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1. Introduction and Preliminaries

Recently, there have been so many studies of the sequences of numbers in the literature. On the other 

hand, the matrix sequences have taken so much interest for different type of numbers. For matrix sequences 

of generalized Horadam type numbers, see for example [2], [3], [5], [15], [16], [17], [18], [23], and for matrix 

sequences of generalized Tribonacci type numbers, see for instance [1], [12], [13], [19], [20].

In this paper, the matrix sequences of Tetranacci and Tetranacci-Lucas numbers will be de

ned for the 

rst time in the literature. Then, by giving the generating functions, the Binet formulas, and summation 

formulas over these new matrix sequences, we will obtain some fundamental properties on Tetranacci and 

Tetranacci-Lucas numbers. Also, we will present the relationship between these matrix sequences.

First, we give some background about Tetranacci and Tetranacci-Lucas numbers.

Tetranacci sequence {Mn}n≥0 (sequence A000078 in [11]) and Tetranacci-Lucas sequence {Rn}n≥0 (se-

quence A073817 in [11]) are defined by the fourth-order recurrence relations

(1.1) Mn =Mn−1 +Mn−2 +Mn−3 +Mn−4, M0 = 0,M1 = 1,M2 = 1,M3 = 2

and

(1.2) Rn = Rn−1 +Rn−2 +Rn−3 +Rn−4, R0 = 4, R1 = 1, R2 = 3, R3 = 7
1
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respectively. The sequences {Mn}n≥0 and {Rn}n≥0 can be extended to negative subscripts by defining

M−n = −M−(n−1) −M−(n−2) −M−(n−3) +M−(n−4)

and

R−n = −R−(n−1) −R−(n−2) −R−(n−3) −R−(n−4)

for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.1) and (1.2) hold for all integer n.This sequence has

been studied by many authors and more detail can be found in the extensive literature dedicated to these

sequences, see for example [6], [8], [9], [10], [14], [21], [22].

Next, we present the first few values of the Tetranacci and Tetranacci-Lucas numbers with positive and

negative subscripts in the following Table 1:

Table 1. A few Tetranacci and Tetranacci-Lucas Numbers
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 ...

Mn 0 1 1 2 4 8 15 29 56 108 208 401 773 1490 ...

M−n 0 0 0 1 −1 0 0 2 −3 1 0 4 −8 5 ...

Rn 4 1 3 7 15 26 51 99 191 367 708 1365 2631 5071 ...

R−n 4 −1 −1 −1 7 −6 −1 −1 15 −19 4 −1 31 −53 ...

We can give some relations between {Mn} and {Rn} as

(1.3) Rn = −Mn+3 + 6Mn+1 −Mn

and

(1.4) Rn = −Mn+2 + 5Mn+1 − 2Mn −Mn−1

and also

(1.5) Rn = 4Mn+1 − 3Mn − 2Mn−1 −Mn−2

and

(1.6) Rn =Mn + 2Mn−1 + 3Mn−2 + 4Mn−3

Moreover, we have

(1.7) 563Mn = 86Rn+3 − 61Rn+2 − 71Rn+1 − 87Rn

and

(1.8) 563Mn = 25Rn+2 + 15Rn+1 −Rn + 86Rn−1

and also

(1.9) 563Mn = 40Rn+1 + 24Rn + 111Rn−1 + 25Rn−2

Note that the last seven identities hold for all integers n.
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It is well known that for all integers n, usual Tetranaci and Tetranacci-Lucas numbers can be expressed

using Binet’s formulas

(1.10)

Mn =
αn+2

(α− β)(α− γ)(α− δ) +
βn+2

(β − α)(β − γ)(β − δ) +
γn+2

(γ − α)(γ − β)(γ − δ) +
δn+2

(δ − α)(δ − β)(δ − γ)

(see for example [6] or [24])

or

(1.11) Mn =
α− 1
5α− 8α

n−1 +
β − 1
5β − 8β

n−1 +
γ − 1
5γ − 8γ

n−1 +
δ − 1
5δ − 8δ

n−1

(see for example [4])

and

(1.12) Rn = αn + βn + γn + δn

respectively, where α, β, γ and δ are the roots of the equation x4 − x3 − x2 − x− 1 = 0. Moreover,

α =
1

4
+
1

2
ω +

1

2

√
11

4
− ω2 + 13

4
ω−1,

β =
1

4
+
1

2
ω − 1

2

√
11

4
− ω2 + 13

4
ω−1,

γ =
1

4
− 1
2
ω +

1

2

√
11

4
− ω2 − 13

4
ω−1,

δ =
1

4
− 1
2
ω − 1

2

√
11

4
− ω2 − 13

4
ω−1,

where

ω =

√√√√11

12
+

(
−65
54

+

√
563

108

)1/3
+

(
−65
54
−
√
563

108

)1/3
.

