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Horadam 2*-ions

Melih Goécen and Yiiksel Soykan

ABSTRACT. In this paper, we generalize Fibonacci quaternion, octonion, sedenion, trigintaduonion, etc. and
define Horadam 2F-ions and investigate their properties. Each Horadam (such as Fibonacci, Lucas, Pell)
quaternions, octonions and sedenions are Horadam 2*-ions. We also present connection to some earlier

works.
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1. Introduction

In this work we generalize Fibonacci quaternion, octonion, sedenion, trigintaduonion and so on. In
section 1 we give definition of 2¥-ions and in section 2 we give definition of Horadam numbers which is
generalization of Fibonacci numbers and contains Fibonacci, Lucas, Pell, Jacobsthal and all other second
order sequences. In section 3, we introduce Horadam 2*-ions which contains Fibonacci, Lucas, Pell, Jacob-
sthal quaternions (octonions and sedenions). Moreover, in that section we give Binet formula, generating
function, norm value of Horadam 2*-ions and also Catalan identity, Cassini identity, d’Ocagne identity and
a summation formula. In section 4 we present matrix methods in Horadam 2*-ions.

In the following, we will briefly present important and very known algebra: Cayley-Dickson algebra.

In 1843, William Rowan Hamilton discovered the quaternions (H), which is a 4 = 22-dimensional algebra
over R. This algebra is an associative and a noncommutative algebra. In 1843, John Graves discovered the
octonions (0), a 8 = 23-dimensional algebra over R which is a nonassociative and a noncommutative algebra.
In 1845, these algebras were rediscovered by Arthur Cayley. They are also known as the Cayley numbers.
This process, of passing from R to C, from C to H and from H to @ was generalized to algebras over arbitrary
fields and rings. It is called the Cayley-Dickson doubling process or the Cayley—Dickson process. The next
doubling process applied to Q then produces an algebra S (dim 2* = 16) called the sedenions. This doubling
process can be extended beyond the sedenions to form what are known as the 2¥-ions (see for example [1],

[18], [22]).
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Now, we explain this doubling process. The Cayley-Dickson algebras are a sequence Ag, A1, ... of non-
associative R-algebras with involution. The term “conjugation” can be used to refer to the involution because
it generalizes the usual conjugation on the complex numbers. For a full explanation of the basic properties of
Cayley-Dickson algebras, see [1]. Cayley-Dickson algebras are defined inductively. We begin by defining A,
to be R. Given Aj_1, the algebra Ay is defined additively to be A1 x Ai_1. Conjugation in Ay is defined

by
(av b) = (av _b)
and multiplication is defined by
(1.1) (a,b)(c,d) = (ac — db, da + be)

and addition is defined by componentwise as
(a,0) + (¢,d) = (a +¢,b+d).

Ay has dimension N = 2 as an R—vector space. If we set, as usual, ||z|| = \/Re(z%) for € Ay then
o =7Tx = ||z||?.
For specific k, how 2F-ions are called, is given in the following table.

Table 1.

k 2 3 4 5

2*_ions | Quaternions | Octonions | Sedenions | Trigintaduonions | ...
Now, for a fixed k suppose that By = {e; € Ay : i =0,1,2,..., N — 1} is the basis for A, where N = 2*

is the dimension of Ay, eg is the identity (or unit) and ey, e, ...,ex_1 are called imaginaries. Then a 2*-ions

S € A can be written as
N-1 N-1
S = Zaiei:ao+ Zaiei
i=0 i=1
1

where ag, aq,...,any_1 are all real numbers. Here ag is called the real part of S and ZZV:_I a;e; is called its
imaginary part.
Addition of 2*-ions is defined as componentwise and multiplication is defined as follows: if S1, Sy € Ay
then we have
N—1 N—1 N-1
(1.2) S155 = (Z aiei> (Z biei> = Z a;bj(eie;).
i=0 i=0 i,j=0
The operations requiring for the multiplication in (1.2) are quite a lot. At the hypercomplex algebra
the most time-consuming operation is the multiplication of two hypercomplex numbers. This is because the
multiplication of two N-dimensional hypercomplex numbers requires N? real multiplications and N (N — 1)
real additions. For example, the computation of a trigintaduonions multiplication (product) using the naive

method requires 1024 real multiplications and 992 real additions, while an algorithm which is given in [5]
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can compute the same result in only 498 real multiplications (or multipliers — in hardware implementation
case) and 943 real additions, for details see [5].
Using direct multiplication, the number of the operations requiring for the multiplication of two (specific)

2%_jons is given in the following table.

