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Abstract

In this paper, we firstly consider extended degenerate central factorial numbers of the second
kind and provide some properties of them. We then introduce unified degenerate central Bell
polynomials and numbers and investigate many relations and formulas including summation
formula, explicit formula and derivative property. Moreover, we derive several correlations
for the fully degenerate central Bell polynomials associated with the degenerate Bernstein
polynomials and the degenerate Bernoulli, Euler and Genocchi numbers.
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1. INTRODUCTION

The classical Bell polynomials Bel,, () (called also Touchard polynomials and exponential polynomials)

and central Bell polynomials B () (called also central exponential polynomials) are defined by means of
the following generating functions:

3" Bel, (x) %n‘ =e"(¢ 1) (¢f [2-4,9,12,13,16,20]) (1.1)
n=0 :
and -
SBE @) o =) (e g 1,17, (1:2)
n=0 ’

The classical Bell numbers Bel,, and central Bell numbers BSLC)

are acquired by choosing z = 1 in (1.1) and
(1.2), that is Bel, (1) := Bel,, and BY (1) := BYY), which are given by the following exponential generating

function:

Z_%Bel"f; =e(*1) and Z_‘;BY(LC)Z; = e<e%767%). (1.3)

The Bell polynomials extensively studied by Bell [2] appear as a standard mathematical tool and arise in
combinatorial analysis. The familiar Bell polynomials and the central Bell polynomials have been intensely
studied by many mathematicians, cf. [2-4,8,9,11-13,16,17,20] and see also the references cited therein. For
example, Bouroubi [3] provides a novel and interesting approach to the determination of new formulas for
the Bell polynomials, based on the Lagrange inversion formula, and the binomial sequences which gives the
easy recovery of known relations and deduction of several new formulas covering these polynomials. Carlitz
[4] investigate diverse formulas for the Bell numbers including correlations with the Stirling numbers of the
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second kind, combinatorial interpretation and derivative property. Kim et al. [8] considered the central Bell
polynomials and numbers and presented several relations and identities for these polynomials and numbers.
Kim et al. [9] analyses properties of the Bell polynomials by using and without using umbral calculus and
proved several representations for multifarious known families of polynomials such as Cauchy polynomials,
Bernoulli polynomials, poly-Bernoulli polynomials and falling factorials by means of the Bell polynomials.
Mihoubi [20] gave some results tied the Bell polynomials and the binomial type sequences, which were used
to derive some novel formulas for the Bell polynomials. These large investigations of the Bell polynomials
and numbers yields a motivation to improve this mathematical tool.

For non-negative integer n, the central factorial numbers of the second kind 7' (n,m) are defined by the
following exponential generating function

t

> T (n,m) %n' = m (cf. [8,11,17]) (1.4)
n=0 :

m!

or by recurrence relation for a fixed non-negative integer n,
n
" = Z T (n,m) ™, (1.5)
m=0

where the notation z[™ called as the central factorial equals to = (w + 5 - 1) (:c +5 - 2) e (w -4 1)
with initial condition z[% =1, ¢f. [8,11,17] and see also references cited therein.
The central Bell polynomials and central factorial numbers of the second kind satisfy the following relation

(cf. [8,11,17])
B (z) =Y T (n,m)z™. (1.6)
m=0

The Stirling numbers of the first kind Sy (n,m) are defined as follows (¢f. [7-9,11-14,17,20])
n
m=0

where the notation (z),, called as the falling factorial equals to z (x — 1) --- (x —n + 1), ¢f. [7-9,11-14,17, 20]
and see also references cited therein.

The following sections are planned as follows: The second section includes the definition of the fully
degenerate central Bell polynomials and numbers and provides several formulas and relations including the
unified degenerate central factorial numbers of the second kind and Stirling numbers of the first kind. The
third section covers diverse correlations for the fully degenerate central Bell polynomials associated with the
degenerate Bernstein polynomials, the degenerate Bernoulli, Euler and Genocchi numbers. The last section
of this paper analyses the results acquired in this paper.

2. UNIFIED DEGENERATE CENTRAL BELL POLYNOMIALS

In this section, we perform to analyze and investigate degenerate forms of some special polynomials and
numbers. We focus on the unified degenerate central factorial numbers of the second kind and the unified
degenerate central Bell polynomials and numbers. We then derive several properties and formulas for these
polynomials.

