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Abstract5

What proportions should a thermally massive building have? How should the thermal mass be dis-

tributed? Should the "massing" change with the choice of material? This paper shows how to optimize

the physical proportions of a building so that it synchronizes ambient heat exchanges in a natural feed-

back cycle. An internal mass is thermally coupled with buoyancy ventilation; the cycle is driven by

the daily swing of outdoor temperature. Tripling up functions in this way—so that structural materi-

als can reliably cool and power the ventilation for buildings—could help decarbonize the construction

industry and provide an effective strategy for adapting to life-threatening heatwaves. Based on har-

monic analysis, the method allows designers to thermally tune the form and mass of a building to

meet chosen targets for temperature and ventilation in free-running mode. Once the optimal balance

of exchange rates is known, design teams can proportionally vary the building height and ventilation

openings against the surface area and thickness of an internal thermal mass. The possible permutations

are infinite but parametrically constrained, allowing teams to fairly compare the functional and envi-

ronmental credentials of different construction materials while they produce and evaluate preliminary

options for organizing the exterior form and interior spaces of a building. An example study suggests

that thin-shell structures of minimum weight, and even timber buildings, may be optimally tuned to

produce ample ventilation and temperature attenuation.
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Analysis, Thermal optimization, Low carbon7

1. Background8

In the next decade, building design teams may be forced to shrink and simplify the material9

inventories of their design proposals to meet strict limits on greenhouse gas emissions [1–3]. As well10
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as using construction materials in smaller quantities and for longer lifetimes, the emphasis will be11

on finding intelligent ways of organizing, shaping, and upgrading these materials, so that ancillary12

building products and artificial climate control are less needed, and renovation, reuse, and recycling13

are more straightforward in later life-stages [4, 5]. The method outlined in this paper is meant to help14

design teams achieve this kind of material integration—within carbon limits and without sacrificing the15

physical and spatial qualities of the architecture, or overdetermining its possible uses in an uncertain16

future.17

It may be some time before the industry establishes a consensus on how to accurately account18

for the carbon-dioxide emissions associated with construction. Efforts are underway to improve the19

quality of emissions data, make them widely and freely available, and to standardize the accounting and20

reporting procedures [6–8]. However, as one study recently highlighted [9], the discrepancy between21

results from different carbon accounting methods can be significant—larger, even, than the savings22

either method estimates for alternative design schemes. This scale of uncertainty is disabling for23

decision-makers. It seems to propagate in proportion to the number of components: the more complex24

the material assembly, the more difficult it is to get an accurate picture of the potential web of ecological25

upheaval. Reducing the material intensity of buildings could, therefore, result in a double dividend:26

real reductions in carbon-dioxide emissions, and more reliable predictions of these reductions.27

1.1. Social networks28

In the construction industry, the materials supply chain is decentralized, and technical knowledge29

is distributed among independent, competing organizations [10]. At any moment in this complex and30

unpredictable web of social relations (fig. 1), technical expertise is liable to fragment, forcing the31

patchwork resolution of technical concerns. Opportunities for integration across functional systems32

slip by the wayside (fig. 2), increasing the complexity of the materials inventory.33

Engineering models must do their work against the background of this shared context. The results34

of a model can help to establish consensus and steer the activities of other project contributors and35

stakeholders. For this to happen, the knowledge that the model produces must be compatible with the36

knowledge and decisions already established or in the processes of being made. Increasing the fidelity37

of a simulation, for instance, can be a waste of resources if the design parameters suddenly change. In38

contrast, even a very simplified model can positively shape the early evolution of a project, by helping39

to characterize desirable traits and configurations. Agreeing how the building ought to perform helps to40

clarify the basis of technical design and the associated vocabulary, which in turn improves the quality41
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Figure 1: A construction project in its dynamic, social context (adapted from [10]). Firms A, B, and C have different

expertise. They must balance their resources competitively and simultaneously across several projects. Technical knowl-

edge is therefore distributed among loosely coupled communities. It can be organized according to any project but is

liable to fragment if social relations weaken or breakdown.

of correspondences between more detailed studies, and the people doing them, later on.42

In the early stages of design, architects develop a range of volumetric forms to facilitate discussion43

with project contributors and stakeholders. These so-called "massing studies" do not need to be44

geometrically detailed; their purpose is to help build consensus on which issues and ideas to prioritize45

and develop further. Measures for shape compactness [12] and parametric "shoe- box" models [13–17]46

can help design teams establish the proportions and parameters that govern energy efficiency. These47

guidelines and studies may be suitable for generic planning, real estate, or renovation projects, but48

may lose their relevance for cultural landmarks—such as some civic buildings, corporate headquarters,49

or mixed-use developments—where the team must pay special attention to the form and network of50
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Control transfer of air
Control transfer of heat
Control transfer of water; liquid, vapour 
Control transfer of radiation
Provide acoustic separation

Functions
Transmit vertical loads to foundation 
Transmit Horizontal loads
Resist dynamic loading from wind, other
Resist high energy loads from earthquakes
Provide long term service

Delineate interior space
Provide distinct climate zones
Provide acoustically separate zones
Provide finished surfaces 
Provide for health and safely of occupants

Provide heat and cooling to interior spaces
Provide adequate ventilation
Provide artificial and natural light 
Provide humidity control
Provide water and waste removal

Glass 
Aluminium
Silicone, neoprene, epoxies
Insulating fibres and foams
Bitumen, fibreglass

Materials
Steel reinforced concrete
Cast iron and steel alloys
Timber
Brick, clay-based ceramics
Stone

Wood particle boards
Polymer  reinforced plaster
Resins and other polymers
Fabrics, natural fibres
Tiles, terracotta, brick

Galvanized sheet metals
Adhesives and tapes
Polymer electrical insulators
Heat exchange materials 
Copper and PVC piping

Superstructure

Exterior envelope

Interior systems

Building services

Figure 2: The functional systems of a modern building (adapted from [11]). Dividing up functions in this way helps to

organize the expertise and activities of project contributors. But it can also mask opportunities for functional integration,

and wastefully increase the size and scope of the materials inventory.

indoor and outdoor spaces to positively shape the inter-subjective experience of people.51

As the cut-off point for avoiding runaway climate change draws near, project teams will come under52

increasing pressure to incorporate hard limits on material quantities and emissions into their initial,53

malleable designs. In the rush to reconcile these new priorities, some practitioners fear that models of54

energy efficiency—especially those that cloud their workings from project stakeholders—will come to55

dominate decision-making to the detriment of design quality. Will these models substitute or serve the56

imagination [18]? Will models of efficient shoe-boxes become a self-fulfilling prophecy, further compart-57

mentalizing quotidian life and bolstering building practices that are potentially maladaptive [19–21]?58
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1.2. Strategic models59

There are many kinds of thermal models in building design and research, but for this paper, it is60

possible to distinguish between two kinds, defined by when they happen in the design process. The61

first kind is a forecasting model, built to estimate future patterns of energy use and thermal comfort62

in absolute terms. Forecasting models require detailed input information: their prediction quality63

improves as design decisions settle and finalize. The second kind is a strategic model, which helps64

the team to produce and compare design options, and to improve decision-making in the preliminary65

stages. To be successful, a strategic model must establish what constitutes a well-performing design66

and show what the requisite balance of technical parameters are—but without predetermining the67

final design configuration. Strategic models are most effective when they are stripped down to their68

essential relations so that the causal workings are transparent to all members of the project team and69

everyone can agree that the model is a suitable proxy for reality.70

Experienced analysts may use a strategic model to frame the parameters of debate. For instance,71

they may treat the model as an opportunity to inform project stakeholders on recent research in72

adaptive comfort [22–36], advocating for natural ventilation principles to be incorporated into the73

schematic design. In such a case, the analyst may try to show the cumulative influence of passive design74

measures on the floating or free-running temperature; that is, how the interior temperature evolves75

without active thermostatic control. With the frequency and intensity of heatwaves increasing all over76

the world [37–39], the free-running temperature provides a basis for sizing cooling plants [40, 41] but also77

indicates whether interior conditions will stay safely within physiological limits for heat-stress [42, 43],78

particularly when there is a blackout or when occupants cannot afford to run or install mechanical79

cooling. Comparing the free-running temperature to thresholds for adaptive comfort and dangerous80

heat-stress can, therefore, indicate the thermal resilience of a proposed design.81

