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Abstract: Partial sums of analytic univalent functions and partial sums of starlike have been
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harmonic functions that are univalent and sense preserving in the open unit disk.
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1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a complex domain
Q C Cif both u and v are real harmonic in ().
In any simply connected domain (2 C C, we may write f = h 4 g, where h and g are analytic in Q).
We call h the analytic part and g the co-analytic part of f. A necessary and sufficient condition for f
to be locally univalent and sense-preserving in ) is that |1’ (z)| > |g (z)| in Q. (See [2]).

Denote by Sy the class of functions f = h 4 g that are harmonic univalent and sense-preserving
inD = {z € C: |z| < 1} for which f(0) = f2(0) —1 = 0. Then for f = h+ g € Sy, the analytic
functions h and g can be expressed as

h(z) =z+ Y a2, g(z) =) b, || <1 1)
k=2 k=1

A function f of the form (1) is harmonic convex of order a,0 < « < 1, denoted by Ky («), if it satisfies

/

z(zh’(z))/—l—z(zg’(z)) } -
zW(z) — zg'(z) -

% {urg(a%f(reie) } = Re{

where 0 < 0 <27, |z| =r < 1.
As shown recently by Jahangiri [7] a sufficient condition for a function of the form (1) to be in Kg(«)
is that

y (M=) D ) < @

=N 1—a 1

In 1985, Silvia[13] studied the partial sums of convex functions of order «. Later, Silverman [12],
Abubaker and Darus[1], Dixit and Porwal[4], Frasin[5,6], Raina and Bansal[10], Rosy et al.[11] and
Porwal and Dixit[9] exhibited some results on partial sums for various classes of analytic functions.
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Here, we investigate a partial sums of convex harmonic functions.
Now, we let the sequences of partial sums of functions of the form (1) with b; = 0, have forms

m o0 —
fu(z) =z+ ¥ ;zk+ ¥ b2k,
k=2 k=2
o] n —
fu(z) =z+ ¥ azF + ¥ b2k,
k=2 k=2
m k n —
fun(z) =24+ ¥ ;2" + ¥ b2k,
k=2 k=2

and study some some bounds for them.

2. Main Results

The main aims of this paper is the following theorems which determine sharp lower bounds for
some classes of univalent functions. In the following theorem, we try it for Re{f(z)/ fm(z)}. If f(2)
of the form (1) with b; = 0 satisfies condition (2), then

f(z) m(m+2—w)
k{m@ﬂz(m+nw+1—m'zem ©)

The result (3) is sharp with the function

fﬁ)zZ*(m+1i;i1—anH' @

Proof. By setting

m . o0 ) o
Ay (Z) — Z rk—lez(k—l)eak + Z rk—le—z(k+1)9bk
k=2 k=2
y (mt+1)(m+1-a) [ 3 rkflei(kfl)eak}’
l—w k=m+1
and
B, (Z) _ 2 rkflei(kfl)eak + Z rkflefi(kJrl)ebfk.
k=2 k=2
We have
(m+1)(m+1—a) [ f(z) B m(m+2—a) ] _ 1+ Aq(z)
1—« fm(z) (m+1)(m+1—a) 14 By(z)"

1+ A1(z) _ 1+w(z)
1+Bi(z) 1-w(z)

A —B
,then w(z) = — +(2) = Biz) . It is easy to see that

Let —
© 2+ A1(z) + Bi(2)

m+1)(m+1—a); &
w(z)| < 1—ua (k:§+1|ak|>
- m & (m+1)(m+1—a), & '
2-2( L Jal+ ¥ Il) -7 ——( L)
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We claim that the right hand side of the above inequality is bounded above by 1, if and only if
i > m+1)(m+1—a >
> lagl + 3 Il + UEDUELZO (98 )y <) ®

