢, Yon—1 = d, z2p, = € and z9,_1 = [ for all
n € Ny, a,b,¢,d,e, f € R such that a # b,c # d and e # f. Hence, we have

from system (1)

Topt1l = Top—1Yon — 1,
Ton = Tap2Y2n-1 — 1,

Yon+1 = Y2n—122n — 17
Yan = Y2n—222n-1— 1,

Zop4l = Zop—1T2n — 1,
Zon = Zop—2%2p—1 — L.

Thus, we obtain the following equalities:

b = bc—1, (8)
a = ad-—1, 9)
d = de—1, (10)
¢c = cf -1, (11)
;o= a1, (12)
e = eb—1, (13)
So, we have from (8)-(13),
1
a = b:c:d:e:f: +2\/5:j:1:g1:21;
1
a = b=c=d=e=f= \/52332252:72

Since a # b,c # d and e # f, this is a contradiction. The proof completed. =
Theorem 10 System (1) has three periodic solutions with the initial values as

Tr_1 = 71,1130 = 71,y_1 = 717y0 = 71,2_1 = 71,20 = 71, (14)
r—1 = 0,1‘0 = —1,y_1 = O,yo = —1,2’_1 = O,Zo =—1. (15)

Proof. Let {(@n,Yn, 2n)},—_; be a three periodic solution of system (1). Hence,

Ty =a, 90 =b,y1 =c¢, y =4d, z—1 = e and zg = f for all n € Ny,
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a,b,c,d, e, f € R. Therefore, we obtain that:

1 = Tayo—1l=ad—1
Y1 = y-1zo—l=cf—1
z1 = zZz_ixg—1l=ea—1
2 = zoy1 —1=blef-1)—-1=a (16)
y2 = Yox1—l=dlea—1)—1=c¢ (17)
zo = zor1—1=flad—1)—1=e (18)
3 = xya—1=(ad—1)c—1=b (19)
ys = mz—l=(cf-1le-1=d (20)
z3 = ziwe—1l=(ea—1)a—1=Ff (21)
Thus, we have four cases from solutions of system of equations (16)-(21):
a = b=c=d=e=f=-1, (22)
a = 0,b=-1,c=0,d=-1,e=0,f=-1, (23)
1
a = b=c=d=e=f= +2\/3, (24)
1—
a = b=c=d=e=f= 2\/5. (25)

(22) and (23) are three periodic solutions but the other cases aren’t periodic
solutions. Because they are equilibrium solutions. The proof completed. m

Remark 11 From (14) and (15), three periodic cycle of system (1) is
{' ) (_17 -1, _1) ) (Oa 070)7 (_1, -1, _1), (_17 -1, _1)’ T } .

Proof. We take the initial valuesare x_1 =0,z = —1,y_1 =0,y = —1,2_1 =

0, z9g = —1. Therefore, we obtain the followings:
7 = x_1Yyo—1=0-(-1)—1=—1,
i = Yy1z0—1=0-(-1)-1=-1,
21 = zo1x0—1=0-(-1)—-1=-1,
2 = xoy1—1=(-1)-(-1)—-1=0,
y2 = Yoz —1=(-1)-(-1)-1=0,
zo = zorp1—1=(-1)-(-1)—1=0,
x3 = xYy2—1=(-1)-0—-1=-1,
ys = y1z2—1=(-1)-0—-1=-1,
23 = zwe—1=(-1)-0—1=-1.

Hence, system (1) has three periodic cycle as:

{+,(=1,-1,-1),(0,0,0), (=1, -1,=1), (=1, =1,-1),- - }.
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4 Boundedness of System (1)

During this section we study the bounded or unbounded solutions of system (1).

Theorem 12 Let x;,y;, 2 € (—1,0) for i € {—1,0}, then the solutions of sys-
tem (1) are such that @y, yn, zn € (—1,0) forn > —1.

Proof. Let z;,y;,2; € (—1,0) for i € {—1,0}. Thus we obtain from System (1):

Ty = Ty —1€ (—1,0),
Y1 = y-120— 1€ (=1,0),
z1 = z_1xg—1€ (—1,0).

Therefore, we have by induction

Tn = ITp—2Yn—1— 1le (_1)0)7
Yn = Yn—27n—-1 — 1le (_130)7
Zn = Zp—2Tn—1— 1€ (=1,0)

for n > —1. The proof is completed. =
Theorem 13 Let the initial values x_1, o, Y—1,Y0,2-1,20 < —1. Then

z1,y1,21 > 0,
T2,Y2,22 < _]-7

z3,Y3,23 < —L

Proof. Let the initial values x_1,%0,y—1,%0,2-1,20 < —1. We have from
System (1):
Ty =2_1Yo — 1 > 0.

