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Abstract

In the present paper, the (p; q)-Hermite based Apostol type Frobenius-Euler polynomials
and numbers are �rstly considered and then diverse basic identities and properties for the
mentioned polynomials and numbers, including addition theorems, di¤erence equations, in-
tegral representations, derivative properties, recurrence relations. Moreover, we provide
summation formulas and relations associated with the Stirling numbers of the second kind.
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1. Introduction

The (p; q)-numbers are de�ned as:

[n]p;q = p
n�1 + pn�2q + pn�3q2 + � � �+ pqn�2 + qn�1 = pn � qn

p� q :

We can write easily that [n]p;q = pn�1[n]q=p, where [n]q=p is the q-number in q-calculus given by [n]q=p =
(q=p)n�1
(q=p)�1 . Thereby, this implies that (p; q)-numbers and q-numbers are di¤erent, that is, we can not obtain
(p; q)-numbers just by substituting q by q=p in the de�nition of q-numbers. However, in the case of p = 1,
(p; q)-numbers reduce to q-numbers, (see[3-8]).

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 August 2019                   doi:10.20944/preprints201908.0216.v1

©  2019 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints201908.0216.v1
http://creativecommons.org/licenses/by/4.0/


2

The (p; q)-derivative of a function f with respect to x is de�ned by

Dp;qf(x) = Dp;qf(x) =
f(px)� f(qx)
(p� q)x ; (x 6= 0) (1:1)

and Dp;qf(0) = f
0
(0), provided that f is di¤erentiable at 0. The (p; q)-derivative operator holds the following

properties
Dp;q(f(x)g(x)) = g(p(x))Dp;qf(x) + f(qx)Dp;qg(x); (1:2)

and

Dp;q

�
f(x)

g(x)

�
=
g(qx)Dp;qf(x)� f(qx)Dp;qg(x)

g(px)g(qx)
: (1:3)

The (p; q)-analogue of (x+ a)n is given by

(x+ a)np;q = (x+ a)(px+ aq) � � � (pn�2x+ aqn�2)(pn�1x+ aqn�1); n � 1

=
nX
k=0

�
n

k

�
p;q

p(
n
2)q(

n�k
2 )xkan�k; (1:4)

where the (p; q)-Gauss binomial coe¢ cients
�
n
k

�
p;q
and (p; q)-factorial [n]p;q! are de�ned by�

n

k

�
p;q

=
[n]p;q!

[n� k]p;q![k]p;q !
(n � k) and [n]p;q! = [n]p;q � � � [2]p;q[1]p;q; (n 2 N):

The two types of the (p; q)-exponential functions given by

ep;q(x) =
1X
n=0

p(
n
2)xn

[n]p;q!
and Ep;q(x) =

1X
n=0

q(
n
2)xn

[n]p;q!
(1:5)

hold the following identities

ep;q(x)Ep;q(�x) = 1 and ep�q�(x) = Ep;q(x); (1:6)

and have the following (p; q)-derivative properties

Dp;qep;q(x) = ep;q(px) and Dp;qEp;q(x) = Ep;q(qx): (1:7)

The de�nite (p; q)-integral is given byZ a

0

f(x)dp;qx = (p� q)a
1X
k=0

pk

qk+1
f

�
a
pk

qk+1

�
;

in conjunction with Z b

a

f(x)dp;qx =

Z b

0

f(x)dp;qx�
Z a

0

f(x)dp;qx; (see [20]): (1:8)

Recently, (p; q)-generalizations of some special polynomials have been introduced and investigated by sev-
eral mathematicians, cf. [23; 5-8; 21] and see the references cited therein. Duran et al. [8] introduced a new
kind of Bernoulli, Euler and Genocchi polynomials based on the (p; q)-numbers and developed their some
properties involving addition theorems, di¤erence equations, derivative properties, recurrence relationships
including (p; q)-extensions of the Cheon�s main result [2] and the formula of Srivastava and Pintér [22]. Duran
et al. [6; 7] considered (p; q)-generalizations of the Apostol-Bernoulli, Apostol-Euler, Apostol-Genocchi and
Apostol Frobenius-Euler polynomials and derived their identities and properties. Duran et al. [5] de�ned
(p; q)-Frobenius-Euler numbers and polynomials and researched their some identities and properties including
addition property, di¤erence equation, derivative property, recurrence relationships including integral repre-
sentation, explicit formulae and relations for these polynomials and numbers. Moreover, they derived some
correlations for (p; q)-Frobenius-Euler polynomials of order � associated with (p; q)-Bernoulli polynomials,
(p; q)-Euler polynomials and (p; q)-Genocchi polynomials in [5]. Sadjang [20] introduced polynomial sets of
(p; q)-Appell type polynomials and provided some of their characterizations and the algebraic properties of
the set of all polynomial sequences of (p; q)-Appell type a recurrence relation and a (p; q)-di¤erence equation
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for those polynomials. He also attained a set of (p; q)-Hermite polynomials with their three-term recurrence
relation and a second order homogeneous (p; q)-di¤erence equation in [21].
The generalized (p; q)-Bernoulli polynomials, the generalized (p; q)-Euler polynomials and the generalized