Table 2.
2F_ions Computation method Multiplications Additions
Quaternions Based on expression (1.2) 16 12
Octonions Based on expression (1.2) 64 56
Sedenions Based on expression (1.2) 256 240
Trigintaduonions Based on expression (1.2) 1024 992

Efficient algorithms for the multiplication of quaternions, octonions, sedenions, and trigintaduonions
with reduced number of real multiplications is already exist and results of synthesizing an efficient algorithm

of computing the two 2¥-ions product are presented in the following table.

Table 3.
2%_ions Computation method Multiplications Additions
Quaternions Algorithm in [24] 8 -
Octonions Algorithm in [3] 32 88
Sedenions Algorithm in [4] 122 298
Trigintaduonions Algorithm in [5] 498 943

2. Horadam Numbers

Now let us recall the definition of Horadam numbers. In 1965, Horadam [15] defined a generalization of
Fibonacci sequence, that is, he defined a second-order linear recurrence sequence {W,,(a,b;p,q)}, or simply

{W,}, as follows:

(21) Wnp=pWh_14+qWn_o; Wo=a, Wy =0, (Tl > 2)

where a,b,p and q are arbitrary real numbers, see also Horadam [13], [16] and [17], . Now these numbers
{W,(a,b;p,q)} are called Horadam numbers.

For some specific values of a, b, p and g, it is worth presenting these special Horadam numbers in a table
as a specific name.

Table 4.
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Name of sequence W, (a,b;p,q) Binet Formula
CIEICa)
2 2
Fibonacci Wn(0,1;1,1) = F,
( ) 75 -
Lucas W,o(2,1;1,1) = L, (1;“5) + (%5)
1+v2)" —(1-v2)"
Pell W, (0,1;2,1) = P,
( ) Wi
Pell-Lucas Wn(2,22,1) =p, (1+v2)"+(1-v2)"
Jacobsthal W,(0,1;1,2) = J, u:;;)n
Jacobsthal-Lucas W, (2,1;1,2) = j, 2" 4 (-1

We can list some important properties of Horadam numbers that are needed.

e Binet formula of Horadam sequence can be calculated using its characteristic equation which is
given as

t2 —pt —q=0.

The roots of characteristic equation are

p+VA p— VA
a= 5 , B= 5 .

where A = p? + 4q. Using these roots and the recurrence relation Binet formula can be given as
follows

Aa™ — BB"

2.2 Wyp=—7—7F—

(2.2) O
where A=b—af and B =1b— aa.

e The generating function for Horadam numbers is

_ Wo + (W —pWo) t

1—pt—qt? '

(2.3) g9(t)
e The Cassini identity for Horadam numbers is
(2.4) Wi iWoo1 = Wi = ¢" " (pWoWh — Wi — Wiq).

e A summation formula for Horadam numbers is

g Wy — Wo(p - 1) + an - Wn+1
2.5 W; = .
(25 > i
e For A = p? +4q > 0, a and f3 are reals and « # 3. Note also that
(2.6) a?=avVA —q

and

(2.7) B =—BVA—q.
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ot

Aa” = oW, +qW,_1,

Bﬁn = BWn +an—1-

3. Horadam 2*-ions

In this section we introduce Horadam 2F-ions and present their important properties. We give Binet
formula, generating function, Cassini identity, summation formula and norm of these 2*-ions. First, we give
some information about (Horadam) quaternion, octonion, sedenion and trigintaduonion sequences from the

literature.

