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Universal scaling laws of origami paper springs
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This letter solves an open question of paper spring risen by Yoneda et al.. Universal scaling laws
of a paper spring are proposed by using both dimensional analysis and data fitting. It is found
that spring force obeys power square law of spring extension, however strong nonlinear to the total
twist angle. Without doing any additional works, we have successfully generalize the scaling laws
for Poisson ratio 0.3 to the materials with an arbitrary Poisson’s ratio with the help of dimensional

analysis.
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The mechanics of elastic origami structures has become
a popular topic in the field of physics [1-18]. In contrast
to the classic rigid origami, the complete understanding
of the geometric mechanics of the elastic origami is still
a challenge subject.

A

FIG. 1: Making of a paper spring. (1) Begin with two long
strips of paper of equal sizes, glue them together such that
they form a right angle. (2) Fold the lower strip over the top
one, then (3) fold the strip that just came to the lower layer
over the one on top. Continue this process (the lower strip
always folds over the top one), until the last fold at which the
entire lengths of the strips are folded up into a small square.
The process is completed by gluing the last flap [1].

Yoneda et al. [1] recently reported a remarkable result
on a paper spring contracted by interfolding and gluing
two long strips of paper of equal sizes (shown in Figure
1). Through systematic study, they have revealed the
strong geometric coupling between stretch and twist, as
well as the increasing stiffness against a global bending
deformation during unfolding.

However, they also left an open and intriguing ques-
tion:

For large extension, they proposed empirical
spring force scaling law:
3=y

B2, W

a aN
the question is that whether the exponent
v = 3/4, as well as the unknown scaling func-
tion f(z), are universal for paper springs with
different geometries, where Young modulus
FE, plate thickness ¢ and side a, paper spring
extension z, plate periodicity number N and
spring force F.

F =

To answer this question, we must find out how to get
Eq.1, then identify the parameter v and function f(x).

It is clear that this problem has no analytical solution,
so numerical solutions and experimental methods have
to be done approximately. However, since the numeri-
cal and experimental results can only be obtained for a
specific case, it is very hard to predict the general scaling
trends on the problem by using limited numerical results,
it would be a natural attempts to find an alternative way
- dimensional analysis [19-23].

Any physical relationship can be expressed in a dimen-
sionless form. The implication of this statement is that
all of the fundamental equations of physics, as well as
all approximations of these equations and, for that mat-
ter, all functional relationships between these variables,
must be invariant under a dilation of the dimensions of
the variables. This is because the variables are subject
to measurement by an observer in terms of units that are
selected at the arbitrary discretion of the observer. It is
clear that a physical event cannot depend on the partic-
ular ruler, which is used to measure space, the clock is
used for the time, and the scale is used to measure mass,
or any other standard of measure that might be required,
depending on the dimensions that appear in the problem.
This principle is the basis for a powerful method of re-
duction, which is called dimensional analysis and is use-
ful for the investigation of complicated problems. Often,
dimensional analysis is conducted without any explicit
consideration for the actual equations that may govern a
physical phenomenon. Only the variables that affect the
problem are considered [19-23].

From a physics point of view, dimensional analysis is
a universal method, which can, of course, be used for the
study of paper spring. We first prove that the Eq.1 is u-
niversal from dimensional perspectives, then determining
v and f(x) by data fitting. Why we use the dimensional
analysis, it is because that there is consensus the uni-
versality can be verified by the dimensional analysis. It
means the relation in Eq.(1) is universal if it could be
formulated from the dimensional methods.
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For the deformation of paper spring, there are 7 quanti-
ties, namely F, z, E, v, a, t, N, where v is the Poisson’s
ratio. The quantity dimensions are listed in the following
table I:

TABLE I: Dimensions of physical quantity

Quantity | Dimensions
F MLT™?
z L
E ML™'T™?
v 1
t L
a L
N 1

The dimensional basis used is length (L), mass (M) and time (T).

