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Abstract

In this paper, a new class of ¢-Hermite based Frobenius type Eulerian polynomials is in-
troduced by means of generating function and series representation. Several fundamental
formulas and recurrence relations for these polynomials are derived via different generating
methods. Furthermore, diverse correlations including the g-Apostol-Bernoulli polynomials,
the g-Apostol-Euler poynoomials, the g-Apostol-Genocchi polynomials and the g¢-Stirling
numbers of the second kind are also established by means of the their generating functions.

2010 Mathematics Subject Classification. Primary 11B73, Secondary 11B83, 11B68.
Key Words and Phrases. Hermite polynomials, Frobenius type Eulerian polynomials, Hermite based
Frobenius type Eulerian polynomials, g-numbers, g-polynomials.

1. INTRODUCTION

The subject of g-calculus started appearing in the nineteenth century due to its applications in various
fields of mathematics, physics and engineering. One of the most popular studies in g-calculus is the g¢-
extension of the some special polynomials such as Bernoulli, Eulerian, Genocchi, Euler polynomials, cf.
[1-19] and see also the references cited therein. The classical Eulerian polynomials are firstly considered
by Leonhard Euler in his Remarques sur un beau rapport entre les séries des puissances tant directes que
réciproques in 1749 (first printed in 1765) inwhich he defines a method of computing values of the zeta function
at negative integers. Then, the foregoing polynomials have been studied and investigated extensively until
now, cf. [3, 4, 6, 7]. Moreover, the Frobenius-type Eulerian polynomials are introduced and studied in
[19]. In this paper, we perform to give a novel class of g-generalization of the Hermite based Frobenius
type Eulerian polynomials and to derive multifarious correlation, implicit summation formula, identities,
explicit formulas and recurrence relations for the mentioned polynomials by means of the series manipulation
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methods. Furthermore, we investigate some correlations covering the g-Apostol-Bernoulli polynomials, ¢-
Apostol-Euler polynomials, g-Apostol-Genocchi polynomials and ¢-Stirling numbers of the second kind for
the ¢-Hermite based Frobenius type Eulerian polynomials.

The definitions and notations of g-calculus reviewed here are taken from the references [5, 8-13, 16]:

The g-analogue of the shifted factorial (a),, is given by

n—1

(a:q)o=1, (aiq)n = [[(1—¢™a), neN.

m=0

The g-analogues of a complex number a and of the factorial function are given by

[a]q:1%7 qeC;0<|ql <1l;a€C,

and

[n]y! = H m]g = [1]4[2]4 -+~ [n]q = (gq;_qc)];ﬁ neNqgeC0<|gl <1

m=1

with [0],! = 1. The Gauss ¢-binomial coefficient (Z)q is given by

n o [n]q' o (Q;Q)n _ en
< >q K =K (4 0)k(g D)k FEO L

The g-analogue of the function (x +y)y is given by

n

(T +y)g = Z (Z) P ED2gn=kyk € Np. (1.1)
k=0 q

The g-analogues of exponential function are given by

= z" 1 -1
= = 0 1' 1 — 1.2
W)= 2 G T A gmgn < <l < T4l 2
and
0 n
_ x
E,(z) = Zq"(" 1)/2W =(-(1-¢)z;q9),0< g < 1Lz e C. (1.3)
n=0 a

Moreover, the functions e,(z) and E,(x) satisfy the following properties:
Dyeq(z) = eq(2), DeEy(z) = Eq(qa), (1.4)
where the g-derivative D, f of a function f at a point 0 # z € C is defined as follows:

flgz) — f(2)

qu(z): gz —

0 < gl <1.