(p; q)-Genocchi polynomials are de�ned by means of the following generating function as follows (see [1; 3-
10; 20; 21]): �

t

ep;q(t)� 1

��
ep;q(xt) =

1X
n=0

B(�)n (x : p; q)
tn

[n]p;q!
; jtj < 2�; (1:9)

�
2

ep;q(t) + 1

��
ep;q(xt) =

1X
n=0

E(�)n (x : p; q)
tn

[n]p;q!
; jtj < �; (1:10)

and �
2t

ep;q(t) + 1

��
ep;q(xt) =

1X
n=0

G(�)n (x : p; q)
tn

[n]p;q!
; jtj < �: (1:11)

The corresponding numbers of the mentioned polynomials are given as follows:

B(�)n (0 : p; q) := B(�)n (p; q) ; E(�)n (0 : p; q) := E(�)n (p; q)

and
G(�)n (0 : p; q) := G(�)n (p; q) (n 2 N)

Duran et al. [7] de�ned Apostol type (p; q)-Bernoulli polynomials B(�)n (x; y;� : p; q) of order �, the
Apostol type (p; q)-Euler polynomials E(�)n (x; y;� : p; q) of order � and the Apostol type (p; q)-Genocchi
polynomials G(�)n (x; y;� : p; q) of order � are de�ned by means of the following generating functions:�

t

�ep;q(t)� 1

��
ep;q(x)tEp;qyt =

1X
n=0

B(�)n (x; y; � : p; q)
tn

[n]p;q!
; (jt+ log �j < 2�); (1:12)

�
2

�ep;q(t) + 1

��
ep;q(xt)Ep;qyt =

1X
n=0

E(�)n (x; y; � : p; q)
tn

[n]p;q!
; (jt+ log �j < �); (1:13)

and �
2t

�ep;q(t) + 1

��
ep;q(x)tEp;qyt =

1X
n=0

G(�)n (x; y; � : p; q)
tn

[n]p;q!
; (jt+ log �j < �): (1:14)

When x = y = 0, one can get the corresponding numbers of the given polynomials above as follows:

B(�)n (0; 0; � : p; q) := B(�)n (� : p; q) ; E(�)n (0; 0; � : p; q) := E(�)n (� : p; q)

and
G(�)n (0; 0; � : p; q) := G(�)n (� : p; q) (n 2 N);

where B(�)n (� : p; q); E
(�)
n (� : p; q) and G(�)n (� : p; q) denote Apostol type (p; q)-Bernoulli numbers of order

�, the Apostol type (p; q)-Euler numbers of order � and the Apostol type (p; q)-Genocchi numbers of order
�.
Recently, Duran and Acikgoz [6] introduced and studied Apostol type (p; q)-Frobenius-Euler polynomials

H
(�)
n (x; y;u;� : p; q) de�ned as follows.

De�nition 1.1. The generalized Apostol type (p; q)-Frobenius-Euler polynomials H(�)
n (x; y;u;� : p; q) of

order � are de�ned by means of the following generating function:�
1� u

�ep;q(t)� u

��
ep;q(xt)Ep;qyt =

1X
n=0

H(�)
n (x; y;u;� : p; q)

tn

[n]p;q!
; (1:15)

where � and � is suitable (real or complex) parameters, p; q 2 C with 0 < jqj < jpj � 1 and u 2 C=f1g.
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Remark 1.1. For x = y = 0 and � = 1 in (2.1), the result reduces to�
1� u

�ep;q(t)� u

�
=

1X
n=0

Hn(u;� : p; q)
tn

[n]p;q!
; (1:16)

where Hn(u;� : p; q) denotes the Apostol type (p; q)-Frobenius-Euler numbers.

From (1.15), we have
H(1)
n (x; y;u;� : p; q) := Hn(x; y;u;� : p; q);

H(�)
n (x; y;u;� : p; q)jp=1 := H(�)

n;q (x; y;u;�); (see [9; 18])

lim
q!p=1

H(�)
n (x; y;u;� : p; q) := H(�)

n (x+ y;u;�); (see [9; 10; 16]):

Note that

H(0)
n (x; y;u;� : p; q) =

nX
k=0

�
n

k

�
p;q

p(
k
2)q(

n�k
2 )xkyn�k = (x+ y)np;q:

Very recently, Sadjang [21] introduced a new type of the (p; q)-Hermite polynomials, which is de�ned by
means of the following generating function:

Fp;q(x; t) = Fp;q(t)ep;q(xt) = ep;q

�
xt� t

2

2

�
=

1X
n=0

Hn(x : p; q)
tn

[n]p;q!
: (1:17)

An explicit representation of the (p; q)-Hermite polynomials is obtained:

Hn(x : p; q) =

[n2 ]X
k=0

(�1)kp(
n�2k
2 )+k(k�1)[n]p;q!

