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Abstract. In this paper, we introduce the generalized dual hyperbolic Fibonacci numbers. As special
cases, we deal with dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers. We present Binet’s
formulas, generating functions and the summation formulas for these numbers. Moreover, we give Catalan’s,
Cassini’s, d’Ocagne’s, Gelin-Cesaro’s, Melham’s identities and present matrices related with these sequences.
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1. Introduction

The hypercomplex numbers systems, [10], are extensions of real numbers. Some commutative examples

of hypercomplex number systems are complex numbers,
C={z=a+ib:a,becRi*=—1},
hyperbolic (double, split-complex) numbers, [12],
H={h=a+jb:a,bcR,j*=1,5#+1},

and dual numbers, [7],

D={d=a+¢cb:abecR,e®>=0,¢e#0}

Some non-commutative examples of hypercomplex number systems are quaternions, [8],
Ho = {q = ao + ia1 + jas + kas : ag, a1, as,a3 € R,i* = j% = k? = ijk = —1},

octonions [2] and sedenions [13]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-
Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as

the 2"-ions (see for example [3], [9], [11]).
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Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [8] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[6]. H. H. Cheng and S. Thompson [4] introduced dual numbers with complex coefficients and called complex
dual numbers. Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao+ ja1) +e(az + jaz) = ao + jar + cas + €jag

where ag, a1, as and az are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ap + jai + €as + €jas : ag,a1,a0,a3 €R, j2 =1,7 # +£1,6 =0, # 0}.

The base elements {1,j,e,ej} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

le = glj=j e?=ce=(je)* =0, j*=jj=

ej = Jje el(ef) =(ef)e=0, jlej) = (ej)i=¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and &j denotes
the dual hyperbolic unit ((j¢)? = 0).

The product of two dual hyperbolic numbers ¢ = ag + ja; + €as + jeas and p = by + jby + €by + jebs is
qp = apbo + a1by + j(aob1 + a1bo) + €(aobe + azby + a1bs + azby) + je(aobs + a1bs + azby + boas)

and addition of dual hyperbolic numbers is defined as componentwise.

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hy is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [1].

Now let us recall the definition of generalized Fibonacci numbers.

A generalized Fibonacci sequence {V,, },>0 = {Vi(Vo, Vi) }n>0 is defined by the second-order recurrence

relations
(11) Vo=Vu1+Vho, Vog=a, V1 =0, (n > 2)

with the initial values Vj, V1 not all being zero. The sequence {V},},>0 can be extended to negative subscripts
by defining
Vin = =V_o(n-1) + Vo(n-2)
for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Fibonacci numbers with positive subscript and negative subscript are given in
the following Table 1.

Table 1. A few generalized Fibonacci numbers
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Vi Von

n

0

1 Vi o+ W
2 Vo+W 2o — W1
3 W+2vp 3V +21
4 2V +3V; 5V —3W;

3Vo+5Vy —8Vy +5V;
If we set Vo = 0, V4 = 1 then {V,,} is the well-known Fibonacci sequence and if we set Vj = 2,V; = 1 then

ot

{V,.} is the well-known Lucas sequence. In other words, Fibonacci sequence {F),},>o and Lucas sequence

{L, }n>0 are defined by the second-order recurrence relations

(1.2) Fo=F, 1+Fy 9 Fo=0,F—=1
and
(13) L,=L, 1+ Ly, o, Lo=2,11 =1.

The sequences {F, }n>0 and {Ly, },>0 can be extended to negative subscripts by defining
F p=-F_(n 1)+ F_(n_2

and
Lon=—=L_(n-1)+ L_(n-2)
for n = 1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
We can list some important properties of generalized Fibonacci numbers that are needed.
e Binet formula of generalized Fibonacci sequence can be calculated using its characteristic equation
which is given as
t?—t—1=0.

The roots of characteristic equation are

1++5
o = 2 s

b 2

Using these roots and the recurrence relation, Binet formula can be given as
Aa™ — BB"
1.4 v, ="—1-2
(1.4) -~
where A=V, — V8 and B =1V, — Vha.
e Binet formula of Fibonacci and Lucas sequences are
F, = M
a—p
and

L,=a"+p"
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respectively.
e The generating function for generalized Fibonacci numbers is

_Vo+(Vi-W)t

(1.5) 9(t) T

e The Cassini identity for generalized Fibonacci numbers is

(1.6) Vi1V = Vi = (VoW = V2 = V).
o

(1.7) Ad” = aV,+V,_1,

(1.8) Bp" = BVu+ V1.