1.3. Thermal mass & buoyancy ventilation82

When designing buildings for hot climates, thermal mass refers to the practice of configuring spaces83

and materials so that the materials passively store heat during the day then release it at night; as a84

result, the interior stays naturally cool in the hottest parts of the day [22, 44–48]. Thermal mass is also85

widely recognized as an opportunity for greater material integration between structural and thermal86

design [49]. If only the simplicity of some traditional building practices, with mono-material envelopes87

in stone, brick, wood, or earth, could be reconciled with modern science and expectations. Modern life88

is increasingly spent indoors with technological accouterments that generate extra heat, while building89
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envelopes are now composed of several material layers, each with specific functions to accommodate90

the need for insulation and air-tightness. Where to place thermal mass—The innermost layer? The91

outermost layer? Both?—is a thoroughly modern question. The most direct way to absorb excess heat92

generated by interior activities is to expose the mass on the innermost layer (i.e. so it is an "internal93

mass"). External insulation and shading then protect the mass from the excesses of ambient heat and94

baking sunshine. However, the absorbed interior heat must somehow be discharged at night for the95

cooling effect to work the following day. This discharging can be done by ventilation.96

Buoyancy ventilation, otherwise known as stack ventilation, refers to the practice of configuring97

spaces and openings so that the airflow is driven spontaneously by the temperature difference between98

inside and outside. In updraft mode, warm air rises and escapes out the top while cooler air floods99

in from below to replace the evacuating air. In downdraft mode, the cycle reverses: cooler air spills100

out from below and warmer air floods in from above. In recent years, there have been major advances101

in the engineering theory of buoyancy ventilation, otherwise known as the art of "emptying a filling102

box" [50–52]. Researchers have solved problems such as how to keep the emptying air from stratifying103

to save energy on colder days [53, 54], how to differentially size openings in a multistorey building104

according to the vertical pressure gradient [55, 56], and how to switch to downdraft mode on hotter105

days with the help of cooling from a concentrated or distributed source [57–60]106

Unlike stochastic wind forces, buoyancy forces can be balanced and harnessed in a stable and107

continuous feedback loop. Sustaining this loop in temperate weather is straightforward. Demand for108

ventilation exists when people are present: these people and their activities generate heat; this heat109

can power the ventilation; therefore, balance the temperature and flow rate by sizing the stack and110

adjusting the openings accordingly. The balancing act is not quite so simple in hot weather. Some111

cooling is needed to cancel the heat loads and to keep the interior below ambient temperature. Most112

or all of this cooling can come from thermal mass—so long as the ventilation and heat storage cycles113

are well synchronized.114

1.4. Thermal massing for the masses115

Built precedents may trick practitioners into believing that thermal massing is a well-understood116

art [61]. However, a series of recent field studies on termite construction, which revealed that the117

coupling of mass and buoyancy is solely responsible for the thermal conditioning of some mounds [62–118

65], serve as a reminder that there is still much to learn.119

What proportions should a thermally massive building have? How should the thermal mass be120
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distributed? Should the "massing" change with the choice of material? The analysis in subsequent121

sections provides new answers to these questions. The paper outlines a new massing method based122

on the optimal coupling of thermal mass and buoyancy ventilation. The method allows project teams123

to compare the functional and environmental credentials of primary construction materials while they124

evaluate preliminary options for organizing the exterior form and interior spaces of a building. It125

strategically focuses attention on designing for natural buoyancy ventilation to meet a free-running126

temperature, and on achieving functional integration with essential materials. Advocates for sustain-127

ability may use the method to challenge automatic decisions regarding the use of air-conditioning and128

the piecemeal design of ad hoc material assemblies. The method may also help researchers to identify129

the proportions and characteristics of thermally resilient buildings in dangerously heating climates.130

2. Previous work131

This section is written for readers to understand the relevance and limitations of the analysis and132

method presented in §3 and §4; specialist readers may wish to skip ahead. §2.1 describes the historical133

and technical context for harmonic lumped parameter models, in relation to other methods used for134

modelling the effects of thermal mass. §2.2 reviews the literature on the coupling of thermal mass135

and buoyancy. §2.3 summarizes the harmomic lumped parameter model of Holford and Woods (which136

serves as the basis of the analysis and method presented in §3 and §4)137

2.1. Discretize what?138

In 1992, the engineer Philip Niles concluded a review of simulation methods for thermal mass with139

a prescient observation:140

Despite the considerable developments in the harmonic methods, it is doubtful whether141

the method will compete as a design tool with the finite-difference approach. For most142

design work, hour-by-hour finite difference simulations appear to be just too fast, flexible,143

and easy to understand to have any serious competition from the harmonic methods.144

However, the harmonic method is likely to remain the analytical, as opposed to numerical,145

approach of choice. Besides its potential accuracy, it produces a rich explanation of why146

buildings perform the way they do147

Philip W. B. Niles, "Simulation Analysis", in [66]148
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The harmonic method, sometimes called the frequency-response or the admittance method, is based on149

the Fourier transform equation, which says that any pattern in space and time can be thought of as a150

superposition of sinusoidal patterns with different frequencies. Joseph Fourier developed this transform151

technique in the 19th century to solve his famous heat equation [67]. Today, Fourier transforms are152

used by scientists and engineers across disciplines, who break down component frequencies to analyze153

data patterns, create them to order, extract essential features, and remove random noise [68].154

What distinguishes essential features from noise? Arguably the most direct approach to energy155

simulation is to work with a literal 3D representation. The digital geometry represents an energy field156

in Cartesian coordinates, divided into a continuous mesh of smaller volumes. For every solid and fluid157

element, a set of partial differential equations describing the transport and transformation phenomena158

associated with that medium are iteratively and simultaneously solved (alongside surface radiation,159

etc). The smaller the size of each element and the shorter the duration of each time step, the more160

realistic the physical representation.161

Could ’noise’ from the smallest vortices, measured in microns and microseconds, nudge the buoyant162

air circulating an auditorium into a different flow pattern? In the future, will analysts import tomo-163

graphic scans of actual materials to trace vapour migrating through pores and fibres back to sweat on164

furrowed foreheads? These questions, while exaggerated, are not entirely fanciful: Chaos theory shows165

that small perturbations can make a dynamical system evolve entirely differently, while latent heat166

transfer can dominate the energy balance of a building and produce mould in multi-layer walls. The167

ultimate expression of the finite-volume approach, which promises a god-like view of every energetic168

interaction, is not yet feasible in everyday practice. The data-processing demands are still too high.169

Discretizing these models efficiently is a technical art. Recognized proxies often bridge the gap to170

small-scale processes, such statistical models for turbulence, or empirical correlations for surface heat171

transfer.172

The question of how to discretize thermal models has occupied building scientists for decades. Most173

thermal models are not Cartesian representations but topological networks. Many of these thermal174

networks follow the logic of electrical circuits. The nodes represent the different building components175

and the various sources and sinks participating in the ’thermodynamic bath’. Questions concerning176

discretization relate to the number of nodes and connections, and hence the number and kinds of177

equations to simultaneously solve.178

In the second half of the twentieth century, the harmonic analysis of simplified networks promised179
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a shortcut to understand the dynamic response of thermally massive buildings. Harmonic analysis180

represents heating or cooling at the surface of a mass as one or more sinusoidal ’excitations,’ which181

operate at daily frequencies and resemble real thermal agitations, such as the day-to-night swing in182

ambient temperature, or the winter sun arcing through a window. With these boundary conditions183

defined, the heat equation can be broken down analytically into a series of simpler equations containing184

lumped parameters, which characterize the transient behaviour of the mass. These ratios, known185

as phase lags and attenuations, have an intuitive physical meaning and neatly summarize how a186

temperature wave inside the mass will evolve. One insight from applying this method was the discovery187

of a heat storage limit for internal thermal mass [66, 69] which proved that, contrary to common sense,188

a thicker mass is not always better. Beyond a certain point, extra thickness compromises the ability of189

the mass to absorb heat. Today’s temperature wave encounters the remnants of yesterday’s wave on190

its journey through the mass. The waves overlap and partially cancel each other out by superposition.191

This finding was recently revisited and refined by Ma and Wang [70].192

Building energy simulation programs use statistically averaged climate data and internal load pro-193

files divided up into hourly (or smaller) time intervals. They therefore need to model the response of194

thermal mass to staccato heating signals that may bear little resemblance to continuous sine waves.195