For any two arbitrary functions f(z) and g(z), the g-derivative operator D, satisfies the following product
and quotient relations:

Dy, (f(2)9(2)) = f(2)Dq,29(2) + 9(q2) Dy, f(2) (1.5)

and

Dq,z (f(z)> _ g(qz)Dq,zf(Z) — f(qz)Dq,zg(z)

9(2)g(qz) ' (16)
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The Apostol type g-Bernoulli polynomials B,(L (3 (z,y; \) of order a, the Apostol type g-Euler polynomials

E,(Laq) (x,y; A) of order & and the Apostol type ¢-Genocchi polynomials Ggfg (z,y; A) of order o are defined by
means of the following generating function (see [8-13]):

t ° o m

- o a) Y o«
(z\eq(t) — 1) eq(zt)Ey(yt) = ;Bn’q(x,y,)\)n!,ﬂt—k log\|) < 27,1 =1, (1.7)

oo tn

= E (a) N o _

<)\eq ) nZOEn,q (‘Taya >\) Tl"(|t + 1Og)\|) <m, 19=1 (18)
and
( ) E G (w5 A |t+log)\|) <m 1% = (1.9)
Aeg(t)

Clearly, we have
B{)(A) = B{)(0,0; ), EL)(A) = EL%)(0,0; 1), G (A) = GL)(0,0; 1).

The Frobenius-type Eulerian polynomials Ag{l) (x; M) of order a € C are defined by means of the following
generating function as follows (see [3, 4, 6, 7]):

1-A ¢ xt = (@) (. "
<et<A—1>_A> = ZOA" St (1.10)
where A is a complex number with A # 1. The number A,, is given by
A (N) = ALY (0;0)
are called the Frobenius type Eulerian numbers (see [17, 19]). Clearly, we have

Al (2 0) = zn: (;)Aﬁfl‘)(A)x”‘m. (1.11)

m=0

In recent days, a new type of g-Hermite polynomials are considered in [12, 16], which is a particular
member of the g-Appell family [1]. The ¢-Appell polynomials are defined by means of the following generating
function:

ZA”‘I (], ’A g = Anq(0).

gq

Definition 1.1. The continuous g-Hermite polynomials H,(H)I(x) are defined by

st? > t"
_ - H()
eq (xt T q> = HE:O H,% (z) [n]q!,(O <g<1l,0#£s€R) (1.12)

where H(®) = HL)(0) are the continuous ¢-Hermite numbers defined by

(1+q) ZH( nlq!

n=0

2. ¢-HERMITE-BASED FROBENIUS TYPE EULERIAN POLYNOMIALS HA%O,‘,;S)(a:,y; A)

In this section, we define g-Hermite-based Frobenius type Eulerian polynomials (¢HbFtEp) HA%‘?‘(}S) (x,y; M)
by means of the generating function and series representation. Certain relations for these polynomials are
also derived by using various identities. We now ready to start in conjunction with the following definition.
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Definition 2.1. Let ¢, A € C, « € N, 0 < |g| < 1. The generalized ¢-Hermite-based Frobenius type Eulerian
polynomials HA%%S)(J:, y; A) of order « are defined by means of the following generating function:

1-A : st? "
_ o 5)
(eg()‘ ) )\) eq (:Et 1 > E HA (z,y; )—[ I (2.1)

lq

When # = y = s = 0 in (2.1), HAga’o)(O,O;)\) = A%a)()\) are called the n'" Frobenius type Eulerian
numbers of order a.

Remark 2.1. For z =y = 0 in (2.1), gAY (A) = 1 AL%Y(0,0; ) are the the ¢-Hermite based Frobenius
type Eulerian numbers defined by

(é&;DAA>a <1+q> 2: AL ]T (2.2)

Theorem 2.1. The following identity for HA;?‘(}S (z,y; N)
2
(A =D g AR (A= D, (A= 1)%y5A) = nHD (@,5:0) (2:3)

holds true.
Proof. Consider the generating function (2.1), we have

AGOTDI (N D, (A= Dy )
E:H n! (A=1)»

n=0

1—Xx \° st? tn
= — t— H(aS) Y
<eq<t>—x> “ (”C 1+q> ZH @ v

where HH,(fq’s)(x,y; A) are called the g-Hermite based Frobenius polynomials, which is defined by Riyasat
and Khan [16] and comparing the coefficients of ¢, we arrive at the required result (2.3).

