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In this paper, we investigate the Hawking radiation process by using the quantum tunneling phe-
nomenon of massive spin-1 (W-bosons) and spin-0 particles from (2+1) dimensional Black Hoke with 
quintessential and magnetic field. For this purpose, using Hamilton-Jacobi ansatz, we apply the WKB 
approximation to the field e quations o f m assive c harged v ector p  a rticles. We g et t he r equired tun-
neling rate of radiated particles and obtain their corresponding Hawking temperature Th. In order
to study the quantum gravity effects, we utilize the generalized Proca and Klein-Gordan equations 
incorporating the generalized uncertainty principle (GUP) and recover the accompanying quantum
corrected temperature T′ .
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I. INTRODUCTION

The study of quantum mechanical effects within the foundation of classical general relativity provide numerous 
interesting phenomenon, which play very important part to understand the quantum gravity theories. In quantum 
theory, the black holes (BHs) evaporation as a result of Hawking radiation [1] is one of the important phenomenon. 
During the study of radiation process the researchers try to combine the gravitation within BH thermodynamics and 
the quantum mechanics [2, 3]. In order to study the Hawking radiation phenomenon, many techniques have been 
proposed in literature. Many researchers have studied these radiations for well known BHs [4]-[42]. These radiations 
can be investigated by the semiclassical approach, depend upon quantum tunneling method of a particle through 
outer horizon of BH from inside to outside [43, 44]. The tunneling approach based on two different techniques, 
null geodesic [45]-[47] and Hamilton Jacobi method [48]. These techniques derive the imaginary part of the classical 
action (I) from outer horizon by following the classically forbidden trajectory of a particle. The tunneling probability 
from a BH in both techniques can be defined as

ΓP = e−
2
h̄ ImI . (1)

This probability formula provides the Hawking temperature of the BH. The presence of a minimal observable length
is a common factor in different quantum gravity theories e.g., loop quantum gravity, noncommutative geometry and
string theory [49]-[52]. The generalized uncertainty principle (GUP) is a straightforward way for understanding this
minimal length [53].The generalized commutation relation can be given as [xu, pv] = ih̄δuv[1 + βp2] , where xu is the
modified position operator while pv stands for modified momentum operator.

The GUP relation can be expressed in the following form

∆x∆p ≥ h̄
2
[1 + β(∆p2)], (2)

where β = β◦/M̃p2 . β◦ and M̃p are the dimensionless parameter and Plank mass, respectively. The GUP relations
play a vital role in understanding the nature of BHs, while the quantum effects may be considered vital effects around
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the event horizon of a BH. By utilizing the quantum tunneling method, the quantum effects incorporating GUP re-
lations with thermodynamical properties for different spins of BHs have been widely studied [54]-[84]. Later cosmic
observations emphatically suggest that our universe is right now experiencing a stage of accelerated expansion [85],
likely determined by some exotic form known dark energy. In spite of the mounting observational proof, the nature
and cause of dark energy is still like a puzzle and it has become a matter of vivid discussion. Quintessence is one
of the logical possibility for dark energy with negative pressure [86]. It is evolving, dynamic and spatially heteroge-
neous element. By comparison within the present context, it would be the fifth dynamical element that has affected
the expansion of the Universe, additionally to the already known photons, baryons, dark matter and leptons. It can
be described by its equation of state i.e., (ωq = p/ρ), where ρ and p denotes the energy density and pressure for
quintessential field, respectively. Moreover, most of the models have the range 0 ≥ ωq > −1, though a cosmological
consistent has ωq = −1. The accelerating expansion depend upon the value of ωq, as smaller its value gives the
more accelerating effect. The Einstein field equations for four and d-dimensional BHs with quintessential field have
been studied [87, 88].

