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8 Abstract: The aim of work is to derive an explicit expression for a function of vertical mixing

9 induced by wind-waves. To this end, in the Navier-Stokes equations, a current is decomposed into
10 four constituents: the mean flow, the wave-orbital motion, the wave-induced turbulent and the
11 background turbulent currents. This decomposition allows separating the wave-induced Reynolds
12 stress, Rw, from the background one, Rv. To make a statistical closure for Rw, the Prandtl approach
13 for the background turbulent fluctuations is used that results in an implicit expression for the
14 wave-induced vertical mixing function, B.. Expression for B. is specified based on the author’s
15 results for the eddy viscosity found earlier in the frame of the three-layer concept for a wavy air-
16 sea interface, used for modelling wind-drift currents [1]. Finally, the explicit parameterization for
17 Bo(a, u+, z) is found as a linear function in both the wave amplitude at depth z, a(z), and the friction
18 velocity in the air, u*. The linear dependence of function B.(a) on the wave amplitude provides the
19 enhanced vertical mixing induced by wind-waves in comparison with function B.(a) having the
20 cubic dependence found in [2], as far as the wind-wave amplitude a(z) decays exponentially with
21 depth.
22 Keywords: air-sea interface; wind-waves; turbulent currents; Reynolds stress; vertical mixing;
23 eddy viscosity
24

25 1. Introduction

226 1.1. Three approaches in the problem

27 An adequate description of the upper-ocean mixing processes is very important for the
28  ocean-circulation modelling from both scientific and practical viewpoints. This was repeatedly
29  mentioned for more than fifty years in numerous papers (e.g., [3-14]). The scientific interest in the
30  problem is determined by the natural aspiration of researchers to clarify the physics of mixing
31  processes in the upper ocean. The practical significance of solving the upper-ocean mixing problem
32 s stipulated by the tasks of improving both the ocean-circulation simulations and forecasting the
33  weather and climate variability. Certain geophysical applications of such solutions are well
34 represented in the recent papers [14-17].

35 According to the formulations systemized long ego by Mellor and Yamada [18], the traditional
36  approach to the problem is based on using the multi-level schemes for statistical moments of
37  hydrodynamic variables. This approach is based on the full Navier-Stokes equations describing
38  motions of different scales of variability that leads to a necessity to derive a set of evolution
39  equations for statistical moments of different variables. On this way, an evident progress was
40 achieved (e.g., [6, 14, 15, 19, 20]). However, the mentioned approach contains numerous physical
41  assumptions, hypotheses and simplifications. Eventually, all these uncertainties result in
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42 underestimation of a vertical mixing in the upper layer and a mixed-layer depth (see citations in [2,
43 13, 15] among others).

44 The approach based on the full Navier-Stokes equations is usually applied to consideration of
45  the global circulation that corresponds to the large-scale description of ocean motions. In this
46  approach they take into account the Earth’s rotation and the Stokes drift. The instability of the latter,
47  enforced by surface waves and a wind stress, results in an appearance of the large-scale mixing
48  process in the upper layer, which is referred to as the Langmuir turbulence [14, 21-23]. This type of
49  turbulence has the scale corresponding to the ocean-boundary layer with the size of about hundred
50  meters [14]. Studying of this phenomenon provided a radical progress in understating the role of the
51  large-scale turbulence mixing in the global circulation (e.g., [11, 14, 20] among others). Herewith, the
952  meso-scale orbital motions of wind waves are not directly taken into consideration in this large-scale
53  approach.

54 Nowadays it seems that an additional progress in solving the problems of the upper-layer
55  dynamics could be obtained if one takes into account another type of mixing provided by the
56  meso-scale turbulent process. This kind of mixing is described by local features of direct interaction
57  between the meso-scale orbital wind-wave motions and the background large-scale ones. In this
58  approach, hereafter referred to as the local wave-current interaction approach (shortly, local approach),
59  the Earth’s rotation is omitted, and the Stokes drift is considered as a negligible flow [2, 5].

