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Abstract

In this study, we investigate the form of solutions, stability character and as-
ymptotic behavior of the following four rational difference equations
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such that their solutions are associated with Tribonacci numbers.
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1. Introduction

Difference equations and systems of difference equations are great importance in
the field of mathematics as well as in other sciences. The applications of the theory
of difference equations appear as discrete mathematical models of many phenomena
such as in biology, economics, ecology, control theory, physics, engineering, popu-
lation dynamics and so forth. Recently, there has been a growing interest in the
study of finding closed-form solutions of difference equations and systems of differ-
ence equations. Some of the forms of solutions of these equations are representable
via well-known integer sequences such as Fibonacci numbers, Pell numbers, Lucas
numbers and Padovan numbers. There are many papers on such these studies from
several authors [1-17]. For example, in [14], Tollu et al. considered the following
difference equations

1 1
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such that their solutions are associated with Fibonacci numbers.
1
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Then, in [17], Yazlik et al. studied the following rational difference equation
systems
(2) Tn+1 = xn;:tla Yn+1 = y’ﬂ;:tl, n=0,1,..,
YnTn—1 TnYn—1
such that their solutions associated with Padovan numbers.
In [6], Halim concerned with the following systems of rational difference equa-

tions

1 1
( ) Tn+1 1+yn7 Yn+1 1_’_2:"’ n g Ly eeey
and

1 1
4 n = T n = ; _0a17 y
(4) Tatl = T el = T

initial conditions are arbitrary nonzero real numbers.
In [7], Halim and Bayram investigated the solutions, stability character, and
asymptotic behavior of the difference equation

(5) Tpt+1 = , N E NOa

B + VYLn—k
where the initial conditions z_j, T _gy1, ..., g are nonzero real numbers, such that
their solutions are associated to Horadam numbers, which are generalized Fibonacci
numbers.

In [11], Ocalan and Duman considered the following nonlinear recursive differ-
ence equation

(6) Tpgl = $n—1’ n=0,1,..,
Tn

with any nonzero initial values x_; and xy. Then, they extended their all results
to solutions of the following nonlinear recursive equations

P
(7) Tpt1 = <$;_1> ,p>0andn=0,1,..,

n
with any nonzero initial values x_; and x.
As far as we examine, there is no paper dealing with the following difference
equations. Hence, in this study, we deal with the following difference equations

1
(8) Tptl = @~ =1 n=0,1,..,
(9) S 1 Cm=0.1,..
Ty (Tp—1+1)+1
(10) Tniq = -1 ., n=0,1,..,
Tp (X1 — 1)+ 1
~1

(11) Tn+l =

@A) =1 n=20,1,...,
such that their solutions are associated with Tribonacci numbers.

Our aim in this study is to investigate some relationships both between Tri-
bonacci numbers and and solutions of above mentioned difference equations and
between the Tribonacci constant and the equilibrium point of these difference equa-
tions.
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2. Preliminaries

2.1. Linearized stability. Let I be some interval of real numbers and let
f : I*1 — I be a continuously differentiable function. A difference equation of
order (k + 1) is an equation of the form

(12) Trt1 = [(Tny Tn—1y ey Tnk), n=0,1,....

A solution of Eq.(12) is a sequence {z,}5° _, that satisfies Eq.(12) for all
n > —k.

DEFINITION 1. A solution of Eq.(12) that is constant for all n > —k is called
an equilibrium solution of Eq.(12). If

