Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 August 2019 d0i:10.20944/preprints201908.0216.v1

Certain results on (p,q)-Hermite based
Apostol type Frobenius-Euler polynomials

Waseem Ahmad Khan', Idrees Ahmad Khan?, Ugur Duran®* and Mehmet Acikgoz*

!Department of Mathematics, Faculty of Science,
Integral University, Lucknow-226026, India
E-Mail: waseem08 khan@rediffmail.com

2Department of Mathematics, Faculty of Science,
Integral University, Lucknow-226026, India
E-Mail: khanidrees077@gmail.com

3Department of the Basic Concepts of Engineering,
Faculty of Engineering and Natural Sciences,
Iskenderun Technical University, TR-31200 Hatay, Turkey
E-Mail: mtdrnugur@gmail.com & ugur.duran@iste.edu.tr
*Corresponding Author

4University of Gaziantep, Faculty of Science and Arts,
Department of Mathematics, TR-27310 Gaziantep, Turkey
E-Mail: acikgoz@gantep.edu.tr

Abstract

In the present paper, the (p, ¢)-Hermite based Apostol type Frobenius-Euler polynomials
and numbers are firstly considered and then diverse basic identities and properties for the
mentioned polynomials and numbers, including addition theorems, difference equations, in-
tegral representations, derivative properties, recurrence relations. Moreover, we provide
summation formulas and relations associated with the Stirling numbers of the second kind.
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1. INTRODUCTION
The (p, g)-numbers are defined as:
P —q"
p—q

n—2

[n]:lhq = pnil +p q+ pnfgq 4+ _|_pqn*2 + qn—l _

We can write easily that [n], , = p"~*[n],/,, where [n],/, is the g-number in g-calculus given by [n],/, =

%. Thereby, this implies that (p, ¢)-numbers and g-numbers are different, that is, we can not obtain

(p, g)-numbers just by substituting ¢ by ¢/p in the definition of g-numbers. However, in the case of p = 1,
(p, ¢)-numbers reduce to g-numbers, (see[3-8]).
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The (p, q)-derivative of a function f with respect to x is defined by
f(pz) — f(qz)

Dy qf(x) = Dpqf(x) = ooz (z #0) (1.1)
and D, ,f(0) = f '(0), provided that f is differentiable at 0. The (p, ¢)-derivative operator holds the following
properties

Dy o(f(x)g(x)) = g(p(2))Dpqf (x) + f(qz) Dy q9(x), (1.2)
and
f(at)) _ g(qx)Dp,qf(x) — f(qx)Dp’qg(Q?)
Dra (g(w) B 9(pz)g(gz) ' (13)

The (p, g)-analogue of (z + a)” is given by
(z+a)p,=(@+a)pr+aq)-- (" *z+ag" ) p" 'z +ag" "), n>1

_ ; (Z)p’qp<z>q<w>xkan—k, (1.4)

where the (p, ¢)-Gauss binomial coefficients (Z)p , and (p, q)-factorial [n], 4! are defined by

n _ (lp.q! n and In — Il ... n
(1) =iz ) and ! = Bl Ploalll, (20

The two types of the (p, g)-exponential functions given by

> p(g)x" > q(g)x"
epg(T) = ] and Epq4(x) = ] (1.5)
n=0 p.a: n=0 p4q
hold the following identities
ep,q(®)Epq(—2) =1 and e, (2) = Epq(2), (1.6)
and have the following (p, ¢)-derivative properties
Dy q€pq(2) = €pq(px) and Dy By 4(z) = Ep 4(qz). (1.7)
The definite (p, g)-integral is given by
a ok k
p p
[ =00 s (ot
0 =04 q

in conjunction with

/ab f(@)dpqx = /Ob f(@)dp g7 — /Oa f(x)d, 4z, (see [20]). (1.8)

Recently, (p, g)-generalizations of some special polynomials have been introduced and investigated by sev-
eral mathematicians, cf. [23,5-8,21] and see the references cited therein. Duran et al. [8] introduced a new
kind of Bernoulli, Euler and Genocchi polynomials based on the (p,¢)-numbers and developed their some
properties involving addition theorems, difference equations, derivative properties, recurrence relationships
including (p, ¢)-extensions of the Cheon’s main result [2] and the formula of Srivastava and Pintér [22]. Duran
et al. [6,7] considered (p, ¢)-generalizations of the Apostol-Bernoulli, Apostol-Euler, Apostol-Genocchi and
Apostol Frobenius-Euler polynomials and derived their identities and properties. Duran et al. [5] defined
(p, q)-Frobenius-Euler numbers and polynomials and researched their some identities and properties including
addition property, difference equation, derivative property, recurrence relationships including integral repre-
sentation, explicit formulae and relations for these polynomials and numbers. Moreover, they derived some
correlations for (p, ¢)-Frobenius-Euler polynomials of order « associated with (p, ¢)-Bernoulli polynomials,
(p, q)-Euler polynomials and (p, q)-Genocchi polynomials in [5]. Sadjang [20] introduced polynomial sets of
(p, q)-Appell type polynomials and provided some of their characterizations and the algebraic properties of
the set of all polynomial sequences of (p, ¢)-Appell type a recurrence relation and a (p, ¢)-difference equation
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for those polynomials. He also attained a set of (p, ¢)-Hermite polynomials with their three-term recurrence
relation and a second order homogeneous (p, g)-difference equation in [21].