60 The local approach in the mixing problem is based on the concept of the meso-scale
61  wave-induced turbulence which is considered as an addition to the large-scale background
62  turbulence. Existence of the former type of turbulence was justified and confirmed in numerous
63  experimental and theoretical studies (see [24-26] and references therein). In particular, Babanin [25]
64 defined the local Reynolds number, Re, provided by the orbital wave motions, as: Re = azwp v, and

65  found that the wave-induced turbulence below a surface emerges when Re becomes greater of 10°.
66 Here, a is the mean wave-amplitude, , 1s the dominant wave frequency, and v is the kinematic

67  viscosity of water. This gives an estimate that the meso-scale wave-induced turbulence may origin if
68  a wave height exceeds several centimeters. Consequently, the meso-scale wave-induced turbulence
69  should be widely spread. This conclusion was confirmed in the laboratory experiments with
70 non-breaking waves [27, 28], and in the field measurements dealing with breaking waves (e.g., [29,
71 30)).

72 Intensity of a turbulence mixing is measured by the dissipation rate of the turbulent kinetic
73 energy (DRT), € [5, 19, 24, 27, 29, 31]. For non-breaking waves, the direct measurements in a tank [27]
74 provided estimate of ¢ of the order of 10 m2s? and showed the cubical dependence of ¢ on wave
75  amplitude a. In the case with breaking waves, intensity of the wave-induce turbulence is of several
76  orders greater [29, 30]. Though, such intensive wave-induced turbulence is mainly located in the
77  vicinity of a wavy surface, which has the size of about a wave height. For this reason, the
78  wave-breaking turbulence provides a special type of vertical mixing which can be referred to as the
79  small-scale one. In our mind, this kind of the wave-induced mixing needs a separate consideration.
80 Really, the size of the layer with an intensive wave-breaking (breaking layer) is of the order of a
81 mean wave height [5, 19, 29, 30]. More precisely, it is of the order of several meters at most [32]. In
82  turn, the meso-scale turbulence is spread through the depth of about a half of length for dominant
83  surface wave [12], i.e, it is in an order greater than the width of the breaking layer (retaining much
84  smaller than the depth of the Langmuir turbulence due to an order greater scale of the wave-orbital
85  velocity with respect to the Stokes drift). Such a significant difference in the spatial scales allows
86  considering the discussed turbulent processes separately.

87 Thus, one may state that the meso-scale turbulence, described by the local approach determined
88  above, is the main wave-current interaction process which takes place in the upper layer between the
89  deepest wave troughs and the depth about a half of dominant wave length (see [25, 29, 31] and
90  references therein). In this range of depths, referred to as the water-boundary layer, the wave
91  breaking processes could be implicitly accounted as one of the reasons providing appearance of the
92 local wave-induced turbulence, for example, due to production of an additional vertical momentum
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93  flux [2, 15]. This discrimination of the breaking processes could be considered as an additional
94 circumstance for applicability of the local approach in the problem of wave-induced mixing.
95 For the first time the local approach defined above was successfully applied in [2] to solve the
96  problem of the wave-induced vertical mixing. These authors derived an analytical expression for the
97  vertical-mixing function, B. , and applied it as an addition to the traditional turbulent mixing
98  coefficients in the ocean-circulation model POM. Finally, they found numerically that the meso-scale
99  turbulence processes, induced by surface waves, can reasonably enhance the large-scale mixing in
100  the upper ocean, providing a better correspondence between simulations and observations for the
101  depth of the mixing layer [2]. Later, the similar results of the local approach applications were
102  confirmed in [13].
103 Thus, the local approach turned out to be rather effective in solving the problem of the
104  wave-induced vertical mixing. However, this approach could be updated by a further elaboration.
105  To dlarify this statement, let us dwell on the derivations made in [2].

106  1.2. The local approach version used in [2]

107 Qiao et al. [2] started their derivation for the wave-induced mixing function directly from the
108  statistical closure of the Reynolds stress, <U,U;>, appearing after averaging the motion
109  equations over the wave scales (hereafter, brackets <...> mean the wave-ensemble averaging). In
110  the mentioned Reynolds stress, they decomposed the total current fluctuation, U, , into the
111  wave-induced one, lj; , and the turbulent fluctuation existing without waves, u; . This allows to
112 extract the sought wave-current interaction stress, < U;U'j >, which was expressed via wave

113  parameters.
114 In the simplest case of the one-dimensional shear mean current, U = (U(z),0,0), for the certain

