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17 Abstract: Based on a measuring system to determine levels of spatial organization in 2D polygons
18 (homogeneous or heterogeneous partition of defined areas) lying on principles of regularity, we
19 propose the entropy term linked to the concept of “information”, from the “information theory
20 field”, in order to obtain an information measurement regarding a quantity of or amount of
21 information in the architecture of complex 2D biological organizations. The term “quantity” does
22 not refer to the amount of data (size), but to the probability of a geometrical basic pattern within a
23 set of possible statistical configurations regarding levels of homogeneity and heterogeneity. It is
24 this notion of information that is important in information theory, and measures of information in
25 units of bits, what we propose to use for measuring quantities of organization in the architecture of
26 complex geometrical systems. Two complex systems are tested, biological and non biological in
27 order to obtain experimental results, which are verified with the evaluation criteria “entropy”.
28 Experimental results show that the lowest levels of information and entropy, in addition with low
29 rates of heterogeneity and high rates of homogeneity are particular features of geometrical
30 organizations in biological systems.
31 Keywords: biocomplexity; self-organization; spatial organization; geometrical shape; information
32 theory; entropy.
33

34  1.Introduction

35 Informational entropy allows the quantification of order and disorder levels from discrete
36  variables. The outline of an area or figure is a shape which can be a determined configuration of
37  discrete elements or geometric parts. Accordingly, the focus of our view regards on basic principles
38  of larger whole organization of polygons rather than just on properties of basic building blocks. In
39  the context of shapes and forms in biology there have been an important historical effort in order to
40  find the properties of patterns and the nature of those building blocks, looking at them from
41  different levels, since a botton-up logic of biological developing structures, up to dynamical patterns,
42  or even as whole organisms made of atomic parts (i. e., systematics). The boundless and
43  overwhelming amount of configurations and patterns in complex living systems has been an elusive
44 endeavor to understand, not just in terms of their categorization, but whether or not their

© 2019 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints201909.0141.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2019 d0i:10.20944/preprints201909.0141.v1

2 of 14

45  geometrical principles are articulated as either a consequence or as an actual source of variability
46  during evolution in the context of complex adaptative systems. There have been a great number of
47  attempts during the history of biology to approach shapes and forms, with an equal width number
48  of perspectives ranging from evolutionary and developmental biology to paleontology, theoretical
49  morphology and taxonomy, just to include some examples. On the other hand, some non biological
50  perspectives have been throughout that path of deep questions about shapes [1], and the logic of
51  architecture order in nature [2]. In fact, all of those questions had endorsing important inferences to
52 distant academic areas such as, material sciences [3], medicine [4, 5, 6, 7], even aesthetics, philosophy
53  [1] and arts [9]. In addition, the mathematical perspective of topology, dynamical systems and other
94 important areas related with geometry, statistics and discrete mathematics have been involved in a
55 lot of important achievements [10, 11, 12, 13], mainly tracked by new emerging questions rather than
56  achieving solid answers, all of this in the face of looking for particular levels of order in biological
57  forms. In the context of the perspective of this paper, those properties of individual discrete elements
58  in forms are not simple intrinsic features, instead, they must be understood as both, a space into a
59  larger whole and as a unity defining that larger whole. In this line, our main question arose: There is
60 a way to quantify geometrical order in a biological organization? In fact, in some sense it is not a
61  novel question. There have been an important amount of works related with the issue of quantifying
62 information at different complexity levels in biological networks [14, 15, 16, 17], ecosystems [18, 19,
63 20, 21, 22], molecular entropy [23], cell entropy [24, 25], just to mention some. Also, forms of spatial
64  entropy looking for the characterizing of landscape heterogeneity, urban, sociological and
65  economical properties associated to them have been broadly approached [26, 27 & 28]. However, in
66  the context of biology the underlying order behind the geometry of general biological organizations
67 s still lacking. We consider that the main obstacle in that general research direction is the
68  establishment of a biological form of reference to start to work on.