In this paper, we define the dual hyperbolic generalized Fibonacci numbers in the next section and give

some properties of them.

2. Dual Hyperbolic Generalized Fibonacci Numbers and their Generating Functions and

Binet’s Formulas

In this section, we define dual hyperbolic generalized Fibonacci numbers and present generating functions
and Binet formulas for them.
In [5], the authors defined dual hyperbolic Fibonacci and Lucas numbers. We now define dual hyperbolic

generalized Fibonacci numbers over Hip. The nth dual hyperbolic generalized Fibonacci number is

~

(2.1) Vo =Vo+3Vat1 +eVira + 7eVits.

As special cases, the nth dual hyperbolic Fibonacci numbers and the nth dual hyperbolic Lucas numbers
are given as

ﬁn:Fn +an+1 +€Fn+2 +j5Fn+3

and
Zn =L,+ jLnJrl + 5Ln+2 + jELn+3

respectively. It can be easily shown that

= vn—l + ‘7n—2-

§>

(2.2)

The sequence {\7,1}”20 can be extended to negative subscripts by defining

~

Vo= —V—(n—n + ‘7—(n—2)~

for n =1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.
The first few dual hyperbolic generalized Fibonacci numbers with positive subscript and negative sub-
script are given in the following Table 2.

Table 2. A few dual hyperbolic
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generalized Fibonacci numbers
n Vo V.o,

0
1 W —Vo+ Wi
2 Vo+Wi 2V -W
3 Vo420 -3Wh+21;
4 2Vo+3Vy 5V —3W

5 3Vo+5V, —8V,+5V;
Note that

B
[

Vo+ Vi +eVa+jeVa =Vo + iVi + (Vo + V1) + je(Vo + 2V1),

=~
|

Vi+jVa+eVs+4eVe=Vi+ (Vo + V1) +e(Vo + 2Vi) + je(2Vo + 3V1).
For dual hyperbolic Fibonacci numbers (taking V,, = F,,, Fy =0, F; = 1) we get

FO = j+6+2j57

Fy = 145+ 2+ 3j¢,
and for dual hyperbolic Lucas numbers (taking V,, = L,, Lo = 2,L; = 1) we get

Lo = 2+47j+3¢+4je,

o 14 35 + 4e + Tje.
A few dual hyperbolic Fibonacci numbers and dual hyperbolic Lucas numbers with positive subscript and

negative subscript are given in the following Table 3 and Table 4.

Table 3. Dual hyperbolic Fibonacci numbers  Table 4. Dual hyperbolic Lucas numbers

n F, P, n L, L_,

0 Jj+e+2je 0 247+ 3e +4je

1 147+ 2¢+ 3j¢e 14¢e+je 1 1435 +4e+7je —142j+¢c+ 3j¢
2 1+42j+3e+5je —1+4j+je 2 3445+ 7Te+11je 342 —j+je
3 2435+ 5e +8je 2—j+e 3 4+ 7j+1le+18jc  —4+3j—e+2je
4 3+57+8+13j5e —-3+2j—¢e+je 4 7+ 115 + 18 + 29j¢ 7T+3—45 —je
5 5+8j+13e+2lje 5—3j+2 —je 5 11+ 18j + 29 +47je  —11+ 75 — 4e + 3je

Now, we will state Binet’s formula for the dual hyperbolic generalized Fibonacci numbers and in the

rest of the paper, we fix the following notations:

a = l+ja+ea®+ jea’,

1+j8+¢eB%+ jeB.

=)
Il
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Note that we have the following identities:

a = l4+jatela+1)+je2a+1),
B = 1+jB+e(B+1)+je(28+1),
& = a4+2+20j+2@da+3)e+42a+1) e,
~2
B = B+2+28j+2(4B8+3)e+4(28+1)je,
aB = .7+3.757
a’B = a+j+(1+5a)e+ (4+a)je,
2 . .
af = B4+ (1+58)e+ (4+B)je,
252
6 = 1+4+6e.