While it is theoretically possible to break down any signal into sine waves using the Fourier transform,196

programmers of early software found it more efficient to use other transform functions to model tran-197

sient responses to pulses and steps. For instance, EnergyPlus, one widely used program today, treats198

transient conduction just as two older programs in its version-history (BLAST and DOE-2) treated199

it [71]. The default settings employ a transform function known as the Conduction Transform Function200

to compute a single bulk temperature for multi-layer walls. A CTF operation is similar to a Fourier201

transform. The heat equation is broken down into a matrix containing time-invariant coefficients (i.e.202

multiplying factors), which characterize the transient response of the lumped mass. These coefficients203

are automatically calculated once the physical properties and dimensions of the multi-layer wall as-204

sembly are defined. The pre-calculated matrix then virtually transforms the lumped temperature at205

each time-step according to past and present thermal exchanges. This approach means there are fewer206

computations to do at each time-step once the simulation starts.207

The main difference between the CTF method and the harmonic method is the abstract ’space’208

in which the mathematical operations are made. The invariant coefficients in the CTF method are209

defined in ’state-space’, as opposed to phase-lags and attenuations in the ’frequency domain’. Other210
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traditional state-space methods for transient conduction include the Laplace transform and the z-211

transform [72–74]. More recently, eigenspace representations, familiar to structural engineers, have also212

been used [75, 76]. Newer response factor and lumped parameter models use numerical optimization213

techniques to determine the values of the time-invariant coefficients [76–78].214

With computing power readily available, and data-exchange between simulation tools increasingly215

necessary, response factor methods may eventually become redundant in everyday practice. In many216

practical cases, a finite-difference (or, equivalently, a finite-volume) model will quickly and accu-217

rately iterate for the surface temperature as it co-evolves with radiation, convection, and transient218

conduction—for every time-step. Knowing the surface temperature is especially important if the aim219

is to understand the natural conditioning effects of an internal thermal mass. Acknowledging this,220

EnergyPlus developers have incorporated a finite-difference solver as an optional setting, following the221

trend set by other simulation tools such as ESP-r [72] or ApacheSim [79] (which forms part of IES).222

If Niles was right about the future uptake of numerical methods, what about his predictions regard-223

ing harmonic analysis? As highlighted by a recent review on systemic discrepancies between simulations224

of thermally massive buildings [80], if the team evaluating a simulation does not have the theoretical225

frame to gauge the quality of results, they may falsely acquire an illusion of certainty, leading them226

to make poor design decisions. In other words, harmonic analysis may still have an important role227

to play, helping a new generation to make sense of all the data produced by their detailed numerical228

models. Moreover, harmonic analysis may continue to provide physical insights—insights that help229

design teams decide what configurations are worth modelling in the first place.230

2.2. Close coupling231

In 2003, Yam, Li, and Zheng [81] were the first to examine the non-linear coupling between an232

internal thermal mass and buoyancy ventilation. Yam et al. derived differential equations to describe233

this non-linear behavior and solved them numerically. The results showed a close-to-periodic variation234

of the interior temperature. This finding led them to conclude that harmonic analysis could reasonably235

represent the coupling, assuming an average heat transfer coefficient for the surface.236

Inspired by this finding, Holford and Woods [82] undertook a thorough mathematical investigation237

of the coupling in 2007. They parameterized the relationships between diffusion through an internal238

mass, convection at its surface, and buoyancy ventilation, and described the relationships in terms of239

dimensionless ratios (i.e. without units). They then solved the differential equations numerically for240

a range of scenarios, assuming periodic (i.e. harmonic) variations in the ambient temperature. Using241
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the same parameters, they then built an approximate lumped model, and systematically compared the242

results of this approximate model to the more detailed numerical version—and found good agreement.243

Significantly, their lumped model is discretized into four interacting temperature signals—the exterior244

temperature, the interior temperature, the surface temperature of the internal mass, and the lumped245

temperature of the mass. As the review in §2.1 suggests, the ability to accurately estimate the coupled246

surface and interior temperature—using analytical shortcuts—represents a significant advance in the247

thermal mass literature.248

Coupling

parameter
Ω = ωρ c l lr

h λ
F = Q ρi ci

S h

Exchange

rate (W/K)
ω ρ c l lr S S h λ Q ρi ci

Day time θi θeθsθm

Surface warms lumped mass

(i.e. lumped mass cools surface)

Interior air warms surface

(i.e. surface cools interior air)

Cool interior air falls and vents

out from below. External air drawn

in from above. Interior air warms up

Night time θi θeθsθm

Lumped mass warms surface

(i.e. surface cools lumped mass)

Surface warms interior

air (i.e. interior air cools surface)

Warm interior air rises and vents

out from above. External air drawn

in from below. Interior air cools down

2

Figure 3: The natural feedback loop between internal thermal mass and buoyancy ventilation, as parameterized by

Holford & Woods [82]

In 2008, unaware of the work of Holford and Woods, Zhou et al. [83] added to the work of Yam et249

al. (Li was a common co-author) by outlining a method to solve for the interior surface temperature,250

based on harmonic analysis. Their approach also considered periodic losses and gains from exterior251

insulation (both Yam et al. and Holford and Woods had assumed adiabatic boundary conditions, i.e.252

perfect insulation). In 2011, interested in the effects of massive floors, ceilings, and furniture, Zhou et253

al. [84] showed how to bundle the buffering effects of different pieces of thermal mass into a ’virtual254

sphere’. This approach posed the question: why relegate thermal mass to the envelope at all?255

In 2009, Lishman and Woods [85] characterized thresholds for how natural ventilation behaves in256
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thermally massive buildings. These thresholds depend on the unsteady balance between buoyancy257

forces, wind forces, interior heating, and heat storage. They found that the balance of these forces258

plays out on short and long time-scales, making for a surprising range of possible evolutionary paths259

and final flow regimes. For instance, if the interior heat load suddenly changes, the regime may rapidly260

switch from wind-driven to buoyancy-driven flow, only to switch back hours later once the thermal261

mass adjusts to the changes. Understanding these path-dependencies is important, so that they can be262

strategically avoided or harnessed by design. In 2012, unaware of this work (but citing other important263

works, e.g. [86–88]), Faure and Roux [89] analyzed the short and long term effects that thermal mass264

has on natural displacement ventilation, focusing on features such as the stratification height and how265

this interface buoys or "overshoots" before settling to steady-state.266

In chapter 4 of his textbook on buoyancy ventilation published in 2013 [90], Chenvidyakarn took267

the findings of [58, 60] and neatly summarized how the strength of buoyancy ventilation in downdraft268

mode depends on the ratio of cooling from a thermal mass compared to competing heat loads. In269

2016, Yang and Guo [91] analyzed the coupling between internal mass and buoyancy ventilation using270

Fourier components at multiple frequencies, to understand the temperature evolution of the system271

when driven by more realistic ambient conditions—that is, an exterior temperature signal which is not272

quite sinusoidal. Comparing their predictions to data from a small physical experiment, they confirmed273

that these more realistic excitations produced ventilation flow rates that are anharmonic (but which274

are nevertheless predictable with Fourier analysis).275

In 2018, Bastien and Athienitis [92, 93] gave a skilled demonstration of how to design thermal276

mass inside greenhouses and solaria. They did some parametric design studies using the frequency277

response method (combining Laplace transforms and Fourier analysis), then followed this up with278

detailed annual simulations using the finite-difference method. The parametric studies allowed them to279

compare different approaches to optimizing the thermal mass thickness, arguing that the best approach280

for solaria was to control the delay between when the mass absorbs most sunshine and when it releases281

this heat. If Bastien and Athienitis had come across the work of Holford and Woods, might they have282

also been tempted to see what thermal mass looks like when optimized for buoyancy ventilation?283

As §2.1 and §2.2 show, plenty of new knowledge has been published in the thermal mass literature284

since the turn of the century, especially for efficient methods to simulate thermal mass in arbitrary285

configurations. However, it seems that none of this new knowledge has been integrated and distilled286

into a workable set of parameters, to help architects and planners proportion thermal mass buildings287
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properly in light of the challenges posed by climate change. Of all the studies on thermal mass, the work288

by Holford and Woods seems to be the most promising as a basis for the necessary design guidance.289

2.3. The Holford and Woods model290

Figure 3 describes the feedback loop between thermal mass and buoyancy ventilation, as modelled291

and parameterized by Holford and Woods [82]. The parameters F and Ω are dimensionless numbers292

(i.e. they are ratios without units). They control the relative heat exchange between ventilation and293

thermal mass, respectively. When F ~ Ω ~ 1, the heat exchange between the ventilation and the294

thermal mass is balanced. When Ω >> F, the thermal mass dominates—the interior temperature is295

highly damped, and the air changes are relatively low. When F >> Ω, the ventilation dominates—the296

air changes are relatively high, and the thermal mass hardly affects the interior temperature.297

