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Abstract:  The article is devoted to infinitesimal transformations. We have obtained that
:  LCK-manifolds do not admit nontrivial infinitesimal projective transformations. Then we study
2 infinitesimal conformal transformations of LCK-manifolds. We have found the expression for the
s Lie derivative of a Lee form. Also we have obtained the system of partial differential equations for
«  the transformations, and explored its integrability conditions. Hence we have got the necessary and
s sufficient conditions in order that the an LCK-manifold admits a group of conformal motions. Also
s we have calculated the number of parameters which the group depends on. We have proved that
7 a group of conformal motions admitted by an LCK-manifold is isomorphic to a homothetic group
¢ admitted by corresponding Kéhlerian metric. We also established that an isometric group of an
s LCK-manifold is isomorphic to a some subgroup of homothetic group of the coresponding local
1o Kdhlerian metric.
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s 1. Introduction

"

16 Kéhlerian manifolds, because of their properties, have been used for modeling of physical
1z processes for a long time, for instance in supersymmetric theories [19], in a string theory as so called
e Calabi-Yau manifolds (e.g. [9, p. 411]). A manifold is called locally conformal Kdhler manifold (for
1o brevity, LCK-manifolds) if its metric is conformal to some local Kahlerian metric in the neighborhood
20 of each point of the manifold. On other hand one knows that conformal mappings preserve the Petrov
a1 type of a manifold [6]. The LCK-manifolds are also used for physical modeling. For instance, in [11]
=2 authors offered a Kaluza-Klein model with spontaneous compactification, using a generalized Hopf
= manifold. Also, explorers use locally conformally Calabi-Yau manifold to build M-theory models.
22 According to [14] locally conformally Calabi-Yau manifold is LCK-manifold with a Ricci-flat metric.
= For example eight-dimensional Hopf manifold admits a Ricci-flat metric, hence it may be used in a
2 model of eleven-dimensional Supergravity.

27 The objects under consideration in the article are the LCK-manifolds for which dim(M) = n =
22 2m > 2. LCK-manifolds were explored by [15], [2], [4]. Also the book [10] is worth to note as one
20 of the most distinguished in this realm. Infinitesimal conformal transformations were explored in
s [7], [5]. Infinitesimal conformal transformations of complex manifolds were studied by Yano [16].
a1 Transformations of LCK-manifolds were explored in [13]. The main goal of the article is also to explore
s2 transformations of LCK-manifolds.
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33 2. Locally conformal Kidhler manifolds

A Hermitian manifold (M?", ], g) is called a locally conformal Kihler manifold (LCK - manifold) if

there is an open cover U = {Ua} of M?" and a family {0y }aca of C* functions 0, : Uy — R so

aEA
that each local metric
—20,

g“:e g|Ua¢

is Kdhlerian. An LCK - manifold is endowed with some form w, so called a Lee form which can be
calculated as [3]

1 2 B
w = m&QO] or wl = —mlg,’le ’ (1)

The form should be closed:
dw = 0.

One can compute covariant derivative an almost complex structure with respect to the Levi-Civita
connection of (M?™", ], ¢) using the formula

1
Jij = 5 (0Tt wn = iy = fwi + Jiw'gis). @

sa 3. Infinitesimal transformations of manifolds

Definition 1. Transformation of a manifold M"

= xh+e§h(xl,x2,...,x”), (3)
ss is called infinitesimal transformation of a manifold M". Vector &(x',x2, ..., x™) is often refered as a generator
s of transformation. An arbitrary small parameter € is independent on x'.