e Horadam [14] introduced nth Fibonacci and nth Lucas quaternions as

3

Qn = Fn + Fn+lel + Fn+2e2 + Fn+363 - ZFnJrses
s=0

and
3
Rn = Ln + Ln+1el + Ln+262 + Ln+363 = Z Ln+ses
s=0

respectively, where F,, and L, are the nth Fibonacci and Lucas numbers respectively. See also
Halici and Karatag [12], and Polath [23].

e Various families of octonion number sequences (such as Fibonacci octonion, Pell octonion, Jacob-
sthal octonion, and third order Jacobsthal octonion) have been defined and studied by a number of
authors in many different ways. For example, Kegcilioglu and Akkug [21] introduced the Fibonacci

and Lucas octonions as
7
Qn = § FnJrses
s=0
and

7
Rn == Z Ln+ses
s=0

respectively, where F,, and L, are the nth Fibonacci and Lucas numbers respectively. In [10],
Cimen and Ipek introduced Jacobsthal octonions and Jacobsthal-Lucas octonions. See also Tasci
[26] for k-Jacobsthal and k-Jacobsthal-Lucas Quaternions and see Ipek and Cimen [19] and Karatag
and Halici [20] for Horadam type octonions. Moreover, we refer to Szynal-Liana and Wlock [25]
for Pell quaternions and Pell octonions and Catarino [6] for Modified Pell and Modified k-Pell
Quaternions and Octonions.

e A number of authors have been defined and studied sedenion number sequences (such as second
order sedenions: Fibonacci sedenion, k-Pell and k-Pell-Lucas sedenions, Jacobsthal and Jacobsthal-

Lucas sedenions). For example, Bilgici, Tokeser and Unal [2] introduced the Fibonacci and Lucas
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sedenions as
15
Fn - § FnJrses
s=0
and
15
L, = § Lyises
s=0

respectively, where F,, and L, are the nth Fibonacci and Lucas numbers respectively. In [7],
Catarino introduced k-Pell and k-Pell-Lucas sedenions. In [9], Cimen and Ipek introduced Jacob-
sthal and Jacobsthal-Lucas sedenions.

e Giil [11] introduced the k-Fibonacci and k-Lucas trigintaduonions as

31
TFk,n = § Fk,nJrses
s=0

and
31
TLk,n = E Lk:,n+ses
s=0

respectively, where F}, ,, and Ly, are the nth k-Fibonacci and k-Lucas numbers respectively.

DEFINITION 1. The Horadam 2*-ions sequence {/Wn} N is defined by the following recurrence relation:
n>0

N—-1
(3.1) Wn =Y Wayaes

s=

where W, is the nth generalized Horadam number.

Note that from the definition of (2.1) and (3.1) we have the following recurrence relation:

o~

(32) W, = an,1 —+ anfg.

Firstly, we present the Binet formula. This formula is very useful for finding desired Horadam 2*-ions
and takes part at many theorems’ proof. From now on, for fixed k (so that the dimension of Horadam 2*-ions

is 28 = V) we fixed the following notations:
N-1 o N-1
a= Z o’e;, B = Z Bes.
s=0 s=0
THEOREM 1. The Binet formula for Horadam 2*-ions is

=  Aaa" - BB"
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Proof. Repeated use of (2.2) in (3.1) enable us to write:

N-1
o~ An_B’ﬂ An+1_B n+1
Wy = 3 Waiaea = (a_/3> cot (M) o
s=0

a—p a—p
Aant2 — BBTH-? AantN-1 _ Bﬂn+N_1
" eyt .+ en_1
a—f a—p
_ Aaa" - BBB"
= P .
Alternative Proof of Theorem 1: We use the following identities:
A" = oWy + Wi,
Note that
aW, +qW, 1 = a(Wy, + Wypier + ..+ Wyyn_ien—1) + ¢q(Wy1 + Wher + ...+ Wi n—2en—1)

= (aW, + qWh_1)eo + (@Wyi1 + ¢Wy)er + ... + (aWyan—1 + ¢WhiN_2)en—1
From the identity Aa™ = aW,, + qW,,_1 for nth Horadam number W,,, we have
(3.4) aWy + qWa_1 = Ada™.
Similarly, we obtain
(35) BWo + qW,—1 = BBE"
Substracting (3.5) from (3.4), we have
(3.6) oW, — W, = Aaa™ — BBB™.