Ty, =T, for alln > —k

is an equilibrium solution of Eq.(12), then T is called an equilibrium point, or
stimply an equilibrium of Eq.(12)..
DEFINITION 2 (Stability). Let T an equilibrium point of Eq.(12).
(a): An equilibrium point T of Eq.(12) is called locally stable if, for every
e > 0; there exists 6 > 0 such that if {x,,}3° . is a solution of Eq.(12)
with
|x—k — T + |1k — T+ ... + |0 — T| < 6,
then
|z, — T <e, foralln>—k.
(b): An equilibrium point T of Eq.(12) is called locally asymptotically stable
if, it is locally stable, and if in addition there exists v > 0 such that if
{2, }5° . is a solution of Eq.(12) with

|o—p — Z| + |T—gs1 — T + . + |0 — T| < 7,

then we have

lim z, ==.
n—oo

(c): An equilibrium point T of Eq.(12) is called a global attractor if, for every
solution {x,}>° _, of Eq.(12), we have
lim z, =T.
(d): An equilibrium point T of Eq.(12) is called globally asymptotically stable
if it is locally stable, and a global attractor.
(e): An equilibrium point T of Eq.(12) is called unstable if it is not locally
stable.

Suppose that the function f is continuously differentiable in some open neigh-
borhood of an equilibrium point Z. Let

of

qi = o,

(z,=,...,x), fori=0,1,....k

denote the partial derivative of f(ug,u1, ..., ur) with respect to u; evaluated at the
equilibrium point T of Eq.(12).
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DEFINITION 3. The equation

(13) Ynt1 = QYn + QYn—1+ oo + GYn—r, n=0,1,...

is called the linearized equation of Eq.(12) about the equilibrium point T, and the
equation

(14) AL oA — L~ g =g =0

is called the characteristic equation of Eq.(13) about .

THEOREM 4 (The Linearized Stability Theorem). Assume that the function f
is a continuously differentiable function defined on some open neighborhood of an
equilibrium point T. Then the following statements are true:

(a): When all the roots of characteristic equation (14) have absolute value
less than one, then the equilibrium point T of Eq.(12) is locally asymptot-
ically stable.

(b): If at least one root of characteristic equation (14) has absolute value
greater than one, then the equilibrium point T of Eq.(12) is unstable.

Moreover, the equilibrium point T of Eq.(12) is called hyperbolic if no root of
characteristic equation (14) has absolute value equal to one. If there exists a root of
characteristic equation (14) with absolute value equal to one, then the equilibrium
7 is called nonhyperbolic.

An equilibrium point Z of Eq.(12) is called a repeller if all roots of characteristic
equation (14) have absolute value greater than one.

An equilibrium point T of Eq.(12) is called a saddle if one of the roots of
characteristic equation (14) is greater and another is less than one in absolute
value.

2.2. Tribonacci numbers. Now, we give information about Tribonacci num-
bers that we afterwards need in the paper.

The Tribonacci sequence {T},} ~ is defined by the third-order recurrence re-
lations

(15) Tn+3 = Tn+2 + Tn+1 + T,

with initial conditions Ty = 0, 73 = 1, 175 = 1. Also, it can be extended the
Tribonacci sequence backward (negative subscripts) as

(16) T ,= T7n+3 - T7n+2 - T,n+1.
It can be clearly obtained that the characteristic equation of (15) has the form
(17) -2 —2x-1=0

such that the roots

1+ Y19+ 3v33 + V19 — 333

3
g - 14+ wv/19 +3v/33 + w?/19 — 3v/33

3
L 1+ w?V/19 + 3v/33 + w/19 — 3V/33
B 3
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where « is called Tribonacci constant and
—1+1iV3
w = —

is a primitive cube root of unity. Therefore, Tribonacci sequence can be expressed
using Binet formula

= exp (27i/3)

n+1 Bn-&-l n+1

« v
@=Ba- B-aB-2 G-aO-8"

Furthermore, there exist the following limit

T, =

(18) lim 14T — o7

n—oo

)
n

where r € Z and T, is the nth Tribonacci number.

3. Main Results

In this section, we present our main results considering above mentioned dif-
ference equations. Our aim is to investigate the general solutions in explicit form
of difference equations and the asymptotic behavior of solutions of difference equa-
tions.

3.1. The Difference Equation (8). In this subsection, we consider the
Eq.(8), that is,
1
T (X1 — 1) =17

and investigate the dynamical behavior of solutions of Eq.(8).