. e e ip..d . .
Lie derivative of a tensor of type (p,q) lel_.. ].: with respect to a vector field ¢ may be calculated by

te equation [1, p. 196]:

iy _ ity gs | ity ok iedp ok plizepgiy  migigd £
ECTh...jq = Tj]...jq,sg + Tkjg,..qu gt Tkjk..,jq‘-f 1 Tj]...jq = Tj]...jq c @)
In particular, for a metric tensor g we get
Legij = Gij+8j,i ®)

If a manifold M" was transformed then its metric tensor g of the transformed M" is
8ij = &ij T hije, (6)

where hj; = Lzgij = ¢ij + Gji [7, p- 275]. For the Christoffel symbols we have also[17, p. 8]:

LeTh = ViVig" + ¢"RY %)
Transvecting (7) with g;,; we get:
&ijk = CaRE; + 8niLeTly ®)

The item gy,; LT ;?k depends on transformation type. We are interested primarily in the case when a

vector field &(x!,x%,...,x") generates a transformation preserving the complex structure [16]:

Lelt =T =08 + g = 0. ©)


https://doi.org/10.20944/preprints201906.0232.v1
https://doi.org/10.3390/math7080658

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 June 2019 d0i:10.20944/preprints201906.0232.v1

30f15

The field is called a contravariant analytic vector field, and the infinitesimal transformation is refered
as a holomorphic one. It is worth to note that since exterior differentiation and the Lie derivation with
respect to ¢ are commutative

dﬁgw = ,ngw (10)

sz hence any infinitesimal transformation preserves the closeness property of Lee form.

se  3.1. Projective transformations and LCK-manifolds

If a transformation (3) does not change geodesics of a manifold, it is called a projective
transformation. Mike$ an Radulovich in [4] proved that LCK-manifolds (n > 2) do not admit nontrivial
finite geodesic mappings onto Hermitian manifolds if a preserving complex structure is requared.
We have to explore whether nontrivial projective transformations preserving a complex structure are
admitted on LCK-manifolds. Hence let us suppose that such transformation is admitted. Then

h h h

where ¢ is a scalar whose gradient ; = 0;i and a vector ¢ generate the transformation. Then
combining (8) and its conditions of integrability, we obtain:

Gij = Cijs
Vi =i
Gijjk = CaRiy; + Yugij + ¥;Qik
1
i = 707 (8% Raij + 8 Rej + & jRei + Q“Rf;lx,ﬁ>
Also the equation
hijx = 29xgij + igik + ¥jgik (11)

is satisfied [7, p. 275]. Since the metric g;; is Hermitian, we get:

Jigti + g = 0. (12)

Also, since deformed metric g;; is Hermitian and the complex structure is preserved, hence on the
deformed manifold M", the identity
i+ 1} = 0. (13)

is satisfied. Taking into account (6) and (12), from (13) we obtain:
Jihe + Jihy = 0. (14)
Differentiating covariantly (14) with respect to the Levi-Civita connection which is compatible with a

metric g;;, we get:
],'t,khtj + L‘thtj,k + ];,khti + ];hti,k =0.

Then we use (2) and (11):

1
3 (O] fwa — @' Jie — Jiwi + Jaw" i) hej + JF (2981 + Ye&jk + ¥i&erc)

1
5 ((5;(]]4;% — W' i — Jiwj + Jow" gix) hyi + ]f (2418t + Yigik + Pigu) = 0.
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Then, let us regroup the items:
U Fw i) Jik + (i — Fw i) Jjk
1 1 1
—5hsjlkwi = Shsifew; + (Jige + Ehtjféws)gik (15)

1 1 1
+(Jiype + Ehti]stws)gjk + Ehk]’]isws + Ehki];ws =0.

Using symmetrization of (15), and taking into account that according to (12) and (14), the sum of the
first four items in left hand side of (15) is equal to zero, we get

1 1
Ujwe + Shijlseo’) gix + (ipe + Shuilseo) gji
1 1 1 1
Uk + Fhadieo’)gij + 3 Jiwshig + 5 jwshi + 3 Jieoshyj = 0,

or, for brevity
Xj8ik + Xigjk + Xk8ij + Ojhxi + Oihj + Okhij = 0, (16)

where x; = (Jiypr + %htijgws), 0; = %]Z.Sws. If dim(M™") > 2 then it’s possible to choose a vector 7’ that
7'xi = n'6; = 0. Transvecting (16) with 7, we get:

Xitlk + Xt + Ojhiin’ + Ohijn’ = 0. (17)
Transvecting (17) with 11f produces:
Xl 1 + 6k’ = 0. (18)
It follows from (18) that x; = a6;. Hence,
0;(agix + hix) + Ok (agij + hij) + 0;(agjx + hj) = 0. (19)

s It follows from (19) that one of the equations holds, namely 6; = 0, or agjx + hjx = 0. In the former
w0 case we have that the manifold M" is K&dhlerian since w; = 0 and the transformation is trivial because
s P; = 0. In the latter case the equation hj; = —agj, means that the transformations is a conformal one.
«2 But one knows that if a transformation is simultaneously conformal and projective then it is a trivial
«s  one. Hence we obtain the theorem.