The generalized (p, ¢)-Bernoulli polynomials, the generalized (p, ¢)-Euler polynomials and the generalized
(p, ¢)-Genocchi polynomials are defined by means of the following generating function as follows (see [1,3-

10,20, 21]):
t « oo tn
| epqlat) =) B (zipq)—, [t <2m, (1.9)
(ep,q(t) - 1) e g [lp.q!
( : ) palat) =3 B pa) L i < (1.10)
= n - D, 3 T, .
epq(t) +1 P "0 [12]p,q!
and
N R iG(O‘)(x' < (1.11)
epq(t) +1 e a =0 " i [n]p.q! . .

The corresponding numbers of the mentioned polynomials are given as follows:

B{(0:p,q) = B (p,q) , BSY(0:p,q) = E(p,q)
and
G (0:p,q) =G (p,q) (n €N)
Duran et al. [7] defined Apostol type (p,q)-Bernoulli polynomials Bfla)(ac,y;)\ : p,q) of order a, the
Apostol type (p,q)-Euler polynomials Ey(f‘)(x,y; A 1 p,q) of order a and the Apostol type (p,q)-Genocchi
polynomials Gg«fx)(:c, y; A : p,q) of order « are defined by means of the following generating functions:

" @ ) n

———— | epq(2)tE, yt = B (z,y, X p,q)—— , (|t +log A| < 27), (1.12)

(Aep,q(t) - 1) e e nz:;) [lp.q!

(5o 7) rat Bt =3 B @ pl — (e logd <) (113
Aepq(t) +1 ' ' ne0 [1]p,q!

and

(215)‘1 ep.q(T)LE, Jyt = i G (z,y,\:p,q) t (It +log Al < ) (1.14)

Aepq(t) +1 e e oy T ! . .

When x = y = 0, one can get the corresponding numbers of the given polynomials above as follows:
B{™(0,0,X:p,q) := B (A:p,q) , ES(0,0,A:p,q) :=ES(N:p,q)

and
G(0,0,X:p,q) =G (X :p,q) (n€N),

where B,Sa)()\ 1D, q), Eﬁf‘) (A :p,q) and G%a)()\ : p,q) denote Apostol type (p, ¢)-Bernoulli numbers of order
a, the Apostol type (p, ¢)-Euler numbers of order a and the Apostol type (p, ¢)-Genocchi numbers of order
a.

Recently, Duran and Acikgoz [6] introduced and studied Apostol type (p, ¢)-Frobenius-Euler polynomials

Hr(za)(x,y;u; A :p,q) defined as follows.

Definition 1.1. The generalized Apostol type (p, ¢)-Frobenius-Euler polynomials H,(f‘)(x’ yiu; A1 p, q) of
order « are defined by means of the following generating function:
1—u o 00 i
VR = (@) o i
()\ep,q(t) — u> ep.q(xt)Ep qyt = Z H\Y (z,y;u; X 1 p,q) 3

(1.15)
[n]p.q!
where o and A is suitable (real or complex) parameters, p,q € C with 0 < |¢| < [p| <1 and v € C/{1}.

n=0
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Remark 1.1. For z =y =0 and a = 1 in (2.1), the result reduces to

(Aeplq(_u > ZH (WA p, )[] (1.16)

where H,,(u; A : p,q) denotes the Apostol type (p, q)—Frobenlus—Euler numbers.

From (1.15), we have
H{Y (2, y;u; A2 pq) = Hu(w,y;u3 A2 p,q),
H (@, y;u; ) 2 p, q)|per = H(O‘)(x y;u; A),  (see [9,18])
lim H (z,y;u; )\ 2 p,q) = H (x4 y;u; \), (see [9,10,16]).
q—p=1
Note that
n
n k "
HO (z,y;u A pq) =Y <k> pBg(2)akynk = (@ gy
k=0 p.q
Very recently, Sadjang [21] introduced a new type of the (p, ¢)-Hermite polynomials, which is defined by
means of the following generating function:

t2 oo tn
Fpq(z,t) = Fp(t)epq(at) = €pq <37t - 2) = Z Hy(z :p,q)
n=0

[n]pﬂz!.