115  vertical mixing stress, < (U, >+ < (,U, >, they assumed the following statistical closure:

116 -(<Ou, > +<0u,>)= g Y. (1)
' dz

117 Hereafter, sub-indexes 1,2,3 denote the x-, y-, z- components of currents, and factor Bv is defined as
118  the wave-induced vertical eddy (turbulent) viscosity (diffusivity), considered as the vertical-mixing

119  function. Qiao et al. [2] specified the expression for By in the form
120 B ,=<A0,> |, )

121  where 4, is the mixing length of the wave-induced turbulence.
122 To clarify the derivation of Eq. (2), we note that Eq. (1) means applying the Prandtl

123  approximation for the background fluctuation, U, , in the form
124 u=A4@u@E)/d) =13 , 3)

125  where 4, is the stochastic mixing length for the background turbulence. Then, 4, was replaced

126  (arbitrary) by the mixing length for the wave-induced turbulence, A, what results in Eq.(2).
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127 Farther, Qiao et al. [2] expressed the wave-induced fluctuation, 0'3 , via the wave-number
128  spectrum of waves at a surface, S(K), in the form (at depth z; the z-axes is directed upward)
d ([ P (k)S(k)exp( 2Kz )dk)m
129 60) = L) , 4)
dz
130  what, in essence, is the form of the Prandtl approximation applied to CI'3 . Thus, they wrote:
d([*(0SK) exp(2kz)dk)m
131 B, (2) =< A (2)0y(2) >=< 4’(2) > : ()

dz

132 To specify the expression for B(z), Qiao et al.[2] proposed that < ijlz (2) > canbe expressed via the

133 mean amplitude of the orbital wave motions at depth z, < a(z) >. The final expression for the

134 wave-induced mixing function, Bv, gets the form (for more details see the original paper)

d ([ (K)S(K) exp(zkz)dk)”2
dz '

135 B,(S,2) = [ S(K) exp(2kz)dk - ©)

136  The first factor in the r.h.s. of (6) corresponds to the second power of the mean mixing length,
137 < (13)2 >, the second one to the vertical gradient of the averaged wave orbital velocity. In Eq. (6), &«

138  is the dimensionless fitting coefficient, w(k) is the wave frequency corresponding to wave vector k
139  for gravity waves, and the exponents denote the depth dependence for the surface wave spectrum.

140 Besides the exponential decay with depth, the main feature of Eq. (6) is the cubic dependence of

141  function B (S,z) on the mean wave amplitude, <a(z)>. Due to the exponential decay for a wave
142 amplitude, <a(z)>=a(0)exp(kz), Eq. (6) results in the ratio
143 B,(S,z) x< a(z) >*cexp(3k,2) ,

144 where kp is the wave number corresponding to the peak of spectrum. Despite of this circumstance,
145  Qiao et al. [2] stated: “... adding Bo to the vertical diffusivity in a global ocean-circulation model yields a
146 temperature structure in the upper 100 m that is closer to the observed climatology than in a model without the
147  wave-induced mixing” (the citation from [2]). Later, the fact of remarkable impact of the proposed
148  wave-induced mixing on the global circulation was confirmed in the series of works (e.g., [13, 16]).

149 Referring to the said, it seems that the presented approach is as a very prospective
150  semi-phenomenological solution of the wave-induced mixing problem. Though, this approach is

151  worthwhile to be elaborated with the aim of improving some weak theoretical points in the Qiao’s

152 version, namely: (i) the replacing 4 by 1 in Eq. (2), and (ii) the closure in Eq. (5). Besides, it needs
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153  to provide all details of the derivation of the form for the initial Reynolds stress considered in [2],
154  what is necessary for understanding a range of the approach applicability.

155 The present paper is aimed to develop a new version of the Qiao’s approach with the proper
156  theoretical justification for it. Eventually, it turned out that the new version results in a reasonably

157  greater impact of waves on the vertical mixing than it is described by Eq. (6).
158 2. Main derivations

159  2.1. Theoretical background

160 With the aim of representing important details in the convincing form and to introduce details
161  of the problem, here we reproduce some known analytical derivations. Herewith, one should keep
162  in mind that we deal with the motions in the upper water layer located below the deepest troughs of
163  wavy surface: from z < -2a(0) down to the depth of about a wave length of the dominant surface
164  wave. In the frame of the local approximation, the considered scales correspond to the averaging
165  over several tens of the dominant wave period and the proper length. For generality, we suppose
166  that a certain background turbulent current exists in the upper layer independently of the surface
167  waves.