k=2 k=2 k=m+1

It suffices to show that the L. H. S. of (5) is bounded above by

3 (8 K,

k=1 1

which is equivalent to

5 (=g ) +f(kﬁk+,f—1)|b|

k=2 k=2
2 rk(k— (m+1)(m+1—a)
+ - lag| = 0.
kgﬂ( 1—¢x 11—« )
1—ua

To complete the proof we show that f(z) = z + z"*+1 gives the sharp result. Let

- (m+1)(m+1—zx)
z = re'm we have

f(Z) _ 1—uw ZM
fm(2) (m+1)(m+1-a)
1 1—a  om(m+2—a)
T i Dmt1-a) (mtDm+l-a)

whenr — 1. O

In next theorem, we try it on the inverse of the fraction. If f(z) of the form (1) with b; = 0
satisfies condition (2), then

fm(2) (m+1)(m+1—a)
Re{ f(2) }Z mm+2—a)+2(1—a) zeb. ©)

The result (6) is sharp with the function given by (4).
Proof. Let

m ) 00 ‘ o
Ay(z) = Z rk—lel(k—l)Gak + Z rk—le—z(k+1)9bk
k=2 k=2

(m+1)(m+1—«a o k1 (ke
o 1(_“ )( 2 k=1,i(k 1)eak>’

and B,(z) be as the By (z) on the previews proof. We may write

1+w(z)_m(m+2—a)+2(1—o¢)[fm(z) (m+1)(m+1—a) }

1-w(z) 1—«a fz)  mm+2—a)+2(1-a)
_ 14 Ax(2)

o 1+Bz(z),
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where
m(m+2—¢x)+2(1—rx)[ § |ﬂk|}
1-a k=m+1
lw(z)] < — - mmt2-a), = <1
2-2 ar| + by|) - ————= a
(L o+ X loul) — (kzgﬂm)
Equivalently
m(m +2 +(1—-« >
3o + 3 ol + 2O EO (S jag) <1 )
k=m+1

since the left hand side of (7) is bounded above by ). (k(lk _;) lag| + k(lk +:C) |bk|), the proof is
k=1 - -

complete. O

As two corollaries, we are interesting to know about these type of inequalities on derivatives of
f. If f(z) of the form (1) with b; = 0 satisfies condition (2), then

f'(z) m
> D.
Re{fm()}*m—i-l—zx' z€ ®)
The result (8) is sharp with the function given by (4).
Proof. Let
Zk?’kllkl Zk?’kl i(k+1)6 bk
1-—
+mf [Zkrklzkl }
—a k=m+1
and
B3 = ﬁ krk—leilk=1)0g, _ i krk—1eik+1)0p,
k=2 k=2
We have
1—|—w(z)_m+1—zx[f’(z)_ m }_1+A3
1-w(z) 1-a Lff(z) m+1—al 1+B;
Then
m+l—ap X ;
- - - Y krk—1pi(k=1)8,
1—uw [k:m+1 k}

w(z) = 2+ 24,

Similarlly to the Theorem 2. [

If f(z) of the form (1) with b; = 0 satisfies condition (2), then

fi(2) m+1—a«a
Re{f’(z)}zm—l—Z(l—zx)' zeD. ©)

The result (9) is sharp with the function given by (4).
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Proof. Since

f'(z) m+21—a

1+w(z)_m+2(l—a){f,;1(z) m+1—a }
1-w(z)  1—«a )
in a simillar way of the proof of Corollary 2, we obtain the results. [

In the following, we prove the same theorems for f,(z). If f(z) of the form (1) with b; = 0
satisfies condition (2), then

FE)y . nlnt2+a)
Re{fn(z)} “rD)ntita) zeD. (10)

The result (10) is sharp with the function

_ 1—w sn+1
f(z)_z+(n—|—1)(n+1+zx)2+' (11)

Proof. Let

As — i P-1pik-10, i Ph1ilke )0

k=2 k=2
+ (m+1)(n+1+a) [ i rk—le—i(k+1)efk]l
I—a k=n+1
and
Bs — i PLpik-1)0, 4 i 1=k 1)0p
k=2 k=2