In the theory of special polynomials and special functions, the degenerate forms for polynomials and
functions have been studied and investigated by many mathematicians for more than a century, cf. [4-6,9-
19] and see also the references cited therein. Carlitz [5] introduced higher order degenerate Euler polynomials
and provided several properties. Carlitz [6] gave the degenerate Staudt-Clausen theorem and illustrated it
for the degenerate Bernoulli numbers. Howard [7] proved some explicit formulas for degenerate Bernoulli
polynomials. Kim et al. [10] considered the degenerate Bernstein polynomials and attained their generating
function, recurrence relations, symmetric identities, and some connections with generalized falling factorial
polynomials, higher-order degenerate Bernoulli polynomials and degenerate Stirling numbers of the second
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kind. Kim et al. [11] studied on the degenerate central Bell numbers and polynomials and derived some
properties, identities, and recurrence relations. Kim et al. [12] considered degenerate Bell numbers and
polynomials and presented several novel formulas for those numbers and polynomials associated with special
numbers and polynomials by using the notion of composita. Kim et al. [13] acquired diverse properties,
recurrence relations, and identities associated with the degenerate r-Stirling numbers of the second kind and
the degenerate r-Bell polynomials by means of umbral calculus. Kim et al. [14] presented various explicit
formulas and recurrence relationships for the degenerate Mittag-Leffler polynomials and also gave several
connections between Mittag-Leffler polynomials and other known families of polynomials. Kim et al. [15]
introduced the degenerate Laplace transform and degenerate gamma function and obtained several interesting
formulas related to this transform and this gamma function. Kim et al. [16] considered partially degenerate
Bell polynomials numbers and developed their properties and identities. Kim et al. [17] defined and studied
on the extended degenerate r-central factorial numbers of the second kind and the extended degenerate r-
central Bell polynomials. Kwon et al. [18] considered degenerate Changhee polynomials and proved several
relations and formulas for these polynomials. Lim [19] defined higher order degenerate Genocchi polynomials
and gave some identities and formulas for these polynomials.

For non-negative integer n, the degenerate central factorial numbers of the second kind Ts » (n,m) are
defined by the following exponential generating function

(i -et )"

m!

> Ton (nm) - = (ef. 1)), (2.1)
n=0

where the notation €% (t) denotes the degenerate exponential function for a real number A, given by
e (t) = (1+At)> and e} (t) = ey (t). (2.2)
It is readily seen that limy_¢ €3 (¢) = €*, ¢f. [11] and [17].

Remark 1. When X\ approaches to 0, the degenerate central factorial numbers of the second kind (2.1)
reduces to the central factorial numbers of the second kind (1.4), namely imy_o Tz x (n,m) =T (n,m).

We are now ready to give the definition of the unified degenerate central factorial numbers of the second
kind.

Definition 1. Let A\ and w be real numbers. The unified degenerate central factorial numbers of the second
kind T x., (n,m) are introduced by means of the following generating function

iTz w (1, M) o (€5 (1) —ex” (t))m
s AW ) | .
n=0 .

] - (2.3)

We here analyze some circumstances of the unified degenerate central factorial numbers of the second
kind T5 ., (n,m) as follows.

Remark 2.
(1) When w = %, we obtain the degenerate central factorial numbers of the second kind Ts x (n,m) in
(2.1), ¢f. [11].

(2) When XA — 0, the unified degenerate central factorial numbers of the second kind T .., (n,m) reduce
to the w-analogue of the central factorial numbers of the second kind denoted by To., (n,m), which
is also new generalization of the factorial numbers of the second kind T (n,m) in (1.4), given by

(ewt _ efwt)m

o0 tn
Z Ty (n,m) oYy L (2.4)
n=0
(3) When w = % and X\ — 0, we obtain the usual central factorial numbers of the second kind T (n,m)
in (1.4), ¢f. R,11,17].