The spring force F' can be expressed as the function of
quantities z, F/,v, a,t, N, namely,

F=F(z,E,va,tN). (2)

In the above relation, there are 7 quantities, two of
them are dimensionless. Since only 3 dimensional basis
L, M, T are used, so according to dimensional analysis
[19, 21], Eq. 2 produces two dimensionless quantities II,
the first one is:

I, = —, 3
YT AN (3)
From experimental observation, it is found the paper
spring bending stiffness plays a domination role rather
than the Young modulus F, therefore, it would be more
natural to rewrite the expression Eq. 2 in following for-
mat:

z
F_F(aWaBaavt)a (4)

Et®

where the paper spring bending stiffness B = =07

with dimensions M L?T 2.
The second dimensionless quantities II is in the form:

I, = FB“aPt*, (5)

where «, 8 and w are constant, which must satisfy fol-
lowing dimensions condition:

dim(My) = M°LOT° (6)
= MLT *(ML*T~?)*L°L¥ (7)
_ M1+aL1+2a+ﬁ+wT—2—2a. (8)

From the condition, we have

M:l+a=0, 9)
L:1+42a+8+w=0, (10)
T:-2-2a=0, (11)

which gives a = —1, and S 4+w = 1. With these solution,
we have
F a
Iy, = =t(-)? 12
2 B (t) ’ ( )

Based on the Buckingham IT theorem [19-21], the scaling
law must of the paper spring be expressed as follows:

I, = f(IL;), namely

F a = 2
—t(=)" = f(—=). 13
e (e (13
Hence,
1.1 z
F=B-(-)’f(—=
Y ()
Et3 1t g, z
=—— (9P f(= 14
12(1—1/2)t(a) f(aN) (14)
Introducing a new constant by 8 = 1 — , the above

relation becomes

3= z

F=B"" f(-=
al—Wf(aN

)- (15)
where f(z) = f(z)/[12(1 — v?)], and v is a constant to
be determined.

It is clear that Eq.(15) is same as to Eq.(1). Haven
dimensions verification, we can say that Eq.1 is universal.

By data fitting, Yoneda et al. [1] determined v = 3/4
but could not figured out the scaling function f(x).

To determine the function f(z), using data that is tak-
en from Figure 7(c) in Yoneda et al. [I] and numerical
fitting, three scaling functions f(x) are generated and
shown in Figure 2.
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FIG. 2: Force vs extension curves in re-scaled form proposed
in Eq.(1), power exponent is close to 2.

The data fitting reveals that the scaling function obeys
a power law, namely

f(z) ~ 22 (16)
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Therefore, we have the universal relation for paper
springs with different geometries as follows:

E/% 2

E t 9/4 2
= 0027945 () 1422, (17)

Since -5 can be expressed in terms of the total twist
angle ®(z) as follows [1]:
4
L (18)
1+ sin(%)

Hence, the spring force F' also can be expressed in terms
of total twist angle ®(z) as follows:

Et9/4 1
F = 0.44704 ) (19)

at/t [1 + sin(%)]2

Noticed all data and analysis in Yoneda et al. [1] were
done for the material with Poisson’s ratio v = 0.3, the
question is that how to extend the above scaling laws to
other materials with different Poisson’s ratio.

Since we have proved that the scaling law Eq.1 is uni-
versal, therefore, we can easily generalize all scaling laws
to the materials with an arbitrary Poisson’s ratio as fol-
lows:

E 9%

F=0.02543——— ——(-=2-)? 20
1—1/2a1/4(aN)’ (20)

and paper spring stiffness

_dF _ 005086 _E 1
T dz N2 1—-12'gq

K(2) )tz (21)
These relations were obtained naturally without to do
anymore works. Eq.20 is plotted in Figure 3 below.
The spring force F' vs twist angle ® is given by
E 94 1

F = 0.4068 C(22)
L—v2al/t [1+ Sin(i)]2

N
and force-twist stiffness is

dF 02034 E 94 cos(7%)
d N 1-12q'/4 [1+sin(‘b)]3

4N

(23)

Both relations in Eq.20 and Eq.22 reveal that the origami
paper spring is a strong nonlinear for both extension and
twist angle.