Tyl = n=20,1,...,

THEOREM 5. Let {z,},. _, be a solution of Eq.(8). Then, forn =0,1,2, ...,
the form of solutions {x,} - | is given by

(19) S T nz_130 + (T-(n1) + T—(nt2)) To + T—(n+1)
" T_(ni1)®-1%0 + (T—n = T—(n11)) To + T—(n12)

where T,, is the nth Tribonacci number and the initial conditions x_1, tg € R—F,
with F is the forbidden set of Eq.(8) given by

oo
F = U {(x_l,xo) : T,(n+1)1‘_1$0 + (T_n — T,(n+1)) Ty + T,(n+2) = O} .

n=—1
Proof. We will prove this theorem by induction on k. For k = 0, from Eq.(8),

1 _ 1 . T 1x_1x9 + (T_2 + T_3) xo+ T o
o (.’E,1 — ].) -1 19 — Tg — 1 ngxfll'o + (Tfl - T,Q) o + T,3.

xr1 =

Now, we assume that

. T_kﬂj_ll‘o + (T_(k+1) + T—(k+2)) xo + T—(k+1)

(20) T =
T_(kin@—120 + (T-k — T—(k+1)) To + T—(k+2)
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is true for all 1 < n < k. Hence, we have to prove that it is true for k£ + 1. Taking
into account (16) and (20), we have

Tk+1
1

Tk (IL‘k_1 - 1) -1

1

T—km—1$0+(T—(k+1)+T—(k+2))z0+T7(k+1) Tf(kfl)z_1zo+(T7k+T7(k+1))Io+Tfk _1) -1
T—(k+1)w—1$0+(T_k—T_(k+1))wo+T—(k+2) T—k$—1w0+(T—(k—1)_T—k)a70+T—(k+1)

T_(e1yT—120 + (T—k — T—(k41)) To + T—(rt2)
(T—(h—1) = Tt = T—kt1)) =120 + (T— (1) — T—(k2)) o + Tt = T— (k1) — T— (k12
T_ (k1) T—120 + (T—(kt2) + T—(k43)) To + T— (k12
T (k2yx—120 + (T-(h1) = T-(r42)) o + T(r43)

which ends the induction and the proof.

THEOREM 6. Eq.(8) has unique positive equilibrium point T = « and « is saddle
point.

Proof. Equilibrium point of Eq.(8) satisfy the equation

1

TEIEo) -1

After simplification, we get the following cubic equation
(21) -7 -T—-1=0.
The cubic equation (21) is the characteristic equation of the recurrence relation
of the Tribonacci numbers in (17) having the unique real root «. Therefore, the
unique positive equilibrium point of Eq.(8) is T = a.

Now, we indicate that the equilibrium point of Eq.(8) is saddle point.

Let I be an interval of real numbers and

f:I? =1

be a continuous function defined by

1
f(z,y) = Py -1
Therefore, it follows that
Of (wy) _ _ —y=1
Ox (@(y—1)—1)*
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Then, from (21)

of (z,7) _ —(a—1)
Ox (a(a—1)—1)*
_ 1l—«a
B (2 —a—1)°
_ 1l-—«a
(3)
a?—ao?
—(a+1),
of (z,x) _ -«
dy (a(a—1)—1)
_ -
(@2 —a—1)°
Sy
= —a3,

and the linearized equation of Eq.(8) about T = « is
Znt1 = — (@+ 1) z, + (—a?’) Zn-1
or equivalently
Znp1 + (@ +1) 2z, + a2, 1 = 0.
Therefore, the corresponding characteristic polynomial is
M4 (a+D)r+a®=0.

Then, from Theorem (4), it is clearly seen that

—(a+1)+vV—-4a3+a2+2a+1
2

Al =

and numerically

a4+ VAP TaZ f2a+1

M| = ‘ (arD+v ;+O‘ tret 1228 <1
—(a+1) - VAP TaZf2a+1

M| = ‘ (a+D)—-v ;“LO‘ That 43141

So, the equilibrium point « is a saddle point. This completes the proof.