(1.17)
An explicit representation of the (p, ¢)-Hermite polynomials is obtained:
L (I

Hy(z:p,q) = T
(2K g N[ — 2] !

wl3

In this paper, we introduce the (p, ¢)-Hermite based Apostol type Frobenius-Euler numbers and polyno-
mials and rthen develop some basic identities and properties. We also establish some useful and interesting
relations and formulas for the mentioned polynomials and numbers. Moreover, we derive multifarious rela-
tionships for the (p, ¢)-Hermite based Apostol type Frobenius-Euler polynomials of order « related to the
some known polynomials such as the (p, ¢)-Apostol type Bernoulli polynomials, the (p, ¢)-Apostol type Euler
polynomials and the (p, ¢)-Apostol type Genocchi polynomials. Further, we derive summation formulas cov-
ering the Stirling numbers of the second kind.

2. THE (p,q)-HERMITE BASED APOSTOL TYPE FROBENIUS-EULER POLYNOMIALS wHE )(x Y;u; A1 D, Q)

In this section, we introduce (p,q)-Hermite based Apostol type Frobenius-Euler polynomials ((p,q)-

HbAtFED) HHff"S) (z,y;u; A : p,q) by means of the generating function and series representation. Certain
relations for these polynomials are also derived by using various identities. Now we start at the following
definition.

Definition 2.1. Let p,g € C, A € C, « € N, 0 < |g| < |p| £ 1. The generalized (p, ¢)-Hermite based

Apostol type Frobenius-Euler polynomials HHr(La’S)(a:,y; u; A @ p,q) of order a are defined by means of the
following generating function:

_ou Ole au‘t—i E, ,(yt) Z H) (@, y:u; X p, q) t (2.1)
)\ep,q(t) —u D,q D) D,q (yt) H Y; p,q . .

n=0 [n]qu!

When z = y = s = 0 in (2.1), pHY (0,0;u; A : p,q) = o (u; X : p,q) are called the Apostol type
(p, ¢)-Frobenius-Euler numbers of order a, (cf. [6]).
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Remark 2.1. For z = y = 0 in (2.1), HHff"s) (u; X @ p,q) = HH,(LQ’S)(O,O;U;)\ : p,q) are called the(p, q)-
Hermite based Apostol type Frobenius-Euler numbers defined by

1—u ¢ —st? > t"
_ — | = H®®) (u; X —_ 2.2
()‘em(t) - “) P < 2 > ;H Wi P ) []p.q! 22)
Remark 2.2. On setting o = 0, (2.1) reduces to
st? S tr
tpa (= 55 ) Bralot) = Y- vy poa) . (23)
n=0 pa-

Theorem 2.1. The following series representation for the (p, ¢)-Hermite based Apostol type Frobenius-Euler
polynomials HH,(LD"S)(Q:, y;u; A : p,q) of order « holds true:

" /n
aH @,y u N ip,q) = > ( ) H, (g x o p, ) VHE (2 2 p, q). (2.4)
m=0 m p,q
Proof. Using equation (1.15) and (1.17) in the left hand side of equation (2.1) and then applying the Cauchy
product rule and equating the coefficients of same powers of ¢ in both sides of resultant equation, we get
representation (2.4).

Theorem 2.2. The following summation formula for the (p, ¢)-HbAtFEp holds true:

n n .

HH (2w X i p,q) = ) (m) HH(0,0;w A p,q) (@ +y)p " (2:5)
m=0 p.q
n n _

wH (@50 ) ip,q) = D <m) wHE D (0,y50 2 p, pl 2 e, (2.6)
m=0 p.q

wH) (@, y;u N 1 p,g) = Y (:) HE) (2,001 p, q)gl 2y, (2.7)
m=0 p.q

Proof. Suitably using equations (1.4)-(1.6) in generating function (2.1) to get three different form. Further
making use of the Cauchy product rule in the resultant expressions and then comparing the like powers of ¢
in the both sides of resultant equation, we find formulas (2.5)-(2.7).

Theorem 2.3. The following recursive formulas for the (p, ¢)-Hermite based Apostol type Frobenius-Euler
polynomials HH,(LO"S)(x, y;u; A : p,q) of order « holds true:

Dy gio it HE ) (@, 5w N 2 p, @) = [lpg i HE (0, 3 us ) 2 plq) (2.8)
and
Dp,q;yHHrr(LOC’s)(xa Y5 u; A b, q) = [n]p,qHHfl(ff) (-'137 qy; u; A b, q) (29)

Proof. Differentiating generating function (2.1) with respect to z and y with the help of equation (1.2) and
then simplifying with the help of the Cauchy product rule formulas (2.8) and (2.9) are obtained.