«« Theorem 1. An LCK-manifold M", dim(M™) > 2 does not admit nontrivial projective transformations with
s respect to a Levi-Civita connection preserving its complex structure.

46 Note that proving the theorem we use methods offered in [4].

a7 3.2. Conformal infinitesimal transformations of locally conformal Kihler manifolds

Infinitesimal transformations are called conformal if the equations hold [16, p. 275]:

Legij = Gij+8Gji = 9Sij- (20)
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It is known, if a vector field ¢ generates conformal infinitesimal transformations, the field and invariant
@ satisfy the system [6], [5]:

1) Gij=23ip

2) 9i=o¢;

3) &ij+&ii= 98ij (21)
4) Gije = CaRY; + 3 (Pegij + @i8ik — Pigjk);

5 ¢ij= i3 (C“Rij,a + G, iRY 4 o jRY — % ("R + G"R)) :

s 3.3. Nijenhuis tensor and Lee form under conformal infinitesimal transformations

Taking into account (9) and (10), we have that a necessary and sufficient condition that under
conformal infinitesimal transformation an LCK-manifold remains also locally conformal Kahlerian is
that the Lie derivative of Nijenhuis tensor

k k k k k
Nji =T} (Lx,]’ *I]',a) -Jj (Lx,i *L’,«)
must be equal to zero:
LeNf =0,

The Lie derivative of a Nijenhuis tensor is
k k k k k
LeNj = (ﬁéfa,j - ‘CCI]',rx> -Ji (Lg]a,i - ‘Céfi,a) - (22)

4 because of(9).
It is known the identity [16, p. 159]:

k k k k
‘Cé’]i,j - (CCL‘ ),j = ]fﬁérjlg - ]ﬁﬁgfﬁ-, (23)

where F;?i are components of a symmetric affine connection which is compatible with a metric g;;.
Because of (9), from (23) we get
LeJts =P LeT%, — ]I’gcgrﬁ.. (24)

Let us calculate the Lie derivative of a Nijenhuis tensor with respect to the vector field ¢, taking into
account (24)

k k k k
LeN§ = I8 (Lak) = £olb) = 18 (Lelky = £aTk,) =
= JFR LT — JELeTh, — JPLerhy + JELeTh ) - (25)
—JF (R LTl — TELeTh — TP LeThg + JELeTE).

Removing the parentheses and collecting similar terms in (25) we obtain that the Lie derivative of a
Nijenhuis tensor is equal to zero
LeNf = 0.

so Taking into account that any infinitesimal transformation preserves the closeness property of its Lee
51 form we obtain the theorem.

s= Theorem 2. Any infinitesimal transformation of an LCK-manifold preserving its complex structure, transforms
ss it into an locally conformal Kihlerian one.
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Proof. Let us calculate a Lie derivative of a Lee form. Because of (9), from (1) we have

2 2
Lowi =~ Le(Iff) = =5 LeUpa)IF- (26)

On other hand, since a Lie derivative and contraction are commutative hence contracting for k and j
from (24) we obtain

1
Lelin =5 (n]f(/);s — ¢"Jia = Jugi + IE‘(Pﬁgm) =

1
=5 (”]}5475 — ¢"Jia "‘]ﬁi‘l’ﬁ) = (27)

1 n—2
=5 ("Lpﬁoﬁ — ¢ Jia — ]z‘/s§05> = T]fqv,&
Substituting (27) into (26) we find that
2 n—2p
Lew; = L _2 T]v(/’ﬁ]? = @i (28)

54 D

Theorem 3. If a vector field ¢ generates a conformal infinitesimal transformation of an LCK-manifold, then
components of Lie derivatives of the Lee form are equal to the partial derivatives of the invariant ¢ defined by the
system (21)

Liw; = ¢;.