[2k]p;q!![n� 2k]p;q!
xn�2k:

In this paper, we introduce the (p; q)-Hermite based Apostol type Frobenius-Euler numbers and polyno-
mials and rthen develop some basic identities and properties. We also establish some useful and interesting
relations and formulas for the mentioned polynomials and numbers. Moreover, we derive multifarious rela-
tionships for the (p; q)-Hermite based Apostol type Frobenius-Euler polynomials of order � related to the
some known polynomials such as the (p; q)-Apostol type Bernoulli polynomials, the (p; q)-Apostol type Euler
polynomials and the (p; q)-Apostol type Genocchi polynomials. Further, we derive summation formulas cov-
ering the Stirling numbers of the second kind.

2. The (p; q)-Hermite based Apostol type Frobenius-Euler polynomials HH
(�;s)
n (x; y;u;� : p; q)

In this section, we introduce (p; q)-Hermite based Apostol type Frobenius-Euler polynomials ((p; q)-
HbAtFEp) HH

(�;s)
n (x; y;u;� : p; q) by means of the generating function and series representation. Certain

relations for these polynomials are also derived by using various identities. Now we start at the following
de�nition.

De�nition 2.1. Let p; q 2 C, � 2 C, � 2 N, 0 < jqj < jpj � 1. The generalized (p; q)-Hermite based
Apostol type Frobenius-Euler polynomials HH

(�;s)
n (x; y;u;� : p; q) of order � are de�ned by means of the

following generating function:�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt) =

1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
: (2:1)

When x = y = s = 0 in (2.1), HH
(�;0)
n (0; 0;u;� : p; q) = H

(�)
n (u;� : p; q) are called the Apostol type

(p; q)-Frobenius-Euler numbers of order �, (cf. [6]).
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Remark 2.1. For x = y = 0 in (2.1), HH
(�;s)
n (u;� : p; q) = HH

(�;s)
n (0; 0;u;� : p; q) are called the(p; q)-

Hermite based Apostol type Frobenius-Euler numbers de�ned by�
1� u

�ep;q(t)� u

��
ep;q

�
�st2
2

�
=

1X
n=0

HH
(�;s)
n (u;� : p; q)

tn

[n]p;q!
: (2:2)

Remark 2.2. On setting � = 0, (2.1) reduces to

ep;q

�
xt� st

2

2

�
Ep;q(yt) =

1X
n=0

H(s)
n (x; y : p; q)

tn

[n]p;q!
: (2:3)

Theorem 2.1. The following series representation for the (p; q)-Hermite based Apostol type Frobenius-Euler
polynomials HH

(�;s)
n (x; y;u;� : p; q) of order � holds true:

HH
(�;s)
n (x; y;u;� : p; q) =

nX
m=0

�
n

m

�
p;q

H
(�)
n�m(y;u;� : p; q)(�)H

(s)
m (x : p; q): (2:4)

Proof. Using equation (1.15) and (1.17) in the left hand side of equation (2.1) and then applying the Cauchy
product rule and equating the coe¢ cients of same powers of t in both sides of resultant equation, we get
representation (2.4).

Theorem 2.2. The following summation formula for the (p; q)-HbAtFEp holds true:

HH
(�;s)
n (x; y;u;� : p; q) =

nX
m=0

�
n

m

�
p;q

HH
(�;s)
m (0; 0;u;� : p; q)(x+ y)n�mp;q : (2:5)

HH
(�;s)
n (x; y;u;� : p; q) =

nX
m=0

�
n

m

�
p;q

HH
(�;s)
m (0; y;u;� : p; q)p(

n�m
2 )xn�m: (2:6)

HH
(�;s)
n (x; y;u;� : p; q) =

nX
m=0

�
n

m

�
p;q

HH
(�;s)
m (x; 0;u;� : p; q)q(

n�m
2 )yn�m: (2:7)

Proof. Suitably using equations (1.4)-(1.6) in generating function (2.1) to get three di¤erent form. Further
making use of the Cauchy product rule in the resultant expressions and then comparing the like powers of t
in the both sides of resultant equation, we �nd formulas (2.5)-(2.7).

Theorem 2.3. The following recursive formulas for the (p; q)-Hermite based Apostol type Frobenius-Euler
polynomials HH

(�;s)
n (x; y;u;� : p; q) of order � holds true:

Dp;q;xHH
(�;s)
n (x; y;u;� : p; q) = [n]p;qHH

(�;s)
n�1 (px; y;u;� : p; q) (2:8)

and
Dp;q;yHH

(�;s)
n (x; y;u;� : p; q) = [n]p;qHH

(�;s)
n�1 (x; qy;u;� : p; q): (2:9)

Proof. Di¤erentiating generating function (2.1) with respect to x and y with the help of equation (1.2) and
then simplifying with the help of the Cauchy product rule formulas (2.8) and (2.9) are obtained.

