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Abstract 

A mathematical expression to describe cation absorption of root is expressed with simulation results. The root 

cells selectively emit H+ ions with active transport consuming ATPs to establish electrical gradient. The gradient 

promotes external positive ions to flow into the roots, while carries negatively charged particles with symport. In 

this paper, a mathematical model whose independent variables are the concentrations of external and internal 

cation is presented. This differential equation is induced from Ohm’s law. The equation has terms for plant 

physiology, ion’s physical and electrical properties, growth of plant, and interaction between the root and the 

surroundings. Simulation showed that the physiology-related coefficient has important role on nutrition absorption.  
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Introduction 

Recently, ODE network simulation on nutrient solution system to understand the black-boxed behavior of 

complex chemical system (Byunghyun Ban et al. 2019). The network based approach describes sedimentation 

and complex bidirected interactions among chemical compounds which the nutrient solution contains. It provided 

time-series simulations to investigate nutrient solution system with high accuracy. This method is based on 

ordinary differential equation (ODE) expression of chemical reactions. For example, ionization of NaCl(aq) is 

described as equation (1-3), where k1 is forward reaction rate and k2 is backward reaction rate. 

 

𝑑[𝑁𝑎+]

𝑑𝑡
=  𝑘1[𝑁𝑎𝐶𝑙] − 𝑘2[𝑁𝑎+][𝐶𝑙−]  (1) 

𝑑[𝐶𝑙−]

𝑑𝑡
=  𝑘1[𝑁𝑎𝐶𝑙] − 𝑘2[𝑁𝑎+][𝐶𝑙−]  (2) 

𝑑[NaCl]

𝑑𝑡
=  −𝑘1[𝑁𝑎𝐶𝑙] + 𝑘2[𝑁𝑎+][𝐶𝑙−]  (3) 

 

With reliable reaction rate coefficients, the equations can describe the concentration change of chemical 

components along time-scale. Combination of those reactions enables simulation of complex chemical system’s 

behavior. 

However, appropriate modeling method to match ODE scaled ion rate expression with plant’s ion uptake is 

necessary to apply those complex-system simulation approach on prediction of plant’s ion uptake. Although the 

influx of ions into roots are widely studied (Epstein and Hagan 1952; Epstein et al. 1963; Kochian and Lucas 
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1982; Classen and Barber 1974; Nielsen 1976; Siddiqi and Glass 1982, 1986; Cram 1983; Buysse et al. 1996), 

their methods are not applicable to timescale simulation. First of all, they considered influx and efflux of ion as 

irreversible process so needed to prepare 2 separate models for each ion. Second, they did not distinguish flux of 

cation and anion. Cation influx is based on secondary transport, while plant absorbs anion with symport. 

M. Silberbush and J.H. Lieth (2004) presented nitrate and potassium uptake prediction model but it is 

regression-based model to predict individual ion so does not consider the reaction of nitrate or potassium with 

other compounds to form plant-unabsorbable state.  

An empirical model for macronutrient uptake is presented by A. Pardossi et al (2005) but they acquired data 

once a week so this model is not applicable to short-time interval simulation. Daniele Massa et al. (2008) presented 

an empirical model for sodium absorption simulation but this model ignores interference of other ionic 

components on the concentration of Na+; for example, reverse reaction of dissociation of NaCL or NaFeEDTA 

reduces the concentration of sodium ion. 

So a continuous time scale available model which describes secondary transportation of cation is necessary. 

 

Materials and Methods 

I first considered the ion channels for cation absorption as electrical register and the other region of cell 

membrane as insulator. Then the group of a random ion channels becomes a parallel register system. Then the 

membrane potential Vm induced by target ion gradient is the voltage, applied on the combined register Rion. 

Equation (4) is application of Ohm’s law on this model, where Iion is electric current of ion influx.  

 

Iion =
1

Rion
𝑉𝑚       (4) 

 

Electric current is described as equation (5). S is surface area where the charged particle passes, 𝑣⃑  is the 

average velocity of charged particle, k is the number of electrons which the selected ion lost, e is the charge of an 

electron and n is the number of particle per unit volume. The equation has negative value because the flux of 

positively charged particle is opposite to electric current, which is induced by negatively charged electrons. 

 

Iion = −S𝑣̅𝑘𝑒𝑛    (5) 

n = −
Iion

𝑆𝑣̅𝑘𝑒
  (6) 

 

As n is the number of particle in 1L volume, dividing both side of equation (6) Avogadro’s number becomes 

equation of molarity. 𝑁𝐹 is Faraday’s number, which is multiplication of NA and e. [ion] is the ion concentration 

inside the root because the electric current was defined as influx. 

 

n

NA
= [𝑖𝑜𝑛] = −

1

𝑁𝐹
∙

Iion

𝑆𝑣̅𝑘
   (7) 

 

Differentiation on equation (7) expresses the differential equation of ion concentration change on time, which 

has same dimension with equation (1-3). 
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𝑑[𝑖𝑜𝑛]

dt
= −

1

𝑁𝐹
∙

1

𝑆𝑣̅𝑘

𝑑

𝑑𝑡
𝐼𝑖𝑜𝑛   (8) 

 

Applying equation (4) on equation (8) leads to equation (10).  