3.2. The Difference Equation (9). In this subsection, we study the Eq.(9),
that is,
1

Ty (Tp—1 + 1)+ 17

and examine the dynamical behavior of solutions of Eq.(9).

T+l = n=20,1,...,
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THEOREM 7. Let {z,} - be a solution of Eq.(9). Then, forn =0,1,2,...,

n=—1
the form of solutions {x,} | is given by
(22) - Tnflel!'EO + (Tn+1 - Tn) o + Tn
" Thw_170 + (Tn—l + Tn) 2o + Tht1 ’
where T}, is the nth Tribonacci number and the initial conditions x_1, to € R—F,
with F is the forbidden set of Eq.(9) given by

F = U {(:13_1,170) : Tnm_ll‘o + (Tn—l + Tn) ZTo + Tn+1 = O} .

n=-—1

Proof. (First proof) Now, we give the proof with an analytic approach. We
make the substitution

(23) Xy =

in Eq.(9) to get the linear difference equation. Then, we have
tpy1 =tn +tn_1 +tn_2.

By using same operations in Theorem 2.1. in [??] such that a = b = ¢ = 1, we
obtain the initial values of three sequences are defined

an, = QGp_1+ban_o+ can_s,
b, = apy1 — aay,
Cp, = canfl,

such that
ap=1, a_1=0, a_o=0,
(24) bo=0, b_y=1 b_o=0,
co=0, c.1=0, co=1
Next, we get
tp = anto + (an+1 — aap)t_q + cap_ t_s.
So a =b=c=1 and from (23), we obtain
an—22_120 + (A — an_1) To + ap_1
Un—17-120 + (Ant1 — an) To + ay

Ty =

or equivalently

an—2T-1%0 + (@n — @n—1) To + an—1
an—1%-120 + (an—1 + @p_2) o + ap

From initial values (24) and definitions of sequences a,, and T;,, we have

Tpn =

Ap = Lp+1,
with the backward shifted initial values of the sequence a,. Hence, we obtain
o Tnflelxo + (Tn+1 - Tn) Ty + Tn
" Thaaxo + (Tho1 + 1) xo + Togr
So, the proof is complete.

Proof. (Second proof) We will prove this theorem by induction on k. For
k =0, from Eq.(9),
1 1 _ Tox_1xo + (Tg — Tl) xo + 11

T = = = .
YT m (1 +1)+1  zzo+xe+1  Tiz_ixo+ (To+ 1) xo + 1o
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Now, we assume that
_ T 1x_120 + (Tk+1 — Tk) zo + T}
- Tpz—1xo + (Tee1 + Ti) o + Thgr
is true for all 1 < n < k. Hence, we have to prove that it is true for k£ + 1. Taking
into account (15) and (25), we have
1
g (Tp—1 +1) +1

(25) Tk

Th+1 =

1

- Tz 100+ (Thy1—Tk)xo+Tk T2z 120+ (Te—Thk—1)xo+Tr_1 +1)+1
Trx 1200+ (Th—1+Tk)xo+Tk41 Tr1x 120+ (Th—2+Tk—1)xo+Tk

Trx_120 + (Th—1 + Tk) w0 + Thi1
(Th—2 +Th—1 +Ti)x—120 + (Th + Thg1) o + L1 + T + Tt
Tpx_120 + (Thg2 — Tht1) o + Thpr
Tyi12-120 + (T + Tht1) To + Thto’
which ends the induction and the proof.

Proof. (Third proof) Consider Eq.(9) by taking n = 0,1,2, ... as follows:
1

n=0 = xr1 = P r——"
n=1 =  zp= et
n=2 = =g tptetE,
n=3 = o= peaegn
n=4 = 5= 7315533%21137
n=>5 = Ts= 1732__113;00—:1210?0112347

If we keep on this process and also regard (15), then the solution in (22) directly
follows from a simple induction.