So this proves (3.3).
For some particular cases of Binet formulas for Horadam 2*-ions, see Tables 5,6,7 and 8.
It is well known that for Horadam 2*-ions Wn defined by (3.1) the ordinary generating function is

g(t) =>"", W,t". In the following theorem we present the generating function for Horadam 2*-ions.

THEOREM 2. The generating function for Horadam 2*-ions is

_ WO + (W\l — pWO)t
1—pt—qt?

(3.7) g(t)

Proof. Let

g(t) = Z Wntn
n=0
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be generating function of Horadam 2F-ions. Then using definition of Horadam 2*-ions, and substracting

ptg(t) and qt?g(t) from g(t) we obtain (note the shift in the index n in the third line)

(1—pt—qt?)g(t) = i Wt" — pt i Wt" — qt? i Wt"
n=0 n=0 n=0

o0 o o0
- Z Wot" —p Z W,t"t — ¢ Z Wt 2
n=0 n=0 n=0

o o >
= D Wat"=pY Wauat" =gy W, ot
n=0 n=1 n=2

— (WO + Wﬁ) - pﬁ/\ot + Z (W\n — an_l - an_2> t"
n=2
= Wo+ (W) — pWp)t.

Rearranging above equation, we get

_ Wo+ Wy —pWo)t
1—pt—gqt2

g(t)

For Horadam 2*-ions W, defined by (3.1), the exponential generating function is defined by e(t) =
oo Waiy-

THEOREM 3. For ﬁ/\n, we have
AQe™ — BBePt
a—f '

Proof. Using (3.3) in e(t) =3 ", Wntn—n,, we obtain
= (Aaa" — BBﬁ") "

(3.8) e(t) =

(3.9) e(t) =) " e

n=0
Combining the formula ! = 3°°° | £ and (3.9), we get (3.8).

There are three well-known identities for Fibonacci type numbers, namely, Catalan’s, Cassini’s, and
d’Ocagne’s identities. The proofs of these identities are based on Binet formulas. We can obtain these types
of identities for Horadam 2*-ions using the Binet formulas derived above. Two different Catalan’s identities

for Horadam 2*-ions are given in the next theorem.

THEOREM 4 (Catalan’s Identity). For any integers m and n we have

(a):

= = —» _ AB(@p)™ (" — a~")(8"af — a"Ba)
) W Wimen = Hon = @7
(b):

B)

(
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Proof. By using Binet formula, we obtain
—~ ~ —~ 2
Wm_nWern B /W?n _ Aaa™ " — BAR™ ™ Aaa™t™ — BRE™ T 7 Aaa™ — BBB™ '
a—p a—p a—f

After necessary calculations we get the identity (3.10). Similarly we obtain (3.11).
Taking n = 1 in Catalan’s identitity we obtain Cassini’s identitity for Horadam 2*-ions. In the next

theorem, we state two different Cassini identities.

COROLLARY 1 (Cassini’s Identitity). For any integer m, we have

(a):

—

= —~ AB m—=1(a"72 _ A4
(3.12) W s Wyt — T2 = (aB) . Eﬂgﬁ aﬁa)7

(b):

AB(af)™  (BBa — aaf)
a—j

(3.13) Wi W1 — W2 =

Note that from non-commutativity aB =+ Ba and so B&B — aBa #* aB(ﬁ — ).
We emphasize some particular cases of Binet formulas, generating functions and Cassini’s identities for

Horadam 2*-ions:

eleta=0,b=p=q=1.Fork=2,k=3,k=4and k =5 we get the Binet formula, generating
function, Cassini’s identitity for Fibonacci quaternions which is given by Halici and Karatag in [12],
the Binet formula, generating function, Cassini’s identitity for Fibonacci octonions which is given
by Kegilioglu and Akkusg in [21] or Halici and Karatag [12], the Binet formula, generating function,
Cassini’s identitity for Fibonacci sedenions which is given by Bilgici, Tokeser and Unal [2], and
the Binet formula, generating function, Cassini’s identitity for Fibonacci trigintaduonions which is
given by Giil in [11], respectively.