Proof. It is worth to note that according to (4)
Lew; = winl" + wal” ;.

On other hand,

d
FY (wrx‘;m) = wa,iga + wix(;m,i-

Since the Lee form is closed then w; ; = w;;, and hence from (4) it follows that

0
o (@al") = (wal®) ; = 91 (29)
ss Hence the scalar ¢ mentioned in may be expressed by the equation

¢ = wal" +C,

where C is an arbitrary constant. Hence taking into account the conditions (9) the PDE system (21)
becomes

1) &ij=23i
2) &ij+78i= (wal +C)giis
3) Cijk = CaRjj + 7 ((wal®) 83 + (waﬁ“),]-gik — (wag") :8jk);
4) Ji e e =0,

Let us find the conditions of integrability of (30). According to [17, p. 17] for the Levi-Civita connection

(30)

the conditions are
LeRYy = ViLeTh — ViLeTh. (31)

For the present case we have
h _

S ((Shand®) 0} (wn®) g — 8" (wnd) 857). &)
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Since for the conformal transformations the equations
wiLegik = W (Le&jn)Siks
are satisfied hence (32) can be presented in the form
LgF EgBlj, (33)
where .
h h h
Bij = E (5i (U]' + 5] w; — whgi]').
Also there is identity [17, p. 16] that for the present case is
LeViBl — VLBl = LT Bl — LTy B — LT Bl (34)
Taking account of (32), (33), (32), from (31) we obtain
h h
LeRije = LeViBjg — ECVkB +Lg (BB i) — E,;(B Biy)-
Finally we have
1 1 1 1
ECR?jk = 55(55113601] - ,V,whgik - 75;10.}1'/]( + Evka)hgij
1
+- (5kww 5 wiwk+f||w||25]}-'gik
2 1 h 1
_*H‘UH (5ng]+ 4“7 Wi&ij — w w]glk)
or
L:Qjy =0, (35)

where Qz;';'k is defined as

1 1
Q= Ry +5h( Wi+ Wik — *||w\|28ik) 5k( wij + ZWiwj = H“’Hzgij)
1 1 1 1
+(2wh + 4whw HWHZ‘Sh)gzk - (5“’ xt ;Lwhwk - §||w||251}<l)8if'

Differentiating several times (35) we get a system of differential prolongations. For convenience we use
the identity for Lie derivative of tensor covariant derivative [17, p.16] and we obtain first differential
prolongation for (35)

h I i h h
LV Qijk = Ecrtlejk - ﬁfjrfl Qtjk - ﬁ@'r]t'lQitk - £t;‘rltleijtr (37)

se where Egl" ik and Qhk are defined (32) and (36) respectively. We can continue the process until it turn
sz out that the new equat1ons are satisfied identically or the system have became inconsistent.

The equations (307) are solvable for n = 2m unknown functions, and the equations (303) are

(n+l) _ 2m(2m+1) .

5 restrictions.

It is easy to see that (304) determines 2m? independent restrictions. Slnce an LCK-manifold is a

solvable for n?> = 4m? unknown functions. The equations (30) include

Hermitian one, then it follows from integrability of its almost complex structure that there exists
a system of complex coordinate neighbourhoods. In the complex coordinate system (z%,z%) the
conditions (304) are presented in the form

(A
98" =0
Ipct =0
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Hence we have

/T .
A ]ﬁljgé

e s 5 SR
VpEt =T3¢0 = S5, and Vgt =T =

—_

Lowering the indices we obtain

—1 1 .
V,@C&ZQ];;&,&C& and Vﬁ@azgfﬁ,x,sg&-

Hence we find that the equations (30;) include m(m + 1) restrictions which involve (304). It follows
that solution of the system (30) involves not more then

2m(2m + 1)

Am? + 2m —
m- +2m 5

+m(m+1) —2m*+1= (m+1)>
ss constants. [

Theorem 4. In order that an LCK-manifold (M", ], g) admits a group of conformal transformations, it is
necessary and sufficient that the equations

Gij+6ji = (wal™ +C)gijs
Tl = T3E o+ It =0,

the conditions of integrability (35), their differential prolongations (37),... etc, be algebraically consistent with
respect to & and (;"; If there are, among the equations (35), (37),..., exactly k equations which are linearly
independent among themselves and of

8ij + Gji = (wal® +C)gij;
T = T8+ g =0,

so then the LCK-manifold admits ar = (m + 1)? — k parameter group of conformal transformations.