Theorem 2.4. The following di¤erence formulas for the (p; q)-Hermite based Apostol type Frobenius-Euler
polynomials HH

(�;s)
n (x; y;u;� : p; q) of order � holds true:

�HH
(�;s)
n (1; y;u;� : p; q)� uHH(�;s)

n (0; y;u;� : p; q)

= (1� u)HH(��1;s)
n (0; y;u;� : p; q); (2:10)

�HH
(�;s)
n (x; 0;u;� : p; q)� uHH(�;s)

n (x;�1;u;� : p; q)
= (1� u)HH(��1;s)

n (x;�1;u;� : p; q): (2:11)

Proof. By using de�nition (2.1), we can easily proof of equations (2.10) and (2.11). We omit the proof.
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Theorem 2.5. Let �; � 2 N, the (p; q)-Hermite based Apostol type Frobenius-Euler polynomials HH(�;s)
n (x; y;u;� :

p; q) of order � holds true:

HH
(�+�;s)
n (x; y;u;� : p; q)

=
nX

m=0

�
n

m

�
p;q

HH
(�;s)
n�m(0; 0;u;� : p; q)H

(�)
m (x; y;u;� : p; q); (2:12)

uHH
(s)
n (x; y;u;� : p; q)

(u� 1)

=
�

u� 1

nX
m=0

�
n

m

�
p;q

p(
m
2 )HH

(s)
n�m(0; 0;u;� : p; q) +Hn(x; y;u;� : p; q); (2:13)

HH
(���;s)
n (x; y;u;� : p; q)

=
nX

m=0

�
n

m

�
p;q

HH
(�;s)
n�m(0; 0;u;� : p; q)H

(��)
m (x; y;u;� : p; q); (2:14)

Proof. Using generating function (2.1), we get the equations (2.12)-(2.13). We omit the proof.

3. Main results

In this section, we establish some results on (p; q)-Hermite based Apostol type Frobenius-Euler poly-
nomials HH

(�;s)
n (x; y;u;� : p; q) of order � and some relationships for (p; q)-Hermite based Apostol type

Frobenius-Euler polynomials of order � related to the (p; q)-Apostol type Bernoulli polynomials, the (p; q)-
Apostol type Euler polynomials and the (p; q)-Apostol type Genocchi polynomials. We now begin with the
following theorem.

Theorem 3.1. The following relation for the (p; q)-Hermite based Apostol type Frobenius-Euler polynomials

HH
(�;s)
n (x; y;u;� : p; q) of order � holds true:

(2u� 1)
nX
k=0

�
n

k

�
p;q

Hk(0; y;u;� : p; q)HH
(s)
n�k(x; 0; 1� u;� : p; q)

= uHH
(s)
n (x; y;u;� : p; q)� (1� u)HH(s)

n (x; y; 1� u;�; p; q): (3:1)

Proof. We set
(2u� 1)

(�ep;q(t)� u)(�ep;q(t)� (1� u))
=

1

�ep;q(t)� u
� 1

�ep;q(t)� (1� u)
:

From the above equation, we see that

(2u� 1)
(1� u)ep;q

�
xt� st2

2

�
(1� (1� u))Ep;q(yt)

(�ep;q(t)� u)(�ep;q(t)� (1� u))

=
(1� u)ep;q

�
xt� st2

2

�
uEp;q(yt)

�ep;q(t)� u
�
(1� u)ep;q

�
xt� st2

2

�
Ep;q(yt)(1� (1� u))

�ep;q(t)� (1� u)
;

which on using equations (1.15) and (2.1) in both sides, we have

(2u� 1)
 1X
k=0

Hk(0; y;u;� : p; q)
tk

[k]p;q!

! 1X
n=0

HH
(s)
n (x; 0; 1� u;� : p; q) tn

[n]p;q!

!

= u
1X
n=0

HH
(s)
n (x; y;u;� : p; q)

tn

[n]p;q!
� (1� u)

1X
n=0

HH
(s)
n (x; y; 1� u;� : p; q) tn

[n]p;q!
:
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Applying the Cauchy product rule in the above equation and then equating the coe¢ cients of like powers
of t in both sides of the resultant equation, assertion (3.1) follows.

Theorem 3.2. The following relation for the (p; q)-Hermite based Apostol type Frobenius-Euler polynomials

HH
(�;s)
n (x; y;u;� : p; q) of order � holds true:

uHH
(s)
n (x; y;u;� : p; q) =

nX
k=0

�
n

k

�
p;q

�
h
�HH

(s)
n (x; y;u;� : p; q)p(

n�k
2 ) � (1� u)H(s)

n�k;q(x; y)q
(k2) (�1)k

i
: (3:2)

Proof. Consider the following identity

u

�(�ep;q(t)� u)ep;q(t)
=

1

(�ep;q(t)� u)
� 1

�ep;q(t)
:

Evaluating the following fraction using above identity, we �nd

u(1� u)ep;q
�
xt� st2

2

�
Ep;q(yt)

�(�ep;q(t)� u)ep;q(t)
=

(1� u)ep;q
�
xt� st2

2

�
Ep;q(yt)

�ep;q(t)� u

�
(1� u)ep;q

�
xt� st2

2

�
Ep;q(yt)

�ep;q(t)

u
1X
n=0

HH
(s)
n (x; y;u;� : p; q)

tn

[n]p;q!
= �

1X
n=0

HH
(s)
n (x; y;u;� : p; q)

tn

[n]p;q!

1X
k=0

p(
k
2) tk

[k]p;q!

�(1� u)��1
1X
n=0

H(s)
n (x; y : p; q)

tn

[n]p;q!