THEOREM 1. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Fibonacci number
18

~  Aaa" — BBB"
(2.3) 1@:_21__@1.

a—p
Proof. Using Binet’s formula
V. = Aa™ — BB"
o —
of the generalized Fibonacci numbers, we obtain
‘771 = Vn + jVn+1 + EVTL+2 + jEVnJrS
Aa™ — BA"™ Aot — Bp"tt Aqnt? — BBt Aot — gt
= +J +e + je
a—p a—p a—p a—p
A+ ja+ea® + jead)a™ — B(1+ jB + B’ + jes) 8"
a—pf '

This proves (2.3).

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Fibonacci number is
N ~ n_ ppn
(2.4) B, = %
and the Binet’s Formula of nth dual hyperbolic Lucas number is
(2.5) L, =aa" + BB
Next, we present generating function.
THEOREM 2. The generating function for the dual hyperbolic generalized Fibonacci numbers is

PN ‘70+(‘71—170)$
2.6 Vgt = 20T\ T Yot
(26) nZ:(] v 1—z—22
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Proof. Let
(o9}
g(x) = Z Viya™
n=0
be generating function of the dual hyperbolic generalized Fibonacci numbers. Then, using the definition of

the dual hyperbolic generalized Fibonacci numbers, and substracting zg(x) and z2g(z) from g(z), we obtain

(note the shift in the index n in the third line)
A~ o A~ o A~
Vo™ —x Z V" — z? Z Vo™
n=0 n=0
oo oo
n __ Z f}nxn—i-l _ Z ?nxn+2
n=0 n=0
0 A~
nflxn - Z Vn72xn
n=2

= (‘70 + ‘711') — ‘7033 + Z(‘/}n — ‘77171 — ang)xn
n=2

(1-z—a)g(z) =

M8

0

3
Il

n

I
M8
)
8

3
I
o

I
M8
:)

Hﬁ
|
M2
)

0 n=1

3
I

= (‘70 + ‘711') — ‘70.’13 = ‘70 + (‘71 — ‘70)1'

Note that we used the recurrence relation \7n = 17,1,1 + 17,1,2. Rearranging above equation, we get

Tyt (71— Toje
ooy = AT

As special cases, the generating functions for the dual hyperbolic Fibonacci and dual hyperbolic Lucas

numbers are

iﬁnxn _ e+ +(L+eje)a
n=0

1—2z—2a2
and
iz o (2+j+3e+4je) + (=1 +2j +e+ 3je)z
= " 1—2— 22
respectively.

3. Obtaining Binet Formula From Generating Function

We next find Binet formula of dual hyperbolic generalized Fibonacci number {‘7”} by the use of gener-

ating function for ‘771

THEOREM 3. (Binet formula of dual hyperbolic generalized Fibonacci numbers)

- dla" dgﬁn

(31) [l vy R )
where
d = ‘7()@-1- (‘71 — ‘70),

dy = VoB+(Vi—Tp).
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Proof. Let
h(z) =1—x — 22
Then for some « and 8 we write

hx) = (1 - ax)(1 - o)

ie.,
(3.2) 1—z—2%=(1-az)(l—Bx)
Hence £ ve % are the roots of h(z). This gives @ and S as the roots of
1 1 1
M=)=1-~-—— =0.
(:z:> x a2

This implies 22 — 2z — 1 = 0. Now, by (2.6) and (3.2), it follows that

— & ‘70 + (‘71 - ‘70)51@
Vo™ = .
T;) v (1—-ax)(l-pBx)

Then we write

‘70 —+ (‘71 — ‘70)1‘ o A1 Ag
(3:3) Qo)1) (1 —oz) (1 fa)
So

Vo+ (Vi = Vo)z = A (1 — Bz) + As(1 — az).
If we consider z = 1, we get Vo+ (Vi — %)% = A;(1 — B1). This gives

_%Ol+(‘71—%)_ dy

A = = .
' (=) (a—5)
Similarly, we obtain
Vot (7= V)5 = Aa(1 =) = Tof + (Vi ~ To) = 4a(3 — )
and so R L
A :_Voﬂ+(V1—Vo) _ ds
’ (= 5) (a=5)

Thus (3.3) can be written as

> Vaa = Ai(1—az) Tt + Ap(1 - Br) L

n=0
This gives
Z V,z" = A, Z oz + Ay Z Bz = Z(Ala" + Ay ™)™,
n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
‘771 = A" + Azﬁn

and then we get (3.1).
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Note that from (2.3) and (3.1) we have
(i=VoB)a = Voa+ (Vi —TVh),
Vi—Vo)B = Wop+ (Vi —Th).