We have

l+w(z) (m+1)(n+1+a) [f(z) . n(n+2+a) } _1+4s

1—w(z) 1—«a fa(z) (m+1)(n+1+a) 1+Bs’
where

(m+)(n+1+a) [ °Z°: rkflefi(kJrl)bek]
(U(Z) — 1 - k:n+1
2+ 2A5
Then
n+1)(in+1+a o
( )1(_a ) [ 5 |bk|]
k=n-+1
w(z)] < 22 O )- (n—l—l)(n—l—l—i-zx)( S I)'
i 1-a M
This last expression is bounded above by 1, if and only if
> 1 n+(n+1+a ad
Yo la + Y b + ( >1<_lx )( Y |bk|> <1 (12)

k=2 k=2 k=n+1
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It suffices to show that the left hand side of (12) is bounded above by

i": (k(lk: o) o] +

k=1

k(k+a)
1_a|h0,

which is equivalent to

L (o ) 1 (0 1)

k=2 k=2
O sk(k+a n+1(n+1+a
e L
k=n+1
1—a

To complete the proof, we see that f(z) = z + Z'"1 gives the sharp result. Let

- (m+1)(n+1+a)
z = re'"+2 we have

flz) _ l1—a 1 p— % (142)
AE IR CE S T

1 1—a  n(n+2+4a)
m+)(n+14+a) m+)n+1+a)

when 7 — 17. This completes the proof. O

If f(z) of the form (1) with b; = 0 satisfies condition (2), then

)y (D4 1+a)
R > , D. 13
e{f(z)}_ nn+24+a)+2 z€ 13
The result (13) is sharp with the function given by (11).
Proof. Let
Ag = fif*‘leﬂk*neﬂk+-ii’k‘1€*“k+lw52
k=2 k=2
n+1)(n+1+a ad L _
B ( )1(— . ) [ Z K1, z(k+1)9bk]l
k=n+1

and

[e) (9]
Be=Y. P1pi(k=1)8g 4 y P pmilkr 1)o7
k=2 k=2

It is easy to see that

1+w(z) nn+24a)+2 [fn(Z) 3 (n~|—1)(n+1+1x)} 1+ A4
1-w(z) 1—a f(z) n(n+2+a)+21 1+Bg
Details of the proof is omitted and is simillar to the Theorem 2. [

If f(z) of the form (1) with b; = 0 satisfies condition (2),

(i) Ifn(n+2+a)+2x > m(m+2—a)or for all k > 2 we have by = 0 then

z € D.

f(z) m(m+2—w)
Re{fm,n(z)} =+ Dmti—a)
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(i) if n(n +2+a) +2a < m(m+ 2 —w) or for all k > 2 we have a; = 0 then
f(z) nn+2+a)
R > , e D.
e{fm,n(z)} =t )n+1ta) °
Proof. (i) Let
+Zrk Loi(k=1)0, +2rk 1,-i(k+1)8
N (m+1)(m+ 1—a) [ Z P11k, i rk—%—i(k-&-l)ﬂy}(}/
1-a k=m+1 k=n+1
and
m n
_ Z 7,k—lez‘(k—l)f)ak + Z rk—le—i(k+1)9F
= k=2
We have
1+w(z)_(m+1)(m+1—oc)[ flz)  mm+2—a) :|:1—|—A7
1_60(2) N 1—ua fm,n(z) (m+1)(m+1—oc) 1+ By’
Then
(m+1)(m+1—a) [ 5 klpik10g 3 rkflefi(kJrl)bek]
w(z) = 1—a k=m+1 k=n+1
o 2+2Ay
Therefore
m+1)(m+1—« ®©
( )1(_a )[ Y olul+ ¥ Ibk\}
lw(z)] < (m +1)t;mi =« ) :
b
2- 2( Y o+ z el ) - (kf% ]+ _% )
This last expression is bounded above by 1, if and only if
u 1 m+1)(m+1—ua > d
Yol + Y 1okl + ( )1(_1)( ) ( Yo lml+ ), \bk|) <1l (14)
k=2 k=2 k=m+1 k=n+1