We now investigate some properties of the unified degenerate central factorial numbers of the second kind
T xuw (n,m). Hence, we give the following Theorem 1.
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Theorem 1. For non-negative integers k and m, we have

Em! &
Tz)\w(nk+m k—Fm'Z()TQ)\w uk)Tg)\w( —u,m). (25)
Proof. In view of Definition 1, we write
k [eS)
(e¥ (1) —ex“ (1) (5 (t) — e>\ " "
i ZTgw n, k) !Z(]Tg;w(n,m)a
n=
and then we get
—w k+m c© n
(e5 (t) — e (1)) klm! tn
T: w k)T: w - u, R
(k+m)! k—{—m'nzzol; e (1K) T (1 )n!
which implies the asserted result (2.5). O
We here give the following correlation.
Theorem 2. The following correlation
Ty nw (nam) =Y Toy (1L,m) A" 'Sy (n, 1) (2.6)
l=m

is valid for real numbers \ and w.

Proof. By Definition 1 and the identity (2.2), we obtain

Z TZ,A;w ('fl, m) %7: _ (e(d)‘\) (t) - 6;“"' (t))

m!
- L 1+ 25 — (14 a0 %)"
m

_ 1 (eylog(1+)\t) _ ef§10g(1+,\t))m
m!

= S T () A Y S () AL
=0 n=I[
= > o (l,m) S (n,0) A =

n=01=0
which provides the desired result (2.6). O

The degenerate classical Bell polynomials and the degenerate central Bell polynomials are given by the
following Taylor series expansion at ¢t = 0 as follows:

3" Bua (@) o = O (ef [10,16)) (27)
n=0 ’

and 1 1
>, £ 0s0) (g oy, (2.9

When = 1 in (2.7) and (2.8), the mentioned polynomials (B x (z) and Bflcz\ (z)) reduces to the corre-
sponding numbers
Baa (1) := Byx and BYY, (1) := B, (2.9)
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termed as the degenerate Bell numbers and the degenerate central Bell numbers, respectively.

Remark 3. We note that using (2.2), the degenerate classical Bell polynomials (2.7) and the degenerate
central Bell polynomials (2.8) reduce the classical Bell polynomials (1.1) and the central Bell polynomials
(1.2) in the following limit cases:

lim B, (¢) = B, (¢) and lim BY), (z) = BY (x). (2.10)
For non-negative integer n and a real number A, A-extension of falling factorial is defined by (cf. [10, 16])
(gr:)o’A =1, (x)n)\ =z(xz=-N)(z=2\)-(z—(n—-1N). (2.11)
From (2.2) and (2.11), we obtain the following relation (cf. [11,17])
xr . tn
(1) =D (#)nx - (2.12)
n=0

The degenerate central Bell polynomials and the degenerate central factorial numbers of the second kind
satisfy the following relation (cf. [11])

BY ( Z Ty.x (n,m) (2.13)

We are now ready to define the unified degenerate central Bell polynomials and numbers by the following
Definition 2.
(e)

Definition 2. Let o, A and w be real numbers. The unified degenerate central Bell polynomials Bn Ao (z:w)
and the unified degenerate central Bell numbers BSL’))\’Q (w) are respectively defined by the following generating
functions
> (& tn xr w -
G(z:\ajw)= ZBﬁL ))\ o (Tw)— 1= Ca (e (t) — ey (1)) (2.14)
n=0
and
G\ a;w) ZBﬁfg L = eq (65 (t) —ex“ (1)) - (2.15)
The immediate relation for the unified degenerate central Bell polynomials and numbers is Bgcz\ o (1w =
B\ o ().
We now examine some special cases of the unified degenerate central Bell polynomials as follows.
Remark 4.

(e)

e (@ w) and numbers be 1\ o W)

(1) When w = l the unified degenerate central Bell polynomials B
in (2.14) and (2.15) reduce to the fully degenerate central Bell polynomials B (x) and numbers

n,A\, o

BT(LC))\Q in (2.16), which are also new generalizations of the central Bell polynomials B (z) and
numbers BYY in (1.2) and (1.3), given by
= c tn i —1 c tn 3 -3
> B @) =t (e§ (t)— ey ? (t) ) and ZBfLM— _— (e§ (t)—e;? (t)) . (2.16)
n=0

(z : w) and numbers Bﬁb ))\ o W)