Next, using Theorem 3, we present the Binet formulas of dual hyperbolic Fibonacci and dual hyperbolic

Lucas numbers.

COROLLARY 4. Binet formulas of dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers are
B = aa™ — pp"
a—p
and
L, =aa" +Bp"
respectively.

4. Some Identities

We now present a few special identities for the dual hyperbolic generalized Fibonacci sequence {17"}

The following theorem presents the Catalan’s identity for the dual hyperbolic generalized Fibonacci numbers.

THEOREM 5. (Catalan’s identity) For all integers n and m, the following identity holds
~ = (=)™t ((A+ B)Vaym—1 + (AB + Ba)Vay, — 2(—=1)"AB)

Vn+mVn—m - ‘7712 - 5 (] + 3]5)
Proof. Using the Binet Formula R
- Aaa™ — BBB"™
a—f
and
Ad" = oV, +V,_1,
Bﬁn = 5Vn + anh
we get
S . (Aaa™t™ — BBA" ™) (Ada"~™ — BBA" ™) — (Aaa™ — BBB"™)?
Vn+mVn—m - Vn - )
(a—p)
_ —ABaBamtmgrT™ — ABBaam "™ 4 2ABafan 5"
(a—p)?
_ —ABaa™tm gt ™ — ABaBam "M 4 2ABaBa" 8"
(a—p)?
~D (am B ﬁm)Q — n—m
= —ABaf———=—a"""p
P pp
_1 nferlAB mo__ my2 R
| CUrAB e

D) ((A 4 B)Vam— +5(Aﬂ + Ba)Vom — 2(=1)"AB) (j + 3je)
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where af = —1 and aB =j+ 3je.
As special cases of the above theorem, we give Catalan’s identity of dual hyperbolic Fibonacci and dual

hyperbolic Lucas numbers. Firstly, we present Catalan’s identity of dual hyperbolic Fibonacci numbers.

COROLLARY 6. (Catalan’s identity for the dual hyperbolic Fibonacci numbers) For all integers n and m,

the following identity holds

FomBrom — F2 = (=1)" "™ E2 (5 + 3j¢).
Proof. Taking V,, = F,, in Theorem 5 and using the identity

72 _ 2F5mm—1 + Fop, —2(—1)™
m 5 b

we get the required result.

Secondly, we give Catalan’s identity of dual hyperbolic Lucas numbers.

COROLLARY 7. (Catalan’s identity for the dual hyperbolic Lucas numbers) For all integers n and m, the

following identity holds

~

Losmbn-m —L2 = (=1)""™(Lapm — 2(=1)"™)(j + 3j¢)
= (=D)L, — A=) + 3je).
Proof. Taking V,, = L,, in Theorem 5 and using the identity
L2, = Loy +2(-1)™,
we get the required result.

Note that for m = 1 in Catalan’s identity, we get the Cassini’s identity for the dual hyperbolic generalized

Fibonacci sequence.
COROLLARY 8. (Cassini’s identity) For all integers n, the following identity holds
Vit 1Vao1 = V2 = (=1)"AB(j + 3je)-

As special cases of Cassini’s identity, we give Cassini’s identity of dual hyperbolic Fibonacci and dual

hyperbolic Lucas numbers. Firstly, we present Cassini’s identity of dual hyperbolic Fibonacci numbers.

COROLLARY 9. (Cassini’s identity of dual hyperbolic Fibonacci numbers) For all integers n, the following
identity holds
F\nJrlﬁnfl - F\r% = (_1)n(.7 + 3.75)

Secondly, we give Cassini’s identity of dual hyperbolic Lucas numbers.

COROLLARY 10. (Cassini’s identity of dual hyperbolic Lucas numbers) For all integers n, the following

identity holds

-~

Lps1Ln—1 — L2 =5(=1)"*'(j + 3je).
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The d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using the Binet Formula
of the dual hyperbolic generalized Fibonacci sequence:
~  AQa™ — BBB"
Vp=—"""71--—"7"
a—p
The next theorem presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of the dual hyperbolic gener-

alized Fibonacci sequence {V},}.

THEOREM 11. Let n and m be any integers. Then the following identities are true:

(a): (d’Ocagne’s identity)
Vins1 Vi = Vin Vg1 = (Vi Vi1 — Vi V1) (4 + 33c) -
(b): (Gelin-Cesaro’s identity)
Vg2 Vnsi Vo1 Voo — VA = —A2B? (1 + 6¢) .