The investigation of (2 + 1)-dimensional BHs gives an important knowledge in comprehension of low-
dimensional gravity theories and their quantum partners. The Banados-Teitelboim-Zanelli (BTZ) BH is such a model
in (2+ 1)-dimensional gravity [89]. This BH is surprisingly comparative to (3+ 1)-dimensional BH. Just like the Kerr
BH, it has an outer and inner horizon. It may be completely portrayed by charge, mass and angular momentum.
Additionally, it has thermodynamical properties closely resembling to the (3+ 1)-dimensional BH. The BTZ solution
has been additionally discussed in the domain of (2 + 1)-dimensional quantum gravity. Moreover, it will be very
interesting to study the BTZ-like BH with magnetic field. It is a well known fact that electric field is related to the
temporal component of gauge potential At, whereas the electric field is linked with the angular part of the gauge po-
tential Aϕ. These types of BHs, only magnetic gauge can be used to derive BH solutions. It is accepted that the BHs in
(2 + 1)-dimensions will generally provide a basic laboratory and an outstanding comprehension for examining the
general perspectives of BH physics. The other main reason and motivation to choose (2 + 1)-dimensional BHs is the
presence of AdS/CFT correspondence [90], that relates the thermodynamical properties of BHs with AdS/CFT dual-
ity. In recent years, the researcher has paid a much attention to analyze the thermal properties of (2+ 1)-dimensional
BHs, particularly with a space-time having non-vanishing cosmological constant. The main purpose of this article is
to investigate the Hawking radiation phenomenon with GUP effects under quintessential and magnetic field from
(2 + 1)-dimensional BHs. For this purpose, firstly, we consider a (2 + 1)-dimensional BH with quintessential field.
Then by utilizing the Hamilton Jacobi technique, we calculated the tunneling probability and Hawking temperature
for spin-1 particles. Moreover, we have analyzed the corrected Hawking temperture for spin-1 and spin-0 particles.
Further, we consider a magnetically charged version of BTZ-like BH. We have studied the modified tunneling prob-
ability and corrected Hawking temperature for spin-1 and spin-0 particles for BTZ-like BH with magnetic field. The
paper is outlined as: Sec. II contains the information about metric of (2 + 1)-dimensional BH with quintessential
field. Sec. III is devoted for study of tunneling probability and Hawking temperature for quintessential BH for
vector particles. In Sec. IV, we investigate the modified tunneling probability and corresponding temperature for
vector particles from quintessential BH under GUP effects. V is based on the quantum gravity effects for vector
particles from BTZ-like magnetic BH. In Sec. VI, we investigate the quantum corrections for scalar particles from
quintessential BH. Sec. VII represents the modified tunneling rate and related effective Hawking temperature for
spin-0 particles from BTZ-like BH with magnetic field. In Sec. VIII, we summarize the final results of our work.

II. METRIC FOR (2+1) DIMENSIONAL BLACK HOLE WITH QUINTESSENCE

The line element for three dimensional BH surrounded by quintessence is defined as [54]

ds2 = − r2

l2 g(r)dt2 +
l2

r2 g(r)−1dr2 + r2dx2, (3)

where

g(r) = 1−
( r+

r

)ρ
, ρ = 2(1 + ωq),

and r+ = (Ml2)1/ρ represents the event horizon, M specifies the mass of BH, ωq shows the quintessence parameter
with range−1 < ωq < − 1

3 , l stands for AdS radius which belongs to cosmological constant by l2 = −1/Λ, moreover
r and x are the radial and planar coordinates, respectively, lies between (0, ∞).

The line element (3) can also be rewritten as

ds2 = −X(r)dt2 +
1

Y(r)
dr2 + Z(r)dx2, (4)
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the above metric functions can be defined as follows

X(r) =
r2

l2

[
1−

( r+
r

)ρ]
, Y(r) =

l2

r2

[
1−

( r+
r

)ρ]−1
, Z(r) = r2.

It is important to mention here that for ωq = 0 the line element reduces into BTZ BH metric [55].