Theorem 2.2. The following summation representation for the ¢-Hermite-based Frobenius type Eulerian
polynomials HA (vs) (x,y; \) of order a

A (2, ) Z() B NOVHS), (@) (2.4

holds true.

Proof. Using equation (1.10) and (1.12) in the left hand side of equation (2.1) and then applying the Cauchy
product rule and equating the coefficients of same powers of ¢ in both sides of resultant equation, we get
representation (2.4).

Theorem 2.3. The following summation formulae

- n
oA (2 0) = Y (m) HAD(0,0; M) (z + )0 ™™, (2.5)
m=0 q
HAC @y ) = Y A0,y )" (2.6)

7rL:O(;)qH

and
n

o,S n n— n—kK— o,S n—m
pAE ain) = Y (1) a0 A 0,00 (2.7
m=0 q

hold true for the ¢g-Hermite-based Frobenius type Eulerian polynomials of order a.
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Proof. Suitably using equations (1.1)-(1.3) in generating function (2.1) to get three different form. Further
making use of the Cauchy product rule in the resultant expressions and then comparing the like powers of ¢
in the both sides of resultant equation, we find formulas (2.5)-(2.7).

Theorem 2.4. The following recursive formulas for the ¢g-Hermite-based Frobenius type Eulerian polyno-
mials HA%%S)(:E, y; A) of order « holds true:

Daarr AL (55 0) = [nlqu ALY (@35 ) (2.8)
and
Dy AL (w53 A) = [lgm ALY (2, qy; V). (2.9)

Proof. Differentiating generating function (2.1) with respect to 2 and y with the help of equation (1.4) and
then simplifying with the help of the Cauchy product rule formulas (2.8) and (2.9) are obtained.

Theorem 2.5. The following relation for the g-Hermite-based Frobenius type Eulerian polynomials HA%%S) (z,y;;A)

of order « holds true:

n S S S
(2>‘ - 1) Z (kf) Ak,q(oaya ) Agl)k q(:II,O; 1- >‘) = /\HAgz,EI(xay; /\) - (1 - A)HA£L7)q(x’y’ 1- >‘) (210)
k=0 q

Proof. We set
(2 -1) B 1 1

R e I S P T L TPV
From the above equation, we see that

(1= Neq (wt = £2) (1= (1= ) Ey(yt)
(e = N)(e™ ™ = (1= )
(=g (ot = ) AE @) (1= Ny (ot = £5) Byt (1 - (1= )

ef}(/\fl) Y eqo‘ b _ (1-=X)
which on using equations (1.10) and (2.1) in both sides, we have

2\ —1) (ZHA,WOy, ) (ZHA xOl—)\)[?:;!>

tn
q'

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers of
t in both sides of the resultant equation, assertion (2.10) follows.

(2) — 1)

)

Theorem 2.6. The following relation for the g-Hermite-based Frobenius-type Eulerian polynomials HA( os) (z,y; A)
of order « holds true:

n
MA o) = 3 (1) A i V1= N (L= VA o) (211)
k=0 q
Proof. Consider the following identity
A B 1 1
Y R L VT )

Evaluating the following fraction using above identity, we find

ML= Neg (ot = #17) Balwt) (1= Neg (ot = $5) Bylut) (1= Ney (2t = 35) By(an)

(e = X)eg Y (e =) e
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tn
7

]!

NS A ) i = 3 A 20 - W
k=

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers of
t in both sides of the resultant equation, assertion (2.11) follows.