Theorem 2.4. The following difference formulas for the (p, ¢)-Hermite based Apostol type Frobenius-Euler
polynomials HHT(LO"S)(x, y;u; A 2 p,q) of order « holds true:

A HD (1 y;u X p,q) — ug HE (0, y3u; X 2 p, q)

=(1- u)HHfz"_l’s)(O,y;u; A:ip,q), (2.10)
)\HHflo"s) (x,0;u; A : p,q) — uHHff"s) (x,—L;u; A : p,q)
=(1- u)HHfla_l’s)(a:, —L;u; A :p,q). (2.11)

Proof. By using definition (2.1), we can easily proof of equations (2.10) and (2.11). We omit the proof.
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Theorem 2.5. Let o, 5 € N, the (p, ¢)-Hermite based Apostol type Frobenius-Euler polynomials HHff"s) (z,y;u; A :
p, q) of order « holds true:

g HOP9) (2, y5u3 X 2 p,q)

(:L) HHSD(0,0;u ) 2 p, ) HY (2, 5503 ) : p, q), (2.12)
p,q

)

[}

uHH’r(LS) (xaya Uu; )‘ - D Q)

(-1
T i 1 ;::O <:1)p qp(?)HHr(LS—)m(()’O;U;/\ 1P, @) + Ho(z,y3u; X : p, q), (2.13)
aHY P (@, ;05X 2 p, q)
B z”: (Z) aH0 (0,050 X 2 pg) HY P (@, y3wi A p, ), (2.14)
m=0 p,q

Proof. Using generating function (2.1), we get the equations (2.12)-(2.13). We omit the proof.

3. Main results

In this section, we establish some results on (p,q)-Hermite based Apostol type Frobenius-Euler poly-

nomials HHfla’s) (x,y;u; A : p,q) of order o and some relationships for (p, q)-Hermite based Apostol type
Frobenius-Euler polynomials of order « related to the (p, ¢)-Apostol type Bernoulli polynomials, the (p, q)-
Apostol type Euler polynomials and the (p, ¢)-Apostol type Genocchi polynomials. We now begin with the
following theorem.

Theorem 3.1. The following relation for the (p, ¢)-Hermite based Apostol type Frobenius-Euler polynomials
HH,(,O"S)(Ly;u; A :p,q) of order « holds true:

n

n s
(2u—1) Z (k> Hi(0,y;u; X : p, q)HHT(LEk(x,O; 1—u;X:p,q)
Psq

k=0
=ugH{ (2,50 X 1 p,q) — (1= w) g HY (2,431 — us A p, q). (3.1)
Proof. We set
(2u — 1) 1 1

epg(t) =) hepg(8) = (1= w)) ~ Aepg(t) —u Aepy(t) = (1—w)’
From the above equation, we see that
(1= wepy (2t = 2£) (1= (1= u) By (y1)
Oepa(t) =W (e () = (1= )
(1= wepq (a8 = 5 ) uBpy(wt) (1L =wepq (2t = %) Byalyt) (1 = (1 - u))

Aepq(t) —u Aepq(t) — (1 —u) 7
which on using equations (1.15) and (2.1) in both sides, we have

o0 tk oo . tn
(2u—1) <2Hk(07y;w A :p,q)[k]pq!> (Z aH (2,0;1 = u; A2 p,q) !)
’ n=0

=0 [nlp

(2u —1)

2

n

' —(1—u)ZHﬂr(f)(xay;l—U§)\1PaQ)7

- : t
= UZ HH (@, y;u; ) p, Q)W
pa

n=0 n=0
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Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers
of ¢ in both sides of the resultant equation, assertion (3.1) follows.

Theorem 3.2. The following relation for the (p, ¢)-Hermite based Apostol type Frobenius-Euler polynomials
HH,(LO"S)(x,y;u; A :p,q) of order a holds true:

. i n
ug H (2, 3w A i pog) = (k>
p,q

k=0

k

< A HO @ yiun:p p() - = wH, (@y)e® (-1 (3:2)
Proof. Consider the following identity
U 1 1

A(Aepq(t) —u)ep q(t) (Aep,g(t) — u) - Aep.q ()

Evaluating the following fraction using above identity, we find

2 2
u(l—u)epq <zt - %) E,q(yt) (1—u)epq (:ct — %) E, 4(yt)
)‘(Aep,q(t) - u)ep,q(t) B )‘ep,q(t) —u
2
(1 —u)epq (mt - %) By q(yt)
Aepq(t)
> (S) tn > (S) tn s (k) tk
wy  wH @y w i p, ) =AY wHY (@503 0 p,q) —— > p2 ,
ne0 [nlp,q! n—0 [nlp.q! k=0 [K]p.q!