The two ends of the casual chain in figure 3 are unconnected, and this highlights one of the most298

significant simplifications in the Holford and Woods model. The model assumes an internal mass,299

meaning there is no heat transfer at the outer face. There is no direct thermal contact between the300

mass and the external environment; there is only an indirect connection via the interior air. These301

adiabatic boundary conditions are equivalent to perfect exterior insulation, or adjacent spaces with302

perfectly replicated thermal conditions.303

Figure 4 shows the influence of F and Ω on the interior, surface, and mass temperatures during304

a 24-hour cycle. The temperature signals are normalized, so they are relative to maximum 1 and305

minimum -1 while the time is expressed in radians. The outside temperature varies periodically:306

Te(t) = T0 + ∆T cos(ωt) (2.1)

Where T0 is the mean daily temperature, T0 = (Tmin − Tmax)/2, ∆T is the temperature increment307

above the mean, ∆T = |Tmax − T0|, and ω is the angular frequency, ω = 2π/86400. The dimensionless308

time is:309

τ = ωt (2.2)

The dimensionless temperature is:310

θ =
(T − T0)

∆T
(2.3)

The four temperatures in the system are defined as follows. The exterior temperature:311

θe = cos (τ) (2.4)
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Figure 4: The influence of the ventilation parameter F and the massing parameter Ω on the relative floating temperatures,

θi, θs, θm (i.e. interior, surface, mass), driven by cyclic changes in the external temperature θeover a period of 2π = 24

hours, after Holford & Woods [82]. The surface temperature delay of the thermal mass is arbitrarily fixed at λ = 0.75

in all graphs.
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The interior temperature (assuming perfectly mixed air):312

θi =
cos (τ − Φi)

Ai
(2.5)

The surface of the thermal mass facing the interior:313

θs =
cos (τ − Φs)

As
(2.6)

And the temperature of the thermal mass:314

θm =
cos (τ − Φm)

Am
(2.7)

The thermal mass is modelled as a lumped mass, meaning that, unlike a real mass, there are no315

temperature gradients inside it. A lumped mass has a single evolving temperature that represents the316

equivalent work of a real mass. The lumped mass temperature signal is close to, but not the same317

as, the average temperature of a real mass. Significantly (as discussed in §2.2 and contextualized in318

§2.1), Holford and Woods were also able to find a shortcut to defining the surface temperature. (They319

did this by formulating the parameter λ, seeEquation (2.24).) In this way, it was possible to get an320

accurate representation of the coupling between the mass-surface-interior without having to solve for321

the temperature gradients inside the mass at different time intervals.322

To plot the temperature signals, one needs to know the attenuation (A) and the phase lag (Φ). The323

reciprocal of the attenuation (1/A) is the peak temperature, relative to θe = 1. The phase lag is the324

time delay of the peak temperature, relative to τ = 0. The attenuation for the interior temperature325

is:326

Ai =
Am√

1 + Ω2
(2.8)

The attenuation for the surface temperature is:327

As =
Am√

1 + Ω2(1− λ)2
(2.9)

And the attenuation for the mass temperature is:328

Am =
1

cos(Φm)
(2.10)

The parameters λ and Ω will be defined shortly. The phase lag of the interior temperature is:329

Φi = Φm − tan−1 (Ω) (2.11)
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The phase lag of the surface temperature is:330

Φs = Φm − tan−1 ((1− λ)Ω) (2.12)

Algebraic substitution reveals that the temperature definitions all include Φm :331

θi =
√

1 + Ω2 cos(Φm) cos(τ − Φm + tan−1 (Ω)) (2.13)

θs =
√

1 + (1− λ)2 Ω2 cos(Φm) cos(τ − Φm + tan−1 ((1− λ)Ω)) (2.14)

θm = cos(Φm) cos(τ − Φm) (2.15)

How to solve for the mass phase lag, Φm? The first option is to numerically solve the differential332

equations that define their lumped parameter model:333

Ω
dθ

dτ
= θi − θm

0 = λ(θm − θi) + F (θe − θi) |θe − θi|1/2
(2.16)

Alternatively, Holford and Woods found two shortcuts for estimating Φm :334 (
tan (Φm)

Ω
− 1

)6

=

(
λ2

Ω F 2

)2 (
1 +

1

Ω2

)
(1 + tan2 (Φm)) (2.17)

tan(Φm)

Ω
= 1 + 1.07

(
λ2

Ω F 2

)1/3

(2.18)

They compared the accuracy of Equation (2.16), Equation (2.17), andEquation (2.18) against a full335

numerical model (which represented diffusion through the mass with finite-differences and which al-336

lowed the ventilation to vary non-linearly). They found thatEquation (2.16) and Equation (2.17) stay337

accurate to within 0.1% and 1%, respectively, across parameter space—even for very extreme scenarios338

(e.g. when a very thick mass combines with a very high rate of ventilation, leading the surface temper-339

ature to stray far from the mass temperature).Equation (2.18) is less consistent; it is only reasonably340

accurate for balanced scenarios.341

Since Φm is determined by parameters Ω, λ, and F, these three parameters alone control the entire342

system. The massing parameter Ω is defined as:343

Ω =
ξ(cosh(2η)− cos(2η)) + η(sinh(η)− sin(2η))

η(sinh(2η) + sin(2η))
(2.19)
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Where ξ is the potential rate of heat storage compared to the rate of surface heat transfer:344

ξ =
ωρcl

h
(2.20)

And l is the thickness of the mass, ρc is the volumetric heat capacity of the mass material, and h is345

the surface heat transfer coefficient. The parameter η is the ratio of the layer thickness to the depth346

of thermal penetration :347

η = l

√
ω

2α
(2.21)

Where α is the thermal diffusivity of the mass material. Note that the Biot number, traditionally348

used to assess whether a lumped mass model is appropriate, is Bi = 2η2/ξ. However, as discussed349

previously, by solving the surface temperature, Holford and Woods found a way of accounting for350

temperature gradients inside the mass without having to further discretize the model; hence checking351

the Biot number is unnecessary. The massing parameter can also be written as:352

Ω =
ξ lr
λ

=
ω ρc l lr
h λ

(2.22)

Where lr is the fraction of material thickness needed for the lumped mass to do the equivalent work of353

the real mass:354

lr =
(cosh(2η)− cos(2η))

η (sinh(2η) + sin(2η))
(2.23)

And λ is a factor which, by approximating the temperature gradients inside the mass, determines the355

surface temperature:356

λ =
1

1 +
η (sinh(2η)− sin(2η))

ξ (cosh(2η)− cos(2η))

(2.24)

This surface temperature factor ranges between 0 < λ <1. When λ = 1, there are no temperature357

gradients inside the mass, soθs = θm. When λ→ 0 , the surface temperature strays further and further358

away from the mass temperature; as a result, the mass stores heat less and less efficiently.359

Finally, we can define the ventilation heat exchange parameter, which compares the ventilation360

heat exchange to the surface heat exchange at the surface:361

F =
Q ρici
S h

(2.25)

Where ρici is the volumetric heat capacity of air, S is the surface area of mass exposed to the interior362

air, and the rate of ventilation, Q, is:363

Q = A∗
√
β g H |Te − Ti| (2.26)
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Where A∗ is the effective area of ventilation openings (see [94]), β is the thermal expansion coefficient364

of air, and H is the stack height. The rate of ventilation, powered by buoyancy, depends on the interior365

temperature—which in turn depends on the rate of ventilation. This feedback mechanism is described366

in figure 3. Holford and Woods suggest setting |Te − Ti| = 4T in Equation (2.26) to obtain a reference367

ventilation rate. Alternatively, we define an average ventilation rate, based on the normalized mean368

temperature difference:369

Q = A∗
√
β g H 4T |θe − θi|mean (2.27)

According to the integral mean value theorem, the mean temperature difference is:370

|θe − θi|mean =
1

b− a

∫ b

a

|θe − θi| d τ (2.28)

Where b = Φm − π and a = Φm mark the beginning and end of half a cycle. Substituting equations371

Equation (2.4) andEquation (2.13) and completing the integration gives:372

|θe − θi|mean =
−2 Ω cos(Φm) + 2 sin(Φm)

π
(2.29)

3. Analysis373

§2 showed that, while there has been lots of progress on efficient methods for simulating the effects374

of thermal mass in arbitrary configurations, none of this knowledge has been integrated and distilled375

into a workable set of parameters, to help architects and planners proportion thermal mass buildings376

properly. The work by Holford and Woods [82] provides a basis for the much-needed design guidance.377

