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Abstract
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1 Introduction

The convexity is an important property in mathematics and economics
and in the recent years, and many researchers developed new generalizations
for the classical convexity and also many properties were established in new
generalized cases. For example, in 1981, one of the important generaliza-
tion of convexity that is called today as invexity presented by Hanson [7].
The preinvexity was presented by Ben-Israel and Mond in [5] which were
special case of invex functions. In this row, some properties of preinvex and
a-preinvex functions were considered by Jeyakumar [9] and Noor [14, [15],
respectively. In 1991, a class of b-vex functions were introduced by Bector
and Singh in [4]. The generalizations of preinvex and b-vex functions were
studied by by Suneja et al. [19], today called as b-preinvex functions. In
2006, a generalized of b-invex function which is known as semi-b-preinvex
was presented in [I3]. Further, Chao et. al. in [0] defined a new class
of generalized sub-b-convex functions and discussed sufficient conditions of
optimality. Hudzik and Maligrand in [8] studied two kinds of s-convexity
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(s € (0,1)) and sub-b-s-convex functions by using modulation s-convexity
and sub-b-convexity, see [12]. Similarly, sub-b-s-pre invexity was presented
the generalization for s-convex and b-preinvexity, see [11].

Thus there are many properties of convex functions can be established
on Riemannian manifolds. For example, Rapcsak [17] studied smooth non-
linear optimization in R™ and Udeiste [20] studied some generalizations of
convexity as well as optimization problems on Riemannian Manifolds which
differs from the others in the use of Riemannian manifold. The convexity
along curves and generalizations with applications to duality theory and op-
timality conditions on Riemannian manifold were considered by Pini [16].
The concept of geodesic invexity in Riemannian manifold was introduced
and preinvexity on a geodesic invex set were defined, further the relation-
ship between geodesic invexity and preinvexity on manifolds was studied
by Barani and Pouryayevali [4], while geodesic a-invexity and a-preinvex
functions were defined in [2]. Further in the literature there are many more
related generalizations of convexity, and new class of generalized convexity
such as strongly a-invex and strongly geodesic a-preinvex functions etc.,

see [1], 10} [1T].

Riemannian geometry is considered as generalization of the Euclidean
case and smooth Riemannian manifolds accommodate curvature by using
the tangent planes. Thus, the metric is not trivial and distances need to
reconsidered for those curvature, see Gabriel et al. [21I]. Now, we recall
some definitions and some results related to Riemannian and Hadamard
manifolds that they can be found in [2] [17, 20].

Consider W m-dimensional Riemannian manifold, and 7, tangent
space to W at point p, if p,(x1,22) then the map p: p — p, is called a
Riemannian metric where 1, to T,WW. Further, a manifold W is equipped
with g is known as a Riemannian manifold, see the details in [2, [I7] 20].

The geodesic property is defined as the shortest possible line between
two points on a sphere or other curved surface, or more generally in a Rie-
mannian manifold. Thus next we define the length of curve a: [a1, as] —
W as:

L) = [ " 6(@) | de.

1


https://doi.org/10.20944/preprints201910.0301.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 October 2019 d0i:10.20944/preprints201910.0301.v1

Further if we let
d(p1,p2) = inf {L(a): « is a picewise C! curve from p; to pg}

for any points p1,ps € W, then, d is a metric induced by topology on W.
Note that for every Riemannian manifold W there exists only one covari-
ant derivation and it is also known as Levi-Civita connection 7xY, for
X,Y € W. Further, a geodesic smooth path a having tangent and satisfies
Va@(t) = 0. Any path o joining p; and pz in W that L(a) = d(p1, p2)
is called a minimal geodesic. Similarly, Hadamard manifold is complete,
simply connected manifolds and has non-positive sectional curvature on
W, that is having an exponential map exp, : T,W — W such that
exp,(v) = a,(1), on the whole tangent space of a point then a, is also
geodesic and applied as velocity of a.

Now, we recall the following definition and the details can be found in [2].