%) n e k k
~(L—wA Y H (y pa) o) (1) [kf I

t
n—0 (nlp.q! =0 Pq-

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers
of t in both sides of the resultant equation, assertion (3.2) follows.

Theorem 3.3. The following relation for the (p, ¢)-Hermite based Apostol type Frobenius-Euler polynomials
HH,(la’S)(x,y;u; A:p,q) of order a holds true:

n

1 n
g (c:s) core ) _ § : H core ) - gy (e:5) core )
Hi1, (x’y7u7)"p7Q) 1 u (k>pq |:)\ nfk(layau,)"paq)H k (.’E,O,U,)\.p,q)

—wgHy (0, 5505 Xt p, @) s HE™ (2, 0,05\ p, q)] . (3.3)

Proof. Consider generating function (2.1), we have

(a,s) o) -
> " wH (@ yu M p,q)
"0 [n]%q!

() () () e o)

— L u L—u ae xtff Epq(yt)
T—u \Nepy(t) —u) \Nepyt) —u/) 1 2 pa Y-
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Simplifying the above equation and using equations (2.1) and (1.15), we find

A . " . (a,s)
= H,(Lyius A :p,q)e——— > wH; "7 (x,0;u; X : p,q)
L-u ; " [lp.q! kZ:O b (K] p.q!

o0 tn o0 s
Hy,(0,y;u; Xt p,q) HH (2,0,u; ) 2 p, q)
[1]p.q! (k]p.q!
"0 LR A— ,q*

u

1—u

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers
of t in both sides of the resultant equation, assertion (3.3) follows.

Theorem 3.4. The following recurrence relation for the (p, ¢)-Hermite based Apostol type Frobenius-Euler
polynomials HHT(LD"S)(Q:, y;u; A : p,q) of order « holds true:

S S q q n—
HHE) (g A 0 pg) = —s[nlp g HY, (p:v,py;uw\:p,q>p !

S 7 S q q n
tegHS (v, y;u ) 0 pog)p +yHH£)<pw,py;u;A:p,q)p

A - n _ s
—— > (k) ¢ PP H (g us ) p, ) Hi (1,050 ) 2 p, q). (3.4)
k=0 p,q

Proof. Taking a = 1 and then applying (p, ¢)-derivative of generating function (2.1), it follows that

2
i ) ( A\ ) tn (1 \D €p,q (mt - %) Epq(yt)
H, (LY Us AP, G) = =1L —U g5t )
o i []p.q e Aep,q(t) —u

which on performing differentiation in left hand side using formula (1.3) yields

o0

Z HH7(121(%?J’U, )‘ D, q)
n=0

n

= (-

[1]p,q!

(Aep,q(qt) — u)Dp g (ep,q(xt)ep,q (_%) Ep,q(yt))
(Aep,q(pt) — u)(Aep,q(qt) — u)

ep,q(prt) Epq(Pyt)ep,q (_#) Dy git(Aepq(t) — u)
(Aep,q(pt) — u)(Aepq(gt) — u)

1—u 5q°t?
=—5| — t——— | F t)t
’ <Aep,q<pt> - u> (q“" y ) Fralas?)
1—u sp?t?
_ t——— | E t
o (Aep,q@t) - u) (p"” 2 ) Fralont)
2

l—u 5q%t2
_ l-u SR ,
" (Aep,q(pt) - U> ra (qx 2 > p.a(qUt),

—(1—-u
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then
A 1—wu sp?t? 1—u
— t — E )| ———— t
L-u ()‘ep q(pt) — ) pa (px 2 pa(py) Aep,q(qt) —u .t
_ (s) <q ) no1_t"
= aH,” “Y;us A ip,q | p
"lpa Z p [1]p.q!
+o Yy wH (@, y;w A o pa)p +yZHHS)< y,uA p.a
0 np,q! np,q!
A () , " p tF
1_ ZHH xyaUA : p,q)q WZHn(lvovuv)‘paq)p U{J] 17
PO —o P.q’

which on making use of the Cauchy product rule in the right hand side and comparing the coefficients of %
on both sides of the resultant equation gives recurrence relation (3.4).