e leta=2,b=p=q=1.Fork=2 k=3, k=4andk =5 we obtain the Binet formula, generating
function, Cassini’s identitity for Lucas quaternions which is given by Halici and Karatag in [12],
the Binet formula, generating function, Cassini’s identitity for Lucas octonions which is given by
Halici and Karatag in [12], the Binet formula, generating function, Cassini’s identitity for Lucas
sedenions which is given by Bilgici, Tokeser and Unal in [2], and the Binet formula, generating
function, Cassini’s identitity for Lucas trigintaduonions which is given by Giil in [11], respectively.

e leta=0,b=1,p=2g=1. For k=2 k=3, and k = 4, we get the Binet formula, generating
function, Cassini’s identitity for Pell quaternions which is given by Szynal-Liana and Wloch in [25],
the Binet formula, generating function, Cassini’s identitity for Pell octonions which is given by
Szynal-Liana and Wloch in [25] and the Binet formula, generating function, Cassini’s identitity for

Pell sedenions which is given by Catarino in [7], respectively.
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e leta=0,b=p=1,q=2. For k=2, k=3, and k = 4, we obtain the Binet formula, generating
function, Cassini’s identitity for Jacobsthal quaternions which is given by Tasci in [26], the Binet
formula, generating function, Cassini’s identitity for Jacobsthal octonions which is given by Cimen
and Ipek in [10] and the Binet formula, generating function, Cassini’s identitity for Jacobsthal

sedenions which is given by Cimen and Ipek in [9], respectively.

We give the next four tables to show the differences of the formulas for particular case even they looks

the same.

In the following table we present Cassini’s identities and Binet formulas for some Horadam (Fibonacci,

Lucas, Pell, Jacobsthal) quaternions:

Table 5.
5. Cassini’s Identity .
Horadam 2°-ions: P - Binet Formula
Wm—IWm+1 - W,%L
—m-1((1=5) a5 (115 Ba a (=8 _3( =)
Fibonacci Quaternion =D « 2 >: ( 2 ) a) a( 2 > — 2

Lucas Quaternion

N . .
e (D) () g (15)" - 53 (155)

—1)" 1 ((1—-v2)ap— Ba a "_B(1—v2)"
Pell Quaternion nm(( ‘/i)/; (1+v2)Ba) (1“/5)2\/5(1 v2)
- (=2)" "' (-aB-2Ba) a2" —p(=1)"
Jacobsthal Quaternion 3 e
where
3 R 3
a= Zases, 8= Zﬁses.
s=0 s=0

In the next table we give Cassini’s identities and Binet formulas for some Horadam (Fibonacci, Lucas,

Pell, Jacobsthal) octonions:

Table 6.
. Cassini’s Identity )
Horadam 23-ions: P - Binet Formula
Wm71Wm+1 - ng
_1ym-1((1=v5\55_( Y5 3a af B \" _B(1=v5\"
Fibonacci Octonions S (( 2 )gﬂ ( )B) ( )\/;( 2 )
—5(—1)™ " ((=5)aB- (125 3a n n
Lucas Octonions o (( 2\/5) oo (7)) \/5@(“2‘/5) — V53 1_2\/5)
. (=)™ ((1-v2)aB-(1+v2)Ba) a(1+v2)"-B(1-v2)"
Pell Octonions E I e
Jacobsthal Octonions (=2) (;aﬁ_wa) a2 —,g(—1)
where
7 R 7
a=Y a%e, B=) B,
s=0 s=0

In the following table we present Cassini’s identities and Binet formulas for some Horadam (Fibonacci,

Lucas, Pell, Jacobsthal) sedenions:

Table 7.
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) Cassini’s Identity
Horadam 2*-ions:

o~

Binet Formula

Wit W1 = W2,
Fibonacci Sedenions (_1)m71(<%\2§’5 (H\F)E ) a<1+2\/g n\;fcaﬁ)n
Lucas Sedenions 75(71)7”71((1_;2&67(“2\/5)@&) 5 1+2x/5)" — V53 1—2x/5)n
Pell Sedenions ()" ((1-v2)aB-(1+v2)5a) a(1+v2)"-B(1-v2)"

2V2

Jacobsthal Sedenions =m (;aB—QEa)

where

15 15
a:Zases, ﬁ:ZBSeS.
s=0 s=0

In the following table we give Cassini’s identities and Binet formulas for some Horadam (Fibonacci, Lucas,

Pell, Jacobsthal) trigintaduonions:
Table 8.