Definition 1.1. Assume that W is a Hadamard manifold, and n : W x
W — TW is a function and while o : W x W — R\ {0} defined such that
a(j1,J2)n(j1, 72) € TIW, for all j1,jo € W. A non-empty subset Y C W is
called a geodesic a-invex (Go invex) set with respect to(w.r.t) n if there is
a unique geodesic o, j, : [0,1] — W such that

O[]’[(O) = ’U, a’jlij (O) = O‘(jlajZ)n(jlan)
for aj, j,(t) €Y, and 0 <t < 1.
The set Y is called G.o- invex set on a Hadamard manifold if
€XPy (ta(jlan)n(jlva)) € K
for ji,jo € Y and 0 <t < 1.

Remark 1.2. If a(j1,j2) = 1, the Deﬁnition reduces to geodesic invex
set [3].

2 Main Results

Definition 2.1. Assume that Y is G.a- invex set. The function h :
Y — TW s called a geodesic sub-(a, b, s)-preinvez, if b(ji,j2,t) : Y X
Y x [0,1] — R such that

h(eij2 ta(jlu.]?)n(]17]2)) < tsh(jl) + (]- - t)sh(]2) + b(jlaj27t>7

for j1,jo €Y, t€[0,1] and s € (0,1].
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Remark 2.2. 1. Ifs =1 and b(j1,72,t) <0, the Deﬁm’tion reduces
to geodesic a-preinver.

2. If s =1, a(j1,j2) = 1 and b(j1, j2,t) < 0, the Definition [2.1) reduces
to geodesic conver.

Example 2.3. Consider h: [0,+00) — R is defined by
h(z) = (2% + 42)%, and b(z,y,t) = ta? + 4ty for s € (0,1).
Now assume that
a(t) = exp;, (ta(j1, j2)n(j1, j2))

where «(j1,72) = 1 and n(j1,72) = expj_zljl. Then h is a sub — (a,b, s)-
preinvex.

Remark 2.4. When o(t) = tji + (1 —t)j2 in Ezample[2.3, then h will be
come sub-b-s-convez function [12].

Theorem 2.5. Assume that f1, fo : Y — TW are geodesic sub-(a,b, s)-
preinvex then fi+ fo and Bf1,8 = 0 are also geodesic sub-(a, b, s)-preinvez.

The above theorem determine that the geodesic sub-preinvex property
is a linear property. Then in the same way we can extend to above theorem
straightforward and we have the following corollary.

Corollary 2.6. If h, : Y — TW,(t = 1,2 -, ) are geodesic sub-
(a, b, s)-preinver b, : Y xY x [0,1] — R, (i = ,n), respectively,
then

n
h=> Nh,\ >0
=1

n
is also geodesic sub-(c, b, s)-preinvex where b = Z b,
=1

Theorem 2.7. Consider hy : Y — TW C R is a geodesic sub-(a, b, s)-
preinver function and ho : K — R is a non-decreasing convex function
where rang(hy) C K, then hiohg is a geodesic sub-(a, b, s)-preinvex func-
tion b where b = hooby.
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Figure 1: h is sub-b-s-convex function

Proof.

(haohy) (expj, ta(jr, j2)n(j1,j2)) = ha (ha(expy, te(ji, j2)n(j1, j2)))
< ho (t°h1(j1) + (1 = )°h1(G2) + b1 (J1, j2, 1))
= t"ha (h1(j1)) + (1 = £)°ha (h1(52)) + ha (b1 (41, j2, 1))
= t* (haoh1) (j1) + (1 — t)* (haoha) (j2) + b(j1, j2, t)

which means that hooh; is a geodesic sub-(a, b, s)-preinvex function. O

The above theorem indicates that under certain conditions the compo-
sition is invariant. Next, the definition of a geodesic sub-(«, b, s)-preinvex
set.

Definition 2.8. A set Y C W is said to be a geodesic sub-(a, b, s)-preinves
set, if

(expj, ta(ji, j2)n(j1, j2), 81 + (1 — £)° B2 + b(u1, ug, t)) €Y,
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Y(j1,51), (o, B2) €Y, 1,52 € W, t € [0,1], s € (0,1] and b defined as
b:Y xY x[0,1] — R.

The epigraph of a geodesic sub-(a, b, s)-preinvex function h : Y — TW
can be explained as

w(h) ={(,r):jeY,B R A(j) <B}.