168 Following to the traditional theoretical derivations [19, 31], we start from the Navier—Stokes

169  equations written in the tensor form:

—+U, — = 1%
o o, op,ox 0 oX

]

ou, oy, 1 oP oU.
+U =

170 L @)

171 Here Ui (i=1,2,3) is the x-y-z-component of the current, P is the pressure, p is the water density,

172 and v is the kinematic viscosity of the water. (Repeating indexes mean the summation). Note that in
173 the local approach for this task (see Sec. 1a), the Coriolis term is not included in (7).
174 Before making statistical averaging, it is very important to separate accurately different kinds of

175  motions. To this end, we put the following decomposition for the current:

A

176 U =U, +u =(U, +US,)+0,+0 +u, . ®)

A —

177  Here U, =U, +Ud5i,1 is the mean current which includes the background flow, U, (existing

178 without waves), and the drift current, Udé‘l 1 provided by both the wind and the waves [33] and

179  directed along the OX axes (denoted by symbol 5,,); U; is the total turbulent addition to mean
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A

180  current U; .! In our case, the summand U, includes the following set of terms: the wave orbital

181 velocity, l]i , the wave-induced turbulent fluctuation, l]; , and the turbulent fluctuation existing in

182  the absence of waves, u; . Hereafter, summand U; is referred to as the “background” turbulence.

183 Note the following: (i) the orbital velocity U; does not belong to the turbulent motions; (ii) the

184  background turbulent fluctuation, U; , is independent of the turbulent motions induced by waves,

185 U ; (iii) both fluctuations, U, and U, , may correlate statistically with each other. The latter item is

186  the assumption which is very important for the following consideration.

187 A similar decomposition is assumed for pressure P (without the drift terms). But below we shall
188  not touch the pressure terms in Eq. (7), supposing that, in this version of our constructions, they do
189  not significantly effect on the wave-induced vertical mixing under consideration, being responsible
190  mainly for the turbulent energy and the momentum flux production in the narrow breaking layer

191  [15,19].

192 To arrive to the Reynolds stress considered in [2] (i.e., the Lh.s. of Eq. 1), the following statistical
193  approximations should be accepted:

194 1) All the additional summands in Eq. (8) vanish in the mean:

195 <0,>=0; <0, >=0; <u;>=0 (e, <U,>=U,). (9a)
196 2) There is no correlation between the mean, the wave orbital and the turbulent motions:

197 <U,0,> =0, <U, 0, >=0; <U,u, >=0. (9b)

198  The same is true for the wave orbital velocities and the turbulent fluctuations:
199 <0,0;>=0; <0;u;>=o0. (9¢)

200  Formally, Egs. (9b, c) correspond to the assumption of no correlation between motions of different
201  scales, what is typical for the turbulence theory [16, 31].

202 3) The wave-induced and the background-turbulent summands may correlate:

203 <G, >#0; <QU;>#0; and <UU; >#0. (9d)

204  Additionally, the condition of continuity takes place for each constituent in (8): aU, / ox,= 0.

205 Substituting (8) into (7), making the ensemble averaging, and taking into account ratios (9a, b),
206  one obtains the Reynolds equations,

! Formally, the Stokes drift is included into the total drift-current term, (j ) v though due to its smallness with respect to

wind drift (according to [33], the Stokes drift is less than 15% of the wind drift), this term is not so important here. Besides, the

case of no wind is out of our consideration.
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j . au. é<uu > U,
207 %Jrui oy, + L :[pressure—terms]+v8 Uz' , (10)
ot X, X, OX;

]

208  where the third term in the Lh.s. contains Reynolds stress <U;U;>. In view of the above

209  decomposition, full expression for the stress is,

<ujly >=< 0,0, >+ < 0,0, >+ <0,u >+

210 o L . . L . (11)
+< 0,0 >+ <00 >+<0u>+<ul >+<u,0>+<uu >

211  Using ratios (9¢, d), from (11) one may find,

212 < >=< 00, >+ <00 >+ < U > +<ul >+ <uju >. (12)

213 If there are no waves, i.e., when U;=0, and l]; =0, one finds the standard Reynolds stress

214 <uu >=<uju; > (13)

215 corresponding to the background turbulence existing with no waves.