(2) When a — 0, the unified degenerate central Bell polynomials B

n,\,«
in (2.14) and (2.15) reduce to the extended degenerate central Bell polynomials Br(li\ (z:w) and

numbers Bff))\ (w) in (2.17), which are also novel extensions of the central Bell polynomials B (x)

and numbers BY in (1.2) and (1.3), given by

o (e t (1) —er® NN o) o
Z B£L)>\ (z:w) 1= (X M=ex" (1) gpd Z B£L)>\ (w) i el =ex () (2.17)
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(3) When w = % and o — 0, we get the degenerate central Bell polynomials and numbers denoted by
B (x) and B\, in (2.8) and (2.9) (cf. [11]).
(4) When w = % and A — 0, we attain the degenerate central Bell polynomials and numbers denoted by
Br(f))\ () and Bff’))\, which is different from the polynomials and numbers in (2.8) and (2.9) given by
Kim et al. [11]:
> c tn z [ 1 _1 = o t" 1 _1
7;35»31 (2) = = e& ((32 (t) — e (t)) and ;B;:LH _— (62 (t) — % (t)) (2.18)

(5) When o« — 0, A — 0 and w = %, we reach the central Bell polynomials and numbers in (1.2) and

(1.3) (cf. [8,11,17)).

We now investigate the properties of the unified degenerate central Bell polynomials Bfﬁ))\’a (z : w). Thus,

we firstly give the following theorem that includes a formula which is the generalization of the relations (1.6)
and (2.13).

Theorem 3. The following relation
BY, (w:w) = Y Do (,m) (2),,,, (2.19)
m=0

holds true for real numbers a, A and w.

Proof. By Definition 2 and formulas (2.2) and (2.12), we get

S CURTIT LA - (5 (1) —ex” ()"
S B0l = 3 (@), O
n=0 m=0
o0 o0 tn
= Z (m)m,a Z TQ)GW (’I’L, m) g
m=0 n=0
o0 n tn
= D2 @a o (nm) 1,
’ n!
n=0m=0
which gives the claimed result (2.19). O
We now state a summation formula for Bflcz\ o (1 w) as follows.
Theorem 4. The following summation formula
n
C n (& C
B oty = 3 (1) B0 o) B (0 220
m=0
is valid for real numbers a, A and w.
Proof. By Definition 2 and the identity (2.12), we obtain
. tn xT w —W
S B @ryiw) o = et (e () (1)
n=0 ’
= eq (5 (1) — ey (1) el (eX () — ey (1))
C N B S BO (o
- Z‘Bn,A,a(m'w)aZBn,A,a(y'w)ﬁ
n=0 n=0
N (7)) g (0) t"
= B tw)B tw) —
;7;) <m> n—m,\,o ($ UJ) m,A\, (y W) n!’

which provides the desired result (2.20). O
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We now provide a correlation as follows.

Theorem 5. The following formula

BY, , (x:w) Zi:ﬁw (n,m) 81 (n, ) A" (2),,, (2.21)

m=01l=m
holds true for real numbers a, A and w.
Proof. By Definition 2 and Theorem 2, we get

S B = Y @ Sl _,,ffw(”)

n=0 m=0
oo o0 n 3 tn
= > (@ pma > Trw(l,m) Sy (n, ) \" lﬁ
m=0 n=0 1=0 ’

_t"

n=0m=0 l:O
which gives the claimed result (2.21).
We here provide an explicit formula for Bflc)A o (T 1 w) as follows.
Theorem 6. The following explicit formula

B0 =3 55 (1) (1) @ Co b Sty 22

§=0 m=0 k=0
holds true for real numbers a, A and w.

Proof. By Definition 2 and formulas (2.2) and (2.12), we get

e "N eg () —ex” (1)"
2 B e ) 7y = 3 @ & - )
-3 e (73 " e " @ ()
m=0 T k=0
=y v o N () (C)m AT ()T
m k
m=0 " k=0
= E;O xrr,:;,a kz_o (7]:‘ (1) ;(Wk)n”\ T: Z:U(w (k—m)), Z:
= (L) a o= (M ek = e [T " "
- X §J<k)( 1) kz_;]z()( >( i =7 (@ (k=) =

=0
which gives the asserted result (2.22).

|
We give the following theorem.
Theorem 7. The following relation
Bf@?l,)\,a (x:w)= xwz ( )BT(LC ina (@ —aiw) ((w —AN)jot(-w— )\)j’a) (2.23)

holds true for real numbers a, A and w.
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Proof. Differentiating with respect to ¢ to both sides of Definition 2 and in terms of formulas (2.2) and (2.12),

we get
d S (e tm d , W
@;)Bi&,a(x:w)m o LA CIORI0)
= %(1+a((1+/\t)% 1+>\t*§))%
- g(1+a((1+Atﬁ (1+ M) ﬂ)r ( (1+M)5 +w(1+At)‘%‘1)
- xw(1+a((1+>\t)§—(1+/\t)*%)) - (eA (t) + ey (1))
= meBT(LC))\a x—a:w)gz:()((w—)\)n7a+(—w—)\)n7a)z
- mzz() BY oo —at) (0= Xt (- 2),,)
n=0 j5=0
which implies the desired result (2.23). O

(e)

nAa (z : w) as follows.