Using their parametric definitions, this section finds a new way to optimally synchronize the coupling378

of internal thermal mass and buoyancy ventilation.379

3.1. The optimal tuning380

The lumped parameter model of Holford and Woods [82], summarized in §2.3, describes the coupling381

between internal thermal mass and buoyancy ventilation. This coupling is controlled by two non-382

dimensional parameters: F/λ (the ratio of ventilation heat transfer to surface heat transfer) and Ω383

(the ratio of thermal storage to surface heat transfer). This section defines two optimal tunings for F/λ384

and Ω. The two optimal tunings are associated with different damping coefficients, defined graphically385

in Figure 5.386

The first damping coefficient is the maximum difference between the interior and exterior temper-387

ature in a given cycle, |θe − θi|peak. Let us call it the peak venting temperature difference, since it is388
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Figure 5: The definition of two damping coefficients: the peak venting temperature difference, which is shown in blue

and occurs at time τ = Φm − π/2, and the attenuating temperature difference, 1 − 1/Ai, which is shown in red and

occurs at time τ = Φi. The graphs show the influence of F and Ω on both kinds of damping coefficient. The surface

temperature delay of the thermal mass is arbitrarily fixed at λ = 0.75 in all graphs.
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the moment of maximum buoyancy ventilation. It occurs twice in a 24-hour cycle, but when exactly?389

As indicated in figures 4 and 5, all temperatures in the system converge at time τ = Φm. When390

this happens, the buoyancy ventilation momentarily ceases before switching direction from a daytime391

downdraft to a nocturnal updraft. If the minimum venting temperature difference occurs at time392

τ = Φm, it follows that the peak venting temperature difference occurs midway through a half-cycle393

at time τ = Φm−π/2. Subtracting equation 2.12 from 2.4 and substituting the definition for τ gives:394

|θe − θi|peak = −Ω cos(Φm) + sin(Φm) (3.1)

Now is necessary to substitute a definition for Φm. As discussed in §2.3,Equation (2.18) is less accurate395

thanEquation (2.17), but it does have the advantage of not needing to be solved iteratively. More-396

over, recall from §1.3 that strategic comparisons, not absolute forecasts, are the focus of this paper.397

SubstitutingEquation (2.18) gives:398

|θe − θi|peak =

1.07

(
λ2

F 2 Ω

)1/3

Ω√√√√1 +

(
Ω + 1.07

(
λ2

F 2 Ω

)1/3

Ω

)2 (3.2)

Figure 6 shows a contour plot of the peak venting temperature difference as a function of F/λ and Ω.399

Notice how, for every increment of |θe − θi|peak, there is an optimal pairing of Ω and F/λ. This ideal400

tuning is defined by the curve:401

(F/λ)max = sec
(
1.07Ω4/3

)
− 1 (3.3)

Optimal design values can be found by solving Equation (3.2) andEquation (3.3) simultaneously. To402

do this, one needs to consider F/λ as a single variable inEquation (3.2) (i.e. so that
(

λ2

F 2 Ω

)
=
(

1
a2 Ω

)
,403

where a = F/λ). The independent values for F and λ can be found later. For instance, solving404

Equation (3.2) andEquation (3.3) tells us that to optimize for |θe − θi|peak = 0.5, one should design405

the thermal mass such that Ω = 0.94; this will maximize the F/λ parameter such that F/λ = 0.83.406

Now recall that λ predicts the surface temperature delay due to temperature gradients inside the mass,407

and depends on the choice of the material. If calculations for one material show that λ = 0.9, then F408

= 0.83 * 0.9 = 0.747 (see §4.1 for a more detailed example).409

In this way, one can evaluate the effect of the thermal properties of materials fairly. All material410

masses can be sized to achieve the same optimal value for the massing parameter Ω—it is just a matter411

of finding the correct thickness. However, because of differences in thermal properties, different material412
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masses can’t have the same values for both Ω and λ. The differences in λ manifest as differences413

in surface temperature, and the surface temperature regulates the power of buoyancy ventilation.414

Therefore, everything else being equal, materials with a lower λ are less efficient as thermal mass415

because they produce less ventilation.416

F/λ = Sec ( 1.07 Ω4/3 ) - 1
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Figure 6: Contour plots of the peak venting temperature difference |θe − θi|peak. The blue curve locates the optimal

pairings of Ω and F/λ

Figure 5 defines a second damping coefficient, which occurs at time τ = Φi. Let us call it the417

attenuating temperature difference:418

1− 1

Ai
= 1−

√
1 + Ω2 cos(Φm) (3.4)

Substituting equation 2.11 gives:419

1− 1

Ai
= 1−

√
1 + Ω2√√√√1 +

(
Ω + 1.07

(
λ2

F 2 Ω

)1/3

Ω

)2 (3.5)
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Figure 7 shows a contour plot of the attenuating temperature difference as a function of F/λ and Ω.420

Once more, notice how, for every temperature increment, there is an optimal value of Ω for which F/λ421

is maximized. This ideal tuning is defined by the curve:422

(F/λ)max = tan

(
1.07

2
Ω4/3

)
− 1 (3.6)

Like before, optimal design values can be found by solving Equation (3.5) and Equation (3.6) simulta-423

neously. For instance, to achieve 1− 1/Ai = 0.5 , one should design the thermal mass such that Ω =424

1.62; this will maximize the ventilation parameter such that F/λ = 0.61.425

F/λ = Tan ( 1.07/2 Ω4/3 ) - 1
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Figure 7: Contour plots of the attenuating temperature difference 1− 1/Ai. The blue curve locates the optimal pairings

of Ω and F/λ

Notice that the optimal values for both damping coefficients are quite similar. The attenuating426

temperature difference is associated with slightly larger values for optimal Ω and slightly smaller values427

for maximum F/λ. These small differences in the ideal tuning can have a large impact on the physical428

dimensions of the architecture, as the massing studies of §4 will show.429
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3.2. Surface heat transfer430

The previous subsection described how to optimize thermal mass and natural ventilation in a431

feedback cycle, by finding ideal pairs F/λ and Ω to synchronize the coupled heat exchanges. Section432

3 explores the implications of these ideal proportions for sizing buildings and choosing materials.433

However, before doing this, a fair estimate of the surface heat transfer coefficient, h, is essential, as434

both F/λ and Ω depend on it. This subsection also shows how to adjust h to approximately account435

for internal loads.436

At the surface of an internal mass, sensible heat exchange occurs by convection and radiation.437

The rate of convection determines the strength of coupling between the thermal mass and buoyancy438

ventilation. Any radiation heat transfer has an indirect, but consequential, influence on this coupling.439

Surface convection inside rooms can be driven naturally by surface temperatures, forcibly by nearby440

air flows, or by a mixture of natural and forced convection. Forced convection on an interior surface441

may be a consequence of breeze from fans, vents, and open windows, plumes from warm people and442

equipment, or a larger circulation pattern powered by buoyancy inside the space. In this paper, natural443

convection is the focus. Unlike forced convection, natural convection is guaranteed to happen in the444

thermal feedback cycle described in this paper, and will do so in synchronization with the temperature445

evolution of the system. If there is a particular scenario in which forced convection may be significant,446

its influence on the baseline natural convection can be estimated by consulting the correlations in447

the literature [95–97], or by running high-resolution transient simulations with computational fluid448

dynamics incorporating the thermal energy equation [98].449

As the contour plot in figure 8 shows, the heat transfer coefficient for natural convection varies450

according to the interaction between thermal and gravitational forces. The heat transfer coefficient is451

smallest when the orientation of the surface (γ → 180º) impedes warm air from rising or cool air from452

falling. In other orientations, the heat transfer coefficient is larger. Turbulence ensues when viscous453

forces no longer dominate, and the boundary layer de-laminates from the surface.454

Figure 8 was computed using an algorithm recommended by Raithby and Hollands (see [99, 100]).455

The algorithm evaluates five empirical correlations for the heat transfer coefficient: a pair of correlations456

for surfaces at inclination γ = 0º (one for laminar flow, one for turbulent flow); a pair for surfaces457

at inclination γ = 90º (laminar and turbulent); and one for surfaces at inclination γ = 180º (gravity458

keeps the flow practically quiescent in this case). For intermediate angles (e.g. γ = 77º), some other459

equations combine results from two reference angles (e.g. γ = 0º and γ = 90º) after balancing their460
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Figure 8: Contours of the average heat transfer coefficient, h, due to natural convection from a hot or cold surface. It

varies according to the temperature difference, the rotation angle, and the size of the surface (here 3 x 3 m).

weights asymptotically. The five empirical correlations are not shown here. However, with some minor461

exceptions, they all take the general form:462

Nu =
hc k

L
= m Ran (3.7)