Note that we have the following identities:

α+ β + γ + δ = 1,(1.13)

αβ + αγ + αδ + βγ + βδ + γδ = −1,(1.14)

αβγ + αβδ + αγδ + βγδ = 1,(1.15)

αβγδ = −1.(1.16)

The generating functions for the Tetranacci sequence {Mn}n≥0 and Tetranacci-Lucas sequence {Rn}n≥0
are

(1.17)
∞∑
n=0

Mnx
n =

x

1− x− x2 − x3 − x4 and
∞∑
n=0

Rnx
n =

4− 3x− 2x2 − x3
1− x− x2 − x3 − x4 .

Note that the Binet form of a sequence satisfying (1.1) and (1.2) for non-negative integers is valid for all

integers n. This result of Howard and Saidak [7] is even true in the case of higher-order recurrence relations

as the following theorem shows.
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Theorem 1.1. [7]Let {wn} be a sequence such that

{wn} = a1wn−1 + a2wn−2 + ...+ akwn−k

for all integers n, with arbitrary initial conditions w0, w1, ..., wk−1. Assume that each ai and the initial

conditions are complex numbers. Write

f(x) = xk − a1xk−1 − a2xk−2 − ...− ak−1x− ak(1.18)

= (x− α1)d1(x− α2)d2 ...(x− αh)dh

with d1 + d2 + ...+ dh = k, and α1, α2, ..., αk distinct. Then

(a): For all n,

(1.19) wn =

k∑
m=1

N(n,m)(αm)
n

where

N(n,m) = A
(m)
1 +A

(m)
2 n+ ...+A(m)rm nrm−1 =

rm−1∑
u=0

A
(m)
u+1n

u

with each A(m)i a constant determined by the initial conditions for {wn}. Here, equation (1.19) is

called the Binet form (or Binet formula) for {wn}. We assume that f(0) 6= 0 so that {wn} can be

extended to negative integers n.

If the zeros of (1.18) are distinct, as they are in our examples, then

wn = A1(α1)
n +A2(α2)

n + ...+Ak(αk)
n.

(b): The Binet form for {wn} is valid for all integers n.

2. The Matrix Sequences of Tetranacci and Tetranacci-Lucas Numbers

In this section we define Tetranacci and Tetranacci-Lucas matrix sequences and investgate their prop-

erties.

Definition 2.1. For any integer n ≥ 0, the Tetranacci matrix (Tn) and Tetranacci-Lucas matrix (Rn)

are defined by

Mn = Mn−1 +Mn−2 +Mn−3 +Mn−4,(2.1)

Rn = Rn−1 +Rn−2 +Rn−3 +Rn−4,(2.2)

respectively, with initial conditions

M0 =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 ,M1 =


1 1 1 1

1 0 0 0

0 1 0 0

0 0 1 0

 ,M2 =


2 2 2 1

1 1 1 1

1 0 0 0

0 1 0 0

 ,M3 =


4 4 3 2

2 2 2 1

1 1 1 1

1 0 0 0



Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 July 2019                   doi:10.20944/preprints201907.0205.v1

https://doi.org/10.20944/preprints201907.0205.v1


MATRIX SEQUENCES OF TETRANACCI AND TETRANACCI-LUCAS NUMBERS 5

and

R0 =


1 2 3 4

4 −3 −2 −1

−1 5 −2 −1

−1 0 6 −1

 ,R1 =


3 4 5 1

1 2 3 4

4 −3 −2 −1

−1 5 −2 −1

 ,

R2 =


7 8 4 3

3 4 5 1

1 2 3 4

4 −3 −2 −1

 ,R3 =


15 11 10 7

7 8 4 3

3 4 5 1

1 2 3 4

 .

The sequences {Mn}n≥0 and {Rn}n≥0 can be extended to negative subscripts by defining

M−n = −M−(n−1) −M−(n−2) −M−(n−3) +M−(n−4)

and

R−n = −R−(n−1) −R−(n−2) −R−(n−3) +R−(n−4)

for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.1) and (2.2) hold for all integers n.

The following theorem gives the nth general terms of the Tetranacci and Tetranacci-Lucas matrix se-

quences.

Theorem 2.2. For any integer n ≥ 0, we have the following formulas of the matrix sequences:

Mn =


Mn+1 Mn +Mn−1 +Mn−2 Mn +Mn−1 Mn

Mn Mn−1 +Mn−2 +Mn−3 Mn−1 +Mn−2 Mn−1

Mn−1 Mn−2 +Mn−3 +Mn−4 Mn−2 +Mn−3 Mn−2

Mn−2 Mn−3 +Mn−4 +Mn−5 Mn−3 +Mn−4 Mn−3

(2.3)

Rn =


Rn+1 Rn +Rn−1 +Rn−2 Rn +Rn−1 Rn

Rn Rn−1 +Rn−2 +Rn−3 Rn−1 +Rn−2 Rn−1

Rn−1 Rn−2 +Rn−3 +Rn−4 Rn−2 +Rn−3 Rn−2

Rn−2 Rn−3 +Rn−4 +Rn−5 Rn−3 +Rn−4 Rn−3

 .(2.4)

Proof. We prove (2.3) by strong mathematical induction on n. (2.4) can be proved similarly.