1X
k=0

q(
k
2) (�1)k tk

[k]p;q!
:

Applying the Cauchy product rule in the above equation and then equating the coe¢ cients of like powers
of t in both sides of the resultant equation, assertion (3.2) follows.

Theorem 3.3. The following relation for the (p; q)-Hermite based Apostol type Frobenius-Euler polynomials

HH
(�;s)
n (x; y;u;� : p; q) of order � holds true:

HH
(�;s)
n (x; y;u;� : p; q) =

1

1� u

nX
k=0

�
n

k

�
p;q

h
�Hn�k(1; y;u;� : p; q)HH

(�;s)
k (x; 0;u;� : p; q)

�uHHn�k(0; y;u;� : p; q)HH(�;s)
k (x; 0;u;� : p; q)

i
: (3:3)

Proof. Consider generating function (2.1), we have
1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!

=

�
1� u

�ep;q(t)� u

��
�ep;q(t)� u
1� u

��
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)

=
�

1� u

�
1� u

�ep;q(t)� u

�
ep;q(t)

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)

� u

1� u

�
1� u

�ep;q(t)� u

��
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt):
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Simplifying the above equation and using equations (2.1) and (1.15), we �nd

=
�

1� u

1X
n=0

Hn(1; y;u;� : p; q)
tn

[n]p;q!

1X
k=0

HH
(�;s)
k (x; 0;u;� : p; q)

tk

[k]p;q!
�

u

1� u

1X
n=0

Hn(0; y;u;� : p; q)
tn

[n]p;q!

1X
k=0

HH
(�;s)
k (x; 0;u;� : p; q)

tk

[k]p;q!
:

Applying the Cauchy product rule in the above equation and then equating the coe¢ cients of like powers
of t in both sides of the resultant equation, assertion (3.3) follows.

Theorem 3.4. The following recurrence relation for the (p; q)-Hermite based Apostol type Frobenius-Euler
polynomials HH

(�;s)
n (x; y;u;� : p; q) of order � holds true:

HH
(s)
n+1(x; y;u;� : p; q) = �s[n]p;qHH(s)

n�1

�
q

p
x;
q

p
y;u;� : p; q

�
pn�1

+xHH
(s)
n (x; y;u;� : p; q)pn + yHH

(s)
n

�
q

p
x;
q

p
y;u;� : p; q

�
pn

� �

1� u

nX
k=0

�
n

k

�
p;q

qn�kpkHH
(s)
n�k(x; y;u;� : p; q)Hn(1; 0;u;� : p; q): (3:4)

Proof. Taking � = 1 and then applying (p; q)-derivative of generating function (2.1), it follows that

1X
n=0

HH
(s)
n+1(x; y;u;� : p; q)

tn

[n]p;q!
= (1� u)Dp;q;t

24ep;q
�
xt� st2

2

�
Ep;q(yt)

�ep;q(t)� u

35 ;
which on performing di¤erentiation in left hand side using formula (1.3) yields

1X
n=0

HH
(s)
n+1(x; y;u;� : p; q)

tn

[n]p;q!
= (1� u)

�

24 (�ep;q(qt)� u)Dp;q;t
�
ep;q(xt)ep;q

�
� st2

2

�
Ep;q(yt)

�
(�ep;q(pt)� u)(�ep;q(qt)� u)

35
�(1� u)

ep;q(pxt)Ep;q(pyt)ep;q

�
� sp2t2

2

�
Dp;q;t(�ep;q(t)� u)

(�ep;q(pt)� u)(�ep;q(qt)� u)

= �s
�

1� u
�ep;q(pt)� u

�
ep;q

�
qxt� sq

2t2

2

�
Ep;q(qyt)t

+x

�
1� u

�ep;q(pt)� u

�
ep;q

�
pxt� sp

2t2

2

�
Ep;q(pyt)

+y

�
1� u

�ep;q(pt)� u

�
ep;q

�
qxt� sq

2t2

2

�
Ep;q(qyt);
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then

� �

1� u

�
1� u

�ep;q(pt)� u

�
ep;q

�
pxt� sp

2t2

2

�
Ep;q(pyt)

�
1� u

�ep;q(qt)� u

�
ep;q(t)

= �s[n]p;q
1X
n=0

HH
(s)
n�1

�
q

p
x;
q

p
y;u;� : p; q

�
pn�1

tn

[n]p;q!

+x
1X
n=0

HH
(s)
n (x; y;u;� : p; q)pn

tn

[n]p;q!
+ y

1X
n=0

HH
(s)
n

�
q

p
x;
q

p
y;u;� : p; q

�
pn

tn

[n]p;q!

� �

1� u

1X
n=0

HH
(s)
n (x; y;u;� : p; q)qn

tn

[n]p;q!

1X
k=0

Hn(1; 0;u;� : p; q)p
k tk

[k]p;q!
;

which on making use of the Cauchy product rule in the right hand side and comparing the coe¢ cients of t
n

n!
on both sides of the resultant equation gives recurrence relation (3.4).