Since the left hand side of (14) is bounded above by

i (k(k _;) |ag | + Kk +;) |bk|>/

=N 1- 1-—

the following inequality holds

2rk(k—a) = k(k—a) (m4+1)(m+1-—a)
,;2( 1—ua _1)|uk|+k_;+1( 1—a 1—ua )lak|

+k22 (k(1k+oc) B 1)|bk| +k§+l (k(lk:r;) _ (m+1)1(n_1:1 —"‘))|bk| > 0.
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— 1-a Zm+1 —
Tosee f(z) =z + T m 1= oa) gives the sharp result, let z = re'n. We have
f(Z) 1-a m
=1+ z
fnn(2) (m+1)(m+1-a)
1 1—w _ m(m+2—a)
(m+1)(m+1—a) (m4+1)(m+1-—a)
whenr — 17
(ii) Let
m n
=Y PkTgilk=1)0, y pk=1pilk )0,
k=2 k=2
Lt (n+1+a) [ Z PA=1pi(k=1)0, 2 ph-1milkt1op ]
1—ua e
m+1 k=n+1
and
m n
D, =Y. PkTeik=1)0, ¢ y pk=1pilk1)0p,
k= k=2
We have
1+w(z):(n+1)(n+1+zx)[ flz)  n(n+2+a) }:1+C7
1-w(z) 1—a fmn(z) (n+1)(n+1+«) 14Dy
Then
(n+1)(n+1+a) [ A—lpitk=10p, 4 5 rk—le—z‘(kﬂ)eb—k]
24 2Cy
Consequently
n+1)(n+1+« ® ®
(n +1)( )[ Lo al+ X |bk|]
1—a k=m-+1 k=n+1
—2( Tl + X lbil) - = ((Z lal+ T )
k=2 k=2 - k=m+1 k=n+1
This last expression is bounded above by 1, if and only if
= ! n+1)(n+1+a > i
Yo lakl + Y (bl + ( )1(_a ) ( Yoo lal+ ) |bk|) <1 (15)

k=2 k=2 k=m+1 k=n+1

It suffices to show that the left hand side of (15) is bounded above by

L (g + 5 ),

k=1
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which is equivalent to

i(k(lk “) ) ael + Z (k(lk_’x _(n—l—l)l(n_—;l—l-oc))‘kl

k=2 k=m+1
Lork(k+a) > k—l—zx (m+1)(n+1+«)
+3) bkl + ) — Ib| > 0.
k:2(1 « ) an( 1—uw )
To show that f(z) =z + e 1)1(;i T “)z +1 gives the sharp result, let z = re'i2, We have
f(z) 1—a n,— % (n+2)
=14+ n+2
fun@) ~ T A DA T
1—a nn+2+a)
=M 1— =

m+1)(n+1+a) H+Dn+1+a)

when r — 17. The result follows.
O

If f(z) of the form (1) with b; = 0 satisfies condition (2),

(i) if n(n+2+a)+2a > m(m+2—wa) or for all k > 2 we have by = 0 then

z € D.

fnn(2) (m+1)(m+1—a)
{ f(z) }Z mm—+2—a)+2(1—a)’

(i) if n(n +2+a) +2a < m(m+2 —a) or for all k > 2 we have a; = 0 then

Ffmn(z) (m+1)(n+1+a)
Re{ fz) }2 nnt2ta)+2 2SD

Proof. (i) Let

m n
_ Z rk—lei(k—l)eak + Z h—1p=i(k+1)67
k=2

_(m+1)(m+1-—a) [ 5 A1l | Z k= —i(k+1)9Fk},

1—a k=m+1 k=n+1
and
Erk 1,i(k=1) ak+2rk Loilk+1)6,
We have
l+w(z)  m(m+2—a)+2(1—a) [fm,n(z)  (m+1)(m+1-a) ] _ 1+A8.
1—w(z) 1—w f(z) mm+2—a)+2(1—a) 1+ Bg
Then
m(m+2—11x)+2(1—oc)[ g o] + ): |bk|}
w(z)| < i k=mt1 k=ntl <1.