We now present a derivative property for B

Theorem 8. The following relation

%B(‘f) (2 : w) Z( > ST m =D (=a)"" B, o (@ w) Ton (kym) (2.24)
k=0 m=1

holds true for real numbers a, A and w.

Proof. By Definition 2 and formulas (2.2) and (2.12), we get

B0l = L w-ge0)
n=0 :
= L a0 -G 0)F
= (el O-a®) (1 +algm -6 )" )
_ 01N 50 s (=)™ o,
oY B L (wrw) 5 YT ™ (¢ (1) — e (1))
n=0 " m=1
B Y G UNCTIR LA Y TS L AU L)
n=0 m=1 .
- Zoz_l(mfl)!(fa)mle( S i
- SR () B s ot
which means the claimed result (2.24). O

3. CONNECTIONS WITH SOME KNOWN DEGENERATE POLYNOMIALS AND NUMBERS

The main aim of this section is to derive diverse connections with some earlier degenerate polynomials such
as Bernstein, Bernoulli, Genocchi and Euler polynomials for the fully degenerate central Bell polynomials.
Thanks to this purpose, we acquire multifarious correlations in the family of the degenerate polynomials.
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We firstly perform to obtain a relation with the degenerate Bernstein polynomials.
We start with the following computations

w(m—k)
A

- i S i . ! DT AT (L4

D™ (14w (m - 2k))
m—k)! k!

w(2k—m)
X

RALR (14 At)

m—k ©0 tn_k

(=
(
ZZ 1+w mma2l-c (( : Z%’”‘ (L+w(m =2k) : ) =

mOkO ))

where the degenerate Bernstein polynomials are defined by

> B (x: )\)%_ S ])C, AL T (3.1)

c¢f- [10]. Thus, we obtain the following theorem.

Theorem 9. The following relation

(c) o o (= 1)m7k Btk (1 +w(m—2k): N)
By o (@iw) n'mzo;;) 1+w =TI Jr(m_k)!(mrk)! (3.2)

s valid.

Let

. Nk
I=(2)y, ((1+/\t) _kfl+/\t) ) (1+a((1+Atﬁ—(1+At)‘§))17.

Therefore, from (2.3) and (3.1), we obtain
0 (+an* —(1+/\t)*%)J
I = Z%k»j (z:a) 7
=0 '

[e’¢) o0 ) ke
= ZO%IC’J (ZC : OZ)E:OTZ,)\;Q) (naj)ﬁ
Jj= n=

oo n

N
= Z Z B (z: ) Torw (1, 7) ]
n=0 \ j=0 ’
and by (2.3) and (2.14), similarly
I = ZBfﬁ\a 1—2:w) ZTQAQ, (n, k) (x)k@
n=0 !
SN (j)B}fﬁ)a (1= w) Toxiw (1= 4.K) (@) 0 |
n=0 \ j=0

Thus, we arrive at the following theorem.
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Theorem 10. The following summation correlation
n n n
> By (@ 0) o (n,5) = Y ( ) (@)t0 Bika (1 =@ 1 0) Toxiy (n = i ) (3.3)
§=0 j=o
holds true.

In the special cases of the Theorems 9 and 10, we get new formulas for the usual central Bell polynomials
and familiar Bernstein polynomials as follows.

Corollary 1. We have

( )m—k %k,nJrk (1 + 1 (m — 2/€))
=n! Z = % e 2

— i ( 2)),, (m—k)l(n+k)

and
n

Z%k,y )Ty (n, ) = Z(T?)(a:)kBY)(l—x)Tz(n—j,k),

JOJ

where the Bernstein polynomzals are defined by the following generating function (cf. [5]):

— t (to)" (1—a)t
Zo%k,n(x)a: A .