69 The establishment of a measure of spatial organization able to determine the geometrical
70  entropy of a particular biological organization was motivated and is derived from a previous
71  analysis of geometrical constrictions in five-fold morphologies (polygonal random disc
72 organizations [29]). Also, a lot of work has been done relating the larger geometrical context of cells,
73 their entropy and the physical causalities of interactions into cell aggregates [30, 31, 32, 33, 34, 35 &
74 36]. However, all of this work is regarding on physical parameters and not strictly on levels of
75  geometric organization. In addition, the characterization of self-assembled 2D Patterns with Voronoi
76 Entropy in [37 & 38] also represents some sort of approaches about levels of generic heterogeneity at
77  different scales achieving geometry as a source of organization. In spite of that, the main results of
78  that kind of works release some ideas about entropy in a context of matter organization and
79  ecological dynamics motivating some researches of material sciences and territory aspects, without
80  go deep in questionings about the nature of order in biological shapes.

81 On this research work, we seek to establish a novel connection, between information theory [39]
82  and the architecture of biological organizations. Since it is considered that, the statistical recurrence
83  of geometric patterns in certain complex architectures, seen from its resulting distribution, codifies
84  the key properties that emerge from the complex system, such as information (disorganization) and
85  not information (self-organization). It is certainly not logical, but on the contrary, it is contradictory
86  to associate self-organization with reductions in the entropy of systems. However, in previous
87  investigations, such behavior has been associated [40, 41 & 43], and in this work we will try to verify
88 it. If there is more self-organization in a system, then its behavior will be less entropic, and therefore
89  the information in it will be smaller, which is contradictory, since it would be thought of naturally
90 that, being more self-organized, it is feasible to extract more information from such a system.

91 Due to the above, in this work we propose to measure the quantity of information in
92  geometrical patterns in the architecture of complex systems (biological and non biological polygonal
93  arrangements), regarding the disorganization and self-organization metric based on their
94  geometrical configuration.

95 To develop the idea, this paper is organized as follow: the mathematical model and the main
96  background to define regularity and heterogeneity in spatial organization of shapes are given in


https://doi.org/10.20944/preprints201909.0141.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 September 2019 d0i:10.20944/preprints201909.0141.v1

3 of 14

97  Section 2.1 and 2.2. in methods. The structure of the proposed method, to determine the entropy of

98  discrete variables and statistical distributions of internal partitioning in shapes I' and the procedure

99  to measure the quantity of information in geometrical patterns in the architecture of biological and
100  non biological systems, is presented in Section 2.3 and 2.4. Results and analysis in terms of entropy
101  are provided in Section 3 and finally in Section 4 the discussion and conclusions are presented.

102 2. Methods

103 2.1. Regqularity and heterogeneity in spatial organization of shapes T

104 The establishment of a measure of spatial organization able to determine the geometrical entropy
105  of biological organizations is derived from a previous analysis of geometrical constrictions in five-fold
106  morphologies [29]. In this new work our main methodology is centered on statistical measurements of
107  geometrical heterogeneity and their related entropy. The aim of our methodology regards for
108  determining levels of homogeneity-heterogeneity and levels of information associated to biological
109  organizations. The statistical analysis is derived from the study of localities and their sub-localities
110  arising from constructions generically named shapes I'. A shape I is a set of spatial planar confined
111  regions called sub-localities inside a locality L;. Therefore, a shape I' could be a regular or irregular
112 polygon. On that sense, each shape I' has an area distributed inside L; that can be subject to be
113  statistically analyzed. The main idea to establish the generic name of shape I' is due to it is useful to
114 define either polygons or areas (numeric values) associated with particular shapes.