Calculations of y1, 21, T2, Y2, 22, T3, Y3, 23 are similar to x1, so we leave them to
the readers. m

Theorem 14 Let {(Zn,Yn,2n)}or_, be a solution of system (1). Then,

n=-—1
Tpy3 —Yn = (Ynr2+1) oy +1) = (@np1 +1) (yn + 1), (26)
Unt3 —2Zn = (Zng2 +1) (g1 +1) = (Yng1 + 1) (20 + 1), (27)
Zn43 —Tn = (Tng2+ 1) (Ynt1 + 1) = (zng1 + 1) (T + 1) (28)
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Proof. Let {(z, Yn,2n)},—_; be asolution of system (1). Hence, we have from

system (1) and by some calculations:

T3 —Yn = (Tnt1¥nt2—1) —Un
= ZTnt1 Ynznt1 — 1) =1 -y,

= Tnt1YnZnt1 — Tny1 — 1 —Yn
= Tpt1Yn (Zn-1Tn — 1) —2pi1 — 1 —yu
= Tpi1Ynn—1Tn — Tnt+1Yn — Tnt1 — 1L — Yn
= Tpt1YnZn—1Tn — Tpy1 (Yn +1) = (yn + 1)
= Tpt1YnZn—1Tn — Zn—1Tn + 2n-1Cn — (Yn + 1) (41 + 1)
= zp-1Zn (Tnt1Yn — 1)+ zn—12n — (Yn + 1) (Tp41 + 1)
= Zn1Tn (Yns2 +1) = (Yn + 1) (21 + 1)
= zn-1Zn Y2+ 1) = Wni2 + 1) + Wn2 + 1) = (Yo + 1) (Tp41 + 1)
= Wni2+ 1) (Zn-1%n = 1)+ (Uns2 + 1) = (Yo + 1) (Tny1 + 1)
= Ytz + 1D zn41 + Wni2 +1) = (Yo + 1) (@p41 + 1)

(Ynt2 +1) (znt1+ 1) = (@ng1 + 1) (yn + 1)

Because proofs of (27) and (28) are similar to (26), we leave them to the readers.

[
Theorem 15 Let {(2, Yn, 20}, be a solution of system (1). Let the initial
values x_1,To,Y—1,Y0, 2—1,20 < —1. Then the following statements are true:
(i)
0 < 1<z <yr < - <Togpt1 < 2ok44 < Yogt7 < 0,
0 < Y1 <@y < 27 < < Yol < Topta < 29547 < *° 0y
0 < zn<ys<wr<- <2op41 < Yokta < Toggr <+,
=1 > xo>25>ys > > Tokq2 > 20k45 > Yok48 > 00 s
=1 > ya>x5>28> > Yort2 > Topys > Zok48 >
=1 > 22>ys5s>x8> > 29542 > Yok+5 > Z0k48 >
=1 > x3>26>Yo > > Top+3 > 20k+6 > Yok+9 >t s
=1 > yzs>we> 29> > Yokt3 > Tokt6 > 20k+9 > " 5
=1 > 23>ys>Tg > > 29k43 > Yokt6 > Zokt9 > -

(ii)
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lim zgy47 = 00,
n—oo

lim yg,,47 = o0,
n—oo
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lim 29,41 = oo, lim 29,44 = o0, lim 29,47 = oo,
n—oo n—oo n—oo
lim 29,42 = —00, lim @g,45 = —00, lim Zg,15 = —00,
n—oo n—oo n—oo
lim yg,42 = —00,  lim Yoni5 = —00,  lim yonig = —00,
n—oo n—oo n—oo
lim zgy49 = —00, lim zgy4+5 = —00, lim zgy,4+8 = —00,
n—oo n—oo n—oo
lim xgp43 = —o0, lim zg,46 = —00, lim zg,4+9 = —00,
n—oo n—oo n—0oo
lim yo,13 = —00,  lim ygp46 = —00,  lim yg,49 = —00,
n—oo n—oo n—oo
lim 29,43 = —00, lim 29,46 = —00, lim 29,49 = —00.
n—oo n—oo n—oo
Proof.

(i) Let {(zn,Yn,2n)},_; be a solution of system (1). Let the initial values

T_1,%0,Y—1,Y0,%2-1,20 < —1. Therefore, we know the followings from
Theorem 13

T1,Y1,21 > 0,

T2,Y2, 22 < _17

x3,Y3,23 < —1L.