(c): (Melham’s identity)

Vit VisaViss = V3 = (=1)"AB (Vosr 4 Vi + (Vi1 + Va)e + (5Vi + Vi_1)je)
(—1)"*' AB (—Aaa” + Bﬁ,@") ap
(a—5) '
Proof.

(a): Using (1.7) and (1.8) we obtain

VsV Uy =AD" - a("f:";);r amg™ 4 antign)

-

_ (Va4 Vo) (BVin + Vm_(lo)é - (;;Vm + Vi 1)(BVi + Vi) Gt
= (ViVi—1 = Vi V1) (5 + 3je)

(b):
VioViia Vo Voo = VI = %M
— —A’B%%F = —A’B?(1+6e)
where

My = af (o + 52 + 3a8) (A%G2a® + B238%") — ABaB(af)" (o' + B + 40252 + 208° + 20°P)
(a—pB)*=5, af=-1, a+B=1, aﬁ(a2+62+3aﬁ) =0

and

ot + B+ 40?8 + 2a8° +20°8 = 5.
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(c): Using (1.7), (1.8) and

a%B = a+j+(1+5a)e+ (4+ a)je,
aB’ = B+i+(1+58)e+ 4+ B)je,
we obtain
Vi1 VnraVnie — ‘7;?+3 = (- ABaBM,
(—1)"*' AB (- Aao" + BRS") aB
B (a—5)
(—1)"" AB (~(aVa + Vo 1)@?B + (BV, + Vo 1)ah )
B (a—p)
= (=1)"AB (Vi1 + 5V + (5Vig1 + Vi )e + (5Vi, + Vium1)je)
where
L, —AGa" (207 30’ +af —1) (o + 1)+ BEF"® (267 35" +6° 1) (8° + 1)°
‘T (a—B)?
and
L3t rat o) (@4 (B3 - (D))
N _ _

(a—p)? a (a—pB)? Ca—f
As special cases of the above theorem, we give the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of
dual hyperbolic Fibonacci and dual hyperbolic Lucas numbers. Firstly, we present the d’Ocagne’s, Gelin-

Cesaro’s and Melham’ identities of dual hyperbolic Fibonacci numbers.

COROLLARY 12. Let n and m be any integers. Then, for the dual hyperbolic Fibonacci numbers, the

following identities are true:
(a): (d’Ocagne’s identity)
ﬁerlF\n - F\mﬁn+1 = (_1)an7m (.7 + 3.75) .
(b): (Gelin-Cesaro’s identity)
ﬁn—&-Zﬁn—i—lﬁn—lﬁn—Q - ﬁ;% = - (1 + 65) .
(c): (Melham’s identity)

Fop1FpyoFoie — Forg = (=1)" (Fyy1 + jFn + (5Fni1 + Fo)e + (5F, + F,_1)je).

Secondly, we present the d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of dual hyperbolic Lucas

numbers.

COROLLARY 13. Letn and m be any integers. Then, for the dual hyperbolic Lucas numbers, the following

identities are true:
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(a): (d’Ocagne’s identity)
Lis1Ly — LiyLyt1 = (LyLi—1 — Ly Ly—1) (j + 3je) -
(b): (Gelin-Cesaro’s identity)
LptoLpi1Ly_1L,_o— L% = —25(1 + 6¢).
(c): (Melham’s identity)
LoiLngaLoss — L3 5 =5(=1)"" (Lyss + jLn + (5Lat1 + Ln)e + (5Ly + Ln-1)je)
5. Linear Sums

In this section, we give the summation formulas of the dual hyperbolic generalized Fibonacci numbers
with positive and negatif subscripts. Now, we present the summation formulas of the generalized Fibonacci

numbers.

PROPOSITION 14. For the generalized Fibonacci numbers, we have the following formulas:
(@): Yo Vi = Vaya — V1.
(b): ZZZO Vor, = Vany1 — V1 + .
(©): Yono Varr1 = Vania — Vo + V1.

Proof. For the proof, see Soykan [14].

Next, we present the formulas which give the summation of the dual hyperbolic generalized Fibonacci

numbers.

THEOREM 15. Forn > 0, dual hyperbolic generalized Fibonacci numbers have the following formulas:
(@): Yp_o Vi =Vara — Vi
(b): 7o Var = Vang1 — Vi + Vo
(c): Zzzo ‘72k+1 = ‘72n+2 - ‘70-

Proof.