115 Each locality L; is constituted by a subset of a given number N; of sub-localities, S;3,S;, ..., Si,
116  such that L; =U]1.v=i1 S;j, where L; is a spatial region which could be a convex polygon in R2. Let 4;; be
117 the area of each sub-locality. If A;; = AyV k, j, then we said that L; is regular (Figure 1). In contrast, if
118  exists some j # k such that 4; ; # Aj then we say that L; is not regular and it can be considered
119  either a highly homogeneous or a heterogeneous partition. Therefore, let 4; = Z?’il A;j be the sum of
120  all the associated areas of every locality; this set determines a polygon or shape I" = {4;}. Therefore, I
121  is a generalization of locality or any set of sub-localities which are considered in numerical terms.
122 Therefore, the area average of a locality L; is:
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129 Figure 1. Schematic properties of two different shapes I'. a) An hexagon is a locality associated to six
130 subareas from four sub-localities S3, S5, ...,S¢ which are all equal then is regular. b) A shape I' with
131 a six-fold partition such that any of their sub-localities have unequal subareas is not regular; the set

132 of areas defined by sub-localities S;and S5 are smaller than S5, S;, S, and S.

133 2.2. Standard deviations of five-fold symmetry as a reference of highly homogeneous partitions for biological
134 organizations.

135 The main objective of our research is the establishment of a measure of spatial organization able
136  to determine the geometrical entropy of biological organizations regarding particular geometries as
137  references. In a previous paper we have shown homogeneity variations in a set of polygonal discoid
138  arrangements with partitions of several numbers. We relate equation (2) with a proper collection of
139  data reflecting rates of spatial heterogeneity, quantifying indexes of standard deviations of areas in all
140  of our theoretical samples. Our geometrical design has as a first condition the fact that, planar discs
141  with different number of sub-localities remains with an almost constant area during the experiment in
142 order to have normalized data [29]. Although we consider partitions of discs ranging from three to ten
143  sob-localities and each partition with a constant area during the experiment, we include ten levels of
144 variability (Figure 2). That variability certifies that our model includes a broad range of random
145  partitions inside discs controlling the polygonal number of sides in a well confined space. For this
146  purpose, we use Voronoi diagrams to model space partitioning with different number of parts (from
147  three to ten), where two variables were studied, namely, partitioning number and partition variability.
148  The algorithm to build partitioning and levels of variability of discs is described in detail in reference
149  [29]. Our final conclusion in that work was that highly homogeneous partition of internal space can be
150  considered as a geometrical constraint in five-fold symmetry against any other (Figure 3), and this
151  kind of highly ordered partition can be considered as a functional geometrical particular feature of
152  biological organizations. Since five-folding often is an arrangement associated with biological
153 architectures, we consider this organization and their features as a first clue. In addition, it is an
154  intuitive fact that four and six folding partitions are also frequent architectures in nature (e. g. flowers).
155  To continue with this hypothesis we need to develop a formal procedure to understand differences
156  between biological and non biological organizations in terms of information using entropy equations.

157
158
159
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160 Levels of variability
161 Figure 2. The source of variability. Random discs are build up to generate statistical data of shapes I'.

162 The generic expression x; =0;/A; is shown using three examples in order to determine
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heterogeneity using different levels of variability (horizontal axis) and different partitions of discs
(vertical axis).

| @ Polygon number of sides\

0,22 4

Standard deviation of average variability
S,

3 4 5 6 7 8 9 10
Partitioning number

Figure 3. Standard deviation of all variability averages for each partitioning number. An average of
standard deviations (0,; variability average) was derived for each level of variability. A standard
deviation of all variability averages is obtained for each partitioning number. According to this data,
five-fold organizations are at the lowest level of dissimilarity among areas inside discs.

2.3. Entropy of discrete variables and statistical distributions of internal partitioning in shapes I

The Shannon entropy is a parameter indicating information which is a resolution of uncertainty.
Our model satisfies the fact that we may work with frequencies of discrete variables which are areas
of polygonal shapes. Shannon elucidates the convenience of the use of a logarithmic function in the
definition of the entropies, what it is mainly because mathematically “it is more suitable”, because
many limiting operations in terms of the logarithm are simpler than in terms of the statistical
behavior (the number of possibilities or frequency).