Firstly we consider (26) for n = 1. Thus we have
s == +1)(z2+1) —(z2+1) (n +1).
Since y3, 22,2 < —1 and y; > 0, we obtain that
e — Y1 > 0=24 > y;.
So x4 > y1 > 0 and similarly y4 > z; > 0 and z4 > 27 > 0.
Now we take n = 2 for (26), therefore we get
w5 —y2=(ya+1)(23+1) = (zs+1) (12 +1).
Because of y4 > 0 and x3, 23,92 < —1, we have
T5 — Y2 < 0= x5 < yYo.

Hence we obtain x5 < yo < —1 and y5 < 29 < —1, 25 < 9 < —1 similarly.
Next we get (26) for n = 3. We attain that

T6 — Y3 (Y5 + 1) (2a+1) = (za+1) (y3 + 1)
= (pza—1+1)(za+1) = (z2ys —1+1)(ys +1)

= y:ﬂf + Y324 — m2y§ — X2Y3
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From ys3, x5 < —1, we have
w6 —ys < —zi+—za+us+ys
= (ys—z)(ys+24+1)
From y3 < —1, we obtain
r6 — Y3 < (y3 — 24) 24 < 0.

So we get xg < y3 < —1 and similarly yg < 23 < —1 and zg < z3 < —1.
Now we take (26) for n = 4. We obtain that

7 —ys=(yo +1) (25 +1) — (25 + 1) (ya + 1).

Since yg, 25,25 < —1 and y4 > 0, we have 7 —ys > 0 and z7 > yg > 2z > 0.
Therefore we get y7 > 24 > x1 > 0 and 27 > x4 > y1 > 0.
We consider (26) for n = 5. We have that

zg —ys = (yr +1) (26 +1) — (z6 + 1) (ys + 1).
Thus we obtain following
g —Ys < 0= x5 < ys < 20 < —1.

from y; > 0 and zg,26,y5 < —1. Similarly we get ys < z5 < 22 < —1 and
28 < x5 < Yy < —1.
We take (26) for n = 6. We have

z9—ys = (ys +1) (27 +1) = (z7 + 1) (ys +1) <O

from ys,y6 < —1 and z7,x7 > 0. Thus we obtain x9 < yg < 23 < —1, yg < 26 <
3 < —1l and z9 < zg < yz < —1.
Now we consider (26) for n = 7. Hence we obtain

zi0—yr = (Yo +1) (28 +1) = (s +1)(yr +1) >0

from yg, 28,28 < —1 and y; > 0. So we have x19 > y7 > 24 > x1 > 0,
Y10 > 27 > x4 >y > 0and 2190 > x7 > yq > 21 > 0.
Finally we obtain the followings by induction

0 < mi<z<yr<- - <Topg1 < 29k4a < Yo7 <+ °

0 < Y1 <zy <27 < <Ygpp1 < Tota < 29k47 <+
0 < s <y<zr<- - <29p41 <Yohtd < Tt < =*
=1 > ®a>25>ys > > Topra > 20k+5 > Yok+s > 0,
—1 > ya>x5> 28> > Yokt > Tokts > 20k+8 >
-1 > 29>ys >y > > Zopt2 > Yok+5 > R9k+8 > v,
-1 > T3> 26>Yg > > Tok43 > 29k+6 > Y9k+9 > v,
=1 > ys>x6>29> > Yok+s > Tok+6 > Z9k+9 > 0,

-1 > 23 > Yg > XTg >+ > 29k4+3 > YOk+6 > Z9k+9 > v .

Therefore the proof completed as desired.

10
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(ii)
T9n+1 — T9n—1Y9n — 1
= (Ton—3Yon—2 — 1) (Yon—220n-1 — 1) — 1

= xgn—3ygn_22’9n—1 — T9n—-3Y9n—2 — Yon—229n—1
We have from $9n,3ygn7229n,1 > 0 and xg9,_3Yon_2 < 0,
TIn+1 > —YIn—229n—1-
From zg9,,_1 < —1, we obtain
Tontl > Yon—2 = Yon—429n—3 — 1

Yon—a (Zon—5Ton—a —1) — 1

= Y9n—429n—5T9n—4 — Yon—a — L.
From yg,—4 < —1 and yg,,—4T9n—q > 1 we have

Ton+1l >  YIn—429n—5T9n—4 > 29n—5
29n—7Ton—6 — 1
Zon—7 (Ton—8Yon—7 — 1) — 1

= 29n-7T9n—8Y9n—7 — Zon—7 — L.
Thus we get from zg, 7 < —1 and yg,_7 < —1
Ton+1 > 29n—7L9n—8YIn—7 > T9n—8§.