Considering the system (30) we can find that if w,G* = 0, then the system may also be written in
the form
1) &ij=gij
2) &ij+8i=Cgij
)
)

W

gi,jk = ngR%]'i/.
4) T8 - e =0

s thus we have the following theorem

e Theorem 5. If on an LCK-manifold (M", ], g) Lie algebra of conformal vector fields includes such subalgebra
o2 that everywhere on (M",],g) waC* = 0 holds, then the subalgebra generates group of homothetic
es transformations.

e Proof. The Theorem follows immediately from the Frobenius Theorem [1, p. 201]. O

s 3.4. Local isomorphism between conformal group of an LCK-manifold and homothetic group of the corrisponding
oo Kihlerian metric

Let Kdhlerian metric ¢ be locally conformal to the metric of an LCK-manifold (M", ], g). According
to the definition g;; = g;je~%, w; = 20,;. Then

. 1 1 1
fk — rk k k k
ij = i §5i wj — §5j w; + 5 W 8ijs (38)
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is the Levi-Civita connection which is compatible with the metric §. Let us define a contravariant
vector field ¢' on (M", ], g). Let us denote

& =C"uis G =08 = Cie ™.

Then we differentiate covariantly ¢; with respect to the Levi-Civita connection which is compatible

with the metric §. Covariant derivative with respect to the connection f{Fj is denoted as ”'|”. Covariant
derivative with respect to the connection 1"1-‘]- is denoted as usual by comma. We get
- - 1 1 1 5
Gij = Gij (R0 wj + 50 wi = 50"8)Ea =
B oo 1, 1, 1 .z B
= (Gie ™) ; + 56iWj + 56jwi — W Cagij =
_ _ 1, 1, 1 .
=gije Y —&ie M w; + 26w 56jwi — S W Cagij = (39)

= (Gij - %‘:iwj + %Cjwi - %waéagij)e_za =
= (Gij— %gi(ﬂj + %Cjwi)eiza - %W“Caﬁzj
Suppose that a field & generates a homothetic group of the metric §. Then it must satisfy equations
Cij + & = Cij (40)
Substituting (39) into (40) we obtain
e (81 +8ji) — W Gadij = Cdijs

e 27 (&ij+8ji) = Clij + W Eugifs
e (Gij+ i) = e 27 (w"Gagij + C8if);

Since e =27 # 0 holds, (30,) are necessarily satisfied
Gij+Gji = (wal" +C)gij.

Let us differentiate covariantly éi\ j with respect to the connection fi‘] Since (38) holds, we obtain

X B 1 1
Gijk =€ 20(€i,jk 5 (8ij+&ji)wi — Ew“ (Cujgik + Cingik)
1 1
+1wk(§jwi —§iwj) — 15 Wa (wigjk — wjgix)
1 1 1
+5 (Gjwix — Giwjk) + 2/l 2 (&igjk — Cigix) — 3 (wal") (Sijs

On other hand . 1
> (Gij+ &) wi — Ew“ (Cujgik + Giagik)

(wilegjk — V (wal™)gik + E Wy jgik — W (Le&ia — Ca,i))