(a): Note that using Proposition 14 (a) we get

ZVk = Va2 — VW1,
k=0
D Vipr = Vaps— (Vi + W),
k=0
n
d Vire = V- 2V + W),
k=0

S Vigs = Vas — (371 +2W).
k=0
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Then it follows that

n n n n n
SV = Y Vi+iY Virrt+ed Vipa+ie Y Vigs
k=0 k=0 k=0 k=0 k=0

= Varz =V) +i(Vass = (Vi + V) +e(Vara — (2V1 + W) +je(Vays — (3V1 +2W))

= (Vn+2 +jVn+3 + EVn+4 +j€Vn+5) - (V1 +j(V0 + Vi) + E(‘/o + 2V1) +]E(2Vﬁ + 3V1))

~

= Vage— (Vi +jVa+eVz + jeVy)

~

= Vn+2 - ‘71.

This proves (a).
(b): Note that using Proposition 14 (b) and (c) we get

Z‘/Qk = ‘/2n+1 _Vl+‘/03
> Vakyr = Vanga — Vo,

Z Vokt2a = Vopgs — Wi,

k=0
> Varrs = Vanpa—Vi— Vo
k=0
Then it follows that
n N n n n n
= O Vot i Vayr ey Varra+ie > Varss
k=0 k=0 k=0 k=0 k=0

= (Vans1 = Vi + Vo) +j(Vansz = Vo) + €(Vanys — V1) + je(Vangs — Vi = Vo)

= (Vant1 + 5Vons2 + eVonys + jeVanga) + (Vi + Vo) + 5(=Vo) + e(=V1) + je(—=V1 — Vo))

= (Vant1 + jVongo +eVanis + jeVanta) + (Vo — Vi) +5(Vi — Vo) +e(Va — V3) + je(Vs — Vi)
= Vangr — (Vi + Vo + Vs + Vi) + (Vo + Vi + eVa + je V)

= ‘72n+1 - ‘71 + %-
(c): Note that using Proposition 14 (b) and (c) we get

> Vakia = Vanis — 2Vi = Vo
k=0


https://doi.org/10.20944/preprints201910.0172.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 October 2019 d0i:10.20944/preprints201910.0172.v1

ON DUAL HYPERBOLIC GENERALIZED FIBONACCI NUMBERS 15

Then it follows that

Z%kﬂ = ) Va1 +5Y Varsa+ed Varss+ied Vorra
k=0 k=0 k=0 k=0 k=0
= (Vany2 — Vo) +i(Vangs — Vi) + e(Vapya — Vi = Vo) + je(Vants — 2V — Vp)
= (Vany2 +5Vants +eVonga +3eVanys) + (Vo) +5(=V1) + e(=Vi — Vo) + je(—2V1 — W)
= Vanso — (Vo+ Vi + Vo + jeVi)
- %n—i—Q - ‘//\b

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

Fibonacci numbers:

COROLLARY 16. Forn >0, dual hyperbolic Fibonacci numbers have the following properties:
(a): S0y Fr = Fpio — Fy = Fo — (14 + 2 + 3je).
(b): ZZ:O F\Qk = F\Qn_l'_l — ﬁl + ﬁo = F\Qn+1 — (1 + e +]E)
(e): >hsp Fop1 = Fonio — Fo = Fapyo — (j + & + 2je).

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic Lucas numbers:

COROLLARY 17. For n > 0, dual hyperbolic Lucas numbers have the following properties.
(a): ¢ oLk = Lnsz — Ly = Lysa — (1435 + 4e + Tje).
(b): > iy Lok = Lopy1 — L + Lo = Lopy1 + (1 — 2 — & — 3je).
(C): ZZ:O zgk+1 = Zgn+2 — EO = zgn+2 — (2 —I—j + 36 + 4]5)

Now, we present the formula which give the summation formulas of the generalized Fibonacci numbers

with negative subscripts.

PROPOSITION 18. For n > 1 we have the following formulas:
(2): Y Ver = —2Vino1 = Voo + Vi
(b): > Veor =—Voon1 + Vi — W
(€): Yohy Veartr = —Voon + V0.

Proof. This is given in Soykan [14].
Next, we present the formulas which give the summation of the dual hyperbolic generalized Fibonacci

numbers with negative subscripts.