One important and non trivial fact regarding polygonal geometry is the statistical behavior of
inner area distributions in shapes I'. The heterogeneity of area distributions according to
partitioning number reveals that the number of elements in a disc determines the homogeneity
distribution of areas. In that sense, the frequency of distribution of heterogeneities is different in line
with the geometrical nature of polygons. Thus, this difference might generate a parametric measure
of either organization of internal spatial elements (sub-localities) or entropy. In line, the choice of a
logarithmic base regards towards an election of a proper unit for measuring information. If the base
2 is used, the resulting unit is called ‘bit’ (a contraction of binary unit).

In consonance with this we consider frequency values of heterogeneity as discrete variables.
The entropy of discrete variables could be defined as follows. The outcomes for heterogeneity levels
can be tagged as a binary result:

¥ = { 0, if the outcome is less than 0.5 of heterogeneity x;,
1y, if the outcome is more than 0.5 of heterogeneity x;;

With these definitions, one bit is the amount of information obtained when one of two equally
likely alternatives is specified. Using this as reference the equation will define the entropy in terms
of the frequency of two digits, 0 and 1. Therefore, we can use a well known entropy equation
typically used to determine the uncertainty of outcomes:

doi:10.20944/preprints201909.0141.v1
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195
196  where the next equation reflects the amount of heterogeneity,
x; = 01/ 4 (4)

197  weinclude 4; in order to normalize the data and constraint the heterogeneity outcomes inside a scale
198  fromOto1.

199  2.4. Entropy in mosaics of cells.

200 Defining entropy in mosaics of cells requires the coordinates of individual polygons.
201  Consequently, polygons were treated with a similar procedure applied to shapes I'.  Nonetheless, in
202  this case there will not be a Voronoi treatment for points since each polygon has its own precise set of
203  coordinates, generating N localities L; (polygons), constituted by a subset of a given number N; of
204 sub-localities (triangles) per number of sides Sy, S;;, .+, Siy,; defining standard deviation of internal
205  areas (equation 4), where L; is a convex regular or irregular polygon in R? (Figure 4). In fact, we used
206  random arrangements, and processed and non processed images extracted from different web sites
207  and references [34, 42 & 43] to define the coordinates of polygons using the centroid of the polygon as
208  the origin of polygonal coordinates. Therefore, three types of mosaics were analyzed: Random
209  arrangements (RA), non processed images extracted from the web (epithelia and peripodial wing of
210  imaginal disc; BIO) and processed images extracted from the web which we named control simulation
211  (CS), simulation at equilibrium (SAE), atrophy simulation (AS), simulation out of equilibrium (SOE)
212  and Poisson-Voronoi tessellation (PT). Spatial heterogeneity in mosaics of polygons was derived using
213  equation (4) for each polygon and entropy using equation (3).

iz
44
i
X =—
t Al
s
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214
215 Figure 4. Symbology of equations for individual polygons extracted from a mosaics of polygons.
216  3.Results
217 According to partitioning number the heterogeneity distributions of shapes I' is showed in

218  figure 5. The bar area determines levels of heterogeneity conforming to the binary categorization 0
219  and 1 described before. The grey area shows levels of heterogeneity below 0.5 of SD indexes which
220  implies either high levels of homogeneity or low levels of heterogeneity. It is clear that five-folding
221  organizations have the lowest values for heterogeneity (green area) indexes indicating highest levels
222  of homogeneity (grey area). In fact, this figure reflects the performance of spatial organizations that
223  have been shown in figure 3. Regarding to this last point, it is important to focus on the fact that now
224 we have these two necessary outcomes for heterogeneity which are used to define the entropy of
225  internal partitioning in shapes I' using equation (3).
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I Heterogeneity above 0.5 of SD index (1)
L] Heterogeneity below 0.5 of SD index (0)
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226 Partitioning number
227 Figure 5. Levels of heterogeneity according to the binary categorization 0 and 1. Grey zones are
228 values associated to 0 and the green ones are associated with 1. The highest level of homogeneity is
229 for partitioning number five. The highest level for heterogeneity is for partitioning number ten.
230 In order to link entropy and information, our evidence suggests that five-folding organization