Theorem 2.7. The following relation for the g-Hermite-based Frobenius-type Eulerian polynomials HA( s) (z,y; \)
of order « holds true:

1 " n a,s
w00 = 125 3 () [Arekal0.s0mA L (O - 12,050
k=0 q

_AAn—k,q (07 Y3 A)HAEJES) (37, 0; )‘):| . (212)

Proof. Consider generating function (2.1), we have

t
Al
ZH ,q mya )[n]q'

1- A O ) 1-x " st?
= t — E,(yt
<62(A1) _ A) ( 17—\ ez(/\ﬂ) Y €q (x 1+q> (yt)
1 1\ 1-x "
_ - G-t [ 1=A ( )E (1)
€ eq | @ Y
11—\ (eZ(Al) _ A) q (eé()\l) _ A) q 1 T q
[0
A 1—A 1—A
1-A ez()‘fl) —A efl()‘fl) - A

1 (O S)
= — g An.q(0,y; E A = 1)z,0; A
I—An ‘ (0,432 nq' i )z, )[k]q!

- " & (er,) tk
- Apg(0,y; ) —— g AL (2,0 0) .
> Ana Oy N 2 kg ]

Applying the Cauchy product rule in the above equation and then equating the coefficients of like powers of
t in both sides of the resultant equation, assertion (2.12) follows.

n

Theorem 2.8. The following recurrence relation for the g-Hermite-based Frobenius-type Eulerian polyno-
mials HA( ’S)(x,y; A) of order « holds true:

s 2s s R
nAT i) = = () Wl AL 05 + 2 AL )

1 " (n s -
+Z/HA7(18,21(6137; qy; A) + O—12 Z (k) Hquth(vay; Ng" F A (1L, = 1;0). (2.13)
k=0 q

Proof. Taking o = 1 and then applying g-derivative on both sides of generating function (2.1), it follows
that

oo

n eq (xt 1+q) E,(yt)

t
Z n+1 q (m, y,)\)m =(1- )\)qut eZ(A 1 i\ ’
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which on performing differentiation in left hand side, using formula (1.6), yields

A— 12
- (s) " (egt( Y- A)Dqgt (eq(xt)@q (_ﬁq) Eq(yt))
Z HAn+1,q(33vy§ A) - A t(A—1) qt(A—1)

n=0 (eq — M)(eq =)

s 2,2 _
eq(qrt) Eq(yqt)eq (—%) Dq’t(e(tz(A 1) _ )
: (e =) - )

. 2s 1-A - st? B, (qub)t

T g\ Ty ) T T g
4 i e (xt_St2>E(t)+ i e (mt_StQ>E( t)
MY ) T+gq) WY D W) W

1 1—A ( st2> 1—2A A1)t
+ = eq | gt — —— ) Bylayt) | 55— | &0
(A—1) <eg@ 1)—>\> ! l1+q) " e )

which on making use of the Cauchy product rule in the right hand side and comparing the coefficients of %
on both sides of the resultant equation gives recurrence relation (2.13).

3. SUMMATION FORMULAE FOR ¢-HERMITE BASED FROBENIUS TYPE EULERIAN POLYNOMIALS

In this section, we provide implicit formulae, Stirling numbers of the second kind and some relationships
for g-Hermite based Frobenius type Eulerian polynomials of order « related to Apostol type Bernoulli poly-
nomials, Apostol type FEuler polynomials and Apostol type Genocchi polynomials. We now begin with the
following theorem.

Theorem 3.1. The following summation formulae for ¢g-Hermite based Frobenius type Eulerian polynomials
w AL (2,;A) of order o holds true:
k,l

«,s : l k n+m a,s
nAl e = Y (1) (5) ool e, (3.1)
n,m=0 q q
Proof. We replace t by ¢ + w and rewrite the generating function (2.1) as
1—A ¢ —s(t+ u)2>
E,(yt+w))e, | ———————
(o=Tmrar=y) B+ (<15
0 (a,5) tk ’LUl
=eg(—z(t +w)) Z mAL (T, y; )\)WW, (see [14, 15]). (3.2)
k,1=0 q- thlas
Replacing x by z in the above equation and equating the resulting equation to the above equation, we get
s s tk ,wl
eq (2 — 2)(t +w)) Z HAI(C—i:l,)q(xvy; )\)WW
k,1=0 a- Ma:
S A N (33)
= H ' Ys o .
DA E RN