III. VECTOR PARTICLES TUNNELING

This section is devoted to study the tunneling spectrum for spin-1 particles at event horizon of BH, by using Proca
equation under vector field Ψv. The Proca equation can be expressed as [? ]

1√
−g̃

∂u(
√
−g̃Ψvu) +

m2

h̄2 Ψv = 0, (u, v = 0, 1, 2), (5)

here g̃ denotes the determinant of the metric and m is mass of emitted particle. Also, Ψuv represents anti-symmetric
tensor which can be defined as

Ψvu = DvΨu −DuΨv = ∂vΨu − ∂uΨv , (6)

Here, Du stands for covariant derivative. We will get the similar results for W+ and W− bosons, the equation of
motion of tunneling process for both particles is same. But, here we only deal with W+ boson particles.

The wave function for spin-1 particles by considering the WKB approximation is defined as

Ψv = (a0, a1, a2) exp
[

i
h̄

I(t, r)
]

, (7)

where the action I(t, r) is given as

I(t, r) = I0(t, r) + h̄I1(t, r) + h̄2 I2(t, r) + ..., (8)

After substituting the covariant components ψ0 = −Xψ0, ψ1 = (1/Y)ψ1, ψ2 = Zψ2, the metric (4) and Eq. (7) into
Eq.(5) neglecting the higher terms of h̄, we obtain the following set of equations

Y[a0(∂r I)2 − a1(∂t I)(∂r I)] +
1
Z
[a0(∂x I)2 − a2(∂t I)(∂x I)] + m2a0 = 0, (9)

1
X
[a0(∂t I)(∂r I)− a1(∂r I)2] +

1
Z
[a1(∂x I)2 − a2(∂r I)(∂x I)] + m2a1 = 0, (10)

1
X
[a0(∂t I)(∂x I)− a2(∂t I)2] + Y[a2(∂r I)2 − a1(∂x I)(∂r I)] + m2a2 = 0. (11)

We consider a particle’s action in the following form

I = −Et + R(r) + jx + C, (12)

where E denotes the energy of emitted particles and C represents the complex constant. The above set of equations
gives a 3× 3 matrix equation, which can be given as

ℵ(a0, a1, a2)
T = 0, (13)

where

ℵ =

 Y(∂rR)2 + (∂x j)2

Z + m2 YE∂rR E∂x j
Z

E∂r R
X

E2

X −
(∂x j)2

Z −m2 (∂r R)∂x j
Z

E∂x j
X Y(∂rR)∂x j E2

X − B(∂rR)2 −m2

 . (14)

In order to obtain the non-trivial solution, we set detℵ = 0 and obtain

R±(r) = ±

√√√√E2 − X(r)
(

m2 + (∂x j)2

Z(r)

)
X(r)Y(r)

dr, (15)
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The R+ and R− represents the outgoing motion (with momentum ∂r I > 0) and ingoing motion (with momentum
∂r I < 0), respectively.
The R± possesses a simple pole at r = r+ and it gives the same imaginary part for both outgoing/ingoing solutions.

R±(r) = ± iπE
X′(r+)

, (16)

ImR±(r) = ± πE
X′(r+)

. (17)

The evaporation process in BHs is a quantum process [1] and the absorption/emission probabilities for crossing the
event horizon in and out can be defined as [57]

P [emission] = P+ = − exp
[
−2

h̄
(ImR+ + ImC)

]
, (18)

P [absorption] = P− = exp
[
−2

h̄
(ImR+ + ImC)

]
. (19)

It is important to mention here that, a factor of two problem arises and to solve this problem we choose the ingoing
probability as (P− ' e−

2
h̄ ImR− = 1). Due to the fact that R+ = −R−, we have ImC = ImR+ and therefore from Eq.