231 depicts a sort of spatial organization with low values of information (Figure 6). In addition, the
232  entropy values for spatial organizations also reflect being in line with figures 3 and 5. Hence, we
233 consider this entropy measure as a solid argument to be applied not just on individual polygons, as
234 we have done up to now, but to explore whether or not there are entropy differences between more
235  complex biological and non biological organizations in terms of entropy.
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236 Partitioning number

igure 6. The entropy of shapes gamma Hy indicates that partitioning number five has the lowest
237 Figure 6. Th py of shapes g Hp indi hat partitioning number five has the 1
238 value of entropy. Similar values are founded in 3, 4 and 6 organizations. The highest values of

239 entropy are founded in 9 and 10 disc organizations.
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240
241
242
243
244
245 Figure 7. Three general types of mosaics analyzed. Left side; random arrangements (RA), center; non
246 processed images extracted from the web (BIO) and right; processed images extracted from the web
247 which we named they control simulation (CS), simulation at equilibrium (SAE), atrophy simulation
248 (AS), simulation out of equilibrium (SOE) and Poisson-Voronoi tessellation (PT).
249 Spatial heterogeneity in mosaics of polygons was derived using equation (4) for each polygon.

250 Interestingly, RA has an average of a half proportion of heterogeneity of spatial distribution on
251  internal areas in polygons and a half of spatial homogeneity (Figure 8). Biological organizations of
252  cells aggregates have a constant high proportion of homogeneity in terms of spatial distribution and
253  BIO images were derived directly from images of biological organizations (Figure 9). CS, SAE, AS
254  and SOE were computational simulations of cells aggregates assuming Lewis’s Law or another kind
255  of biological properties. In spite of that, our results shown that these images should also be
256  considered as non biological samples since the entropy results depicts distant values of information
257  except for AS and SAE (Figure 10 and 11). Poisson-Voronoi tessellation (PT) was used as control.
258  Hence, the geometry between biological and non biological arrangements of internal cells is
259  underlying an important difference whose consequences and effects would define particular
260  behavior in biological organizations in contrast with non biological package.
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261 Random samples

262 Figure 8. Random arrangements of cells and their heterogeneity frequency. Data shows that cellular
263 aggregates have an average of a half proportion of heterogeneity (grey) of spatial distribution on
264 internal areas in polygons, and a half of spatial homogeneity (blue).
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266 Figure 9. The entropy of random samples. The entropy values are almost constantly in line with
267 maximum entropy.
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269 Non random tilings
270 Figure 10. Biological and biological simulations of organizations of cells aggregates have a constant
271 high proportion of homogeneity in terms of spatial distribution of inner areas. In fact, the last five
272 samples area biological simulations assuming Lewis’s Law with a 100% degree of homogeneity. The

273 first column represents a Poisson-Voronoi Tesselation was used as a control.
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275 Figure 11. The entropy of cell aggregates groups: biological extracted images directly from the web
276 (epithelia and peripodial wing of imaginal discs, BIO) and processed images extracted from the web
277 which we named control simulation (CS), simulation at equilibrium (SAE), atrophy simulation (AS),
278 simulation out of equilibrium (SOE) and Poisson-Voronoi tessellation (PT). The most abundant area
279 includes Bio data and it also can include SAE and AS.
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281 Figure 12. The Hierarchical clustering group entropy values which are close to each other relative to
282 those of other clusters. Hierarchical clustering is a process that starts with each point in its own
283 cluster. At each step, the two values that are closest together are combined into a single cluster. This
284 process continues until there is only one cluster containing all the points. CS group entropy values of
285 0 and PT groups the highest value of entropy as control. Green values reflect clustering of BIO
286 groups or closes groups. This analysis was done using JMP 8.
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287 4. Discussion