Now, in order to prove the sufficient and necessary rule for h to be a geodesic
sub-(a, b, s)-preinvexn we need to study properties of geodesic sub-(a, b, s)-
preinvex in term of their epigraph w(h).

Proposition 2.9. Assume that h; : Y — TW be geodesic sub-(a,b, s)-
preinver functions with respect to maps b; : Y xY x [0,1] — R, for
(1t =1,2,---,n), then H = maxh; is also geodesic sub-(a,b, s)-preinvex
where b = maxb;.

Theorem 2.10. A function h: Y — TW is geodesic sub-(a, b, s)-preinvex
if and only if its epigraph is also a geodesic sub-(a, b, s)-preinvez.

Proof. Assume that h be a geodesic sub-(a, b, s)-preinvex function and

(j1,81), (j2, B2) € w(h), then by hypothesis, h(j1) < 1 and h(j2) < SBo.
Further,

h(j1) + (1 — t)°h(ja) + b(j1, j2. t)

h (expj, ta(ji, j2)n(j1, j2)) <
< B+ (1 —t)°Ba 4+ b(j1,72,t).  (2.1)

Then,

(expj, teu(j1, j2)n(j1, 42), t°B1 + (1 — £)° B2 + b(j1, j2, 1)) € w(h).

Thus, w(h) is geodesic sub-(«, b, s)-preinvex set.
Next, let that w(h) be geodesic sub-(a, b, s)-preinvex set, then

(71, h(j1)) (G2, h(j2)) € w(h),
where j1,72 € Y.

(expj, ta(jr, j2)n(j1, j2), t°h(j1) + (1 = £)°h(j2) + b(j1, j2,0)) € w(h) which
shows that

h (expy, ta(ji, j2)n(j1, j2)) < t°h(j1) + (1 = )°h(j2) + b(j1, j2, ).

Then h is geodesic sub-(a, b, s)-preinvex function. O

d0i:10.20944/preprints201910.0301.v1
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Proposition 2.11. IfY; is a family of geodesic sub-(a, b, s)-preinvex sets
then the intersection NicxY; is also a geodesic sub-(a, b, s)-preinvex.

Proof. Suppose that (j1, 1), (j2,82) € NiexYi. Then (j1,51), (j2,B2) €
Y;,Vie K

(expy, teu(ji, j2)n(d1, 42), t°B1 + (1 — )° o + b(j1, j2, 1)) € Vi, Vi € K.

(expjg ta(jl’jQ)n(jla]é)? tsﬁl + (1 - t)S/SQ + b(jl?an t)) € Niek Y;.
Thus, the intersection N;ckY; is a geodesic sub-(a, b, s)-preinvex set. ]

The above proposition indicates that the arbitrary intersection of geodesic
sub-preinvex sets again is geodesic sub-preinvex. As per Theorem and
Proposition the following proposition is holds:

Proposition 2.12. If h; are geodesic sub-(a, b, s)-preinvez functions then
a function H = sup,c hi is also geodesic sub-(c, b, s)-preinvex function.

Definition 2.13. For a mapping h: Y — R, if the next limit

- h (expj, ta(ji, j2)n(j1, j2)) — h(j2)
t—0 tla(j1, j2)n (i1, 52)||

)

exists, then h is called a (o, n)-differentiable mapping at jo € W.
Also, the (o, n)-differentiable mapping of h at jo is given by

h - ta(jr, g i1, i2)) = h(j
da(jl J2)n(j1 jz)h(jQ) = lim (eXp]2 06(3'1 3.2)77(],1 32)) (72)
7 7 =0 tlle(d1, 32)n (51, 32) |

Theorem 2.14. Assume that Y is a G.a-invexr set. If h :' Y — R is
(v, m)-differentiable geodesic sub-(a, b, s)-preinvex then following holds

oy jonGgnyhG2) la(i, j2)m(, d2) | < ¢ h(jr)