Theorem 3.5. The following relation between the (p; q)-Hermite based Apostol type Frobenius polynomials

HH
(�;s)
n (x; y;u;� : p; q) and (p; q)-Apostol type Bernoulli polynomials Bn(x;� : p; q) holds true:

HH
(�;s)
n (x; y;u;� : p; q) =

n+1X
k=0

�
n+ 1

k

�
p;q

 
�

kX
r=0

�
k

r

�
p;q

Bk�r(x;� : p; q)�Bk(x;� : p; q)
!

�HH(�;s)
n�k+1(0; y;u;� : p; q): (3:5)

Proof. Considering generating function (2.1), we have

1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
=

�
1� u

ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
�Ep;q(yt)

�
t

�ep;q(t)� 1

��
�ep;q(t)� 1

t

�
=
1

t

 
�

1X
n=0

HH
(�;s)
n (0; y;�)

tn

[n]p;q!

1X
k=0

Bk(x;� : p; q)
tk

[k]p;q!

1X
r=0

tr

[r]p;q!

�
1X
n=0

HH
(�;s)
n (0; y;u;� : p; q)

tn

[n]p;q!

1X
k=0

Bk(x;� : p; q)
tk

[k]p;q!

!
: (3:6)

On equating the coe¢ cients of same powers of t after using Cauchy product rule in (3.6), assertion (3.5)
follows.

Theorem 3.6. The following relation between the (p; q)-Hermite based Apostol type Frobenius type Eulerian
polynomials HA

(�;s)
n;q (x; y;�) and Apostol type Euler polynomials En;q(x;�) holds true:

HH
(�)
n (x; y;u;� : p; q) =

1

2

nX
k=0

�
n

k

�
p;q

�
 
�

kX
r=0

�
k

r

�
p;q

Ek�r(x;� : p; q) + Ek(x;� : p; q)

!
HH

(�;s)
n�k (0; y;u;� : p; q): (3:7)
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Proof. Consider generating function (2.1), we have
1X
n=0

HH
(�)
n (x; y;u;� : p; q)

tn

[n]p;q!

=

�
1� u

ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)

�
2

�ep;q(t) + 1

��
�ep;q(t) + 1

2

�
=
1

2

 
�

1X
n=0

HH
(�;s)
n (0; y;u;� : p; q)

tn

[n]p;q!

1X
k=0

Ek(x;� : p; q)
tk

[k]p;q!

1X
r=0

tr

[r]p;q!

+
1X
n=0

HH
(�;s)
n (0; y;u;� : p; q)

tn

[n]p;q!

1X
k=0

Ek(x;u;� : p; q)
tk

[k]p;q!

!
: (3:8)

On equating the coe¢ cients of same powers of t after using Cauchy product rule in (3.8), assertion (3.7)
follows.

Theorem 3.7. The following relation between the (p; q)-Hermite based Apostol type Frobenius-Euler poly-
nomials HH

(�;s)
n (x; y;u;� : p; q) and Apostol type Genocchi polynomials Gn(x;� : p; q) holds true:

HH
(�;s)
n (x; y;u;� : p; q) =

1

2

n+1X
k=0

�
n+ 1

k

�
p;q

�
 
�

kX
r=0

�
k

r

�
p;q

Gk�r(x;� : p; q) +Gk(x;� : p; q)

!
HH

(�;s)
n�k+1(0; y;u;� : p; q): (3:9)

Proof. Consider generating function (2.1), we have
1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!

=

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)

�
2t

�ep;q(t) + 1

��
�ep;q(t) + 1

2t

�

=
1

2t

 
�

1X
n=0

HH
(�;s)
n (0; y;u;� : p; q)

tn

[n]p;q!

1X
k=0

Gk(x;� : p; q)
tk

[k]p;q!

1X
r=0

tr

[r]p;q!

+
1X
n=0

HH
(�;s)
n (0; y;u;� : p; q)

tn

[n]p;q!

1X
k=0

Gk(x;� : p; q)
tk

[k]p;q!

!
: (3:10)

On equating the coe¢ cients of same powers of t after using Cauchy product rule in (3.10), assertion (3.9)
follows.

4. Summation formulae for (p; q)-Hermite based Apostol type Frobenius-Euler polynomials

In this section, we provide implicit formulae, Stirling numbers of the second kind and some relationships
for (p; q)-Hermite based Apostol type Frobenius-Euler polynomials of order � related to (p; q)-Apostol type
Bernoulli polynomials, (p; q)-Apostol type Euler polynomials and (p; q)-Apostol type Genocchi polynomials.
We now begin with the following theorem.
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Theorem 4.1. The following summation formulae for (p; q)-Hermite based Apostol type Frobenius-Euler
polynomials of order � holds true:

HH
(�;s)
k+l (z; y;u;� : p; q) =

k;lX
n;m=0

�
l

m

�
p;q

�
k

n

�
p;q

(z � x)n+mHH(�;s)
k+l�n�m(x; y;u;� : p; q): (4:1)

Proof. We replace t by t+ w and rewrite the generating function (2.1) as�
1� u

�ep;q(t+ w)� u

��
Ep;q(y(t+ w))ep;q

�
�s(t+ u)2

2

�

= ep;q(�x(t+ w))
1X

k;l=0

HH
(�;s)
k+l (x; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!
; (see [11-15]): (4:2)

Replacing x by z in the above equation and equating the resulting equation to the above equation, we get

ep;q ((z � x)(t+ w))
1X

k;l=0

HH
(�;s)
k+l (x; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!