On expanding exponential function (3.3) gives

L 2 N LT
2 k,lZZOHA“l’q(x’y’”mm
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o0 (e8) * ol
= g A (2,5 M) —_ (3.4)
2 AT N
which on using formula [18,p.52(2)]
- (z+ y )R > "y
> FN =D flntm) o=, (3.5)
N=0 n,m=0
in the left hand side becomes
e (,Z _ x)n+mtnwm 0 (@.5) ko wl
A 0 (LI,‘, Y; )‘) T
n,mZ:O [n]q!lm],! k,g_:o kb [K]q! [1]4!
o0 koo
(e,s) t w
= A (z,y; ) ——. (3.6)
2 AT N G
Now replacing k by k —n, and [ by [ — m in the left hand side of (3.6), we get
& +m tk: ’U)l
Ales) (2,93 \)
H n—m Y3
klZOn;O lfm],! ktl-n—m.q (k—mn)g! (I —m),!
> tF o w!
=3 wA ey N (3.7)
2 A,y N g

Finally on equating the coefficients of the like powers of ¢t and w in the above equation, we get the required
result.

Remark 3.1. By taking [ = 0 in Eq. (3.1), we immediately deduce the following result.

Corollary 3.1. The following summation formula for g-Hermite based Frobenius type Eulerian polynomials
w AL (2,:A) of order o holds true:

k
,S k S
HALD (2 \) = Z( ) (2 —2)" gAY (2,5 0). (3.8)
q

n=0 n
Remark 3.2. On replacing z by z + x and setting y = 0 in Theorem (3.1), we get the following result
involving g-Hermite based Frobenius type Eulerian polynomials HAﬁ{f,f)(x, y; A) of one variable

k.l

IN (N e (o
HASD N = Y ( ) (> g AL (@), (3.9)
q q

m n
n,m=0

whereas by setting z = 0 in Theorem 3.1, we get another result involving ¢-Hermite based Frobenius type
Eulerian polynomials HA%O,‘,}‘S)(x, y; A) of one and two variables

k,l

a,s l k n+m a,s
m AN = Y ( ) ()( ) A (@A), (3.10)
q q

m n
n,m=0

Theorem 3.2. The following summation formulae for g-Hermite based Frobenius type Eulerian polynomials
HA(O‘ ¥ (z,y; \) of order a holds true:

m
m=0
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Proof. From (2.1), we have

e ((Al—_l)At) - A (e ((Al—_l));t) — A>aeq <$t— 1sfq> Eq(yt)
Y gm

- ((A e AZHA“”’”[m]q!

tm
(a+1 s) (a 8)
nEO HAY (z,y; )\ ‘ E Ap 4 Tl E gAY (2, y; N) ol

Now replacing n by n —m and equating the coefficients of ¢™ leads to formula (3.11).

Theorem 3.3. The following summation formulae for g-Hermite based Frobenius type Eulerian polynomials
HAS{?‘[ZS) (x,y; A) of order « holds true:

— (n s

pAG @+ L) =3 (1) wAl o), (3.12).
k=0 q

Proof. Using definition (2.1), we have

oo

;HA%Q’S)(m+ 1,y;>\)% = <eq(()\1_1;t)_)\)aeq <(m+ Do 8 2q) B, (1)
- (%((Al—_l))\t)—/\)a €q <xt - 1S_T_2 > Ey(yt)eq (1)
- (im&ﬁ) v ) (i " )
k=0 =

oo

> (% (Z)qHAéi"ﬁ )

Finally, equating the coefficients of the like powers of ¢, we get (3.12).

The ¢-Stirling numbers of the second kind is defined by

S " (e(t) = 1"
ZSg)q(k,n) ) AR see [10-13, 16].