If n = 0 then we have

M0 =


M1 M0 +M−1 +M−2 M0 +M−1 M0

M0 M−1 +M−2 +M−3 M−1 +M−2 M−1

M−1 M−2 +M−3 +M−4 M−2 +M−3 M−2

M−2 M−3 +M−4 +M−5 M−3 +M−4 M−3

 =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


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which is true and

M1 =


M2 M1 +M0 +M−1 M1 +M0 M1

M1 M0 +M−1 +M−2 M0 +M−1 M0

M0 M−1 +M−2 +M−3 M−1 +M−2 M−1

M−1 M−2 +M−3 +M−4 M−2 +M−3 M−2

 =


1 1 1 1

1 0 0 0

0 1 0 0

0 0 1 0


which is true. Assume that the equality holds for n ≤ k. For n = k + 1, using the fourth-order recurrence

relations (1.1), we have

Mk+1 = Mk +Mk−1 +Mk−2 +Mk−3

=


Mk+2 Mk−1 +Mk+1 +Mk Mk+1 +Mk Mk+1

Mk+1 Mk−1 +Mk−2 +Mk Mk−1 +Mk Mk

Mk Mk−1 +Mk−2 +Mk−3 Mk−1 +Mk−2 Mk−1

Mk−1 Mk−2 +Mk−3 +Mk−4 Mk−2 +Mk−3 Mk−2


Thus, by strong induction on n, this proves (2.3).

We now give the Binet formulas for the Tetranacci and Tetranacci-Lucas matrix sequences.

Theorem 2.3. For every integer n, the Binet formulas of the Tetranacci and Tetranacci-Lucas matrix

sequences are given by

Mn = A1α
n +B1β

n + C1γ
n +D1δ

n,(2.5)

Rn = A2α
n +B2β

n + C2γ
n +D2δ

n.(2.6)

where

A1 =
M0 + α

−1(α+ 1)M1 + α(α− 1)M2 + αM3

α (α− β) (α− γ) (α− δ) , B1 =
M0 + β

−1(β + 1)M1 + β(β − 1)M2 + βM3

β (α− β) (α− γ) (α− δ) ,

C1 =
M0 + γ

−1(γ + 1)M1 + γ(γ − 1)M2 + γM3

γ (α− β) (α− γ) (α− δ) , D1 =
M0 + δ

−1(δ + 1)M1 + δ(δ − 1)M2 + δM3

δ (α− β) (α− γ) (α− δ)

A2 =
R0 + α−1(α+ 1)R1 + α(α− 1)R2 + αR3

α (α− β) (α− γ) (α− δ) , B2 =
R0 + β−1(β + 1)R1 + β(β − 1)R2 + βR3

β (α− β) (α− γ) (α− δ) ,

C2 =
R0 + γ−1(γ + 1)R1 + γ(γ − 1)R2 + γR3

γ (α− β) (α− γ) (α− δ) , D2 =
R0 + δ−1(δ + 1)R1 + δ(δ − 1)R2 + δR3

δ (α− β) (α− γ) (α− δ) .

Proof. We prove the theorem only for n ≥ 0 because of Theorem 1.1. We prove (2.5). By the assumption,

the characteristic equation of (2.1) is x4 − x3 − x2 − x − 1 = 0 and the roots of it are α, β, γ and δ. So it’s

general solution is given by

Mn = A1α
n +B1β

n + C1γ
n +D1δ

n.

Using initial condition which is given in Definition 2.1, and also applying lineer algebra operations, we obtain

the matrices A1, B1, C1, D1 as desired. This gives the formula forMn.

Similarly we have the formula (2.6).
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The well known Binet formulas for Tetranacci and Tetranacci-Lucas numbers are given in (1.10) and

(1.12) respectively. But, we will obtain these functions in terms of Tetranacci and Tetranacci-Lucas matrix

sequences as a consequence of Theorems 2.2 and 2.3. To do this, we will give the formulas for these numbers

by means of the related matrix sequences. In fact, in the proof of next corollary, we will just compare the

linear combination of the 2nd row and 1st column entries of the matrices.

Corollary 2.4. For every integers n, the Binet’s formulas for Tetranacci and Tetranacci-Lucas numbers

are given as

Mn =
αn+2

(α− β)(α− γ)(α− δ) +
βn+2

(β − α)(β − γ)(β − δ) +
γn+2

(γ − α)(γ − β)(γ − δ) +
δn+2

(δ − α)(δ − β)(δ − γ) ,

Rn = αn + βn + γn + δn.