=

1X
k;l=0

HH
(�;s)
k+l (z; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!
: (4:3)

On expanding exponential function (4.3) gives
1X
N=0

[(z � x)(t+ w)]N
[N ]p;q!

1X
k;l=0

HH
(�;s)
k+l (x; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!

=
1X

k;l=0

HH
(�;s)
k+l (z; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!
; (4:4)

which on using formula [19,p.52(2)]
1X
N=0

f(N)
(x+ y)N

N !
=

1X
n;m=0

f(n+m)
xn

n!

ym

m!
; (4:5)

in the left hand side becomes
1X

n;m=0

(z � x)n+mtnwm
[n]p;q![m]p;q!

1X
k;l=0

HH
(�;s)
k+l (x; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!

=
1X

k;l=0

HH
(�;s)
k+l (z; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!
: (4:6)

Now replacing k by k � n, and l by l �m in the left hand side of (4.6), we get

1X
k;l=0

k;lX
n;m=0

(z � x)n+m
[n]p;q![m]p;q!

HH
(�;s)
k+l�n�m(x; y;u;� : p; q)

tk

(k � n)p;q!
wl

(l �m)p;q!

=
1X

k;l=0

HH
(�)
k+l(z; y;u;� : p; q)

tk

[k]p;q!

wl

[l]p;q!
: (4:7)

Finally on equating the coe¢ cients of the like powers of t and w in the above equation, we get the required
result.

Remark 4.1. By taking l = 0 in Eq. (4.1), we immediately deduce the following result.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 August 2019                   doi:10.20944/preprints201908.0216.v1

https://doi.org/10.20944/preprints201908.0216.v1


12

Corollary 4.1. The following summation formula for (p; q)-Hermite based Apostol type Frobenius-Euler
polynomials of order � holds true:

HH
(�;s)
k+l (z; y;u;� : p; q) =

kX
n=0

�
k

n

�
p;q

(z � x)nHH(�;s)
k�n (x; y;u;� : p; q): (4:8)

Remark 4.2. On replacing z by z + x and setting y = 0 in Theorem (4.1), we get the following result
involving (p; q)-Hermite based Apostol type Frobenius Euler polynomials HH

(�;s)
n (x; y;u;� : p; q) of one

variable

HH
(�;s)
k+l (z + x;u;� : p; q) ==

k;lX
n;m=0

�
l

m

�
p;q

�
k

n

�
p;q

zn+mHH
(�;s)
k+l�n�m(x;u;� : p; q); (4:9)

whereas by setting z = 0 in Theorem 4.1, we get another result involving (p; q)-Hermite based Apostol
type Frobenius Euler polynomials HH

(�;s)
n (x; y;u;� : p; q) of one and two variables

HH
(�;s)
k+l (y;u;� : p; q)

=

k;lX
n;m=0

�
l

m

�
p;q

�
k

n

�
p;q

(�x)n+mHH(�;s)
k+l�n�m(x; y;u;� : p; q): (4:10)

Theorem 4.2. The following summation formulae for (p; q)-Hermite based Apostol type Frobenius Euler
polynomials HH

(�;s)
n (x; y;u;� : p; q) of order � holds true:

HH
(�+1;s)
n (x; y;u;� : p; q) =

nX
m=0

�
n

m

�
p;q

Hn�m(u;� : p; q)HH
(�;s)
m (x; y;u;� : p; q): (4:11)

Proof. From (2.1), we have

1� u
�ep;q(t)� u

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)

=
1� u

�ep;q(t)� u

1X
m=0

HH
(�;s)
m (x; y;u;� : p; q)

tm

[m]p;q!

=
1� u

�ep;q(t)� u

1X
m=0

HH
(�)
m (x; y;u;� : p; q)

tm

[m]p;q!
;

then,

1X
n=0

HH
(�+1;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
=

1X
n=0

Hn(u;� : p; q)
tn

[n]p;q!

1X
m=0

HH
(�;s)
m (x; y;u;� : p; q)

tm

[m]p;q!
:

Now replacing n by n�m and equating the coe¢ cients of tn leads to formula (4.11).

Theorem 4.3. The following summation formulae for (p; q)-Hermite based Apostol type Frobenius Euler
polynomials HH

(�;s)
n (x; y;u;� : p; q) of order � holds true:

HH
(�;s)
n (x+ 1; y;u;� : p; q) =

nX
k=0

�
n

k

�
p;q

HH
(�;s)
k (x; y;u;� : p; q): (4:12)
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Proof. Using de�nition (2.1), we have
1X
n=0

HH
(�;s)
n (x+ 1; y;u;� : p; q)

tn

[n]p;q!
�

1X
n=0

HH
(�;s)
n (x; y;u;�)

tn

[n]p;q!

=

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)(ep;q(t)� 1)

=

 1X
k=0

HH
(�;s)
k (x; y;u;� : p; q)

tk

[k]p;q!