N~

1 N N
=3 (wilegjk — W (Legin)8jk — Vi(wal™) ik
6" Wy jgik + Vi(wal")gjk — § W igjk)

d0i:10.20944/preprints201906.0232.v1
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hence 1 1
i =€ 2 (&ij + ;ka(é‘jwi - Gjwj) — ZC"‘wa( i8jk — W;gik)
1 1
+§(Caw“,jgik — Gaw® ;gjk) + (C;wzk Ziwjx) a
1 1
+1||W||2(Ci8jk — &igik) + 5 (wilegjk — w* (Legin)Sjk)
1
=5 ((Wad") 18ij + (wal") 8k = (wal") 8jk))
Since according to (21,) in the case of conformal transformations we have Lzgj = ¢gjr, hence
wiLlegix — w*(Legin)gjk = 0, and (41) can be written as
3 —20 1 1 o
Gijjk = e (Gijx + 1k (Gjwi — Ciw;) — ZC wa (Wigjk — w;gik)
1 1
t3 (Gt ik — Caw® ;gjk) + 5 (Gjwik — Ciwjk)
1 1
+Z||w||2(§igjk &igik) — ((wa€' ) k8ij + (waC"‘),jgik — (wag") :8jk))
or .
i =€ (Eij+ éa( wk(fS w; =6 wj) — 70" (wigjk — w;gir)
1 1
5( 8k — @" igjk) + 5 (5;‘wi,k — Sfwig) + 1/l (38 gk — 673ik)) (42)

1
—5 ((n) 835+ (n8") gk — (w0n™) 83k

where ||w|[* = w;w;g". On other hand, it follows from (38) that the curvature tensor R of a Kahler
metric § and the curvature tensor R of an LCK-metric are related by the following expression

. 1
RZ’k 1]k+5h( wlk+4wwk**\|w|| gzk)
1
(5k( wl]—|—4ww ||w||2g1]) (43)
1 h 1 h 1 1 h
+(2w P+ i wj) ik — (zw , T et W) §ijs

It is known that if a field & generates homothetic transformation of metric ¢ then the field satisfies also
the equation [7]

Ciljk = GaRyi- (44)
Substituting (42) and (43) into (44), taking into account that éi = &e 27, we get

_ - 1
e G = e (CuRfy + 5((“’“5“),1{317‘ + (wag") j8ik — (wal") 8k))-
Again, it follows from e =27 # 0 that (303) is satisfied
1
gi,jk é‘a k]z ((Wuzé-r ) kgij + (waglx),jgik - (Wa‘:a)/igjk)'

The condition that for a K&hler metric ¢ a vector field & satisfies

Left =Tyl = 188 + Jigh =0

d0i:10.20944/preprints201906.0232.v1


https://doi.org/10.20944/preprints201906.0232.v1
https://doi.org/10.3390/math7080658

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 June 2019

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

110f15

if and only if the similar conditions(9) is satisfied. Hence if a vector field &' satisfies the system (30),
then it satisfies the system

1) éjl] = A‘:ij?
2) Gij+&ji = Ciji
3) gi,]‘k = gth]péﬁ;
i xk _ qaxi i _
4) Ji 8- e, e =0

We obtain the theorem

Theorem 6. If an LCK-manifold (M",],g), n = 2m admits a group G, of infinitesimal conformal
transformations preserving the complex structure, then the group Gy is isomorphic to the group of homothetic
transformations of the Kiihler metric § conformally corresponding to the LCK-metric.

It is worth to note that the obtained theorem is very similar to the results obtained by R. F. Bilyalov
([6], p- 274) for real Lorenzian manifolds. Namely, let G, be a group of conformal transformations
of a Lorenzian manifold (M", g) which is not conformally flat. Then we can find a manifold (M", $),
conformally corresponding to (M", g) whose homothetic group is isomorphic to the group of conformal
transformations of the (M", g). But our result does not require that the manifold needs not to be
conformally flat.

Applying the Theorems 6 and 4 to conformally flat manifolds, in particularly to a Hopf manifold,
equipped by the Boothby metric, we obtain that conformal groups of the manifolds depend on (11 + 1)?
parameters, where m = dim¢ (M").