Where Nu is the Nusselt number, hc is the average heat transfer coefficient for natural convection, k463

is the thermal conductivity of the fluid (in this case, air), L is the characteristic length of the surface464

(e.g. the ratio of the area to the perimeter), n is a fraction less than 1 (usually 1/4 or 1/3), m is an465
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empirically derived constant, and Ra is the Rayleigh number:466

Ra =
g β L3 ( Ts − Ti )

ν α
(3.8)

Where ν and α are the viscosity and the thermal diffusivity of the air, respectively. While conducting467

the calculations, the influence of the characteristic length (L) was evidently weak for panel sizes bigger468

than approximately 1 by 1 meter. Mathematically speaking, the weakening influence of L is because469

the exponent n inEquation (3.7) asymptotically levels out the influence of the Rayleigh number (even470

though Ra ∝ L3). Physically speaking, air is not very viscous: on a large surface, the natural convec-471

tion boundary layer soon reaches full turbulence, even if powered by a small temperature difference.472

Therefore, figure 8 (which assumes a surface of 3 by 3 meters) can be used to approximate the natural473

heat transfer coefficient for many surface sizes inside rooms, at any inclination, from concrete table474

tops to triple-height walls.475

For a more complete estimate of the average convection heat transfer coefficient, it is necessary to476

know the mean temperature difference between the surface and the interior. According to the integral477

mean value theorem:478

|θi − θs|mean =
1

b− a

∫ b

a

|θi − θs| d τ (3.9)

Where b = Φm − π and a = Φm mark the beginning and end of half a cycle. Substituting equations479

2.14 and 2.15 and completing the integration gives:480

|θi − θs|mean =
2 λ Ω cos(Φm)

π
(3.10)

The average surface heat flux can now be defined as:481

qmean = h ∆T |θs − θi|mean (3.11)

Where h is the total heat transfer coefficient:482

h = hc + hr (3.12)

And hris the radiation heat transfer coefficient:483

hr ' σ ε 4 T 3
0

(3.13)

Where σ is the Stefan-Boltzmann constant and ε is the average emissivity of the surfaces. Equa-484

tions (3.11) and (3.12) assume that surface radiation, like surface convection, is governed by the485
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temperature difference between the surface and the interior. Let us interrogate the validity of this486

assumption by imagining an idealized scenario. Consider a fictional body inside the space that follows487

the interior temperature and exchanges radiant energy uniformly with all surrounding surfaces. This488

fictional radiator does not heat the air directly, but it does heat the air indirectly at a later time489

(because it heats or cools the mass, and later the mass heats or cools the air). Consider also that490

when there is no radiator present, and the idealized space is empty, there is no net radiation exchange491

between the enclosing surfaces since they are all the same temperature.492

3.3. Interior heat loads493

Can this fictional radiator be used as a proxy for internal heat loads? In a real room, there are494

many kinds of heat sources and sinks, of different sizes, locations, and time signatures. Locally, they495

heat or cool the interior air by convection. Remotely, they heat or cool other surfaces by radiation.496

Real interior heat loads are not evenly distributed in space, nor are they harmoniously synchronized in497

time. Moreover, recall that the direction of heating for the fictional radiator is θi > θs during the day,498

switching to θi < θs during the night. Real interior heat loads may diminish or disappear at night, but499

they do not spontaneously turn into sources of cooling.500

Despite these inconsistencies and contradictions, a fictional radiator (which follows the interior501

temperature) is still a relevant proxy for average heat loads. This radiator cannot represent realistic502

heating distributions in time or space, because a harmonic model cannot account for the possible503

knock-on effects of asymmetrical or asynchronous loads on the temperature evolution of the system.504

Nevertheless, evaluating the effects of an average heat load is a useful starting point. Once the team505

have settled on the schematic design, the engineer can interrogate this assumption with a more detailed506

model incorporating more realistic load profiles.507

To apply this proxy for internal heat loads, the analyst must first evaluate the heat flux from508

the fictional radiator and decide if it needs increasing to meet any deficit in the expected average509

heat load. Meeting the deficit can be done by multiplying hr by some factor. Then the analyst must510

imagine a plausible scenario for the charging and discharging cycles to remain balanced over the day.511

For instance, by assuming that the ventilation openings (A* ) are automatically increased at night, so512

the extra buoyancy ventilation matches the night cooling by the fictional radiant body.513

Figure 9 compares the cumulative surface heat transfer due to natural convection and radiation.514

The yellow portions of the graph show natural convection, which is present even when the interior515

space is empty. The red parts show emissions from a fictional radiator as a proxy for internal loads.516
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Figure 9: Variation of surface heat transfer with |θe − θi|peak and1− 1/Ai
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The graphs are arranged in a grid with two columns, one for each damping coefficient: the left-hand517

column aligns with the peak venting temperature difference |θe − θi|peak; the right-hand column aligns518

with attenuating temperature difference 1 − 1/Ai. The top row of graphs shows a governing trend:519

the larger the damping coefficient, the smaller the temperature difference between the surface and the520

interior air. This downturn leads to slight reductions in the heat transfer coefficient (W/m2-K, see521

middle row), but considerable reductions in the surface heat flux (W/m2, see bottom row).522

Note that, in figure 9, the radiant heat transfer coefficient is defined by equation Equation (3.13),523

and the radiant heat flux is controlled by |θs − θi|mean in Equation (3.11). In other words, the radiant524

heat flux has not been adjusted to equally represent internal loads for all values of either damping525

coefficient. In this way, the relative changes and possible deficits are clear to see. Furthermore, note526

that the heat flux is reported in terms of the unit surface area of the mass, not in terms of the unit527

floor area (which is how internal loads are typically presented).528

To compute the results shown in figure 9, the environmental temperature was fixed at ∆T = 10 and529

T0 = 20◦C (293.15 K). Optimal pairs of F/λ and Ω are needed to calculate |θs − θi|mean for increments530

of |θe − θi|peak and 1 − 1/Ai. This was done by simultaneously solving Equations (3.2) and (3.3)531

or Equations (3.5) and (3.6), assuming no surface temperature delay (i.e. λ = 1). The surface heat532

transfer was then computed following the procedure described in §3.2, assuming a large, 10 by 10 meter533

vertical surface for the convection calculations. The same assumptions and procedures for calculating534

surface heat transfer and proxy loads are used in the massing studies in the next section (§4).

Table 1: Candidates for thermal mass: representative ranges for thermal properties and CO2 footprints [101]

k (W/m-K) ρ c (J/m3-K) CO2 footprint (kg/m3)

Steel 51.5 ± 2.5 (3.79 ± 0.20)× 106 14135. ± 875.

Sandstone 5.70 ± 0.30 (2.16 ± 0.28)× 106 87. ± 19.

Concrete 1.6 ± 0.8 (2.3 ± 0.4)× 106 260. ± 53.

Glass 1.00 ± 0.30 (2.22 ± 0.15)× 106 1850. ± 142.

Brick 0.59 ± 0.14 (1.49 ± 0.29)× 106 402. ± 82.

Hardwood* 0.46 ± 0.05 (1.59 ± 0.18)× 106 −400 ± 1300

*Values for k assume conduction is parallel to the grain. Values for CO2 footprint range from net storage to net release.

Notice how, per unit volume, timber can sequester carbon or be worse than concrete, depending on how the forest is

managed.
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4. Results and discussion535

The previous section described the Holford and Woods model, used it to find optimal pairings536

for F/λ and Ω, and explained how to approximately account for internal loads by adjusting the heat537

transfer coefficient. This theory is now applied in some massing studies, which show the effect that538

optimal designs have on material quantities and physical proportions.539

4.1. Materials comparison540

Among practitioners, it is common knowledge that some materials are more effective as thermal541

mass because of their thermal properties. (Namely: the thermal conductivity, k (W/m-K); the volu-542

metric heat capacity, ρc (J/m3-K); and the combination of these in a ratio called the thermal diffusivity,543

α = k/ρc (m2/s), which compares the internal rate of heat transfer to heat storage, indicating how544

quickly heat spreads through a material.) However, when it comes to examining thermal mass ma-545

terials in action, it is difficult to draw conclusions that meaningfully influence design—particularly in546

the critical early stages—since it is hard to isolate the role that architectural properties play in the547

co-evolution of system temperatures. What proportions should a thermally massive building have?548

How should the thermal mass be distributed? Should the massing change with the choice of material?549

Without comprehensive answers to these questions, analysts, when studying the effects of thermal550

mass with dynamic models, have had little choice but to fix the dimensions of their control buildings551

arbitrarily [14, 102, 103] —until now.552

Table 1 gives ranges of thermal properties for some standard construction materials [101]. Figure553