THEOREM 8. FEq.(9) has unique positive equilibrium point T = a and a is locally
asymptotically stable.

Proof. Equilibrium point of Eq.(9) is the real roots of the equation

_ 1

T I@+ L
After simplification, we get the following cubic equation
(26) B+ 4T—1=0.

Then, the roots of the cubic equation (26) are given by

—1+ /333 + 17— V/3vV33 - 17

3

y _ TLtwVBVE3 417w V3V33 - 17

- . ,

oo~ Tl 41T - wl/3V33 - 17

= . ,
where /3
~1+iV3

=T exp (271 /3)

2


https://doi.org/10.20944/preprints201906.0266.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 June 2019 d0i:10.20944/preprints201906.0266.v1

10 INCI OKUMUS, YUKSEL SOYKAN

is a primitive cube root of unity. So, the root a is only real number. Therefore, the
unique positive equilibrium point of Eq.(9) is T = a.
Now, we show that the equilibrium point of Eq.(9) is locally asymptotically

stable.
Let I be an interval of real numbers and consider the function
21
defined by
1
T = ot

The linearized equation of Eq.(9) about the equilibrium point Z = a is

Zn+1 = PZn +qzn—1,

where
o af (fvf) _ B (a‘+ 1) — g
p= oz _(a(a+1)+1)2_a L
q = 8f (Taf) — —a _ —CL3
dy (a(a+1)+1)° ’

and the corresponding characteristic equation is
M4+ (1—a)\+a®=0.
Therefore, from Theorem (4), it is easily seen that

a—1++v—4a3+a%—-2a+1
2

A2 =

and numerically
[A1] = |A2] = 0,40089 < 1.
This completes the proof.
THEOREM 9. The equilibrium point of Eq.(9) is globally asymptotically stable.

Proof. Let {z,},~_; be a solution of Eq.(9). By Theorem (8), we need only
to prove that the equilibrium point a is global attractor, that is

lim z, = a.
n—oo
From Theorem (7), (17) and (18), it follows that
lm = — lim Th_1z_120 + (Tn+1 — Tn) xo+ T,
n—oo " n—oo Tpax_120 + (Th—1+ Tn) 2o + Tht1
T, (x_lxo n (—f“ﬁ:j - _LTZ,l) o + %f,l)
= lim = =
n— 00 Tn (x,lxo + ( 3_‘—1 + 1) o + ;:%—1)
B (x_1m0+(042—a) :co—|—o¢> . T

lim
T_120 + (é-i—l) zo+a fnooo T
Tnfl

n

fO | T:_.—'
8
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The proof is complete.

3.3. The Difference Equation (10). In this subsection, we take into ac-
count the Eq.(10), that is,

—1

Ty (X1 — 1)+ 17
and analyze the dynamical behavior of solutions of Eq.(10).

THEOREM 10. Let {z,},- , be a solution of Eq.(10). Then, forn =0,1,2, ...,
the form of solutions {x,} - | is given by
- (Tn—1$—1$0 + (Tn - Tn+1) To + Tn)

Thx_1x0 — (Tho1 +Th) xo + Thgr

where T,, is the nth Tribonacci number and the initial conditions x_1, tg € R—F,
with F is the forbidden set of Eq.(10) given by

Tn+l = =0,1,...,

(27) Ty, =

9

F=J {(@ 1,20 : Tor_120 — (Tn-1 + Tn) xo + Tny1 = 0} .

n=—1
Proof. (First proof) We will prove this theorem by induction on k. For
k =0, from Eq.(10),
—1 _ -1 _ —(T0$_11U0+(T1 —Tg)$0+T1)
zo(x_1—1)+1 zx_qz9—20+1 Tyz_120 — (To +T1)xo + Tn

Now, we assume that

T =

(Th—rz—120 + (T — Tht1) o + Tk)
Tpx_120 — (Th—1 + Tk) w0 + Tht1
is true for all 1 < n < k. Hence, we have to prove that it is true for k£ + 1. Taking
into account (15) and (28), we have
-1
Tk (Ik—l — 1) +1