Theorem 3.5. The following relation between the (p, ¢)-Hermite based Apostol type Frobenius polynomials
HH,(LO"S)(;L"7 y;u; A i p,q) and (p, q)-Apostol type Bernoulli polynomials B, (x; A : p, q) holds true:

n+1
n+1
HHT(L“’S)(ﬂc,y;U;/\:p,q)—Z( N )p (AZ<> qu (T X1p,q )—Bk(x;A:p,q)>

k=0

»q

xS (0,530 00 p,q). (3.5)

Proof. Cousidering generating function (2.1), we have

= t" 1—u a st?
> aH) (g A = t——
HAily (1'7 Y5 U, D, q) n | <ep,q(t) 7 u) ep,q (.’E 9 )

n=0 [ ]IMI'

Epq(yt) <Aep’q(t) - 1) (/\ep,q(tt) - 1)

1 o th Kt
t<AZHH( OGS B ol 2= Tyl

n=0 nlp.q! k=0 P4 =0
=~ tk
= uH" 0,500 p,q ,ZBk z\:p,q : (3.6)
=0 np,q =0 [k]p,q

On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.6), assertion (3.5)
follows.

Theorem 3.6. The following relation between the (p, ¢)-Hermite based Apostol type Frobenius type Eulerian
polynomials HA%?‘(}S) (x,y; \) and Apostol type Euler polynomials E,, 4(z; \) holds true:

1o~ /n
aH (@, yu A pg) = 5 ) (k)
p,q

k=0 ’

=0 )

k
X <)\Z (k)pqur(x;)\:p, q) + Ex(x; A :p7q)> HH( k)(O Y;u; A i p,q). (3.7)
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Proof. Consider generating function (2.1), we have

) m
ZHH,SLQ)(ZC,:U,U,)\]D,Q) [TL] |
— p,q-

n=0
() el f) oo (o) (255)

</\ZHH (0,y;u; A : p, q ] 'ZEkx)\ D, q

R [ ]p,q‘ —0 [rlp.q!
+ Y wHS (0,530 A :p,q)ﬁzEk(w;u;/\:p,q) ) (3.8)
n=0 Mra 15 L

On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.8), assertion (3.7)
follows.

Theorem 3.7. The following relation between the (p, ¢)-Hermite based Apostol type Frobenius-Euler poly-

())(

nomials g Hp, x,y;u; A : p,q) and Apostol type Genocchi polynomials G,,(z; A : p, q) holds true:

n+1
s 1 n+1
wH® )(m,y;U;/\:p,Q)—2Z< f )
k=0 p,q

(AZ( ) Gr—r(z;X:p,q )+Gk(w;A:p,Q)> aHD (0,550 ) 0 p,g). (3.9)
p,q

)

Proof. Consider generating function (2.1), we have

(a,s) co )
HHTI ($7y’u7>\'p7Q)
HZ:O [”]pﬂ-

(=) oo (et ) oo (s i) ()

0 k

1 & tn AN N
= (AZHH,S“’S)(O,y;u;/\:p,Q)[n 'ZGk(xM:p’q)[k] 2
—~ p,q- :

]pa‘I' k=0

+ZHH Oy,u Aip,q Zka A:ip,q k] » ) (3.10)

quo

On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.10), assertion (3.9)
follows.

4. SUMMATION FORMULAE FOR (p,q)-HERMITE BASED APOSTOL TYPE FROBENIUS-EULER POLYNOMIALS

In this section, we provide implicit formulae, Stirling numbers of the second kind and some relationships
for (p, q)-Hermite based Apostol type Frobenius-Euler polynomials of order « related to (p, ¢)-Apostol type
Bernoulli polynomials, (p, ¢)-Apostol type Euler polynomials and (p, ¢)-Apostol type Genocchi polynomials.
We now begin with the following theorem.
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Theorem 4.1. The following summation formulae for (p, ¢)-Hermite based Apostol type Frobenius-Euler
polynomials of order « holds true:

k,l
: l k s
a S (i ipg) = > ( ) < ) (z— o)y HED (g X p,g). (4.1)
m n
n,m=0 p.q p,q
Proof. We replace t by ¢ + w and rewrite the generating function (2.1) as
1—wu ¢ —5(t + u)?
= \ E A S 7
<)‘ep,q(t+w) —u> palylt - w))epg < 2 >
o (a8) * W
= et +w) S wHE) @\ p ) o (see [11-15), (42)
o Flra! D!