Proof. From Theorem 2.3, we have

Mn = A1α
n +B1β

n + C1γ
n +D1δ

n

=
M0 + α

−1(α+ 1)M1 + α(α− 1)M2 + αM3

α (α− β) (α− γ) (α− δ) αn +
M0 + β

−1(β + 1)M1 + β(β − 1)M2 + βM3

β(β − α)(β − γ)(β − δ) βn

+
M0 + γ

−1(γ + 1)M1 + γ(γ − 1)M2 + γM3

γ(γ − α)(γ − β)(γ − δ) γn +
M0 + δ

−1(δ + 1)M1 + δ(δ − 1)M2 + δM3

δ(δ − α)(δ − β)(δ − γ) δn

By Theorem 2.2, we know that

Mn =


Mn+1 Mn +Mn−1 +Mn−2 Mn +Mn−1 Mn

Mn Mn−1 +Mn−2 +Mn−3 Mn−1 +Mn−2 Mn−1

Mn−1 Mn−2 +Mn−3 +Mn−4 Mn−2 +Mn−3 Mn−2

Mn−2 Mn−3 +Mn−4 +Mn−5 Mn−3 +Mn−4 Mn−3

 .

Now, if we compare the 2nd row and 1st column entries with the matrices in the above two equations, then

we obtain

Mn =
(2α+ 1

α (α+ 1) + α (α− 1))
(α− β) (α− γ) (α− δ) αn−1 +

(2β + 1
β (β + 1) + β (β − 1))

(β − α)(β − γ)(β − δ) βn−1

+
(2γ + 1

γ (γ + 1) + γ (γ − 1))
(γ − α)(γ − β)(γ − δ) γn−1 +

(2δ + 1
δ (δ + 1) + δ (δ − 1))

(δ − α)(δ − β)(δ − γ) δn−1

=
αn+2

(α− β)(α− γ)(α− δ) +
βn+2

(β − α)(β − γ)(β − δ)

+
γn+2

(γ − α)(γ − β)(γ − δ) +
δn+2

(δ − α)(δ − β)(δ − γ) .

From Therem 2.3, we obtain

Rn = A2α
n +B2β

n + C2γ
n ++D2δ

n

=
R0 + α−1(α+ 1)R1 + α(α− 1)R2 + αR3

α (α− β) (α− γ) (α− δ) αn +
R0 + β−1(β + 1)R1 + β(β − 1)R2 + βR3

β (α− β) (α− γ) (α− δ) βn

+
R0 + γ−1(γ + 1)R1 + γ(γ − 1)R2 + γR3

γ (α− β) (α− γ) (α− δ) γn +
R0 + δ−1(δ + 1)R1 + δ(δ − 1)R2 + δR3

δ (α− β) (α− γ) (α− δ) δn
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By Theorem 2.2, we know that

Rn =


Rn+1 Rn +Rn−1 +Rn−2 Rn +Rn−1 Rn

Rn Rn−1 +Rn−2 +Rn−3 Rn−1 +Rn−2 Rn−1

Rn−1 Rn−2 +Rn−3 +Rn−4 Rn−2 +Rn−3 Rn−2

Rn−2 Rn−3 +Rn−4 +Rn−5 Rn−3 +Rn−4 Rn−3

 .

Now, if we compare the 2nd row and 1st column entries with the matrices in the above last two equations,

then we obtain

Kn =
(7α+ 1

α (α+ 1) + 3α (α− 1) + 4)
α (α− β) (α− γ) (α− δ) αn +

(7β + 1
β (β + 1) + 3β (β − 1) + 4)

β (β − β) (β − γ) (β − δ) βn

+
(7γ + 1

γ (γ + 1) + 3γ (γ − 1) + 4)
γ (γ − β) (γ − γ) (γ − δ) γn +

(7δ + 1
δ (δ + 1) + 3δ (δ − 1) + 4)

δ (δ − β) (δ − γ) (δ − δ) δn.

Using the relations (1.13)-(1.16) and considering α, β, γ and δ are the roots the equation x4−x3−x2−x−1 = 0,

we obtain

(7α+ 1
α (α+ 1) + 3α (α− 1) + 4)

α (α− β) (α− γ) (α− δ) = 1

(7β + 1
β (β + 1) + 3β (β − 1) + 4)

β (β − β) (β − γ) (β − δ) = 1

(7γ + 1
γ (γ + 1) + 3γ (γ − 1) + 4)

γ (γ − β) (γ − γ) (γ − δ) = 1

(7δ + 1
δ (δ + 1) + 3δ (δ − 1) + 4)

δ (δ − β) (δ − γ) (δ − δ) = 1.

So finally we conclude that

Kn = αn + βn + γn

as required.

Now, we present summation formulas for Tetranacci and Tetranacci-Lucas matrix sequences.