(28) T = —

Ter1 =

-1

—(Th—1z 120+ (Th—Thq1)xo+Tk) —(Tx 2w 120+ (Th—1—Tp)zo0+Th_1) 1) +1
Trx_120—(Th—1+Tk)zo+Th+1 Ti—12—120— (Th—2+Th—1)x0+Tk

— (Thx—1x0 — (Th—1 + Ti) ©o + Thy1)
(Th—o + Th—1 + Ti) v—120 — (Th + Thg1) vo + Th—1 + T + Tht1
— (Thr—120 + (Tht1 — Tht2) o + Thy1)
Thr1x_120 — (T + Thy1) o + Ty
which ends the induction and the proof.

Proof. (Second proof) Consider Eq.(10) by taking n =0, 1,2, ... as follows:
-1

n=0 = T = Z_1a0—zo+1’

n=1 = 1x9= *f;j;)
n=2 = 5= je-ltoinetd)
n=3 = o= —peiret
n=4 = 5= %,
n=5 = T6 = —(Tx_120—1120+13)

13z _120—20x0+24
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If we keep on this process and also regard (15), then the solution in (27) directly
follows from a simple induction.

THEOREM 11. Eq.(10) has unique negative equilibrium point T = d and d is
locally asymptotically stable.

Proof. Equilibrium point of Eq.(10) is the real roots of the equation

_ ~1

S
After simplification, we get the following cubic equation
(29) 7 -T2+ T+1=0.

Then, the roots of the cubic equation (29) are given by

14+ /333 17— /333 + 17

d = .
. 14+ wv/3v33 — 17— w2V/3V33 + 17
— ; :
f 14+ w2/3v33 — 17— wi/3v33 + 17
— . :
where
“14iV3
UJZJZQXP(QW’L'/?))

2
is a primitive cube root of unity. So, the root d is only real number. Therefore, the
unique negative equilibrium point of Eq.(10) is T = d.

Now, we show that the unique negative equilibrium point of Eq.(10) is locally
asymptotically stable.
Let I = (0,00) and consider the function

f:I? =1
defined by .
f(z,y) = m
The linearized equation of Eq.(10) about the equilibrium point T = d is
Zn+1 = PZn t qZn—1,
where, from (29),

_ Of(z,x) d—1 B d—1 _d-1
¢ = 8f(f,f): d _ d __d _ B
dy (dd-1)+1)* (-d+1)* (=1)?

and the corresponding characteristic equation is
M4+ (d+1)A-d®=0.
Therefore, from Theorem (4), it is easily seen that

\ —(d+1) VA +d2 +2d + 1
1,2 —
2

)
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and numerically
[A1] = |A2] = 0,40089 < 1.
So, this completes the proof.
THEOREM 12. The equilibrium point of Eq.(10) is globally asymptotically stable.

Proof. Let {z,},~_, be a solution of Eq.(10). By Theorem (11), we need
only to prove that the equilibrium point d is global attractor, that is

lim z, =d.
n—oo

From Theorem (10), (17) and (18), it follows that

l_ - . — (Tn,1$,1$0 —+ (Tn — Tn+1) Zo + Tn)
imz, = lim
n—o00 n—oo T,r_1x0 — (Tn—l + Tn) xo + Tn+1

= (T (zrmo + (75— 75 o + 25
= lim T =
e T, (33—1%0 - ( T+ 1) xo + ;fll>

_ <w1:c0 + (a — 042) o + a)

T_1X0 — (é —|—1) Ty + «

_Tnfl

n

lim

n—oo

The proof is complete.
3.4. The Difference Equation (11). In this subsection, we take into ac-
count the Eq.(11), that is,
-1
Ty (Tp—1 +1) =17

and analyze the dynamical behavior of solutions of Eq.(11).