In conclusion, this Letter has solved an open question
risen by Yoneda et al.’s work [1], universal scaling laws of
origami paper spring have been formulated. Even beyond
the scope of Yoneda et al.’s work [1], we have successfully
generalize the scaling laws from the Poisson’s ratio 0.3 to
an arbitrary Poisson’s ratio with the help of dimensional
analysis.
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FIG. 3: Force vs extension curves in re-scaled form proposed
in Eq.(20) for arbitrary Poisson’s ratio.

The author appreciates Mr Zhe Liu for the preparing
of Figure 2.

[1] T. Yoneda,D. Matsumoto, and H. Wada, Phys. Rev. E
100, 013003 (2019).

[2] J. L. Silverberg, A. A. Evans, L. McLeod, R. C. Hayward,
T. Hull, C. D. Santangelo, and I. Cohen, Science 345, 647
(2014).

[3] H. Yasuda and J. Yang, Phys. Rev. Lett. 114, 185502
(2015).

[4] J. A. Faber, A. F. Arrieta, and A. R. Studart, Science
359, 1386 (2018).

[5] T. Hull, Project Origami (CRC Press, Boca Raton, FL,
2013).

[6] Z. Y.Wei, Z. V. Guo, L. Dudte, H. Y. Liang, and L.
Mahadevan, Phys. Rev. Lett. 110, 215501 (2013).

[7] F. Lechenault and M. Adda-Bedia, Phys. Rev. Lett. 115,
235501 (2015).

[8] F. Haas and R. J. Wootton, Proc. R. Soc. London B 263,
1651 (1996).

[9] E. Couturier, S. Courrech du Pont, and S. Douady, PloS
one 4, €7968 (2009).

0] H. W. Holdaway, Textile Research Journal 30, 296(1960).

1] K. Miura, Int. J. Space Struct. 8, 3 (1993).

2] X. Ren et al., Smart Mater. Struct. 27 023001 (2018).

3] S. Deboeuf, E. Katzav, A. Boudaoud, D. Bonn, and M.
Adda-Bedia, Phys. Rev. Lett. 110, 104301 (2013).

[14] B. Thiria and M. Adda-Bedia, Phys. Rev. Lett. 107,

25506 (2011).

[15] M. A. Dias, L. H. Dudte, L. Mahadevan, and C. D. San-
tangelo, Phys. Rev. Lett. 109, 114301 (2012).

[16] S. H. Kang, S. Shan, A. Kosmrlj, W. L. Noorduin, S.
Shian, J. C. Weaver, D. R. Clarke, and K. Bertoldi, Phys.
Rev. Lett. 112, 098701 (2014).

[17] M. A. Dias and B. Audoly, J. Mech. Phys. Solids 62, 57
(2014).

[18] X. Cheng and Y.H. Zhang, Adv. Mater. 1901895 (2019).

[19] P.W. Bridgman, Dimensional Analysis. Yale University

d0i:10.20944/preprints201909.0299.v1


https://doi.org/10.20944/preprints201909.0299.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 September 2019 d0i:10.20944/preprints201909.0299.v1

Press, New Haven (1922). (2018).
[20] B.H. Sun, Dimensional Analysis and Lie Group, China [23] B. H. Sun, Sci. China-Phys. Mech. Astron. 61, 054721
High Education Press, Bejing (2016). (2018).

[21] B.H. Sun, Appl. Math. Mech.-Engl. Ed. 38: 765(2017).
[22] B.H. Sun, Sci. China-Phys. Mech. Astron. 61, 024721


https://doi.org/10.20944/preprints201909.0299.v1