Cassini’s Identity
Horadam 2°-ions:

Binet Formula

Wm—l/w\m-&-l - Wi
(8 as— (534 Py EEv A e gy A
Fibonacci Trigintaduonions Y 1«1 2 5)a/3 (HZ 5>ﬁa> a<1+2 5) \/5 =

I
R () e ke

Lucas Trigintaduonions 75
—((1=v2)aB-(1+v2)B3)

i : G a(1+v2)"-B(1-v2)"

Pell Trigintaduonions 2 I 23
Jacobsthal Trigintaduonions =" (;“ﬁ’ma) ﬂ"*é(*l)"
where

31
a= E a’es,

s=0

N 31
B=> Be..
s=0

REMARK 1. The formulas in the above last four tables looks the same but notice the differencies of @

and B’s for each case of k.

The following theorem gives d’Ocagne’s identity for Horadam 2*-ions.

THEOREM 5 (d’Ocagne’s Identity). For any integers m and n, we have

& s _ AB("S™ —a™p")(8af — afa)
(314) WmWn+1 - Wm+1Wn = ( 5)2 .
Proof. By using Binet formula, we obtain
—~ —  —  Aaa™ — BBA™ Aaa™t! — BAE™! Aaamt! — BT Aaam — BBB"
WmWn+1 Weran - o — ﬁ a— ﬁ a— 6 o — B

After necessary calculations we get the identity (3.14).

In the next Theorem, we give the summation formula for the first n + 1 Horadam 2*-ions.

THEOREM 6. The sum formula for Horadam 2*-ions is

B 1 Bﬁﬁn+1
-5 (4

-p

(3.15)

l—«

AA n+1
(670% ) +C,
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where

o_Aa(-p)-BB(1-a)
(=B (I-a)(1-5)"

Proof. By using the Binet formula and then geometric series we obtain

ZWi B a—ﬁza _a—ﬁzﬁ

i=0 i=0 i=0

A 1-o™' BB 1-p"M
a—p0F 11—« a—p 1-p

After some calculations we get

N~ 1 (BB AGa"'\  Aa(1-B)-BB(1-a)
;Wz_a—ﬁ< 1-5 l-a >+ (a=B)(1-a)(1-5)

This completes the proof.
By using the initial values and roots of characteristic equation we can state the norm of nth Horadam

2k_jons as follows.

THEOREM 7. The norm of nth Horadam 2F-ions is

P _A2Q2H(1+0[2+CY4+"‘+OéN_2)+3252n(1+ﬁ2—|—64—|—-~—|—ﬂN_2)

. N.(W, - D
(3.16) (W) L

where

_24B(—)"(a+ (~9)+ -+ (—0)*

1
5 ) and N = 2F.
(= p)

D

Proof. We have defined nth Horadam 2*-ions as
W, = Wheo + Whyier + -+ Wihpn_1en—1.
Thus, norm of nth Horadam 2*-ions is

Ny (W) = W Wy = W W, = W2+ W2, + -+ W2 .

Making necessary calculations and using the identities o + 8 = p and a8 = —¢q, we obtain
_ A2a2"(1—|—a2—|—a4—|—~~+aN_2) B252n(1+ﬂ2+ﬂ4++ﬁ]\[_2)
N, (Wn) = b) + 2 -
(a—p5) (a—p)

24B(-q)"(a+ (~) -+ (-0)* ")
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4. Matrix Methods in Horadam 2*-ions

We now consider the following two special cases of {W,,} :
Un :Un(p7Q) = Wn(071§p7Q)7
Vn L= Vn(pa q) = Wn(2»papa q))
Then {U,} and {V,,} can be expressed in the form
(4.1) U = (a"=p")/(a—B),

These numbers U,, and V,, are called fundamental numbers and primordial numbers, respectively. Note that

if p=1,¢g=1 then (U,) and (V,,) are classical Fibonacci and Lucas sequences, i.e,
F’n = Wn(07111a1) :U’ru
L, = Wp(2,1;1,1) = V,.