Theorem 2.5. For m ≥ j ≥ 0, we have

(2.7)
n−1∑
i=0

Mmi+j =

−2(Mmn+2m+j +Mmn+m+j −M2m+j −Mm+j) + 2Rm(Mmn+m+j −Mm+j)

+2(−1)m(Mmn−m+j −M−m+j) + (R2m + 2Rm −R2m − 2)(Mmn+j −Mj)

(R2m −R2m − 2Rm + 2 + 2(−1)m(1−R−m))

and

(2.8)
n−1∑
i=0

Rmi+j =

−2(Rmn+2m+j +Rmn+m+j −R2m+j −Rm+j) + 2Rm(Rmn+m+j −Rm+j)

+2(−1)m(Rmn−m+j −R−m+j) + (R2m + 2Rm −R2m − 2)(Rmn+j −Rj)
(R2m −R2m − 2Rm + 2 + 2(−1)m(1−R−m))
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Proof. Note that

n−1∑
i=0

Mmi+j =

n−1∑
i=0

(A1α
mi+j +B1β

mi+j + C1γ
mi+j +D1δ

mi+j)

= A1α
j(
αmn − 1
αm − 1 ) +B1β

j(
βmn − 1
βm − 1 ) + C1γ

j(
γmn − 1
γm − 1 ) +D1δ

j(
δmn − 1
δm − 1 )

and
n−1∑
i=0

Kmi+j =

n−1∑
i=0

(A2α
mi+j +B2β

mi+j + C2γ
mi+j +D2δ

mi+j)

= A2α
j(
αmn − 1
αm − 1 ) +B2β

j(
βmn − 1
βm − 1 ) + C21γ

j(
γmn − 1
γm − 1 ) +D2δ

j(
δmn − 1
δm − 1 )

Simplifying the last equalities in the last two expression imply (2.7) and (2.8) as required.

As in Corollary 2.4, in the proof of next Corollary, we just compare the linear combination of the 2nd

row and 1st column entries of the relevant matrices.

Corollary 2.6. For m ≥ j ≥ 0, we have

(2.9)
n−1∑
i=0

Mmi+j =

−2(Mmn+2m+j +Mmn+m+j −M2m+j −Mm+j) + 2Rm(Mmn+m+j −Mm+j)

+2(−1)m(Mmn−m+j −M−m+j) + (R2m + 2Rm −R2m − 2)(Mmn+j −Mj)

(R2m −R2m − 2Rm + 2 + 2(−1)m(1−R−m))

and

(2.10)
n−1∑
i=0

Rmi+j =

−2(Rmn+2m+j +Rmn+m+j −R2m+j −Rm+j) + 2Rm(Rmn+m+j −Rm+j)

+2(−1)m(Rmn−m+j −R−m+j) + (R2m + 2Rm −R2m − 2)(Rmn+j −Rj)
(R2m −R2m − 2Rm + 2 + 2(−1)m(1−R−m))

Note that using the above Corollary we obtain the following well known formulas (see, for example, [22])

(taking m = 1, j = 0):

n−1∑
i=0

Mi =
Mn+2 −Mn +Mn−1 − 1

3
and

n−1∑
i=0

Ri =
Rn+2 −Rn +Rn−1 + 2

3
.

We can write last two formulas as
n∑
i=0

Mi =
Mn+2 + 2Mn +Mn−1 − 1

3
and

n∑
i=0

Ri =
Rn+2 + 2Rn +Rn−1 + 2

3
.

We now give generating functions ofM and R.

Theorem 2.7. The generating function for the Tetranacci and Tetranacci-Lucas matrix sequences are

given as

∞∑
n=0

Mnx
n =


1 x3 + x2 + x x2 + x x

x 1− x x3 + x2 x2

x2 x− x2 −x2 − x+ 1 x3

x3 x2 − x3 −x3 − x2 + x −x3 − x2 − x+ 1


1− x− x2 − x3 − x4
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and

∞∑
n=0

Rnxn =


4x3 + 3x2 + 2x+ 1 −3x3 + 2x2 + 2x+ 2 −2x3 − 4x2 + 2x+ 3 −x3 − 2x2 − 3x+ 4

−x3 − 2x2 − 3x+ 4 5x3 + 5x2 + 5x− 3 −2x3 + 4x2 + 5x− 2 −x3 − 2x2 + 5x− 1

−x3 − 2x2 + 5x− 1 5− 8x 6x3 + 7x2 − 2 −x3 + 6x2 − 1

−x3 + 6x2 − 1 5x− 8x2 x3 − 6x2 − 8x+ 6 7x3 + x2 − 1


1− x− x2 − x3 − x4

respectively.