216 In the case of no waves, the first-level closure approximation [31] gives:

217 -<uyu; >=K,0U; / 0x;, (14)

218  where coefficient Kii has the meaning of the eddy (turbulent) viscosity (at the depth considered).
219  For constant value of Kji, closure (14) leads to the standard form of the viscous term in Eq. (7),
a<u >
OX.

]

0%V,

220 Ay
! X;

0 oU.
- —(K,—%)=K (15)
X, I ox

j
221 By this way, making the closure of the wave-induced terms in stress (12), one may find the

222  wave-induced part of the eddy viscosity corresponding to the vertical-mixing function.
223 2.2. Initial specifications

224 For simplicity, let us consider the case of uniform mean current U (including drift J,) with

225  the vertical shear, directed along the OX-axis, i.e.. U=(U(z),0,0). For components j=1andi=3,
226  Eq. (12) provides the stress under consideration:

227 < U, >=< 0,0, >+ < G0, > + < 0, > + < U0y >+ < U, > (16)

228  The stress given by Eq. (16) is to be specified.
229 First, we consider the case of potential wave-orbital motions and the linear approximation for
230  deep water. In this case, the two-dimensional monochromatic wave with amplitude 4, frequency w,

231  and wave number k is described by the following ratios [34]: the surface elevation is given by
232 n(x,t)=acos(kx—at); 17a)
233  the velocity potential is

234 ¢(x,z,t):a%exp(kz)sin(kx—a)t); (17b)
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235  the orbital velocities are
236 0, =u, =awexp(kz)cos(kx—at) and 0, =u, =awexp(kz)sin(kx—at). (17¢)
237 Second, using ratios (17c), due to the orthogonality of oscillating functions 0, and Uy, one
238  may find that
239 <0u, > =0. (18)

240  To estimate < 0,0, >, we use the Prandt] approximation for the wave-induced turbulent motions in
241  the form

242 0, = 4,60, 1 ox, (19)
243  (i=1,3). Then, using of Egs. (17c) and Eq. (19) yields,

244 <O, >=< LA, >- < (0, ] %, ) (0, | 6%,)> = < LA, > k*- < 0,0, >=0, (20)
245  for the same reason as in Eq. (18).

246 Note that Eq. (20) does not contradict to the first equality in Eq. (9¢): <0,d; >=0, as far as the
247  substitution of Eq. (19) into Eq. (9¢) yields

248 <00 >=< ;> k-< 00,0, >=0. (20a)
249 In any case, the zero value for term < (0,0, > (Eq. 20) is true due to the random feature of mixing

250  length ,{} for which the equality < ZJ >= 0 is true by the definition. (In the case of term <0, >,

251  validity of Eq. (20a) is also provided by the orthogonality for the components used).
252 Third, excluding the last (background) term in Eq. (16) and using Egs. (18), (20) yield the

253  following wave-induced stress
254 <UU, >, =<0U;>+<uly> . (1)

255 Due to the spatial homogeneity of the wave-induced turbulence, one may put that the both

256  summands in (21) have the same value (the Prandtl approximation supports this). Thus,
257 <UU, > =2<0l; > . (22)
258 It is the wave-induced stress, <UU, >, that provides the addition to the background eddy

259  viscosity. For the first time, Eq. (21) was “a priory” postulated and analyzed in [2] (see Sect. 1b). All
260  the assumptions, accepted in this subsection, determine the range of applicability for the results

261  found in[2] and in the following derivations.