2-2( £ Il + £ Iol) - "2 F jad+ Ejud)

I-w k=m+1 k=n+1
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Therefore
i u mm+2—a)+(1—« = >
3 lagl + 3 ol 4 MEEEOEAZ O g Y ) <1 ag
11—«
k=2 k=2 k=m+1 k=n+1
Since the left hand side of (16) is bounded above by
2 rk(k—a) k(k+a)
L (S ol + S 1),
the proof is complete.
(ii) Let
m i n ) o
Cs=) PTgik=1)0, | y pkTmilk+ 1)
k=2 k=2
C(n+ 1)1(71+ 1+a) [ DA A rkflefi(k+l)9bfk},
o k=m+1 k=nt1
and
Ds — i P1ik=1)0, i Ph=1o=ilk+1)0p
k=2 k=2
We have
1+w(z) nn+2+a)+2 [fm,n(z) B (n—i—l)(n—i—l—f—a)] _1+G
1-w(z) 1—«a f(z) nn+2+a)+2 1+ Dg’
Then
nn+2+a)+2r X2 ®
( 1_a) [ rolml+ X |bk|]
jw(z)] < m n n(n —:;T;) + Zak:nt’i o <1
2-2( L Jal+ ¥ loul ) - (T lal+ T Inl)
k=2 k=2 & k=m+1 k=n+1
Therefore
z Z nn+2+a)+ 1+« > =
Y lal+ ) [bel + ( )+ (1+4) Yo o+ Y [bel) <1 (17)
1—«
k=2 k=2 k=m+1 k=n+1
Since the left hand side of (17) is bounded above by
2 rk(k—w) k(k+a)
b
L (S ol + S 1),
which completes the proof.
O
If f(z) of the form (1) with by = 0 satisfies condition (2), then
/
Re{fj’r(?i)}_erlzx' forn > m,z € D. (18)
mn

The result (18) is sharp with the function given by (4).
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Proof. Let
Zk?’kllkl ak—Zkrkl i(k+1)6 bk
m+1 k-1 i(k—1)8 k1 —i(k+1)0
SR E. [kz k1 Yk D),
m+1 k=n+1
and
m n
By = Z krk—lei(k—l)f)ak o Z krk_le_i(k+l)9Fk.
k=2 k=2
We have
1+w(z)_m+1—zx[f’(z) B m }_1+A9
1-w(z)  1—-a LUff,(z) m+1—al  14Bg’
Then
m+1—a { g krk—1eik=1)0g, _ § krkflefi(kJrl)obfk}
w(z) o 11—« k=m+1 k=n+1
o 2+ 2Ag ’
and
m+1—ua ®
?[ Y kla| — Z k|bk|]
w(z)| < o k=m+1 k—n+ <1
" 2-2( £kl + ki) - E Had+ £ oknd)
k=2 k=2 T—a i
Therefore

O Hadt Y k) <1 (19)

m+
Zk|ak| + Zk|bk| +—
k=2 k= k=m+1 k=n+1

Since the left hand side of (19) is bounded above by

2 rk(k—a) k(k+a)
kzzl( 1—«a lax] + 1—ua |bk‘)'

the proof is complete. [

In a similar way to the previews theorem, we may prove the next corollary. If f of the form (1) with
by = 0 satisfies condition (2), then

fmn() m+1—ua
R{f'() }2m+2(1—¢x)' zeD. 29

11—«

m+1
(m+1)(m+1—uw) '

The result (20) is sharp with the function f(z) =z +
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