Tn+1 = =0,1,...,

THEOREM 13. Let {z,}.—_, be a solution of Eq.(11). Then, forn =0,1,2,...,

n=—1
the form of solutions {xyn} o, is given by
— (T-nz—120 — (T—(nt1) + T—(n+2)) o + T—(n41))

(30) Ty =
T_(ni1)—170 + (T-(n+1) — T—n) To + T (n+2)

where T}, is the nth Tribonacci number and the initial conditions x_1, tg E R—F,
with F' is the forbidden set of Eq.(11) given by

oo
F = U {(x_l,xo) : T,(n+1)1‘_1$0 + (T,(n+1) — T_n) To + T,(n+2) = O} .

n=—1
Proof. We will prove this theorem by induction on k. For k = 0, from Eq.(11),

-1 . -1 = (T,11‘,1{IJO (T,Q + T,3) To + T,Q)
Zo (ZZ?_l + 1) -1 T_1To + o — 1 T_gm_lx‘o + (T_2 - T_l) xo + T_3 '

T =
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Now, we assume that
— (Tokw 1o = (T + T (r2) @0+ T (541))
T (ks @-120 + (T-(k+1) — Tok) @0 + T—(+2)

is true for all 1 < n < k. Hence, we have to prove that it is true for k£ + 1. Taking
into account (16) and (31), we have

(31) Tk =

Th41
-1
g (Tp—1+1) =1

-1

—(T,kw,laco—(T_(k+1)+T_(k+2))wo+T_(k+1)) _(T—(k—l)w—1$0_(T—k+T—(k+1))1O+T—k) +1) -1
T—(k+1)m—110+(T—(k+1)_T—k)z0+T—(k+2) T—km—le‘i‘(T—k_T—(k—l))z0+T—(k+1)

—(T_prvym—120 — (T_(hs2) + T—(ht3)) To + T—(k+2))
(T k1) = Tk = T (rey1)) @120 + (T-(hy2) = T-rrn)) @o + T = T (1) — T (h12)
—(T_rsnyz—120 = (T-(k12) + T (k13)) To + T (k12))
T (k+2)T-120 + (T—(r2) — T—(k+1)) To + T— (k1)

which ends the induction and the proof.

THEOREM 14. Eq.(11) has unique megative equilibrium point T = a and a
unstable.

Proof. Equilibrium point of Eq.(11) satisfy the equation

_ -1

TTI@+n -1
After simplification, we get the following cubic equation
(32) B4+ -T+1=0.

Then, the roots of the cubic equation (32) are given by

—1— Y19+ 3v33 - /19 - 3V33

g =
3

, _ —l-wV1943V33 - w19 - 3v33

- . ,
L “1-w’V19+3v33 - w19 -3V33

- ; ,

where
w= ——; iv3 = exp (27i/3)

is a primitive cube root of unity. So, the root g is only real number. Therefore, the
unique negative equilibrium point of Eq.(11) is T = g.

Now, we indicate that the negativeequilibrium point of Eq.(11) is unstable.

Let I be an interval of real numbers and

f:I? =1
be a continuous function defined by
-1
T,Y) = ——"—.
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Therefore, it follows that

of (x,y)  _ y+1
Oz (@(y+1)—-1)%
of (x,y)  _ x
dy (z(y+1)—1)%
Then, from (32)
of @,7) g+1
oz (g(g+1)-1)
- g+1
(P Hg-1)
g +1
- 2
(-3)
= ¢+
= g-—1,
of @z _ g
0y (gg+1) —1)°
g
(2 tg-1)
g 2
(-3)
= ¢,

and the linearized equation of Eq.(11) about T = g is
Znt1 = (g — 1)z + ggzn—l
or equivalently
Znp1 = (9= 1) zn — ¢°2p1 = 0.
Therefore, the corresponding characteristic polynomial is
M_o(g-D)Ar-g*=0.
Then, from Theorem (4), it is clearly seen that

\ (g—1)£+/4g3+g2—29+1
1,2 =
’ 2

and numerically
So, the equilibrium point g is unstable. This completes the proof.