Theorem 3.4. The following relationship

il o =33 (0) W) 0N SO ) @19

holds true.
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Proof. From (2.1), we have

gHAﬁ}s)(x,y; ) [7;:! - <e ((/\1_1;;) ] )\)Qeq (xt ) Iqu) .
B ( 1Jtr )Eq( )(1+((>\]-—_1§\t)—1>—a
() (4420 S s

RO i)

n=0 \u=0k=0

On comparing the coefficients of t” in both sides, we get (3.13).

Theorem 3.5. The following relationship

oA (2, y; A Z Z ( ) (0‘ *’; N 1) Soq(kyu)(A — 1) HS (2,y) (3.14)

u=0 k=0

holds true.
Proof. By using generating function (2.1), we have

Z”A(a e = (o A) (+ ifq) Falyt)

— e, (:z:t - ffq) Eq(yt) (1 + W) :

e () Bt
=§_OJ (E_JZ (n) (" Z‘l)sz,q<k7u><x— >“+’“H§>uq<x,y>> a

I
A NgE:

[n]4!

Comparing the coefficients of t” in both sides, we arrive at the required result (3.14).

Theorem 3.6. The following relation between the g-Hermite based Frobenius type Eulerian polynomials
HA%O,‘(}S) (z,y; A) and Apostol type g-Bernoulli polynomials B,, ,(x; ) holds true:

AL (2, \) = [njl]nf(&“) (AZ( ) Bipg(m: \) — B;W(x;/\))

9 k=0

<AL (0,530, (3.15)

Proof. Consider generating function (2.1), we have

ZHA(QS) :C » Ys ) !

[n]q!

~ (== [ ff)%( J(Aeq )
)

()\ZHA(O‘S (0,y; A ZBM . tr
q

n

‘3
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" tk
9" L—0 q
On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.16), assertion (3.15)

follows.

Theorem 3.7. The following relation between the g-Hermite based Frobenius type Eulerian polynomials
HA%O,‘[ZS) (x,y; A) and Apostol type Euler polynomials E,, 4(z; A) holds true:

HAL (2, y; A i( )q< Z( > Ej—r g (23 \) + B g(; /\)>

g AL (0,55 0. (3.17)

Proof. Consider generating function (2.1), we have

ZHA'l('Lagxy7 n '

(Gt = (- 15) o () (23
L

n

k
(o) (
+Z AL (0,5 A nq'z fq (T3 0) q!>. (3.18)

On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.18), assertion (3.17)
follows.

Theorem 3.8. The following relation between the g-Hermite based Frobenius type Eulerian polynomials
HA%%S) (x,y; A) and Apostol type Genocchi polynomials G,, 4(x; A) holds true:

HAL (2,3 \) = 2[nl+1]n§ (”“) (AZ( ) Ghrg(; N) + G g (; A))

4 k=0
XHA;Q—’Z)-s-Lq(O,y;)\)- (3.19)
Proof. Consider generating function (2.1), we have

n

t
E ()
HAnq €z y7 [TL] |

q*

- (ca=ty=) = ( f&)%( +1><Aeq )

21t ()\ZHA(O‘ 5) (0,y; A ) Zqu K tr

n=0

+ZHA(a ,8) (0,5 A ] IZGk’q x5 )\ ) (3.19)

4 k=0
On equating the coefficients of same powers of ¢ after using Cauchy product rule in (3.20), assertion (3.19)
follows.
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4. CONCLUSION

In the present paper, we have initially considered a novel kind of the Hermite based Frobenius type Euler-
ian polynomials based on g-numbers and then have previded multifarious correlation, implicit summation
formula, identities, explicit formulas and recurrence relations for the aforementioned polynomials by means
of the series manipulation methods and some special techniques. The aforegoing polynomials involves a lot of
well known special polynomials in literature. Furthermore, we have given several relationships covering the ¢-
Apostol-Bernoulli polynomials, g-Apostol-Euler polynomials, ¢g-Apostol-Genocchi polynomials and ¢-Stirling
numbers of the second kind associated with the g-Hermite based Frobenius type Eulerian polynomials.
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