10 compares the efficiency of these materials as thermal mass when they are optimally tuned as part of554

a thermal feedback cycle (c.f. fig. 1)—that is, a building with internal mass that maximizes buoyancy555

ventilation for a given damping coefficient (|θe − θi|peak, light shading; 1− 1/Ai, dark shading). Figure556

10 shows the layer thicknesses (l, bottom row) and the divergence in surface temperatures (λ, top row)557

for different materials. The width of the coloured bands reflects the uncertainty associated with the558

thermal properties (c.f. Table 1); the dotted lines assume average values for these properties.559

Figure 10 is based on the same set of assumptions as figure 9, which are described in the last560

paragraph of §3.3. That is, figure 9 shows the heat transfer coefficients and heat fluxes involved in561

the computations for figure 10. Recall that the radiant heat flux varies with |θs − θi|mean; it was not562
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adjusted to model internal loads equally across all values of the damping coefficient. Figure 10 can be563

reproduced with different inputs by following these three steps:564

• Choose a damping coefficient to optimize for (|θe − θi|peak or 1 − 1/Ai) and find the associated565

optimal values for Ω (c.f. §3.1)566

• Estimate h by: (a) Consulting figure 8 and figure 9. Or (b) estimate |θs − θi|meanby setting λ =567

1. Use this result to estimate h (c.f. §3.2), incorporating an estimate for internal heat loads as568

necessary (c.f. §3.3).569

• Find the optimal thicknesses (l) and resulting surface temperature delays (λ) by simultaneously570

solving Equations (2.22), (2.23) and (2.24). (A first approximation can be made by assuming λ571

= 1, so that lr = 1 and Equation (2.22) reduces to Ω = ξ)572

Figure 10 reveals some general trends, which reflect the balance of thermal relationships573

• As either damping coefficient (|θe − θi|peak or 1− 1/Ai) increases, the optimal thickness reduces.574

This is because the massing parameter, Ω, and the surface heat flux, h 4T |θs − θi|mean, reduce,575

too.576

• Optimizing for the damping coefficient |θe − θi|peak results in relatively thinner masses, because577

this damping coefficient is associated with smaller values of Ω, and so requires less thermal578

capacity.579

• The uncertainty associated with thermal properties can lead to significant discrepancies in optimal580

thickness—in the order of centimeters. In later stages of design, it is therefore important to obtain581

more accurate values for thermal properties, ideally with direct measurements of actual samples.582

Moreover, figure 10 suggests several new findings regarding the efficiency of different construction583

materials as thermal mass:584

• Some natural stones and concretes are particularly efficient as an internal thermal mass when585

optimally-tuned, which should come as no surprise since these materials have relatively high k586

and high ρc. However, the ideal tuning adds new meaning to what constitutes an efficient thermal587

mass. The plots show that, when optimized, sandstone and concrete have non-divergent surface588

temperatures (λ →1). Recall that F = (F/λ) * λ. Therefore, compared to other optimized589
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masses, these masses are able to produce more ventilation for a given damping coefficient (c.f.590

§3.1)591

• However, some concretes (those with lower k and ρc) do not perform as well. The function for592

λ (Equation (2.24)) is particularly sensitive in the range 1 . η . 2 (c.f. fig 8.b. in Holford and593

Woods [82]). Optimally-tuned concrete is uniquely situated in this range, making it susceptible594

to sudden (and unexpected) drops in efficiency. Consider that the thermal properties of concrete595

(or any structural material for that matter) are rarely specified or measured in real projects.596

• The graphs reveal many situations in which l . 5 cm, suggesting that thin-shell structures of597

minimum weight [104–110] may also be optimized for thermal mass and natural ventilation.598

• Assuming the heat-flux is oriented parallel to the grain, optimally-tuned hardwood compares599

well against brick and not too poorly against concrete. (The thermal conductivity of hardwood600

perpendicular to the grain, and for softwoods in either grain orientation, are lower.) This sug-601

gests it is possible to use some timbers as internal thermal mass—with reasonable effect. These602

thermally resilient timber buildings could legitimately sequester carbon dioxide, so long as the603

timbers are sourced from sustainable, managed forests, and the buildings last longer than the604

growing cycles of these forests [101, 111–114].605

• While not analyzed here, the thermal properties of earthen materials [115] and high-density606

bamboo composites [116] suggest that these materials are promising candidates, too.607

4.2. Fixed volume of material608

The previous subsection compared the efficiency of thermal mass materials when they are optimized609

in a thermal venting feedback cycle. The remainder of this section examines the consequences of this610

ideal tuning in terms of building dimensions, material quantities, and ventilation rates.611

Figure 11 shows how to distribute a fixed amount of concrete thermal mass inside an insulated612

cuboid of height H = 10m. The floor area is variable, but constrained to the shape of a square (W2),613

thereby defining the geometry of the ceiling and four walls where the mass is distributed. Since V= S614

l, optimally distributing a fixed volume of material (V) means finding the balance of surface area (S)615

and thickness (l) that:616

• Meets a given damping coefficient (i.e. a design value for |θe − θi|peak or 1− 1/Ai ), while;617
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• Maximizing the rate of buoyancy ventilation (Q).618

The calculation flow for producing figure 11 follows these steps:619

• Find the ideal tuning for Ω and F/λ (c.f. §3.1)620

• Estimate h and find l and λ (c.f. §4.1)621

• Now S = V/l622

• And Q = F S h
ρi ci

(c.f. )623

• Furthermore, though not shown in figure 11, A∗ = Q√
β g H ∆T |θe−θi|mean

(c.f. eqn. 2.25)624

Here are some things to bear in mind when reading figure 11:625

• The concrete mix assumes mean values for thermal properties shown in table 1. The environ-626

mental temperature and the rates of surface heat transfer are the same as those described in §2.4627

and shown in figure 9.628

• For the purposes of demonstration, the volume of concrete is arbitrarily fixed at V = {8, 27, 64}629

m3 .630

• For reference, when the ratio of width to height is W/H = {1, 2, 3, 4}, the surface area of the631

thermal mass is S = {500, 1200, 2100, 3200} m2
632

• For reference, a sufficient amount of ventilation for one person is typically 10 liters per second.633

That is, Q = 0.01 m3/s. Therefore, when the ventilation rate is Q = {0.1, 1, 10} m3/s, there is634

enough fresh air for approximately {10, 100, 1000} people.635

Some general observations can be made:636

• Optimizing for the attenuating temperature difference requires thicker masses, resulting in smaller637

buildings (than the peak venting temperature difference if the material volume is fixed).638

• The relative power distribution, shown in the bottom row of graphs, does not change with the639

volume constraint (since the balance of thermal exchanges is the same for each optimal case).640
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Figure 11: The optimal distribution of a fixed amount of concrete thermal mass (V = S l) that maximizes buoyancy

ventilation (Q) for a given damping coefficient (|θe − θi|peak or 1− 1/Ai)
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Figure 11 is a simple demonstration, showing one way of applying the ideal mass tuning in a paramet-641

ric study. A thermal massing study like this may inform conversations early on in the design process,642

helping the team to simultaneously establish criteria for architectural proportions, space allocation,643

temperature damping, natural ventilation, materials selection, material quantities, and carbon emis-644

sions. While it is unconventional to fix the amount of material a priori design, this strategy may be645

useful in the coming decade as carbon caps become better defined and more stringent.646

4.3. Fixed rate of ventilation647

Having shown how to use the ideal tuning to compare massings made from the same volume of648

material, this subsection compares ideally-tuned massings that produce the same ventilation.649

Figure 12 shows how to distribute the ideal amount of concrete thermal mass inside an insulated650

cuboid of height H = 10m. The floor area is variable, but constrained to the shape of a square (W2),651

thereby defining the geometry of the ceiling and four walls where the mass is distributed. The rate of652

buoyancy ventilation is fixed at Q = {1, 10} m3/s to provide enough fresh air for approximately {10,653

100} people. Since V= S l, finding the ideal volume of concrete (V) means finding the combination of654

surface area (S) and thickness (l) that:655

• Meets a given damping coefficient (i.e. a design value for |θe − θi|peak or 1− 1/Ai ), while;656