262  2.3. New closure

263  New approach for the closure of stress (22) has the following steps.
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264 1) The background turbulence fluctuation is expressed by the Prandtl approximation,

265 U, = 4,0U / 0%, . Remind here that 2, is the unknown random mixing length that has no relation to

266  the wave motions, because fluctuation U, (and consequently A, ) describes the background
267  turbulence. In such a case, the main expression for the farther analysis is as,

268 -< Uy >, =2< 04, >0U / 6x,. (23)
269 2) By analogy with Eq. (14), from (23) it follows the implicit expression for the wave-induced
270  eddy viscosity, Bv (with the notation used in [2]), in the form

271 B, =2<04,>. (24)
272  Thus, it needs to find the closure for statistically averaged value < (4, >. Note that Eq. (24) for By

273  differs from Eq. (2) postulated in [2]. In our case, the background-turbulence mixing length, 1, is

274  saved because it cannot be expressed via any part of the wave motions, as we have already

275  mentioned from the very beginning of this subsection.

276 3) The following features for function B, =2 <4, > are stated:

277 (i) Bv is the statistical moment, the final value of which can be postulated under some

278  assumption, as it is usually used in the theory of turbulence [31];

279 (i) B«( ;) is the linear function in the wave-induced turbulent fluctuation, 0,. From the

280  physical point of view, one may expect that the dependence B«(a) (at any depth z) should also be the

281  linear function in the local mean wave-amplitude, a(z), depending on z.

282 (iii) Turbulent features of the background currents (stochastic features of A,) might be related

283  to some already known stochastic processes in the upper layer (not directly depending on the wave
284  motions).

285 4) To realize the features of Bv stated above, we propose to estimate the statistical moment

286 < 01/13 > on the basis of recent theory for the wind-induced drift currents, constructed in [1]. The

287  main points of this estimation are as follows.

288 First, we state that the wavy air—sea interface may be conventionally partitioned into three
289  constituents. They are: the air boundary layer (ABL), the wave zone (WZ), and the water boundary
290  layer (WBL). This statement is based on the data processing made in [35] for the numerical results
291  found in [36]. Such a partition was empirically confirmed in the tank observations by Longo et al.
292 [37] as shown in Figure 1.

293 The meso-scale ABL and WBL have sizes about a wave length of the dominant surface
294  wind-waves. Herewith, the size of the WZ is about of 2-3 mean wave heights [35], i.e., much smaller
295  than that of the ABL and the WBL. The empirical evidence of this fact is given in Figure 1.
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297 Figure 1. The general scheme for the mean-flow distribution in the interface system (from [37]). The wave zone
298 is evidently seen between the air boundary layer and the (sub-surface) water boundary layer.
299 The most important feature of this tree-layer structure of the interface is that the vertical profile

300  of the total mean current, U(z), is linear in z in the WZ. This fact is directly supported

301  experimentally in [37, 38]. The empirical evidence of this feature is given in Figure 2.
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303 Figure 2. The measured mean current profiles U( Z) at different points in the tank (from [38]).
304 Due to the linear profile for a mean current in the turbulent WZ, it is evidently to assume that

305  the WZ has a meaning of the turbulent viscous layer (located between the ABL and WBL), as it is
306  known from the classical turbulent theory [31]. Thus, from the point of view of statistical

307  hydrodynamics, the following conditions should take place in the WZ:

308 (i) The wind-induced momentum flux, 7w, directed downward, is constant.
309 (i) The eddy viscosity coefficient, K, supporting the linear current profile, U(z), is constant.
310 Thus, the momentum flux balance in the WZ could be written in the form [31]:

311 r,=KoU(z)#, (25)
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312  where K is the eddy viscosity taking place in the WZ. Based on Eq. (25), Polnikov [1] has found that

313  the viscosity coefficient K can be expressed as

314 K=Cx ua, , (26)

315  where Ck is the dimensionless coefficient of the order of 102, and Usx is the friction velocity in the

316  ABL (for details, see [1]). Equation (26) means that the wave-induced turbulent viscosity coefficient
317 K in the WZ is the linear function in wave amplitude a4, what corresponds to the expected
318 dependence for wave-induced mixing function Bv(a) (see item 3(ii) above). This correspondence
319  provides the further derivation.

320 5) The facts mentioned in item 4) allow us to propose that the sought turbulent viscosity in the
321  WBL, By, is the spatial extension for the eddy viscosity coefficient K taking place in the WZ, if we
322  assume the similar physical features for the turbulence in the WZ and WBL. Based on this
323  phenomenological assumption, one may state that, at arbitrary depth z in the WBL, the following

“ 2

324 equality is true (hereafter the sign “=“ means “approximately equal”):
325 Bv(z) = K(z), (27)

326  where K(z) is the analytical continuation for function K given by Eq. (26), extended down to depth z
327  inthe WBL.