Wi ..
+ (.72) + lim b(]17]27t).
2t t—04 t

Proof. Since h is a geodesic sub-(q, b, s)-preinvex, then it follows that
h (eij2 ta(jlva)n(jlva)) < tsh(]l) + (1 - t)sh’(]Q) + b(j17j27t)7
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Viji,jo € Y,t € [0,1] and for some s € (0,1]. Also, since h is (a,n)-

differentiable, then

h (expy, ta(ji, j2)n(j1, j2)) — h(ja)
tllev(j, j2)n (g1, g2l

da(jl ,jz)ﬁ(jl,jz)h(‘h) - th—I>n0

)
hence

h(j2) + tda iy o ynein g G2) (1, J2)n(Gn, J2) | + O*(t) = h
< t°h(j1) + (
)+ (1+

< t°h(j

(expj, taj, j2)n(jr j2))
L —)°h(j2) + b(j1, J2, 1)
1+ t°)h(j2) + b(j1, j2, t)-

Then
tdagjr oyntin.ia) PG2)l(i1, J2)n (1, 2)[|[+O%(8) < ¢° [h(j1) + h(j2)]+b(j1, j2. t).-

b(j1, 7o, t
Since lim 7(]1"72’ )

o 2

Jim is the maximum of M - Of(t), then we obtain
—> +

that

b(jlaj?a t)
7t .
(2.2)

oGy doyn(in gy P2) lee(in, J2)n (1, do) | < 71 [R(j1) + h(jz)]+tir%+

On the other hand, because of

h(j2) + tdagjy joyntin.ja) P (2) lee(i, J2)n(j1, j2) || + O*(t)

< t°h(j1) + (1 = 1)°h(j2) + b(j1, j2, 1)
= t*h(j1) + (1 = £)°h(ja2) — °h(j2) + °h(j2) + b(j1, J2, 1)
= 1" (h(j1) = h(j2)) + b(j1, j2, 1) + (1 = £)" +1°) h(j2)-

Hence, ((1 —t)*+1t°) < 2 for t € [0,1] and for s € (0,1]. Here h is a
non-negative function, then we have

h(j2)+tdae, jaynir.goyh(G2) la(ir, j2)n(ir, d2) |02 (t) < t° (h(j1) — h(j2))+b(j1, ja, t)+2h(j2),
which implies that

tda(y jaynGrgayP(G2) laGi, G2)n (i, 2)[|[+07(t) < t° (R(j1) — h(j2))+h(j2)+b(j1, j2, 1),

it follows that

. N _ . o h(g2 b(j1, j2,1)

oy joynGagayPG2) Lo, 2)n (i, d2) | < 571 (h(jr) — h(j2))+ )+tLO+ b1, 52,1
(2.3)
Hence, by adding equations and ([2.3), the result is obtained. O

8


https://doi.org/10.20944/preprints201910.0301.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 October 2019 d0i:10.20944/preprints201910.0301.v1

Theorem 2.15. Assume that g :' Y — R is («, n)-differentiable geodesic
sub-(av, b, s)-preinver then

. N _ . . . b(j1,J2,t)
dagjn,smGn.gn 90, j2)n f2)ll < 7 (9(G) = g(2))+ lim ===,
Proof. 1If g is a geodesic sub-(a, b, s)-preinvex and also («, n)-differentiable,
then

i

exp.. ta(g s ] ' 5 . - ]
oo alis) = Jim g (expj, (J; .7.2)77(]‘1 Jg)) 9(j2)
g2, 50 tlla(ji, j2)n(51, 32)||

hence
9(i2)+tdaijr oynGin.in9G2) (i, j2)n (i, j2) |[HO3(t) < t3g(r)+(1—1)°g(j2)+b(j1, j2. 1)

Since t € [0,1] and s € (0,1], then (¢* 4+ (1 —¢)® > 1), which implies that
9(i2)Ftdag jaynGr.in9(G2) It j2)n (i1, j2) [ +O% (1) < t5g(j1)+(1—t°)g(j2)+b(j1, ja, ),

tdaijy oyntin.io)9(d2) la(dn, 20 (i1, J2) [HO3(t) < 5 (9(41) — 9(j2))+b(j1, j2. 1),

. o o _ . . . b(j1,72,1)
s—1 ) )
Aajr.goynting2)9 G2 (i, g2 (G, g2) | S 75 (g0n) = g(i2))+ lim ===

O]

Next, we apply the above associated results to the non-linear programming.
First, the following unconstraint problem (P) is considering

(P) : min f(z),z € Y.