The classical Bernoulli, Euler and Genocchi numbers are defined by the following generating functions

(cf. [5,19):
iBnﬁ:L (¢ < 27) . ZE (] < )
o n!  et—1 +1
and
N 2t
n=0
The degenerate Bernoulli, Euler and Genocchi numbers are given by the following Taylor series expansions
at t =0 (cf. [5]):
2
B, E, 34
z L z N E (3.9
and (cf. [19]):
2t
G, = 3.5
Z = PNOESS (8:5)

We here give a formula including the degenerate Bernoulli numbers and the fully degenerate central Bell
polynomials as follows.

Theorem 11. The following formula

n+1l k

n—+1
Bﬁf’)&a (z:w) = ZZ( )( >(1)n+1_,M B}j)mM (2 : w) B (3.6)
k=0 m=0
n+1
n—+1
Z( ) ntl— kAa($:w>Bk7A
k=0

holds true.
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Proof. By (2.14) and (3.4), we get

c- " _ t ex(t)—1
S B @iw) = = en (5 (1) —ex* (1)
A, | a \"A A —
n=0 e n Ex (t) 1 t
() " " — n—
= 2 BAa@i@) 5> Buas > (s
n=0 n n=0 n=0 n:
N (e) o e, T
_ZB D We" (QZOJ) Z n,A nl
n=0 n=0
o n k
n k tnfl
= XYY (D5 0B 0 B
m
n=0 k=0 m=0
S (M)t 9 B
n=0 k=0
which implies the desired result (3.6). O

A relation including the degenerate Euler numbers and the fully degenerate central Bell polynomials is
given by the following theorem.

Theorem 12. The following summation formula

B, (@) = ZZ(Z) (Z)WB,@,”,A,Q@MEM (37)

k=0 m=0
L~ (1) g .
+3 kzz;) <k> B, s (1 w) Eg

s valid.

Proof. By (2.14) and (3.4), we get

oo

(c) t"
Yo Bialriw) = el (R (1)~ e (1))
n=0 :

tn > tnfl

c "
= 5 Z B'EL,))\,a (‘T : QJ) n! Z E”L/\E (1)1'7,,)\

n=0 n=0 " n=0

4= B (x'w)tniE E
2 mA e T ) AT

n=0 " n=0

k c tn
( ) (1)n7k,)\ Bl(czm,A,a (.’L' : OJ) E’my/\a

m

1 & n () ] t"
+§Z k>Bn—k,)\,a (xJJJ)Ek,)\E,

which means the purposed result (3.7). O

A relationship for the degenerate Genocchi numbers and the fully degenerate central Bell polynomials is
stated in the following theorem.
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Theorem 13. The following relation

. 1 & 41\ (B Woan e
B7(l,)>\,a (z:w) = Z Z ( 1 > < )n—;l’B,i)m’/\)a (1 w) Gma (3.8)

n+1 P m
+7§ n+1 B'ELCllfk,)\,a (z:w) G\
=\ k 2(n+1)

holds true.
Proof. In terms of (2.14) and (3.5), we derive

— (c tn _ 2% ex(t)+1
B( ) . . x W () — w(t
7;0 n,A\,a (.’E w) n| eoz (6)\ ( ) 6)\ ( )) ex (t) I 1 Qt
1L e " & -
= 5237(1))\’&(331&1)52 AT ()n,)\ nl
n=0 n=0 n=0
1= tn & 1
+§ Z B’r(L,))\,a (‘T w) ml Z Gn,)\ |
n=0 n=0
1 oo n k n k -1
D) Z Z Z (Dnekn Brtmona (@ w) Ga—,
2 k) \m
n=0 k=0 m=0
1 o n n tnfl
+§ZZ <k>B’£Lc—)kAo¢(x w) Gk,Ail ,
n=0 k=0
which implies the desired result (3.8). O

4. CONCLUSION

In this paper, we have firstly generalized the central factorial function termed as extended degenerate
central factorial numbers of the second kind and have given some identities for the mentioned numbers. We
then have defined unification of the degenerate central Bell polynomials and numbers. We have analyzed
multifarious properties and formulas for the aforesaid polynomials and numbers. We have provided several
correlations for the fully degenerate central polynomials related to the degenerate Bernstein polynomials and
the degenerate Bernoulli, Euler and Genocchi numbers.
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