3.5. Conformal infinitesimal transformations on compact LCK-manifolds

Let (M", ], g) be a compact LCK-manifold, vector field ¢ generates conformal transformations
(307). Transvecting (303) with gfk we have

2 _
VIViG — GRE = SR Vi(wad®). (45)
Then we raise the index i in (45)
. . 2 it
VIVE — R, = %w(wagﬂ‘). (46)

On other hand, it’known [18], that a necessary and sufficient condition for a vector field ¢ in a compact
almost Hermitian space to be contravariant almost analytic is

‘ 1 ‘ ‘
VIViE = GaRE = ~Tu(LeVpIhg™) + 5 (Vilk + Vi) JaLeg™ (47)
For LCK-manifolds, taking account of (2) and (1), we have

. 1 . »
—];(Egvﬁjgg‘”) + E(V]];'f + Vk]]{x)]&ﬁ(fg]k
(2—n)g" 49
= S Vi),

Comparing (46) and (47), taking account of (48) we obtain the theorem.

Theorem 7. In a compact LCK-manifold (M", ], g) any vector field & which generates nontrivial conformal
transformations is contravariant almost analytic.
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sa 3.6 Isometries of LCK-manifolds

Let a vector field { generate one-parameter continuous group of isometries of an LCK-manifold.
Then the vector field ¢ satisfies Killing equtions.

Gij+3Gij=0. (49)

Note, that we denote by comma covariant differentiation with respect to the Levi-Civita connection of
(M",],g). Taking account of (39), expressing (49) with respect to the Levi-Civita connection which is
compatible with the Kahlerian metric ¢, we obtain

éi|j + éj\i = — " waij- (50)
ss But it follows from the Theorem 3 that Kihlerian metric does not admit nontrivial conformal

se transformations. Hence {*w, = const, and we obtain the theorem.

sz Theorem 8. Isometric Group of an LCK-manifold (M", ], g) is isomorphic to a some subgroup of homothetic
es  group of the coresponding local Kihlerian metric. In particular, vector fields orthogonal to the Lee field which are
s Killing respect to the LCK-metric g are also Killing respect to the local Kiihlerian metric §.

oo 3.7. Transformations generated by the Lee fields and anti-Lee fields on pseudo-Vaisman manifolds

Let us consider a pseudo-Vaisman manifold [8] i. e. the LCK-manifold whose Lee form satisfies
the equation

jwl]?

@y (Ve(x,v) = 1 (x,v), G1)

where @4 is the fourth Obata projector. It follows from (51) that, Lie derivative with respect to the
vector field B = w" satisfies the equations

Lpgij+ I (Lagst) ]! = 2[|w| gij-

Let us find a Lie derivative of a fundamental form );; = Jigs;. According to [10, p. 4] on an
LCK-manifold, covariant derivative of the complex structure in the directions of B or A is equal to zero

V] =V4] =0. (52)
Here A = —]B is so called anti-Lee fields. Hence
LpQyj = Qi Viw' + 0y Viw' = — ]]?wt,i + Jiw . (53)
Since (51) is equivalent to

wjff — wt,i]; - ||wH2]ij =0,

it follows from (53) that
LpQj = ||| *Qj. (54)

Let us find a Lie derivative of the fundamental form with respect to the anti-Lee field A = —]B = 6*.
Since (52) holds, we have

LaQj = QuVi8' + V0" = Ji6:; — Ji0;

= ]itvj(]tsws) - ];Vi(]tsws) = ]itwsfts,j - ];ws]ts,i + ]it]tsws,j - ];]tsws,i
1 (55)
—wjj — wji + fows (Gt wu — @' Jyj — Jwr + Lrw"gij)

1
— S Jfeos (03 o — 0 = o + Jao"gii)-
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Removing the parentheses in (55), and taking into account that Lee form is closed, we have
L AQij =0.
o1 We obtain the theorem.

Theorem 9. On a pseudo-Vaisman manifold i. e. on an LCK-manifold whose Lee form satisfies the condition

[lw]

2

04 (Vw(X,Y)) = 190 g (x, v),
Lie derivatives of the fundamental form with respect to the Lee field B = w* and anti-Lee field A = —]B = 6*
satisfy the equations
1)Ly = [|w|[*Qj,
Z)EAQI']‘ =0.