So lim xg,4+1 = 00. Since the proof of the other cases are similar to this,
n—oo

we leave them to readers.

5 Stability of System (1)

Throughout this section we investigate the stability of system (1).
Now, we take into account the transformation to set up the linearized form
of system (1):

($n,$n717yn,yn717 Z’ruznfl) - (f, flvgvgl, hv hl) )

where
[ =znayn — 1,
fl = Tn,
9="Yn—1%n — 1,
g1 = Yn,
h=z,_12, — 1,
hl = Zn.

11
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Thus, we obtain the Jacobian matrix about the equilibrium point (Z, 7, 2):

0g z 000
1 0 0 0 O

o 0 0 0 z 9y O

B@uA)=| 001 0 0 0 (29)
z 0 0 0 0 =z
00 0 0 1 o0

Theorem 16 The equilibrium point (T1,71,21) = (1+2\/57 1+2‘/5, 1+2\/g> of sys-
tem (1) is locally unstable.

Proof. Linearized system of system (1) about the equilibrium point (Z1, 31, z1) =
(1+2‘/5, 1+2\/5, 1+2\/g) is Xp41 = B(Z,7,2) X, where

X, = (($n7 LTn—15YnyrYn—1,2n, Zn—l))T

and
o 1+v5 1+v5 1+45
B (xﬂ y7 Z) = B ( 2 b 2 ) 2
0 1+2\/5 1+2\/5 0 0 0
1 0 0 0 0 0
0 0 0 1+2\/5 1+2\/5 0
N 0 0 1 0 0 0
1+2\/5 0 0 0 0 1+2\/5
0 0 0 0 1 0

Therefore, the characteristic equation of B (Z, ¥, Z) about (1,91, 21) = (1+2\/g’ 1+2‘/5, 1+2\/5)

is
A6_(%)m(uﬁ)m(ﬂ)x?—z—x/ﬁ:o. (30)

Then, six roots of (30) are

N o~ —2.31651,

Xo A~ —0.757501 — 0.456732i,
A3 ~ —0.757501 + 0.456732i,
A~ 0.698478,

Xs ~ 1.56652 — 0.9445264,

A =~ 1.56652 4 0.944526¢.

Thus,
[Aal < [A2] = [As] <1 < [As] = |Ae] < |A1].
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Hence, the first equilibrium point of system (1) is locally unstable from linearized
stability theorem. m

Theorem 17 The equilibrium point (To,Ys,Z2) = (1*2\/5, 1*2‘/5, 1*2‘/5) of sys-
tem (1) is locally unstable.

about the equilibrium point (Z2, g2, Z2) =

Proof. Linearized system of system (1
z,

)
(172\/57 172\/5, 1—2\/5> is Xp41 = B(%,7, %) X, where

Xn = ((znamn—l,ynayn—la Zn, Zn—l))T

and
1-v5 1-v5 1-5
B(z,y,z) = B
(Z,9,%2) ( 5 T3 3 )
0 1—2\/5 1—2\/5 0 0 0
1 0 0 0 0 0
0 0 0 1—2\/5 1—2\/5 0
N 0 0 1 0 0 0
172\/5 0 0 0 0 172\/5
0 0 0 0 1 0

Therefore, the characteristic equation of B (Z, g, Z) about (Zg, §a, Z2) = (1_2\/5, 1_2‘/5, 1_2‘/5)
is

A‘M(ﬂ) >\4+(—2+\/5))‘3+<#3> M —24V6=0 (31)

Hence, we have six roots of (31):

A1~ —0.309017 — 0.7228714,

A2~ —0.309017 + 0.7228714,
Az~ 0.10393 — 0.5499034,
A~ 0.10393 + 0.5499034,
As ~ 0.205087 — 1.085144,

X¢ ~ 0.205087 + 1.08514s.
From these we obtain that

[As] = [Aa] <A1 = [Aa] <1< |A5] = |Ag] -

So, the second equilibrium point of system (1) is locally unstable from linearized
stability theorem.
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6 Conclusion

In this paper, we investigate the equilibrium points of system (1). Moreover
we find out the periodic solutions of system (1) with three period. We also
study the bounded or unbounded solutions of system (1). Finally, we analyze
the stability of solutions of system (1) both the two equilibrium points.
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