Replacing x by z in the above equation and equating the resulting equation to the above equation, we get
o k l
t

«,s w
€p.q ((Z—.’E)(t+w)) Z HHIE_H)(:E,:U;U';)‘:paq) [k] ] [l] |
k,1=0 p,q* p,q*°
o th w
= Z aH) (2, g0 ) p,q) T, (4.3)
k,1=0 p,q- p,q-
On expanding exponential function (4.3) gives
o [z —2)(t +w)]V (@) tr w
mHy 5 (xy;0) 0 p, q)
NZ:O [N];mq! MZO Pt [k]p,q! [l]nq!
00 k !
a, t w
= ng+l)(z7y7u7/\ D, Q) [k] | [l] 1 (44)
k,1=0 p,q- p,q-
which on using formula [19,p.52(2)]
oo
N=0 n,m=0
in the left hand side becomes
> (Z _ l.)nertnwm e (@,5) tk w'
wHy (2, y5u3 0 0 p, q)
n,mz=0 [lp.q!Im]p.q! k;O b [klp.q! [p.q:
el s tk) wl
k,l—o p,q- p,q-
Now replacing k by k —n, and [ by [ — m in the left hand side of (4.6), we get
[e's) k,l
: (Z — x)n-&-m (e,s) th w!
a0 (@ yiw A p,q)
kéo S—— [n]p.q![mlp,q! - (k= n)p,g! (I =m)pq!
o0 k !
@) () ) - v w
= Z HH,Ig-t,-l(zayvuvA 'p,q) [k] | [l] 1 (47)
k=0 pa- ltp,g

Finally on equating the coefficients of the like powers of ¢t and w in the above equation, we get the required
result.

Remark 4.1. By taking [ = 0 in Eq. (4.1), we immediately deduce the following result.
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Corollary 4.1. The following summation formula for (p, ¢)-Hermite based Apostol type Frobenius-Euler
polynomials of order « holds true:

k
[0 2%-) k
HIEH)(z,y;u;)\:p,q) = Z( ) (z—a)" HH,E )(33 Y;u; A i p, Q). (4.8)
P.g

n
n=0

Remark 4.2. On replacing z by z + = and setting y = 0 in Theorem (4.1), we get the following result

involving (p, ¢)-Hermite based Apostol type Frobenius Euler polynomials  HL (x,y;u; A = p,q) of one
variable

k,l
LS : l k [0 2%-)
HHSD (2 4 a5 u; A p,g) == > ( ) (> g Y (@) p,g), (4.9)
p,q p,q

m n
n,m=0

whereas by setting z = 0 in Theorem 4.1, we get another result involving (p, ¢)-Hermite based Apostol
type Frobenius Euler polynomials HH,(LO"S) (z,y;u; A : p,q) of one and two variables

wHS (yius )i p,q)

k,l

! k n+m a,s
- Z <m) <n> ( ) " Hlf:-‘,—l)n m(x,y;u;)\ 2 Q)~ (410)
p,q D,q

n,m=0
Theorem 4.2. The following summation formulae for (p, q)-Hermite based Apostol type Frobenius Euler
polynomials HHT(LO"S)(:C, y;u; At p,q) of order « holds true:

n

n
aHE ) (@, yu N ipg) = ) <m> Hyy (w3 X2 p, @) HE®) (2, 4505 X 2 p, ). (4.11)
p,q

m=0 >

Proof. From (2.1), we have

1—w 1—u o st2>
e xt— — | Epq(yt
Nepal®) —u <Aepq<>—u> pa (= ) Fratot)

1—u m
= ——— > gHS (z,y;u ) p,q)
Aep,q(t) — Z [m]p,q!
1—u > ™
= H SuUL
)\ep . WLZ: H :1: Y u; D, Q) [m]p’q! )
then,
> n > n 0 tm
> aHCT) (@, y;u X 1 p, q) Sl > Hu(u; A p, Dol > aHE (@ y;us ) p, Dl
n=0 pas n=0 P4* m=0 p,q:

Now replacing n by n —m and equating the coefficients of " leads to formula (4.11).

Theorem 4.3. The following summation formulae for (p, q)-Hermite based Apostol type Frobenius Euler
polynomials HH,(LQ’S)(J:, y;u; A 2 p, q) of order o holds true:
" /n
aH (@ + Ly;us A ipg) =) <k> wH (g5 ) p, q). (4.12)
k=0 p,q
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Proof. Using definition (2.1), we have

n e tn

(a,s) core ) . - (a,s) cay-
ZHHn (+Ly;u A pq) ! ZHHn (2, y5u; M) Tl
n=0 ’ n=0 ’

oo & oo .
— (Z HHIEO"S)(:E,ZJ;'LL; A p, q)[k]tp’q'> (Z t )

]
k=0 ne0 [n)p.q!

tn
_ZHH (@, y;u; A s p, )ﬁ

n]p,q-

n n

=3 N wH @y N pg) Z @, y;u A pg) =
(n—k)p,q! 0 [

|
n=0 k=0 n]p,q!