Proof. We prove the Tetranacci case. Suppose that g(x) =
∑∞
n=0Mnx

n is the generating function for

the sequence {Mn}n≥0. Then, using Definition 2.1, and substracting xf(x), x2f(x), x3f(x) and x4f(x) from

f(x) we obtain (note the shift in the index n in the third line)

(1− x− x2 − x3 − x4)g(x)

=

∞∑
n=0

Mnx
n − x

∞∑
n=0

Mnx
n − x2

∞∑
n=0

Mnx
n − x3

∞∑
n=0

Mnx
n − x4

∞∑
n=0

Mnx
n

=

∞∑
n=0

Mnx
n −

∞∑
n=0

Mnx
n+1 −

∞∑
n=0

Mnx
n+2 −

∞∑
n=0

Mnx
n+3 −

∞∑
n=0

Mnx
n+4

=

∞∑
n=0

Mnx
n −

∞∑
n=1

Mn−1x
n −

∞∑
n=2

Mn−2x
n −

∞∑
n=3

Mn−3x
n −

∞∑
n=4

Mn−4x
n

= (M0 +M1x+M2x
2 +M3x

3)− (M0x+M1x
2 +M2x

3)− (M0x
2 +M1x

3)−M0x
3

+

∞∑
n=4

(Mn −Mn−1 −Mn−2 −Mn−3 −Mn−4)x
n

= M0 + (M1 −M0)x+ (M2 −M1 −M0)x
2 + (M3 −M2 −M1 −M0)x

3

Rearranging above equation, we get

g(x) =
M0 + (M1 −M0)x+ (M2 −M1 −M0)x

2 + (M3 −M2 −M1 −M0)x
3

1− x− x2 − x3 − x4 .

This completes the proof.

Tetranacci-Lucas case can be proved similarly.

The well known generating functions for Tetranacci and Tetranacci-Lucas numbers are as in (1.17).

However, we will obtain these functions in terms of Tetranacci and Tetranacci-Lucas matrix sequences as a

consequence of Theorem 2.7. To do this, we will again compare the the 2nd row and 1st column entries with

the matrices in Theorem 2.7. Thus we have the following corollary.

Corollary 2.8. The generating functions for the Tetranacci sequence {Mn}n≥0 and Tetranacci-Lucas

sequence {Rn}n≥0 are given as

(2.11)
∞∑
n=0

Mnx
n =

x

1− x− x2 − x3 − x4 and
∞∑
n=0

Rnx
n =

4− 3x− 2x2 − x3
1− x− x2 − x3 − x4 .
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respectively.

3. Relation Between Tetranacci and Tetranacci-Lucas Matrix Sequences

The following theorem shows that there always exist interrelation between Tetranacci and Tetranacci-

Lucas matrix sequences.

Theorem 3.1. For the matrix sequences {Mn} and {Rn}, we have the following identities.

(a): Rn = −Mn+3 + 6Mn+1 −Mn,

(b): Rn = −Mn+2 + 5Mn+1 − 2Mn −Mn−1,

(c): Rn = 4Mn+1 − 3Mn − 2Mn−1 −Mn−2,

(d): Rn =Mn + 2Mn−1 + 3Mn−2 + 4Mn−3

(e): 563Mn = 86Rn+3 − 61Rn+2 − 71Rn+1 − 87Rn,

(f): 563Mn = 25Rn+2 + 15Rn+1 −Rn + 86Rn−1,

(g): 563Mn = 40Rn+1 + 24Rn + 111Rn−1 + 25Rn−2.

Proof. From (1.3), (1.4), (1.5) and (1.6), (a), (b), (c) and (d) follow. From (1.7), (1.8) and (1.9), (e), (f)

and (g) follow.

Lemma 3.2. For all non-negative integers m and n, we have the following identities.

(a): R0Mn =MnR0 = Rn,

(b): M0Rn = RnM0 = Rn.

Proof. Identities can be established easily. Note that to show (a) we need to use all the relations (1.3),

(1.4), (1.5) and (1.6).

In the next Corollary, we obtain (1.9) using Lemma 3.2 and then (b) follows from (a).

Corollary 3.3. We have the following identities.

(a): Mn =
1
563 (40Rn+1 + 24Rn + 111Rn−1 + 25Rn−2),

(b): Mn =
1
563 (40Rn+1 + 24Rn + 111Rn−1 + 25Rn−2).

Proof. From Lemma 3.2 (a), we know that R0Mn = MnR0. To show (a), use Theorem 2.2 for the

matrixMn and calculate the matrix operation R−10 Rn and then compare the 2nd row and 1st column entries

with the matricesMn and R−10 Rn. Now (b) follows from (a).

To prove the following Theorem we need the next Lemma.

Lemma 3.4. Let A1, B1, C1, D1;A2, B2, C2, D2 as in Theorem 2.3. Then the following relations hold:

A21 = A1, B
2
1 = B1, C

2
1 = C1, D

2
1 = D1,

A1B1 = B1A1 = A1C1 = C1A1 = A1D1 = D1A1 = C1B1 = B1C1 = D1B1 = B1D1 = C1D1 = D1C1 = (0) ,

A2B2 = B2A2 = A2C2 = C2A2 = A2D2 = D2A2 = C2B2 = B2C2 = D2B2 = B2D2 = C2D2 = D2C2 = (0) .

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 July 2019                   doi:10.20944/preprints201907.0205.v1

https://doi.org/10.20944/preprints201907.0205.v1


12 YÜKSEL SOYKAN

Proof. Using the relations (1.13)-(1.16), required equalities can be established by matrix calculations.