(18), we get

P [emission] = exp
[
−4

h̄
(ImR+)

]
, (20)

So, the total tunneling probability for radiated particles from inside to outside can be defined as follows

ΓP =
P [emission]
P [absorption]

' exp
[
−4

h̄
(ImR+)

]
, (21)

ΓP = exp
[
− 4πE

h̄X′(r+)

]
= exp

[
−8πl2E

h̄ρ2r+

]
. (22)

The surface gravity κ for the given BH can be calculated as

κ =

[
ρ2r+
4πl2

]
. (23)

In order to obtain the corresponding Hawking temperature, we use Boltzmann factor ΓP = exp [E/Th] and get

Th =
κ

2π
=

[
ρ2r+
8πl2

]
, (h̄ = 1). (24)

This is the required Hawking temperature. It depends upon the curvature radius l and quintessence parameter ωq
(i.e., ρ = 2(1 + ωq). For the different values of ωq, we can derive the Hawking temperature in the following form:

when ωq = −1/3

Th =

[
2r+
9πl2

]
, (25)

when ωq = −1/2

Th =
[ r+

18πl2

]
, (26)

when ωq = −2/3

Th =
[ r+

8πl2

]
. (27)
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IV. QUANTUM GRAVITY EFFECTS FOR SPIN-1 PARTICLES

In this section, we study the corrected tunneling rate for spin-1 particles through the horizon, we choose a La-
grangian equation under quantum gravity effects. The GUP modified Lagrangian equation for spin-1 particles with
vector field Ψu can be given as [58]

£GUP = −1
2
[DuΨv −DvΨu][D

uΨv −DvΨu]− m2

h̄2 ΨvΨu. (28)

The modified equation of motion for bosons particles can be defined as follows

∂u(
√
−g̃Ψuv) + h̄2β∂0∂0∂0(

√
−g̃g00Ψ0v)− h̄2β∂i∂i∂i(

√
−g̃giiΨiv)−

√
−g̃

m2

h̄2 Ψv = 0. (29)

Here, m shows the mass of emitted particle. The generalized anti-symmetric tensor Ψuv can be defined as

Ψuv = (1− βh̄2∂2
u)∂uΨv − (1− βh̄2∂2

v)∂vΨu. (30)

The modified tensor Ψiu, i = 1, 2 stands for spatial components and Ψ0u, 0 states the time coordinate.Also, the
correction parameter β can be given as β = 3

M2
f
, where M f denotes the minimal length.

The wave function for emitted particles with vector field Ψu can be expressed as

Ψv = (a0, a1, a2) exp
[

i
h̄

I(t, r)
]

, (31)

By using the metric components from Eq. (4) and values from Eqn.(30) and (31) into Eq. (29), we get a set of equations

Y [a0(∂r I)2P̃2
1 − a1(∂r I)(∂t I)P̃1P̃0] +

1
Z
[a0(∂x I)2P̃2

2 − a2(∂x I)(∂t I)P̃2P̃0] + a0m2 = 0, (32)

− 1
X
[a1(∂t I)2P̄2

0 − a0(∂t I)(∂r I)P̃0P̃1] +
1
Z
[a1(∂x I)2P̃2

2 − a2(∂x I)(∂r I)P̃2P̃1] + a1m2 = 0, (33)

− 1
X
[a2(∂t I)2P̃2

0 − a0(∂t I)(∂x I)P̃0P̃2] + Y[a2(∂r I)2P̃2
1 − a1(∂r I)(∂x I)P̃1P̃2] + a2m2 = 0, (34)

where

P̃0 = 1 + β
1

X(r)
(∂t I)2, P̃1 = 1 + βY(r)(∂r I)2,

P̃2 = 1 + β
1

Z(r)
(∂x I)2. (35)

By assuming the separation of variables technique

I = −Et + R(r) + jx + C, (36)

where E denotes the energy of emitted particles and C represents the complex constant. After inserting Eq.(36) in
the above set of equations, a matrix equation can given as

ℵ(a0, a1, a2)
T = 0, (37)

where

ℵ =

 YR′2P̃2
1 + j2

Z P̃2
2 + m2 YER′ P̃0P̃1

EjP̃0 P̃2
Z

−ER′ P̃0 P̃1
X

−E2 P̃2
0

X +
j2 P̃2

2
Z + m2 −jR′ P̃1 P̃2

Z
−EjP̃0 P̃2

X −YjR′ P̃1P̃2
−E2 P̃2

0
X + YR′2P̃2

1 + m2

 , (38)

where R′ = ∂rR. When we set detℵ = 0, from Eq.(38) then we obtain a non-trivial solution in the form

∂rR± = ±

√
−m2

X(r)
+

E2

X(r)2 −
j2

X(r)Z(r)

(
1 +

F1

F2
β

)
, (39)
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where

F1 = −3m4X(r)Z(r) + 6E2m2Z(r)− 6m2 j2X(r)− 6j4X(r)
Z(r)

+ 6E2 j2

− 7X(r)j2

Z(r)
− 3X(r)j2

2m2Z(r)2 +
3X(r)j2

2m2Z(r)2 ,

F2 = −m2X(r)Z(r) + E2Z(r)− j2X(r).