328 The proposed analytical continuation could be realized via the well-known exponential

329  depth-dependence of a wave amplitude for each spectral component: a(k,z)=aexp(kz) , where @,

330 is the wave amplitude at a mean water level [12]. Thus, in the case of monochromatic wave on the

331  surface, the explicit depth-dependent expression for B:(z) obtains the form

332 B,(2)~ K(z¥C, UaeXpkz , (28)

333  where C, is the dimensionless fitting coefficient of the order of 10-2. Generalization of Eq. (28) for a

334  spectrum of surface waves is given by the equation

335 B,(@)=Cy, U (] S(k)exp(zkz)olk)”2 , (29)

336  where Cg, is the fitting coefficient of the order of 102 similar to C, in Eq. (28).

337  2.4. Final remarks

338 Equations (28, 29) finalize the derivation of the sought wave-induced vertical mixing function,
339  B.. As seen, the principal difference between Eq. (29) and result (6) by Qiao et al. [2] is the linear
340  dependence of the mixing function Bv on the local wave amplitude in Eq. (29): Bv(z, &) ~ a(z) .
341  This result leads to a reasonably enhanced intensity for the wave-induced vertical mixing at any
342  fixed depth z in the WBL with respect to the cubic dependence Bv on wave amplitude in (6) due to
343  the radical difference between the exponents in Egs. (29) and (6).

344 The dependences Bv( 8, ) and Bv( U, ) predicted by Eq. (29) can be verified in future by means of

345  both the numerical simulations alike [39, 40] and the laboratory experiments alike [27, 28]. A
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346  successful verification of these dependences would justify the preference of new version of the

347  model for the wave-induced mixing processes with respect to the known one and vice versa. Some

348  ideas of analytical verification dependences Bv( 8, ) and Bv(U, ) are discussed below.

349 3. Discussion

350 Let us check the correspondence of result (28) to some known empirical dependences. As far as

351  empirical data of a direct measuring eddy viscosity coefficient Bv (if any) are not known to us, we

352 need to choose proper empirical values relevant to a checking dependences Bv(@,) and Bv(u+). The

353  most convenient of them is the dissipation rate of the turbulent kinetic energy (DRT), ¢, which is
354  routinely measured in experiments (e.g., [19, 27, 29] among others). To our aim we may use the
355  relation between the wave-induced part of the DRT, ¢w, and the corresponding eddy viscosity, By,
356  written in the form [34] 2

357 &, 0 B, (00, 1 ox, ¥ . (30)
358  Equation (30) allows an analytical checking the correspondence of Egs. (28, 29) to the known

359  dependences of ew on surface wave amplitude @, and friction velocity U, .

360 According to the measurements [27], the following dependence ¢, (a,) takes place at any

361  depth in the WBL,
362 g, cal . (31)

363  The correspondence between ratios (30) and (31) becomes evident, if one takes into account that

364  wave velocity U; in (30) is linear in wave amplitude @, (see Eq. 17c). Thus, the analytical

365  checking dependence Bv( @, ) is successful.

366 The known dependence of ¢éw on U, in WBL has the kind (e.g., [5, 19, 29],

367 g, ocu’ . (32)
368  Substituting (28) and (17c) in Eq. (30) yields

369 gocualw kdyx & (33)

370  where the transition from kp to the peak frequency of wave spectrum, @,, is made by using the

371  dispersion relation o = gk (hereafter, the zero-subindex at wave amplitude a is omitted for

2 Here, in the r.h.s. of (30), the vertical gradient of the wave-orbital velocity is used as the approximation for getting

qualitative estimations. In more general case, the derivative in the r.h.s. of (30) could include the drift current as well.
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372 simplicity). To extract dependence g(u.) from Eq. (33) (in the first guess), one may use the

373  well-known wave-growth empirical dependences for the dimensionless wave energy, E, and the

374 peak frequency, @,, on the dimensionless fetch, X, in the fetch-limited case. They are as follows