Theorem 3.5. For all non-negative integers m and n, we have the following identities.

(a): MmMn =Mm+n =MnMm,

(b): MmRn = RnMm = Rm+n,

(c): RmRn = RnRm =Mm+n+6 − 12Mm+n+4 + 2Mm+n+3 + 36Mm+n+2 − 12Mm+n+1 +Mm+n,

(d): RmRn = RnRm =Mm+n+4−10Mm+n+3+29Mm+n+2−18Mm+n+1−6Mm+n+4Mm+n−1+

Mm+n−2,

(e): RmRn = RnRm = 16Mm+n+2−24Mm+n+1−7Mm+n+4Mm+n−1+10Mm+n−2+4Mm+n−3+

Mm+n−4

(f): RmRn = RnRm =Mm+n+4Mm+n−1+10Mm+n−2+20Mm+n−3+25Mm+n−4+24Mm+n−5+

16Mm+n−6.

Proof.

(a): Using Lemma 3.4 we obtain

MmMn = (A1α
m +B1β

m + C1γ
m +D1δ

m)(A1α
n +B1β

n + C1γ
n +D1δ

n)

= A21α
m+n +B21β

m+n + C21γ
m+n +D2

1δ
m+n

+A1B1α
mβn +A1C1α

mγn +A1D1α
mδn

+B1A1β
mαn +B1C1β

mγn +B1D1β
mδn

+C1A1γ
mαn + C1B1γ

mβn + C1D1γ
mδn

+D1A1δ
mαn +D1B1δ

mβn +D1C1δ
mγn

= A1α
m+n +B1β

m+n + C1γ
m+n +D1δ

m+n

= Mm+n.

(b): By Lemma 3.2, we have

MmRn =MmMnR0.

Now from (a) and again by Lemma 3.2 we obtainMmRn =Mm+nR0 = Rm+n.

It can be shown similarly that RnMm = Rm+n.
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(c): Using (a) and Theorem 3.1 (a) we obtain

RmRn = (−Mm+3 + 6Mm+1 −Mm)(−Mn+3 + 6Mn+1 −Mn)

= Mm+3Mn+3 − 6Mm+3Mn+1 +Mm+3Mn − 6Mm+1Mn+3

+36Mm+1Mn+1 − 6Mm+1Mn +MmMn+3 − 6MmMn+1 +MmMn

= Mm+n+6 − 6Mm+n+4 +Mm+n+3 − 6Mm+n+4 + 36Mm+n+2 − 6Mm+n+1

+Mm+n+3 − 6Mm+n+1 +Mm+n

= Mm+n+6 − 12Mm+n+4 + 2Mm+n+3 + 36Mm+n+2 − 12Mm+n+1 +Mm+n.

It can be shown similarly that RnRm =Mm+n+6 − 12Mm+n+4 + 2Mm+n+3 + 36Mm+n+2 −

12Mm+n+1 +Mm+n.

The remaining of identities can be proved by considering again (a) and Theorem 3.1.

Comparing matrix entries and using Teorem 2.2 we have next result.

Corollary 3.6. For Tetranacci and Tetranacci-Lucas numbers, we have the following identities:

(a): Mm+n =Mn+1Mm +Mn (Mm−1 +Mm−2 +Mm−3) +Mn−1 (Mm−1 +Mm−2) +Mn−2Mm−1

(b): Rm+n = Rn+1Mm +Rn (Mm−1 +Mm−2 +Mm−3) +Rn−1 (Mm−1 +Mm−2) +Rn−2Mm−1

(c): RmRn+1 + Rn (Rm−1 +Rm−2 +Rm−3) + Rm−1Rn−2 + Rn−1 (Rm−1 +Rm−2) = Mm+n+6 −

12Mm+n+4 + 2Mm+n+3 + 36Mm+n+2 − 12Mm+n+1 +Mm+n

(d): RmRn+1 + Rn (Rm−1 +Rm−2 +Rm−3) + Rm−1Rn−2 + Rn−1 (Rm−1 +Rm−2) = Mm+n+4 −

10Mm+n+3 + 29Mm+n+2 − 18Mm+n+1 − 6Mm+n + 4Mm+n−1 +Mm+n−2

(e): RmRn+1 + Rn (Rm−1 +Rm−2 +Rm−3) + Rm−1Rn−2 + Rn−1 (Rm−1 +Rm−2) = 16Mm+n+2 −

24Mm+n+1 − 7Mm+n + 4Mm+n−1 + 10Mm+n−2 + 4Mm+n−3 +Mm+n−4

(f): RmRn+1+Rn (Rm−1 +Rm−2 +Rm−3)+Rm−1Rn−2+Rn−1 (Rm−1 +Rm−2) =Mm+n+4Mm+n−1+

10Mm+n−2 + 20Mm+n−3 + 25Mm+n−4 + 24Mm+n−5 + 16Mm+n−6.