After integrating the Eq.(39), we calculate the imaginary part of the radial action in the following form

ImR± = ±ιπ
E

X′(r)
(1 + βχ), (40)

where χ > 0 and can be given as

χ = 6m2 +
6j2

r2
+

.

Here, R+/R− stands for radial functions for the outgoing/incoming particles, respectively. The tunneling rate for
spin-1 particles at event horizon can be derived as

ΓP =
P [emission]
P [absorption]

' exp
[
−4

h̄
(ImR+)

]
, (41)

ΓP = exp
[
− 4πE

h̄X′(r+)
(1 + βχ)

]
= exp

[
−8πl2E

h̄ρ2r+
(1 + βχ)

]
. (42)

The corresponding effective Hawking temperature can be calculated as follows

T′h =
ρ2r+

8πl2(1 + βχ)
= Th(1− βχ), (43)

where

Th =
ρ2r+
8πl2 ,

this is the original Hawking temperature of the given BH. Equation (43) represents the effective Hawking tempera-
ture under quantum gravity effects.

In case of quantum corrections we can observe the stopping of BH evaporation. Quantum corrections decelerates
the increase in Hawking temperature during the radiation phenomenon. During the evaporation process, we can
achieve a balance state, where the evaporation stops and remnants are left. When (β = 0), we can get the original
Hawking temperature Th for given BH surrounded by the quintessence. For different values of quintessence, we
can obtain the corrected Hawking temperature as follows:

when ωq = −1/3

T′h =

[
2r+
9πl2 (1− βχ)

]
, (44)

when ωq = −1/2

T′h =
[ r+

18πl2 (1− βχ)
]

, (45)

when ωq = −2/3

T′h =
[ r+

8πl2 (1− βχ)
]

. (46)
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V. QUANTUM GRAVITY EFFECTS FOR CHARGED BTZ-LIKE MAGNETIC BLACK HOLE

The line element for (2 + 1) dimensional BTZ-like BH with magnetic charge qm can be defined as [9]

ds2 = − r2

l2 dt2 +
1

G(r)
dr2 + l2G(r)τ2dϕ2, (47)

where G(r) is the metric function, l denotes the radius curvature with negative cosmological constant Λ = − 1
l2 , r

represents the radial coordinate and

G(r) =
r2

l2 −
[

M̃ + 8q2
ml2τ2 ln

( r
l

)]
, (48)

where M̃ shows the mass of the BH and τ is the arbitrary parameter. The Eq.(47) can be rewritten in the following
form

ds2 = X̃(r)dt2 + Ỹ(r)dr2 + Z̃(r)dϕ2, (49)

where the metric functions X̃(r), Ỹ(r) and Z̃(r) can be given as

X̃(r) = − r2

l2 , Ỹ(r) =
1

G(r)
, Z̃(r) = l2G(r)τ2. (50)

The gauge potential of BH is given as follows

Aµ = −2qml2τ2k(r)δϕ
µ , (51)

here Aϕ is the only non-zero component due to magnetic field and k(r) represents the arbitrary function of r.
In order to investigate the corrected tunneling rate and Hawking temperature for BTZ-like charged magnetic BH,

we consider the following modified wave equation for massive bosons as

∂u(
√
−g̃Ψvu) +

√
−g̃

m2

h̄2 Ψv +
√
−g̃

ι

h̄
eAuΨvu +

√
−g̃

ι

h̄
eF̃vuΨu + h̄2β∂0∂0∂0

(
√
−g̃g00Ψ0v)− h̄2β∂i∂i∂i(

√
−g̃giiΨiv) = 0, (52)