• Meeting the target rate of buoyancy ventilation (Q).657

The calculation flow for producing figure 12 follows these steps:658

• Find the ideal tuning for Ω and F/λ (c.f. §2.2)659

• Find l and λ (c.f. §3.1)660

• Now S = Q ρi ci
F h

(c.f.Equation (2.25)) and V = S l661

• Furthermore, though not shown in figure 11, A∗ = Q√
β g H ∆T |θe−θi|mean

(c.f. Equation (2.27))662

Here are some things to bear in mind when reading figure 12:663

• The assumptions (thermal properties, environmental temperature, surface heat transfer) are the664

same as in figure 11.665
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Figure 12: Optimal quantities (V = Sl) and distributions (W/H) of thermal mass for a fixed ventilation rate (Q) to meet

a target interior floating temperature (e-i peak or 1-1/Ai).
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• Unlike figure 11, the vertical axis for W/H is logarithmic, as the aspect ratios vary considerably666

more667

• The images of the cuboids are scaled to the largest cuboid in the graph (hence they appear668

smaller than the cuboids in figure 11).669

Compared to figure 11, the ideal proportions (W/H) in figure 12 vary considerably, since there is no670

constraint on the material volume. One range worth taking a closer look at is the range of damping671

coefficient 0.6 . 1 − 1/Ai . 0.8 when Q = 1 m3/s. These massings perform well without needing a672

very large surface (W/H < 10) or a very large amount of concrete (V < 100m3)673

Figure 13 interrogates this range in more detail, using different geometries and comparing the674

efficacy of concrete to timber (hardwood, parallel to the grain, c.f. Table 1) as internal thermal mass.675

The buildings start as a hemisphere or a cube (H = 10 m). Their shapes then ’morph’ according to676

mathematically defined rules, which allow the surface area of the building to increase without annexing677

much extra land. As the surface area increases, so does the damping coefficient—though the ventilation678

is always the same. Bluer colours, therefore, indicate cooler buildings.679

Figure 13 shows three columns of "morph sequences". These morphologies are defined as follows:680

• Blobs. These surfaces are defined by the Legendre polynomial Pn (x) [117], plotted in spherical681

coordinates,such that: the radius is r = 1 + c Pn (cos (φ)) cos (ϑ); the zenith (latitude) angles682

are 0 ≤ φ ≤ π; and the azimuth (longitude) angles are 0 ≤ ϑ ≤ π. The coefficient c (here set to683

c = 1/4) determines the "smoothness" of the polynomial and hence the smoothness of the blob.684

The integer n increases the number of operations in the polynomial and hence the number of685

"wings" the blob has.686

• Castles. The remaining two columns are populated by surfaces defined by fractals: a Sierpiński687

space-filling curve [118], and a Cesàro fractal [119] —which in this case is made by drawing a688

Koch curve [120] with angles of 85◦.689

These morphologies are stylistically distinct, which serves to show that, while the ideal tuning for690

thermal mass governs bulk dimensions, material quantities, temperature attenuation, and buoyancy691

ventilation, it does not overly determine the choice of form or the spatial layout. Nor does the ideal692

tuning overly determine the choice of thermal mass material. As the performance data in Figure 13693

show, concrete outperforms hardwood thermally—but surprisingly not by very much. (The hardwood694
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Figure 13: Blobs and castles. These optimized massings have different architectural styles, but all have height H = 10

m and ventilation enough for 100 people (Q = 1 m3/s). As the surface area increases, the floating interior temperature

(1-1/Ai) cools, and the optimal thickness of thermal mass reduces. Concrete outperforms hardwood thermally, but

surprisingly not by very much. 38 July 12, 2019
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versions have slightly lower values for λ, hence 1 − 1/Ai is slightly reduced. The ventilation rate is695

maintained at Q = 1 m3/s by slightly increasing A∗)696

Notice how the morphologies in figure 13 have very different spatial qualities—from wings, courtyard697

niches, to open plans—which would have very different consequences for the inter-subjective experience698

of occupants. This simple example is enough to show how working with the ideal massing ratios (F/λ,699

Ω) can profoundly but playfully shape the development of an architectural concept from part to whole,700

from the type and thickness of the massing material to the spatial organization of the building.701

5. Conclusion702

§1 outlined the need for a new approach to building design in the early stages, which allows teams to703

evaluate the environmental impacts of primary material choices while showing them how to integrate704

as many functions into these primary materials as possible, so there is less need for other materi-705

als, products, and technologies, shrinking the ecological footprint. Shaping one material to integrate706

structure, thermal mass, and buoyancy ventilation, is a prominent place to start.707

§2 showed that, while there has been lots of progress on efficient methods for simulating the effects708

of thermal mass in arbitrary configurations, none of this knowledge has been integrated and distilled709

into a workable set of parameters, to help architects and planners proportion thermal mass buildings710

properly, particularly in light of the challenges posed by climate change. The work by Holford and711

Woods [82]—who succinctly and accurately parameterized the coupling between thermal mass and712

buoyancy ventilation—was identified as the most promising basis for the much-needed design guidance.713

Using these parametric definitions, the analysis in §3 found a new way to optimally synchronize the714

coupling of internal thermal mass and buoyancy ventilation. There is a choice between two damping715

coefficients to optimize for: the peak venting temperature difference or attenuating temperature differ-716

ence. The performance of the building is then defined by relationship between two thermal parameters:717

F/λ (the ratio of ventilation heat transfer to surface heat transfer) and Ω (the ratio of thermal storage718

to surface heat transfer). When converted into optimal values, these parameters represent ideal ratios719

for tuning the form and mass of the building. Design teams then have the ability to synchronize am-720

bient heat exchanges for their building in free-running mode, to meet chosen targets for the interior721

temperature and ventilation rate.722

§4 demonstrated how to take these ideal ratios (F/λ, Ω) and materialize them into possible design723

options. One of the studies suggested that thin-shell structures of minimum weight, and even timber724
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buildings, may be optimally tuned to produce ample ventilation and temperature attenuation (c.f.725

§4.1). Another study showed how to break convention and fix the amount of material before design,726

as a way to respond to carbon caps becoming better defined and more stringent (c.f. §4.2). Another727

study showed how working with these ideal ratios (F/λ, Ω) could profoundly but playfully shape the728

development of an architectural concept from part to whole, including the spatial organization of the729

building, which determines the possible social interactions (c.f. §4.3).730

Here is a summary of one possible calculation flow, as presented in §3 and §4. The design team731

decides on the free-running temperature (relative to the exterior swing of temperature), the rate of732

buoyancy ventilation (to satisfy the needs of occupants and their activities), the thermal massing733

material (which may serve a structural function, too), and the notional height of the building (which734

co-determines the potential energy for driving the buoyancy ventilation). The equations then give735

the optimum thickness and surface area of that material (operating as externally insulated thermal736

mass) and the necessary size of ventilation openings (i.e. the effective open area). The team can737

then evaluate a range of options that achieve the same performance but with different geometries and738

massing materials (and repeat the process with different inputs as necessary).739

It is important to re-state the scope and limitations of this work. The method is meant to support740

concept generation and guide engineering studies towards convergence. It is tailored for strategic741

comparisons at the early stage of design, not absolute forecasts at the later stages of design (c.f. §1.3).742

The value for the heat transfer coefficient must be chosen carefully to fairly represent surface heat743

transfer (c.f. §3.2) and serve as a suitable proxy for average internal loads (c.f. §3.3). In a parametric744

study, a representative range of thermal property values should be used for each candidate material,745

to reflect the uncertain variation of these properties in the real world (c.f. §4.1). Once a configuration746

for the building is chosen,Equation (2.16) or Equation (2.17) should be solved to more accurately747

establish the free-running temperature and ventilation rate. Then further work is needed to test the748

detailed response in a range of scenarios (e.g. anharmonic loads from inside and outside) and to finalize749

the design (e.g. external insulation, windows, supplementary heating or cooling). As highlighted in750

§2.1 and §2.2, there are various methods available to more accurately model the physics once the751

design proposal is settled. One particularly important thing to analyze is how the balance of buoyancy752

forces, heat loads, and heat storage effects may play out over short and long time scales. Once these753

path-dependencies are understood, they can be strategically avoided or harnessed by design.754

It is equally important to re-state the ambitions of this work. Researchers and new graduates are755
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invariably taken aback on their first exposure to the social dynamics of the industry (c.f. §1.2). In756

one way or another, the climate emergency will force the industry to build differently. True envi-757

ronmental advocates know that getting different stakeholders to converge on a suitable concept goes758

hand-in-hand with analyzing their feasibility. For radical integration to be a success—where intelligent759

configurations of primary materials replace add-on products and technologies, shrinking the ecological760

footprint—all contributors need to be on board. This kind of consensus implies a shared imagination761

of what is technically possible. Part of the role of research is to outline new ways of building to meet762

future challenges, even if these concepts challenge contemporary assumptions regarding comfort and763

desirability, and imply unconventional ways of inhabiting buildings.764
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