Proof.
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(a): From Theorem 3.5 we know thatMmMn =Mm+n. Using Theorem 2.2, we can write this result

as


Mm+1 Mm +Mm−1 +Mm−2 Mm +Mm−1 Mm

Mm Mm−1 +Mm−2 +Mm−3 Mm−1 +Mm−2 Mm−1

Mm−1 Mm−2 +Mm−3 +Mm−4 Mm−2 +Mm−3 Mm−2

Mm−2 Mm−3 +Mm−4 +Mm−5 Mm−3 +Mm−4 Mm−3



×


Mn+1 Mn +Mn−1 +Mn−2 Mn +Mn−1 Mn

Mn Mn−1 +Mn−2 +Mn−3 Mn−1 +Mn−2 Mn−1

Mn−1 Mn−2 +Mn−3 +Mn−4 Mn−2 +Mn−3 Mn−2

Mn−2 Mn−3 +Mn−4 +Mn−5 Mn−3 +Mn−4 Mn−3



=


Mm+n+1 Mm+n +Mm+n−1 +Mm+n−2 Mm+n +Mm+n−1 Mm+n

Mm+n Mm+n−1 +Mm+n−2 +Mm+n−3 Mm+n−1 +Mm+n−2 Mm+n−1

Mm+n−1 Mm+n−2 +Mm+n−3 +Mm+n−4 Mm+n−2 +Mm+n−3 Mm+n−2

Mm+n−2 Mm+n−3 +Mm+n−4 +Mm+n−5 Mm+n−3 +Mm+n−4 Mm+n−3

 .

Now, by multiplying the left-side matrices and then by comparing the 2nd rows and 1st columns

entries, we get the required identity in (a).

The remaining of identities can be proved by considering again Theorems 3.5 and 2.2.

The next two theorems provide us the convenience to obtain the powers of Tetranacci and Tetranacci-

Lucas matrix sequences.

Theorem 3.7. For non-negatif integers m,n and r with n ≥ r, the following identities hold:

(a): Mm
n =Mmn,

(b): Mm
n+1 =Mm

1 Mmn,

(c): Mn−rMn+r =M2
n =Mn

2 .

Proof.

(a): We can writeMm
n as

Mm
n =MnMn...Mn (m times).
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Using Theorem 3.5 (a) iteratively, we obtain the required result:

Mm
n = MnMn...Mn︸ ︷︷ ︸

m times

= M2nMnMn...Mn︸ ︷︷ ︸
m−1 times

= M3nMnMn...Mn︸ ︷︷ ︸
m−2 times

...

= M(m−1)nMn

= Mmn.

(b): As a similar approach in (a) we have

Mm
n+1 =Mn+1.Mn+1...Mn+1 =Mm(n+1) =MmMmn =M1Mm−1Mmn.

Using Theorem 3.5 (a), we can write iteratively Mm = M1Mm−1, Mm−1 = M1Mm−2, ...,

M2 =M1M1. Now it follows that

Mm
n+1 =M1M1...M1︸ ︷︷ ︸

m times

Mmn =Mm
1 Mmn.

(c): Theorem 3.5 (a) gives

Mn−rMn+r =M2n =MnMn =M2
n

and also

Mn−rMn+r =M2n =M2M2...M2︸ ︷︷ ︸
n times

=Mn
2 .

We have analogues results for the matrix sequence Rn.

Theorem 3.8. For non-negatif integers m,n and r with n ≥ r, the following identities hold:

(a): Rn−rRn+r = R2n,

(b): Rmn = Rm0 Mmn.

Proof.
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(a): We use Binet’s formula of Tetranacci-Lucas matrix sequence which is given in Theorem 2.3. So

Rn−rRn+r −R2n

= (A2α
n−r +B2β

n−r + C2γ
n−r +D2δ

n−r)(A2α
n+r +B2β

n+r + C2γ
n+r +D2δ

n+r)

−(A2αn +B2βn + C2γn +D2δ
n)2

= D2A2(α
n−rδn+r + αn+rδn−r − 2αnδn) +D2B2(β

n−rδn+r + βn+rδn−r − 2βnδn)

+D2C2(γ
n−rδn+r + γn+rδn−r − 2γnδn) +A2B2(αn−rβn+r + αn+rβn−r − 2αnβn)

+A2C2(α
n−rγn+r + αn+rγn−r − 2αnγn) +B2C2(βn−rγn+r + βn+rγn−r − 2βnγn)

= 0

is true since

D2A2 = D2B2 = D2C2 = A2B2 = A2C2 = B2C2 = (0)

by Lemma 3.4). Now we get the result as required.

(b): By Theorem 3.7, we have

Rm0 Mmn = R0R0...R0︸ ︷︷ ︸
m times

MnMn...Mn︸ ︷︷ ︸
m times

.

When we apply Lemma 3.2 (a) iteratively, it follows that

Rm0 Mmn = (R0Mn)(R0Mn)...(R0Mn)

= RnRn...Rn = Rmn .

This completes the proof.
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