Finally, equating the coefficients of the like powers of t", we get (4.12).

Theorem 4.4. Let o and v be nonnegative integers. There is a relationship between the numbers S(n, k, A :

p, q) and the (p, ¢)-Hermite based Apostol type Frobenius-Euler polynomials HHy(LO“S)(:r, y;u; At p, q) of order
« holds true:

n n a.s A 1_u « .
OL!Z <l> HHiJl)(m,yQU;A :p,q)S <l Q, p,q) < ” > HT(L)(I’y ., Q). (4.13)
=0

P.q
¥
) a!

Z <7) HH( ’s)(x y;u; A p,q)S <l,a, 'p ) . (4.14)
Pq

1=0
Proof. By using generating function (2.1), we have

> tm 1—u st?
> aH™) @,y us = t— By, q(yt
H1i1p, (a:,y,u, paQ) n | <)‘epq ) (.’E 1+q> PaQ(y )

= [n]p.q!

g HE ) (2, y5us X p,q) = ! (

(Aepq(t) —w)™ > wH (@, y;u; A p, Q)W =1 -u Z H{(z,y: p, Q)W
n=0 p.q: n=0 p.a:
A )
(2epq(t) — 1) tn 1—u t"
al PN H (@, g u A s p,g) e = < > H (z,y : p,q) ,
ol nzz;) " [n]p,q! Z [)p.q!
which on rearranging the terms using equation (2.3) and the following expansion as:
et —
Qel k) Zs n, k, >\ . (see [17]), (4.15)
and then
a!iHH(a’s)(x Y;u; A1 D, Q) i iS lai:pq t
— n ) ) ) ) [n]pq! ) ) u ) [l]pq'
n=0 4 120 ,
1- u) * — tn
= H1(LS)(x7y:p7q)7a
(=) % o

which on rearranging the summation and then simplifying the resultant equation yields relation (4.13).
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Again, we consider the following arrangement of generating function (2.1) as

tn

> HHET) (2 g X s p,q)

n=0 [n]IMJ'

1—u ¢ st? u \7  (Repat)—1)7
= — t—— | E t (R 4.16
()\ep,q(t) — u) €p,q (x 1+ q> p.q(Yt) (1 — u) Y v ) ( )

which on use of equations (4.15) and (2.1) and applying Cauchy product rule and then canceling the same
powers of ¢ in resultantly equation yields relation (4.14).

Theorem 4.5. The following relationship holds true:
wH (@, y;us 0 p,q)

=> > (a i 1>p qj! (7Z>p q(l —w) S (L G A p ) A= 1) T HE (2,3 p, q)- (4.17)

7j=0l=j )
Proof. From (2.1), we have

t" 1—u ¢ st?
(a,s) care ) - — —
E aH % (z,y;u; N i p, g —( ) ép, (mt— )E yt)
) n)p.q! Aep q(t) —u P 2 pal

= [7)p.q!

st? Aepq(t) — 1\
= €pq (a:t - 2) Eyq(yt) (1 + plq_u>

-2 (7)., (555 Buewsragi

J

)

) n n a+i—1 n » ‘ . in
:Z ZZ( ! ) J!<l> (1—u) 7 85(L, j; A p, ) HY (2,5 - p, q) -
J p,q p,q []p.q!

n=0 \j=0 I=j ;

)

On comparing the coefficients of ¢ in both sides, we get (4.17).

Theorem 4.6. The following relationship holds true:

n

aH (@, g0 0 p,q) = Y (@) )RS (2,43 X1 pyq). (4.18)
k=0

Proof. By using generating function (2.1), we have

i H(a,s)(w U\ ) ¢ = 1—u ae xt : E ( t)
nZOH n » YU . D, q [n]p,q! - A€p7q(t) o 2 2 p,q\Y
st? ey (1) —1\ ¢
= epgq (xt — 2) E,q(yt)(1— pq’j(—)l )
st? u—Aepq(t)\
= epg (xt — 2) E, 4(yt) ( " _plq )
= o (at- ) E (t)i(a) L (Aepa() ~1Y'
- ra p ) PP 2O T w1
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x n
Since (1 —2)7% = > (a),%;, we have
n=0
S i (es) S ) e _ N - — 1) Fgkss) > ¢
ZH n (ﬂ%yﬂ% paq) 1= Z Z(a)k(u 1) n (m7y7 paq) N
o0 []p.q! =0 \k—0 (n]p.q!

Comparing the coefficients of " in both sides, we arrive at the rapiered result (4.18).
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