THEOREM 19. Forn > 1, dual hyperbolic generalized Fibonacci numbers have the following formulas:

(a): 0 Vo= =2V, 1 =V, o+ V.

-~

(b): > Voop = Voo 1+ Vi = V.
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PN ~ ~
(c): Zk:l Vooks1 = —V_on + V0.

Proof. We prove (a). (b) and (c) can be proved similarly. Note that using Proposition 14 (a) we get

3

D Ve = 2o = Vi W
k=1
D Vi = 2V = Vo + Vit W,
k=1
n
D Veker = —2Vonp = Vo +2Vi+ Vo,
k=1
D Vikss = —2Vingpa — Vongr +3Vi +2V5.
k=1

Then it follows that
Vi = Z Ve +3J Z Vg1 + EZ V_ ko + je Z V_kas
k=1 k=1 k=1 k=1

= (=2Vopo1 = Voot V1) +j(=2V_p, = Vo1 + Vi + Vo)

k=1

+e(=2Vont1 — Von +2Vi + Vo) +je(—2Vonyo — Vopir + 3Vi + 2V0)
= 2(Vopa+gVon+eVonn +4eVnn) = (Vo o+ 3V
+eVoy +3eVoni) + (Vi +5(Vi + Vo) +e(2Vi + Vo) + je(3V1 + 2Vp))
= 2V g — Voo + (Vi + 5V + Vi + jeV)
= oV -V 4T
This proves (a).
As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

Fibonacci numbers:

COROLLARY 20. For n > 1, dual hyperbolic Fibonacci numbers have the following properties:
(@): S0 F = —2F 1 —F g+ Fi= —2F , 1 —F , o+ (1+j+ 2+ 3je).
(b): Zzzl ﬁ—zk = _ﬁ—Qn—l + ﬁl - ﬁo = _ﬁ—Qn—l + (1 4+ e+ je).

(e): iy Fop1 = —F g+ Fy=—F o, + (j + €+ 2je).

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic Lucas numbers:

COROLLARY 21. Forn >0, dual hyperbolic Lucas numbers have the following properties.
Ly= 2Ly 1—L po+Li= —2L_p 1 —L_p_o+(1+3j+4e+ Tje).

(b): Sp Lok =—L_oy1+Li—Lo=—L oy 1+ (~1+2j+e+3je).
Loppr=—L_on+Lo=—L_on+ (24 j + 3¢ + 4je).
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6. Matrices related with Dual Hyperbolic Generalized Fibonacci Numbers

We define the square matrix B of order 2 as:

B =
10

such that det B = —1. Induction proof may be used to establish

F, F,
(6.1) B" = i
Fn Fn—l
and (the matrix formulation of V,,)
Va 11 1%
(6.2) = !
Vo 10 Vo
Now, we define the matrices By as
Vs Vi
By — A3 A2
Vo Wi

This matrice By is called dual hyperbolic generalized Fibonacci matrix. As special cases, dual hyperbolic

Fibonacci matrix and dual hyperbolic Lucas matrix are

F F
Br = Ag A2 and
R, R
Ls L
B, = A3 A2
Ly Iy

respectively.

THEOREM 22. Forn > 0, the following is valid:

-~ ~

1 1 V, V,
(63) BV _ ATL+3 ATL+2
1 0 Vite Vagi

Proof. We prove by mathematical induction on n. If n = 0, then the result is clear. Now, we assume it

is true for n = k, that is

B Bk Vits Vito
1% =

o~

Vite Vigr

If we use (2.1), then we have ‘7k+2 = XA/;Hl + ‘71@- Then, by induction hypothesis, we obtain

BBl — (ByBMB - Vits Vigo 11 _ Vigo +Virs  Vigs
Vive Viq 10 Vitr + Vira Vigo

Vita Vigs

Virs  Vigo
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Thus, (6.3) holds for all non-negative integers n.
REMARK 23. The above theorem is true for n < —1. It can also be proved by induction.

COROLLARY 24. For all integers n, the following holds:

~ ~

Viio = VoFyyy + ViF,.

Proof. The proof can be seen by the coefficient of the matrix By and (6.1).

Taking V,, = F,, and V,, = L,,, respectively, in the above corollary, we obtain the following results.

COROLLARY 25. For all integers n, the followings are true.
(a): ﬁn—i—? = ﬁQFn_A'_l + ﬁan
(b): Zn+2 = ZQFnJrl + Ean
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