Let us find a Lie derivative of the complex structure with respect to the Lee field B and the anti-Lee
field A taking account of (52).
Lp]f = JiViw® — IV, (56)
LAl = JEVi#' = V40" = = J{ViJiw) + [ V(i)
= SV + Vi = T + '
(57)

1
= Vi + [[Viw® = 5

1
5 e (0T wu — ot — JFews + T g

Fw® (6T wn — w' g — Jiws + Jhw" ;)

Removing the parentheses in (57) and collecting similar terms, we obtain that
La]f = Vi + JHEV W, (58)
Let us find a Lie derivative of the LCK-metric with respect to the anti-Lee field A
Lagij = 0;j+6j; = V;(Jiwr) + Vi(Jjwr)
= ]f,jwt + Jiwrj+ ];,iwt + ];wt,i
= %wt ((5;]1‘Llwu —w'];i — ];wi + Jhw"gii) + Jiws
+%wt (5f1}’wu —w'ji — Jiwji + Jw"gji) + ];wt,i

Finally, we get
Lagij = JiVjwi + ]} Viwy. (59)

Now let us consider the case when the Lee form satisfies strong pseudo-Vaisman condition

2
) = Bl vy
Hence the Lee field satisfies the equations
wij + wji = [|wl’gj

Comparing the equations with (30;)

Gij+ji = (wa" +C)gij,

d0i:10.20944/preprints201906.0232.v1
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we obtain, that the Lee field w* generates on the LCK-manifold one-parameter conformal group for
which in (30;) the condition C = 0 holds. We get

wij+ wji = (Waw®) i

Taking account of (39) we obtain that for the connection which is compatible with the Kéhlerian metric
8ij = e’zagij the equations
@i+ @jji = 0, (60)

are satisfied. Here we note &; = w;g'¢;; = e ?“w;. It follows from (60) that the vector field w*
generates one-parameter isometry group of the Kéhlerian metric §;;. Also it follows from (56) that if
the Lee form satisfies strong pseudo-Vaisman condition, the we have

Lpk=o0.

Hence The Lee field is contravariant analytic, i. e. a transformation generated by the field preserves
the complex structure. Also, substituting the strong pseudo-Vaisman condition into (57), we obtain

LaJf =0,
It means that anti-Lee field is also contravariant analytic. Hence we write (59) in the form

Lagij =0,

o2 That mean also that anti-Lee field 6 is a Killing field. Taking into account Theorem 8 we make the
s following deductions.

Theorem 10. If on an LCK-manifold (M", ], g), n = 2m Lee form satisfies strong pseudo-Vaisman condition

[lw]?
Vw(X,Y) = Tg(X, Y),

oa then the vector the Lee and anti-Lee fields (respectively w* and 6* ) are contravariant analitic. On the
os manifold (M", ],g) the Lie field w* generates one-parameter conformal group, and anti-Lee field 6% generates
e one-parameter group of isometry. Both fields generate one-parameter isometric groups of the Kihlerian metric §;;

oz conformally corresponding to the LCK-metric g.

os 4. Conclusion

99 The manifolds under consideration are LCK-manifolds. The investigations use local coordinates.

100 We assume that all functions under consideration are sufficiently differentiable, and use tensor methods
w1 (cf. [12]).
102 Complex geometry deals primarily with Kéhlerian manifolds i.e. manifolds carrying some
13 Kédhlerian metric. But some complex manifolds, such as complex Hopf manifolds admit no global
10a  Kéhlerian metrics at all. But we can often find for every map of atlas a multiplyer which transforms a
15 metric into a Kdhlerian one. One can say that a metric g is a locally conformal Kahler (LCK) metric if g
106 is conformal to some local Kdhlerian metric in the neighborhood of each point of a manifold. Actually
107 the locally Conformal Kédhler manifolds was introduced by W. Westlake in 1954, some publications was
18 soon made by P. Libermann, but mainly through the works of Vaisman since the 1970s the geometry of
10 LCK-manifolds has developed. Mappings and transformations of LCK-manifolds were explored by
1o V. F Kirichenko, J. Mike§, A. Moroianu, L. Ornea.
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13 The following abbreviation is used in this manuscript:
114

115 LCK-manifolds locally Conformal Kdhler manifolds
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