375 [32]
-_a'g ¢ Xg U o (Xg)
376 E= . o X = > and a)pEp—ocxmz — , (34)
U. U. g U,

377  where X is the dimensional fetch. From the first part of Egs. (34), one finds that wave amplitude has

378  the following dependence: a(U,)ocu, . From the second part of Egs. (34), it follows that
379 w,(u.) o (u) . Finally, Eq. (33) gets the form
380 g, o« u,a)‘sﬁa%c u,, (35)

381  what corresponds reasonably to the empirical dependence in Eq. (32), if one take into account
382  inevitable empirical errors in estimates for the power in Eq. (32) and the powers for X in Egs. (34).
383  Besides, one has to take into account a deviation from the fetch-limited case in situ [32].

384 Thus, the encouraging results of analytical checking the correspondence of Eq. (28) to known

385  empirical dependences (31) and (32) do open a way to its experimental verification. The latter could

386  be realized by estimating empirical dependences B«( @, ) and Bv(U, ) in the tank experiments similar

387  toones described in [27, 28].

388 In addition to the said, it is worthwhile to mention the following. In our mind, the

389  experimental verification dependences Bv(8,) and B«(U, ) can be executed by two ways. The first,

390  indirect way could be based on a direct measuring the DRT dependencies, ew(a0) and ex(U, ) in a

391  wind-wave tank, followed by the using the r.h.s. of Eq. (33) for the final comparison of this theory
392  with the experiment. The second, direct way could be realized by means of the estimating the
393  wave-induced vertical mixing function Bv via measuring the rate for a spatial spreading of a small
394 color ink-drop in the water layer below the deepest wave troughs. To this aim, one can use the
395  Einstein’s formula: Bv ~ <Az(t)>?/At (where Az(t) is the size of a spread ink-drop at time ¢, and At is
396  the time of the drop spreading), keeping in mind the physical similarity between Bv and the
397  diffusion coefficient for the passive particles in a fluid [31]. The proper technique needs its own

398  specification, though it could be easily elaborated when needed.

399 5. Conclusions

400 The model for a vertical turbulent-mixing function is derived, which predicts the enhanced
401  impact of the wind-wave motions on the mixing in the water boundary layer located below deepest
402  wave troughs till the depth about a dominant wave length. The model is based on the following
403  three grounds.
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404 First, in the Navier-Stokes equations, the total current is decomposed into the four
405 constituents, including the mean current, the wave-orbital motions, the wave-induced turbulent
406  and the background turbulent currents (Eq. 8). This allows separating the wave-induced Reynolds
407  stress, Rw, from the background one, Ry (Eq. 12).

408 Second, to close wave-induced stress Rw, the Prandtl approximation for the background
409  turbulence fluctuation is used, resulting in the implicit expression for the wave-induced vertical
410  mixing coefficient, B», valid in the water boundary layer (Eq. 24).

411 Third, the expression for B is specified, based on the author’s results for the eddy viscosity, K,
412  taking place in the wave zone located between the air and water boundary layers of the air-sea
413  interface (see item 4 in Sect. 2c and Figure 1).The sought eddy viscosity in the upper water layer, B,
414  is proposed to be the analytical continuation of the viscosity function describing the analytical

415  dependence of K on a wave amplitude (Egs. 26, 27). Eventually, the sought mixing function, B«(4, z,

416  U.), is found to be linear in both depth-dependent wave amplitude a(z) and friction velocity U, in

417  the air (Eq. 28). Generalization of Eq. (28) for a spectrum of surface waves is given by Eq. (29).

418 The found result for function B.(a) means the enhanced impact of waves on the wave-induced
419  vertical mixing with respect to the known cubic dependence of B:(a) described by Eq. (6) presented
420  in [2]. The enhancing is provided by the exponential decay of the amplitude for the wave-orbital
421  motion: a(z) = a(0) exp(kz).

422 The analytically predicted dependences Bv(s) and Bw(u+) can be verified empirically by
423  estimating them in the tank experiments alike [27, 28]. The proper dependencies also could be
424 estimated numerically by means of the direct numerical simulations alike [40] and using them for
425  comparison with the presented analytical derivations (Egs. 28, 29). Reliable results of these studies
426  might open a way for numerous geophysical applications similar to ones followed the pioneer

427  result [2].
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