References

[1] Alotaibi, AM, Noorani, MSM, El-Moneam, MA, On the Solutions of a System of
Third-Order Rational Difference Equations. Discrete Dynamics in Nature and Society, Arti-
cle ID 1743540, 11 pages (2018)

[2] Akrour, Y, Touafek, N, Halim, Y, On a System of Difference Equations of Second Order
Solved in a Closed Form. arXiv:1904.04476v1, [math.DS] (2019)


https://doi.org/10.20944/preprints201906.0266.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 June 2019 d0i:10.20944/preprints201906.0266.v1

16 INCI OKUMUS, YUKSEL SOYKAN

[3] Bacani, JB, Rabago, JFT, On Two Nonlinear Difference Equations. Dynamics of Con-
tinuous, Discrete and Impulsive Systems, (Serias A) to appear (2015)

[4] El-Dessoky, On the dynamics of higher order difference equations zn,4+1 = azp +
%. J. Computational Analysis and Applications, 22(7): 1309-1322 (2017)

[5] El-Dessoky, MM, Elabbasy, EM, Asiri A, Dynamics and Solutions of a Fifth-Order Non-
linear Difference Equations. Discrete Dynamics in Nature and Society, Article ID 9129354,
21 pages (2018)

[6] Halim, Y, Global Character of Systems of Rational Difference Equations. Flectronic Journal
of Mathematical Analysis and Applications, 3(1): 204-214 (2015)

[7] Halim, Y, Bayram, M, On the solutions of a higher-order difference equation in terms of
generalized Fibonacci sequences. Mathematical Methods in the Applied Sciences, 39: 2974-
2982 (2016)

[8] Halim, Y, A System of Difference Equations with Solutions Associated to Fibonacci Num-
bers. International Journal of Difference Equations, 11(1): 65-77 (2016)

[9] Halim, Y, Rabago, JFT, On Some Solvable Systems of Difference Equations with Solu-
tions Associated to Fibonacci Numbers. Electronic Journal of Mathematical Analysis and
Applications, 5(1): 166-178 (2017)

[10] Halim, Y, Rabago, JFT, On the Solutions of a Second-Order Difference Equation in terms
of Generalized Padovan Sequences. Mathematica Slovaca, 68(3): 625-638 (2018)

[11] Ocalan, O, Duman, O, On Solutions of the Recursive Equations z,41 = 22 _, /z} (p > 0)
via Fibonacci-Type Sequences. Electronic Journal of Mathematical Analysis and Applica-
tions, 7(1): 102-115 (2019)

[12] ??Rabago, JFT, On the Closed-Form Solution of a Nonlinear Difference Equation and
Another Proof to Sroysang’s Conjecture. arXiv:1604.06659v1 [math.NT] (2016)

[13] Stevic, S, Iricanin, B, Kosmala, W, Smarda, Z, Representation of solutions of a solvable
nonlinear difference equation of second order. Electronic Journal of Qualitative Theory of
Differential Equations, 95: 1-18 (2018)

[14] Tollu, DT, Yazlik, Y, Taskara, N, On the solutions of two special types of Riccati differ-
ence equation via Fibonacci numbers. Advances in Difference Equations, 2013:174 (2013)

[15] Tollu, DT, Yazlik, Y, Taskara, N, The Solutions of Four Riccati Difference Equations
Associated with Fibonacci numbers. Balkan Journal of Mathematics, 2: 163-172 (2014)

[16] Tollu, DT, Yazlik, Y, Taskara, N, On fourteen solvable systems of difference equations.
Applied Mathematics and Computation, 233: 310-319 (2014)

[17] Yazlik, Y, Tollu, DT, Taskara, N, On the Solutions of Difference Equation Systems with
Padovan Numbers. Applied Mathematics, 4:15-20 (2013)


https://doi.org/10.20944/preprints201906.0266.v1