288 The highest level of homogeneity for partitioning number five represents the establishment of a
289  biological form of reference to start to work on. According to our binary partition of frequency
290  distribution where below of 0.5 of heterogeneity represents 0 and above of 0.5 of heterogeneity
291  represents 1, it is clear that five-folding arrangements distributes space in a very equal statistical
292 possibility. Even there is an evident closeness with four and six folding partition there are statistical
293  differences between them that were clear in a previous paper [29]. In terms of entropy derived from
294  equation 3 five-folding partition reach the lowest point with a value of 0.14 (Figure 6). This finding is
295  anon trivial fact, since we should not expect statistical differences between partitions if the source of
296  variation is a random source and variability is included in all analyzed samples. We should expect
297  no difference at all since it is a random experiment just varying partitioning. Hence, that gap of
298  entropy values coming from four, five and six folding arrangements represents our main biological
299  parameter of reference to start to work on with shape informational entropy (i. e. around 0.14 and
300  0.25 of entropy). Three types of mosaics were analyzed: Random arrangements (RA), non processed
301  images extracted from the web (epithelia and peripodial wing of imaginal disc; BIO) and processed
302  images also extracted from the web which we named control simulation (CS), simulation at
303  equilibrium (SAE), atrophy simulation (AS), simulation out of equilibrium (SOE) and
304  Poisson-Voronoi tessellation (PT) [images extracted from references 34, 43 & 44]. Spatial
305  heterogeneity in mosaics of polygons was derived using equation (4) for each polygon and entropy
306  using equation (3). Random arrangements of cells and their heterogeneity frequency shows that
307  random polygonal aggregates representing cell aggregates have an average of a half proportion of
308  heterogeneity of spatial distribution on internal areas in polygons with a nearby equal half of spatial
309  homogeneity. Biological and biological simulations (which we has referred as non biological
310  samples) of organizations of cells aggregates have a constant high proportion of homogeneity in
311  terms of spatial distribution of inner areas. In fact, the last five samples area biological simulations
312  assuming Lewis’s Law with a 100% degree of homogeneity. Then, a high degree of homogeneity in a
313  computational simulation following some algorithmic instructions could derive in a beautiful
314  representation of a biological sample, lacking of substantive information or levels of intrinsic
315  disorder emerging from the actual biological form. On the other hand, BIO group is around 0.08 and
316  0.27 which are entropy values not so far from 0.14 and 0.25 for four, five and six folding partitions.
317  Also, in figure 9 and 10 the first column represents a Poisson-Voronoi Tesselation which was used as
318 a control. Even this sort of organization is not biological at all it seems far from random
319  organizations. The most abundant area in figure 10 includes Bio data and it also could include SAE
320  and AS. Simulation at equilibrium and atrophy simulation which are two kind of samples based on
321  manipulated computational simulations. The closeness of them with BIO group is not an unexpected
322 result since computational simulations representing algorithmic instructions are perturbed in a way
323  that could easily increase their entropy. It does not happen with control simulations. Those
324 algorithmic constructions are following mathematical prescriptions whose level of correctness
325  leaves out the essential nature of BIO group which is a lightly bias disruption of order. In fact,
326  control simulation group has a value of zero of entropy (Figure 10).

327 5. Conclusions

328 Our results reflect that there is an informational limit for biological organizations. According to
329  this conclusion, biological organizations are complex systems which should be constrained into a
330  narrow window of variability depending on levels of informational entropy. However, the fact is
331  that we can see a myriad of morphological variations in nature. We conclude that the statistical
332  properties of biological architectures can be manifested in an overwhelming amount of
333  morphologies since all of them are singular possibilities in the realm of pure organization. In that
334  sense, shape is a constant configuration changing of dynamical arrangements opening infinite
335  possibilities of configurations with biological attributes as a consequence of its essential organization
336  which depends on their own limits. According to our results, we consider that homogeneity with
337  low levels of heterogeneity is a constant issue from many perspectives. Networks theory call it
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338  sparcity, chaos theory refers to it in an interval between order and chaos. With this in mind, we
339  consider that the value and limits of informational entropy for geometrical systems that we are
340  approaching has a width domain of impact.
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