 

𝑑

𝑑𝑡
Iion =

1

Rion

𝑑

𝑑𝑡
𝑉𝑚  (9) 

𝑑[𝑖𝑜𝑛]

dt
= −

1

𝑁𝐹
∙

1

𝑆𝑣̅𝑘

𝑑

𝑑𝑡
𝐼𝑖𝑜𝑛 = −

1

𝑁𝐹
∙

1

𝑆𝑣̅𝑘
∙

1

Rion

𝑑

𝑑𝑡
𝑉𝑚  (10) 

 

The force on a particle inside the electrical field is described as equation (11), where E is the electrical field, q 

is the charge of particle, 𝜃 is the thickness of membrane and m is the mass of ion. The acceleration of the 

particle is described as equation (12), where m is the mass of single ion particle. 

 

F = Eq =
V𝑚

𝜃
q = ma  (11) 

a =
dv

𝑑𝑡
=

𝑉𝑚𝑘𝑒

𝑚𝜃
 (12) 

 

With the supposition that the force on cation during passing through the ion channel is uniform, and the initial 

velocity of ion is zero, the average velocity of the ion during transport is described as equation (13). 

 

𝑣̅ = √
𝑎𝜃

2
= √

𝑉𝑚𝑘𝑒𝜃

2𝑚𝜃
= √

𝑉𝑚𝑘𝑒

2𝑚
  (13) 

 

Now applying equation (13) on equation (10) leads to equation (14). 

 

𝑑[𝑖𝑜𝑛]

dt
= −

1

𝑁𝐹
∙

1

𝑆𝑘
∙ √

2𝑚

𝑉𝑚𝑘𝑒
∙

1

Rion

𝑑

𝑑𝑡
𝑉𝑚   (14) 

 

Equation (15) describes the relationship between the resistance and permeability of ion channel. P ion is the 

permeability of the ion at channels defined in derivation of Goldman’s equation (Pion =
𝐷𝐴

𝜃
), DA is diffusion 

constant and 𝜃 is the thickness of the membrane. 𝜅 is a coefficient. 

 

Rion =
1

𝜅

1

𝑃𝑖𝑜𝑛
=

1

𝜅

𝜃

𝐷𝐴
   (15) 

 

The mass of an ion is defined as equation (16), where M is molar weight. 
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m =
1

1000

M

𝑁𝐴
  (16) 

 

By applying equation (15, 16) on equation (14), equation (17) is derived. 

 

𝑑[𝑖𝑜𝑛]

dt
= −

1

𝑁𝐹
∙

1

𝑆𝑘
∙ √

2𝑚

𝑉𝑚𝑘𝑒
∙

1

Rion

𝑑

𝑑𝑡
𝑉𝑚   

= −
1

𝑁𝐹
∙

1

𝑆𝑘
∙ √

2𝑚

𝑉𝑚𝑘𝑒
∙ 𝜅Pion

𝑑

𝑑𝑡
𝑉𝑚   

= −
1

𝑁𝐹
∙

1

𝑆𝑘
∙ √

2𝑚

𝑉𝑚𝑘𝑒
∙ 𝜅

𝐷𝐴

𝜃

𝑑

𝑑𝑡
𝑉𝑚   

= −
1

𝑁𝐹
∙

1

𝑆𝑘
∙ √

2𝑀

1000𝑉𝑚𝑘𝑒𝑁𝐴
∙ 𝜅

𝐷𝐴

𝜃

𝑑

𝑑𝑡
𝑉𝑚  

= −
1

10√5
∙

1

𝑆
∙

1

𝑘𝑁𝐹
∙ √

𝑀

𝑉𝑚𝑘𝑁𝐹
∙ 𝜅

𝐷𝐴

𝜃

𝑑

𝑑𝑡
𝑉𝑚  

= −
1

10√5
∙

1

𝑆
∙

1

(𝑘𝑁𝐹)1.5 
∙ √

𝑀

𝑉𝑚
∙ 𝜅

𝐷𝐴

𝜃

𝑑

𝑑𝑡
𝑉𝑚   

= −
𝜅

10√5𝜃
∙

1

𝑆
∙

𝐷𝐴√𝑀

(𝑘𝑁𝐹)1.5 
∙

1

√𝑉𝑚

𝑑

𝑑𝑡
𝑉𝑚  (17) 

 

I defined the constant ℬ term as equation (18). Because phospholipid bilayers have typical thickness, I 

considered the thickness of membrane as a constant number. 

 

𝜅

10√5𝜃
= ℬ  (18) 

 

Then the equation (17) is simplified into equation (19). 

 

𝑑[𝑖𝑜𝑛]

dt
= −

ℬ

𝑆
∙

𝐷𝐴√𝑀

(𝑘𝑁𝐹)1.5 
∙

1

√𝑉𝑚

𝑑

𝑑𝑡
𝑉𝑚  (19) 

 

Vm is calculated with Goldman’s equation, which has the concentration of ions inside and outside the root as 

the only independent variable. Therefore, this model describes the variance of ion concentration on time with 
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respect to the ion concentration only. 