The matrix method is very useful method in order to obtain some identities for special sequences. We define

the square Horadam matrix M of order 2 as:

Mo P ) Uz qUy
10 Ur qU
Note that
(4.3) an— [ Ut 4O
Un qUn—l

For a proof of (4.3), see [8]. We can give a Corollary of the formula (4.3).

COROLLARY 2. [8] For every n > 1 we have
(a): det(M™) = (—¢)"
(b): Upi1Up—q1 — U2 = —(—q)" ! (Cassini formula).

Writing the recurrence (2.1) as

Wn b q Wn—l
Wi—1 1 0 W2

in matrix form leads readily to the matrix power equation

n—1

Wy 1%
(4.4) _| P 1 1

Wn_ 1 1 O WO
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which holds for n > 1. Also we can write

U1 \ [P a Un
Un 1 0 Unfl
and
Vayr |\ [ P 4 Va
Va 1 Vi1
Now we define the matrix My, as
Wy W
(4.5) My =| 2297
Wi gW

This matrice My can be called Horadam 2*-ions matrix.

THEOREM 8. For n > 0, the following holds:

n —

Wora qW
(4.6) My P q _ s +2 g ,\+1
10 Whia W

Proof. We prove by mathematical induction on n. If n = 0 then the result is clear. Now, we assume it

is true for n = k, that is
Wiva qWipa

MwyME=| o
Wiyt Wi

If we use (3.2), then for £ > 1, we have W;Hg = pW;ﬁLg + quH and Wk+2 = PWkH + qu. Then by

induction hypothesis, we obtain

Wiyr  qWi 10
o PWhp2 +qWiir Wigo | [ Wigs ¢Wiqgo
W1 + W, ¢Wia Wito Wit

Wikrn+2 aWit1)+1

Wirnyrr Wik

Thus, (4.6) holds for all non-negative integers n.
COROLLARY 3. Forn > 0, the following holds:
Wit = WilUny1 + qWoU,.
Proof. The proof can be seen by using the matricies in (4.3) and (4.5) and the identity (4.6).

COROLLARY 4. Forn >0, the following (Cassini formula) holds:

o~

Wi Woo1 — W2 = (WalWy — WE)(—g)" "
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Proof. From (4.6), we have
e S IR S S P
Wn+1 an 1 0

= Wn+2qwn - Wn-&-lqwn-‘rl = (q/Wﬁo - qwf)(—Q)"

= Wi Wt — W2 = (WalWoy — W2)(—q)" .

THEOREM 9. Let n and m nonnegative integers. Then we have the following relation between fundamental
and primordial 2F-ions, i.c., (7” and ‘7”,

~

(47> Vn+m = m+1‘7n + qu‘//\Yn—l-
Proof. If m = 0 then
Viso = Uos1Vi + qUo Vi1

which is true. Assume that the equality holds for m < k. For m = k + 1, we have

~

Varr) = pf}n+k + an+(k—1)
= p(Uks1Vy + qUVor) + Q(U(k71)+1‘7n + qU(kfl)‘/}n—l)
= (pUrs1 + qUi) Vi + a(Us + qUg—1)) Vi1
= Us2Vo + qUii1 Voot = U1y 11V + qUr1) Voot
By strong induction on m, this proves (4.7).

Second method. We use Theorem 1 and formula (4.1). Note that A =b—af =p—28 and B =

b — aa = p — 2a. Now we have

amtl — g (p —28)aan — (p — 20) 56"

Um+1‘7n + qu‘/}n—l

a—pf a—pf
o™ — B™ (p — 28)@a" " — (p — 20)BB"
+a a— 0 a—pf
_ (p—2B)aa™t™ — (p— Qa),gﬁwrm
= P
= ‘7n+m~
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