The anti-symmetric tensor for charged particles can be defined as

Ψvu = (1− h̄2β∂2
v)∂vΨu − (1− h̄2β∂2

u)∂uΨv + (1− h̄2β∂2
v)

ι

h̄
eAvΨu

− (1− h̄2β∂2
u)

ι

h̄
eAuΨv, and (53)

F̃uv = ∇u Av −∇v Au, where ∇̃0 = (1 + h̄2βg00∇2
0)∇0, ∇̃i = (1− h̄2βgii∇2

i )∇i,

By using metric (49) into Eq. (52) and following the same procedure of Sec. IV, we obtained the modified tunneling
rate for BTZ-like magnetic BH as

ΓP = exp

[
−2π

l2(E− jΩh − eAϕ)

r2
+ − 4q2

mτ2l4
(1 + βχ)

]
, (for h̄ = 1). (54)

The modified tunneling probability of vector particles depends upon the energy E, charged potential of BH Aϕ,
magnetic charge qm, particle’s charge e, curvature radius `, correction parameter β, angular momentum j and angular
velocity Ωh.

After utilizing Boltzmann factor ΓP = exp
[
(E− jΩh − eAϕ)/Th

]
, the corresponding effective temperature for

given BH can be calculated as follows

T′h =
r2
+ − 4q2

mτ2l4

2πl2r+(1 + βχ)
= Th(1− βχ). (55)

where

Th =
r2
+ − 4q2

mτ2l4

2πl2r+
, (56)

Th is the original Hawking temperature of BTZ-like magnetic BH. If we consider β = 0, then the modified tem-
perature T′h convert into original Hawking temperature Th of BTZ-like magnetic BH [9]. The effective Hawking
temperature depends upon magnetic charge qm of BH, the curvature radius and correction parameter β.
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VI. QUANTUM CORRECTIONS OF SPIN-0 PARTICLES FOR QUINTESSENTIAL BH

This section is devoted to study the quantum gravity effects on the tunneling of massive scalar particles from a
BH with quintessential field.

We investigate the tunneling process of spin-0 particles for given BH and calculate the modified tunneling proba-
bility and corresponding corrected Hawking temperature. For this purpose, we consider the modified Klein-Gordan
equation with scalar field φ as [63]

− (ih̄)2∂t∂
tφ = [m2 + (−ih̄)2∂i∂

i][1− 2β(m2 + (−ih̄)2∂i∂
i)]φ, (57)

The generalized Klein-Gordan equation in the background of quintessential BH metric (4), obtain the form

h̄2

X(r)
∂2φ

∂t2 −
h̄2

Z(r)
∂2φ

∂x2 − 2h̄4βY(r)
∂2φ

∂r2

[
−Y(r)

∂2φ

∂r2

]
− 2

h̄4β

Z(r)
∂2φ

∂x2

[
− 1

Z(r)
∂2φ

∂x2

]
−h̄2Y(r)

∂2φ

∂r2 + m2(1− 2βm2)φ = 0. (58)

The wave function for spin-0 particles can be defined as follows

φ(t, r, x) =
[

i
h̄

I(t, r, x)
]

, (59)

By putting Eq. (59) into Eq. (58) only for first order term in h̄, we obtain

1
X(r)

(
∂I
∂t

)2
= Y(r)

(
∂I
∂r

)2
+

1
Z(r)

(
∂I
∂x

)2
+ m2 +

β

Z(r)2

(
∂I
∂x

)4

−β

[
m4 − 2Y(r)2

(
∂I
∂r

)4
]

. (60)

In order to solve this equation,we consider the following particle’s action

I(t, r, x) = −Et + jϕ + R(r). (61)

Here, R(r) = R◦(r) + βR1(r) [59], so the radial integral R(r) gets the form

R±(r) =

√√√√E2 − X(r)
(

m2 + j2
Z(r)

)
X(r)