The constant ℬ describes the physiology of the plant species. It varies along the cell species because it is only 

affected by the membrane thickness, the diffusion constant of ion and combined resistance of ion channel. 

Membrane thickness of plant cells are not so different along the species and the diffusion constant is ion-related 

value. Therefore, ℬ is only affected by the density and kind of ion channel. 

S is the surface area where ion flows. It is defined as the inner area of ion channel multiplied with the number 

of ion channels. It is most influenced by the growth of plant’s root. 𝐷𝐴√𝑀 describes the physical property of the 

ion, while (𝑘𝑁𝐹)1.5  describes the electrical property. 
1

√𝑉𝑚

𝑑

𝑑𝑡
𝑉𝑚  can be derived with Goldman’s equation. It 

depends on the environment, nutrient solution, and describes the interaction between the root cell and the 

surrounding. 

Then I combined the ODE network simulation on nutrient solution system (Byunghyun Ban et al. 2019) with 

plant’s ion absorption behavior. Detailed interactions, equations and coefficients are provided at 

https://github.com/needleworm, with the simulator and simulation results. The simulation has one supposition that 

the membrane gradient is mainly induced by H+ ion only. 

The topology of the complex system network model for interactions between nutrient solution and plant is 

described on the Figure 1. Figure 1 was generated with Cytoscape (Shannon P. et al. 2003). Total 20 simulations 

with different seeds were conduct. During simulations, reaction rate coefficients of chemical interactions and 

coefficient for H+ ion pumping were fixed, while coefficients for plant-ion interactions were changed.  

Also the initial state of systems was fixed. The nutrient solution state was Yamazaki’s nutrient solution for 

lettuce (Yamazaki K., 1982). The plant was considered as an 1L bag of H2O, containing no other nutrient inside. 

Coefficient sets for each experiment samples are presented on Supplementary Data 1. 

 

Figure 1. The network topology of plant and nutrient solution interaction model. Brown nodes are system 

input, inorganic fertilizers and water. Purple nodes are absorbable ions but blue nodes are unabsorbable. Green 

nodes indicate ions which are absorbed by the root, and water. The label of green nodes starts with small ‘p’ 

indicator. 
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Figure 2 pH inside the root at the convergence state. 

 

 
Figure 3 Total dissolved mass (TDS) of nutrient solution and the root. Root has higher TDS in most cases 

except trial 4, 5, 10, 18 and 19. 

 

Figure 4 Mass rate of N, P, K inside the root, at the convergence state. 
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The simulations were conducted until mean square error values between each gradient descent update reach 1e-

20. But trial 18 and 19 converged too fast so tighter MSE threshold was applied: 1e-21 and 1e-22 each. 

 

Results 

Experiment results are provided as Supplementary Data 2. Supplementary data 2 provides the system’s 

convergence state.  

The summaries of simulation experiments are presented on Figure 2-4. Figure 2 shows that pH inside the root 

after convergence varies along the trials. Figure 3 shows the TDS values of nutrient solution and plant for each 

trial. The ratio between them indicates the efficiency of nutrient absorption at the root. For example, trial 4, 18 

and 19 showed the sample failed to absorb enough nutrient from the fertilizer. Figure 4 presents the rate of N, P 

and K absorbed by the root in mass scale. Trial 17 and 18 failed to absorb enough nitrogen and some samples 

seems to failed to absorb enough K ion. 

 

Discussion 

The result shows that different coefficient ℬ values for same network topology can lead to different results. 

As ℬ is a description of ion channel density on the cell membrane, it is considered as physiological term resulting 

from the gene expressions. Therefore each plant species has different ℬ values, leading to different recipe of 

fertilization. For example, the nutrient solution recipes for lettuce and Basil are different because their ion 

consumption and absorption rate are different. Such phenomenon is understood as the result of different ℬ 

coefficient. 

The simulation also showed that plants with different ℬ has different nutrition absorption rate, different pH 

and different TDS at the roots. Distinguishing ℬ of unknown plant will help researchers to figure out nutrient 

solution recipes. 

 

Conclusion 

A differential equation model was induced from Ohm’s law. The equation has ℬ for plant physiology, S for 

the growth, 𝐷𝐴√𝑀 for physical properties of ion, (𝑘𝑁𝐹)1.5 for electrical properties of ion and 
1

√𝑉𝑚

𝑑

𝑑𝑡
𝑉𝑚 for 

interaction between the environment and the plant. The simulation showed that different ℬ  values leads to 

different behaviors during nutrition absorption. Distinguishing ℬ of various plant with experiments will enable 

high-precision prediction of ion consumption of crops. It will provide in-silico prediction of appropriate nutrient 

solution recipe for unknown species. 

 

Supplementary Data 

Supplementary Data 1 provides 20 different coefficient sets used for the experiments. 

Supplementary Data 2 provides the convergence state values of each experiments. 
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for the experiment is freely available at https://github.com/needleworm/nutrient_solution 
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