Theorem 2.16. Assume thatg:Y — R is a non-negative (o, n)-differentiable
and sub-(a,b,s). If 3 € Y and the inequality

el i s 99) o
G f VaG G > 22 1

t t—04

holds for j € Y, t € (0,1] and s € (0,1], then j is the optimal solution for
problem (P) w.r.t. g onY.

Proof. By using (2.3)), then we have

~ b . t
g(J)Jr lim (4,7:t)

o i 9D Nl nG DI < 7 g () — 9()] + =t lm =

)
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t

t—04 t

i 9D e 50, <t g(j) — 9],

holds for ¢ € (0,1] and s € (0,1] On the other hand,

~ . . 7 g(5> : b(]’j’t)
Ao i 9Dl Gl 2 =7 + Jim ===,

then get g(j) — g(j) > 0. Hence, j is the optimal solution of g on Y. O

Corollary 2.17. Considering that g : Y — R is a strictly non-negative
sub-(a, b, s)-preinvex. If j € Y satisfies , then j is a unique optimal
solution.

Proof. From (12.3) if g is a strictly non-negative and sub-(a, b, s)-preinvex
then

9(]2)+ lim 5(317.72%)'

t t—>0+ t

oy jaynGrgn)9G2) le(it, J2)n(its J2) | < 7 g(G) —g(G2)]+

Assume that u;,v; € Y are two different optimal solutions for (P). Then
g(u1) = g(v1), hence

) b(uy,v,t o
I IE ) I T
t—)0+

g(v1)
t

da(ul,vl)n(ul,vl)g(vl) “a(ula 01)77(“17 Ul) ||_

By applying we get
t° " g(u1) — g(v1)] > 0,

and since g(u1) = g(v1), then it follows that u; = v; = j. Therefore, j is
the unique optimal solution of g on Y, then the corollary is proven. ]

Next, the following non-linear programming problem will be given
(Py):min{f(u) :ue€ W,gj(u) <0,ie€l},I={1,2---,m}.

Now assume feasible set of (Py) is given by M = {u € W : g;(u) < 0,i € I},
and f and g; are all differentiable and W is a non-empty set in W, then
we have next theorem.

Theorem 2.18 (Karush-Kuhn-Tucher sufficient condition). Assume that
f W — R is a non-negative («,n)-differentiable sub-(c, b, s)-preinver,
and g; : W — R (i € 1) are (a, n)-differentiable sub-(«, b, s)-preinvex and

dai gt F G5 + D Zidagy g mGng9i(") = 0,2i6:(5*) = 0, (2.5)
el

10
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where j* € M and z; > 0(i € I).

If
b(j1, 5%t b(j1, 5%t
f(] ) + lim (]17] 5 ) < - lim (]1?] )’ (26)
t t—04 t e~ {—04 t
el
then j* is an optimal solution of (Py).
Proof. Assume that j; € Py, then
9i(j1) £0=gi(j"),i € I(j*) ={ieI: (") =0}.
Since g; are sub — («, b, s)-preinvex and by Theorem we have
) o o _ . . . b(d1, 5%t
1 sJ
a5 9i0 )G, 3 m G < 7 gi() =i (7))l =2,

which means that

b ] ) '*7t S— . -k
#,S (1) —g: (")) < 0.

oy (e 96 (7 (i, 550G, 57°) [ = lim

t—04

From [2.5] we get

oGy, ymGn.g9 F ) e, 7)n(, 79|

= — Z zida (1 (1,549 (3 ) L, 575 )n (G, 37) ||
il

== > zidag g9 ) el )nGn 5 (2.7)

i€l(j*)

Using then

dat i PGl 5 mGn, ) — L9 i AI0T0

t—)0+ t
. b(]la]*at)
> = Y a7 o)l - Jimg PO
i€I(5*)
(2.8)
From [2.7] and we have
% .k .k f(]*) . b(jlv U*a t)
Aoy i) fF G e, 575)m(, 79I = — lim Y Y >,

t t—04 t

From Theorem we get f(j1) — f(5*) = 0,Vj1 € M. Hence, j* is an
optimal solution of the problem (Py ). O

11
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