! 1X
n=0

tn

[n]p;q!

!

�
1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!

=
1X
n=0

nX
k=0

HH
(�;s)
k (x; y;u;� : p; q)

tn

(n� k)p;q!
�

1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
:

Finally, equating the coe¢ cients of the like powers of tn, we get (4.12).

Theorem 4.4. Let � and 
 be nonnegative integers. There is a relationship between the numbers S(n; k; � :
p; q) and the (p; q)-Hermite based Apostol type Frobenius-Euler polynomials HH

(�;s)
n (x; y;u;� : p; q) of order

� holds true:

�!

nX
l=0

�
n

l

�
p;q

HH
(�;s)
n�l (x; y;u;� : p; q)S

�
l; �;

�

u
: p; q

�
=

�
1� u
u

��
H(s)
n (x; y : p; q): (4:13)

HH
(��
;s)
n (x; y;u;� : p; q) = 
!

�
u

1� u

�

�!

nX
l=0

�
n

l

�
p;q

HH
(�;s)
n�l (x; y;u;� : p; q)S

�
l; �;

�

u
: p; q

�
: (4:14)

Proof. By using generating function (2.1), we have
1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
=

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st2

1 + q

�
Ep;q(yt)

(�ep;q(t)� u)�
1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
= (1� u)�

1X
n=0

H(s)
n (x; y : p; q)

tn

[n]p;q!

�!

�
�
uep;q(t)� 1

��
�!

1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
=

�
1� u
u

�� 1X
n=0

H(s)
n (x; y : p; q)

tn

[n]p;q!
;

which on rearranging the terms using equation (2.3) and the following expansion as:

(�et � k)�
k!

=
1X
n=0

S(n; k; �)
tn

n!
; (see [17]); (4:15)

and then

�!
1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!

1X
l=0

S

�
l; �;

�

u
: p; q

�
tl

[l]p;q!

=

�
1� u
u

�� 1X
n=0

H(s)
n (x; y : p; q)

tn

[n]p;q!
;

which on rearranging the summation and then simplifying the resultant equation yields relation (4.13).
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Again, we consider the following arrangement of generating function (2.1) as:

1X
n=0

HH
(��
;s)
n (x; y;u;� : p; q)

tn

[n]p;q!

=

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st2

1 + q

�
Ep;q(yt)

�
u

1� u

�


!

�
�
uep;q(t)� 1

�


!

; (4:16)

which on use of equations (4.15) and (2.1) and applying Cauchy product rule and then canceling the same
powers of t in resultantly equation yields relation (4.14).

Theorem 4.5. The following relationship holds true:

HH
(�;s)
n (x; y;u;� : p; q)

=
nX
j=0

nX
l=j

�
�+ j � 1

j

�
p;q

j!

�
n

l

�
p;q

(1� u)�jS2(l; j;� : p; q)(�� 1)l�jH(s)
n�l(x; y; p; q): (4:17)

Proof. From (2.1), we have

1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
=

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)

= ep;q

�
xt� st

2

2

�
Ep;q(yt)

�
1 +

�ep;q(t)� 1
1� u

���
=

1X
j=0

�
��
j

�
p;q

�
�ep;q(t)� 1
1� u

�j 1X
n=0

Hs
n(x; y : p; q)

tn

[n]p;q!

=

1X
n=0

0@ nX
j=0

nX
l=j

�
�+ j � 1

j

�
p;q

j!

�
n

l

�
p;q

(1� u)�jS2(l; j;� : p; q)H(s)
n�l(x; y : p; q)

1A tn

[n]p;q!
:

On comparing the coe¢ cients of tn in both sides, we get (4.17).

Theorem 4.6. The following relationship holds true:

HH
(�;s)
n (x; y;u;� : p; q) =

nX
k=0

(�)k(u� 1)�kS(k;s)n (x; y;� : p; q) : (4:18)

Proof. By using generating function (2.1), we have
1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
=

�
1� u

�ep;q(t)� u

��
ep;q

�
xt� st

2

2

�
Ep;q(yt)

= ep;q

�
xt� st

2

2

�
Ep;q(yt)

�
1� �ep;q(t)� 1

u� 1

���
= ep;q

�
xt� st

2

2

�
Ep;q(yt)

�
u� �ep;q(t)
u� 1

���
= ep;q

�
xt� st

2

2

�
Ep;q(yt)

1X
k=0

(�)k
1

[k]p;q!

�
�ep;q(t)� 1
u� 1

�k
=

1X
k=0

(�)k
1

(u� 1)k

 1X
n=k

S(k;s)n (x; y;� : p; q)
tn

[n]p;q!

!
:
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Since (1� z)�a =
1P
n=0

(a)n
zn

n! , we have

1X
n=0

HH
(�;s)
n (x; y;u;� : p; q)

tn

[n]p;q!
=

1X
n=0

 
nX
k=0

(�)k(u� 1)�kS(k;s)n (x; y;� : p; q)

!
tn

[n]p;q!
:

Comparing the coe¢ cients of tn in both sides, we arrive at the rapiered result (4.18).
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