(1 + β=). (62)

After solving the above integral, we obtain the following relation

R±(r) = ±iπ
E

X′(r)
(1 + β=), (63)

where = > 0 can be given as

= =

 X(r)
(

m2 + j4

Z(r)2

)
E2 − X(r)

(
m2 + j2

Z(r)

) − E2 − X(r)
(

m2 + j2

Z(r)

)
X(r)

 , (64)

Here, R+ and R− are the radial functions for the outgoing/incoming particles, respectively. The tunneling probabil-
ity for spin-0 particles at horizon can be given as follows

ΓP =
P [emission]
P [absorption]

' exp
[
−4

h̄
(ImR+)

]
, (65)

ΓP = exp
[
− 4πE

h̄X′(r+)
(1 + β=)

]
= exp

[
−8πl2E

h̄ρ2r+
(1 + β=)

]
. (66)
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The corresponding corrected Hawking temperature for scalar particles can be calculated as follows

T′h =
ρ2r+

8πl2(1 + β=) = Th(1− β=), (67)

where

Th =
ρ2r+
8πl2 ,

this is the original Hawking temperature of the given BH. Equation (67) represents the effective Hawking tempera-
ture under quantum gravity effects.

VII. QUANTUM CORRECTIONS FOR BTZ-LIKE MAGNETIC BH

In this section, we calculate the modified tunneling rate and corresponding effective Hawking temperature for
BTZ-like BH in the presence of magnetic field. For this purpose, we follow the same procedure of previous Section
VII and derive the modified tunneling probability for the given BH in the following form

ΓP = exp

[
−2π

l2E
r2
+ − 4q2

mτ2l4
(1 + β=)

]
. (68)

The corresponding corrected Hawking temperature at BH horizon for spin-0 particles can be deduced in the form

T′h =
r2
+ − 4q2

mτ2l4

2πl2r+(1 + β=) = Th(1− β=). (69)

where Th =
r2
+−4q2

mτ2l4

2πl2r+
shows the standard Hawking temperature for BTZ-like magnetic BH. When we neglect

quantum gravity effect i.e., (β = 0), then the corrected temperature reduced into standard Hawking temperature of
BTZ-like BH.

VIII. CONCLUSION

In this paper, we have investigated the Hawking radiation process via quantum tunneling phenomenon for vector
particles from (2 + 1)-dimensional BH with quintessence. In this regard, we have considered the Hamilton-Jacobi
technique and WKB method to the field equation of massive vector particles. We have calculated the required
tunneling rate of emitted particles and their corresponding Hawking temperature, Th. Moreover, we have studied
the quantum gravity effect on the tunneled spin-1 (vector) and spin-0 (scalar) particles from (2+ 1)-dimensional BHs
in the background of quintessential and magnetic fields. Firstly, we consider the modified Proca and Klein-Gordon
equations that describe the motion of spin-1 and spin-0 particles, respectively. Then, by utilizing the Hamilton-Jacobi
method, the tunneling probabilities and effective Hawking temperatures T′h for both type of particles from the given
BHs are calculated. We note that the Hawking temperature and corrected Hawking temperature not only based on
the BHs properties but also depends on the radiated particles energy, mass, and angular momentum.

It is worth mentioning that when self-gravitational interactions are taken into account, corrected temperatures
obtained in Eqs.(43) and (67) for quintessential BH and in Eqs.(55) & (69) for BTZ-like magnetic BH looks identical for
spin-1 and spin-0 particles. But the relation to angular momentum and mass are not entirely identical in these results.
These temperatures also looked preserved over charge and energy. When we neglect the quantum gravity effects
(β = 0), then the modified Hawking temperature of quintessential BH reduced into standard Hawking temperature
of Eq. (24). Similarly, the corrected Hawking temperature of BTZ-like magnetic BH reduced into standard Hawking
temperature of ref. [9].

It is important to mention here that the quantum corrections slow-down the increase in Hawking temperature
during evaporation process. At the point when the mass of BH approaches to its minimum value, it stops radiating
and BH remnant are left.
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